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Abstract. Penalisation involving the one-sided supremum for a stable Lévy process with index « € (0, 2] is studied. We introduce
the analogue of Azéma—Yor martingales for a stable Lévy process and give the law of the overall supremum under the penalised
measure.

Résumé. On étudie des pénalisations d’un processus de Lévy stable d’indice & € (0, 2] qui font intervenir son supremum unilatéral.
On introduit pour un processus de Lévy stable, des martingales analogues aux martingales d’Azéma—Yor pour le mouvement
brownien et son supremum; ceci permet d’obtenir la loi du supremum global relativement a la mesure pénalisée.
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1. Introduction

Roynette—Vallois—Yor ([18-20] and [21]) have studied in depth the existence of limit laws:

I,
Wl .= .
! W]

W ast— oo, (1.1)

where X = (X;, F;, W) denotes the canonical representation of a one-dimensional Brownian motion with W(Xy =
0) =1 and (I}) is a family of integrable, non-negative functionals. More precisely, the corresponding penalisation
problem is to show that, for fixed s and any JF;-measurable bounded functional Fj,

W F]— WLF:=W[FEM]] ast— oo, (1.2)

for a certain ((F;), W)-martingale M SF . Among these studies, the three most “natural” ones are obtained from

(i) supremum penalisation: I'; = f(S;) where S; = sup, ., X;;
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(i1) local time penalisation: I'; = f(L,) where L, denotes the local time at O of X;
(iii)) Feynman—Kac penalisation: I'; = exp(— fot q(X5)ds),

for non-negative Borel functions f and ¢ with some integrability condition. The aim is to obtain new laws, close
enough to W, but for which, in (i): Sec < 00; in (ii): L < 00; and in (iii): fooo q(Xs)ds < oo a.s. In other words, the
penalisation procedure aims at giving some sense to the conditionings of W with respect to: (S < 00); (Log < 00);
or ( fooo q(Xs)ds < 00). Such conditionings cannot be done in the traditional sense, and need some kind of Doob’s
h-transform approach. This is precisely what the above penalisations are doing. As supremum penalisation (i) seems
to be one of the most “direct” ones to perform, it seems of some interest to discuss the analogue of this particular
penalisation problem for (possibly asymmetric) strictly a-stable Lévy processes. The authors have studied in [25]
the other penalisations (ii) and (iii) for symmetric stable Lévy processes; we shall give a remark in Section 6 about
comparison of the supremum penalisation (i) with (ii) and (iii).

Let us recall briefly supremum penalisation results in the Brownian case. Let f be a non-negative Borel function
which satisfies fooo f(x)dx = 1. Roynette—Vallois—Yor [19] have shown that, for any fixed s and any F-measurable
bounded functional Fj,

D . WIFf(S)] Dirp._ f)
W, [F] = WIS — W' [Fs]:=W[F,M;"’] ast— oo, (1.3)
where
M L EACIER] as. and in L' (W). (1.4)

T im0 WIF(S)]

The authors also found that (M;f ), s >0) is a ((F;), W)-martingale which has the form

M = F(S0)(Ss — Xy) + /S f(x)dx. (1.5)

The class of these martingales (Mif )) is known as (Brownian) Azéma—Yor martingales, and is helpful to solve the
Skorokhod embedding problem in terms of (Sy, X;); see Azéma—Yor [1] and [2]; see also [12—15] and [16].

In [19], there is furthermore the following description of the probability measure Wg) featured in (1.3):

(1) Under Wg), the random variable S is distributed as f(x) dx.
(2) Let g =supf{u >0: X, = Ss}. Then Wg)(g < o0) =1, and under Wg) we have the following:
(a) the processes (X, u < g) and (X; — X,44,u > 0) are independent;
(b) (Xg — Xuqg,u > 0)is distributed as a 3-dimensional Bessel process starting at 0;
(c) conditional on Soo = x > 0, the process (X,,u < g) is distributed as a Brownian motion started at 0 and
stopped at its first hitting time of x.

In the present paper we discuss analogues of these studies in the case of «-stable Lévy processes X = (X;, F;, P)
with indices « € (0, 2]. In particular, we shall propose a certain class of martingales (Mt(f )) similar to (1.5), study
the law of Sy, under P\/) defined by P/ F = Mt(f ). P|7,, and then establish the convergence theorem analogous
to (1.3).

(The) organization of the present paper is as follows. In Section 2 we recall some preliminary facts about Lévy
processes, reflected Lévy processes and «-stable Lévy processes. In Section 3 we introduce a certain class of martin-
gales (M, [(f )) given by functions of X; and S; only, and present the measure P/), which is in fact the limit measure
of our penalisation problem. Section 4 is devoted to the study of the law of the overall supremum Ss, under P). In
Section 5 we establish the convergence theorem and give a partial solution of our penalisation problem. In Section 6
we compare the supremum penalisation with local time and Feynman—Kac penalisations.

2. Preliminaries

All facts presented in this section are well-known; see, e.g., [3,5] and [8]. We basically follow the notation of
Doney [8].
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2.1. Basics: General framework for Lévy processes

Let D([0, 00)) be the space of cadlag paths w: [0, co) — R U {§} with lifetime ¢ (w) = inf{s: w(s) =&} where § is a
cemetery point. Let (X;) denote the coordinate process, X;(w) = w(t), and let (F;) denote its natural filtration with
Foo = \/120 Fi.

Let PP be the law of a Lévy process X = (X, t > 0) with P(Xg = 0) = 1 such that

Plexp{irX,}]=e YW, 1>0,2€R, (2.1
where
oZ)\2 .
W(A):iyA+T+/.(1 —e‘)"‘—l—i)»xl“xkl})v(dx) 2.2)
R

for some constants y, o, and Lévy measure v on R \ {0} which satisfies

/(x2 A 1)v(dx) < o0. (2.3)
R

For every x € R, we denote by P, the law of X + x under P, that is, the law of the Lévy process starting at point x.
Let T4 denote the entrance time of a set A C R of X:

Ta = Ta(X) =infls > 0: X, € A) (2.4)

with the convention inf & = co. When a set A contains only one point a, T{,} means the first hitting time of the point a.
Let S; and I; respectively denote the past supremum and the past infimum, that is, for all # > 0,

S;=sup{OVv X;: 0<s <t} and [;=infl0AX;: 0<s <t} 2.9
Let R denote the reflected process of X, that is,
R=S-X. (2.6)

We recall that R is a strong Markov process (Bingham [4], see also [3]). If O is regular for (0, o) with respect to X
(i.e., P(T0,00) = 0) = 1), we can define a local time at 0 of R which we write as L = {L;,? > 0}. As is well known,
L is unique up to a multiplicative constant. We note that L, is continuous in 7. Let T be the right continuous inverse
of L and let H = X (t) = S(7). Then t and H are both subordinators, and we call them the upwards ladder time and
the upwards ladder height processes of X. We note that the pair (z, H) is a bivariate subordinator. Replacing X by
X* = —X, we can consider the dual process R* = §* — X* = X — [. If 0 is regular for (—oo, 0) with respect to X
(i.e., 0 is regular for (0, co) with respect to X*), we define L* the local time at O of R*, and we get the downwards
ladder time process t* and the downwards ladder height process H*.
Assume that 0 is regular for (—oo, 0) with respect to X. Consider the function 2* defined by

h* (x) ::IP’[/ l{1t>_x}dL;k}. Q2.7)
[0,00)

Note that #* is finite, continuous, increasing, and subadditive on [0, co). We also note that 2*(0) = 0 by the regularity
assumption for 0. For x > 0, we denote by Q, the law on D([0, 00)) of the killed process, i.e.,

QA t <) =P (At <T—0,0)), t>0,A€eF. (2.8)

The following lemma is due to Silverstein [22]; see also Chaumont [5], p. 41, Chaumont—Doney [7], Lemma 5 and [8],
Lemma VIII 10.

Lemma 2.1 ([5,7,8,22]). Suppose that X does not drift to —oo and 0 is regular for (—o0,0) under P. Then the
function h* defined by (2.7) is invariant for the process (X, Qy), x > 0. That is,

Q[P* (XD jp<gy] =h"(x), x>0,1>0. (2.9)
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2.2. Stable Lévy processes

A Lévy process X has the scaling property of order 1/« if and only if, for fixed ¢, X, and #'/* X have the same law.
In this case we call X a (strictly) stable Lévy process with index «.

Henceforth the range of the index « is (0, 2]. The trivial case when X is a pure drift is excluded. The cases o =1
and o = 2 are special, and correspond to a symmetric Cauchy process with drift and a Brownian motion up to a
multiplicative constant, respectively.

Let X = ((X;,t > 0),P) be a stable Lévy process with index « € (0, 1) U (1, 2). The characteristic exponent has
the form

W(A):clM“(] —iBsgn(}) tan %) AcR, (2.10)

where ¢ > 0 and 8 € [—1, 1]. The Lévy measure v is absolutely continuous with respect to the Lebesgue measure and
equals

—a—1 .
v(dx) = { C+ (]1x, ?fx >0,
c_|x|7¥ dx, ifx<O,
where ¢4 and c_ are two non-negative real numbers such that
Cy —C—
= . 2.11
IB C4+ +c_ ( )
We remark that, when c; = 0 (respectively, c— = 0), or equivalently 8 = —1 (respectively, B = 1), the process has no

positive (respectively, no negative) jumps. When c = c_, or equivalently g = 0, the process is symmetric.

When o = 2, the characteristic exponent is ¥ (1) = cA? for some constant ¢ > 0 and X is a Brownian motion up to
a multiplicative constant. In that case X is continuous and the Lévy measure is identically 0.

When o = 1, X is a symmetric Cauchy process with drift. The characteristic exponent is given by ¥ (1) =
c|A| + dix where d € (—o00, 00) is a drift constant and ¢ > 0. The Lévy measure is proportional to |x|~2dx.

We set

o =P(X; >0). 2.12)

By the scaling property of X, P(X; > 0) = p for all # > 0. p is called the positivity parameter. For o # 1,2, p is
computed in terms of the parameter §:

1 1 o
p=—+ — arctan| S tan — |. (2.13)
2 Tno 2

We note that the range of p is [0, 1] for 0 < o < 1. The boundary points p = 1 and p = 0 correspond to the cases when
X is a subordinator and the negative of a subordinator, respectively. For 1 < « < 2, the range of p is [l — 1/«, 1 /«].
Obviously p = 1/2 when X is symmetric. When o = 2, p necessarily equals 1/2. When o« = 1, the range of p is the
interval (0, 1).

Lemma 2.2 ([3], Lemma VIII 1). Suppose that |X| is not a subordinator. The ladder time process t is a stable
subordinator of index p, and the ladder height process H is a stable process of index ap.

We remark that | X| is not a subordinator if and only if 0 < p < 1, so we will assume that 0 < p < 1 throughout
this paper. In that case, the origin is regular for itself (i.e., P(Tjp) = 0) = 1) and is an instantaneous point (i.e.,
P(Tgr\(0y = 0) = 1). In other words, the origin is regular for (—o0, 0) and (0, co) with respect to X. Therefore we can
define the local times L, L* etc. for the reflected and dual processes in this case.

In the previous setting, the function 4* is given as follows.
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Proposition 2.3 (Chaumont [6], p. 384). The function h* has the form
h*(x)=Cx*1=P x>0,

for some constant C.

Proof. From (2.7), we obtain, by the obvious change of variables and Fubini’s theorem,

h*(x):P[/ I{Hr*SX}dS]
[0,00)

= / P(H; < x)ds.
[0,00)

Since H;* is a stable subordinator of index a(1 — p) by Lemma 2.2 we have, for some constant C’ > 0,

exp{—C'ta*1 ="} = IF’[e_)‘Hf*]
= A/ e_“]P’(Ht* < x) dx.
[0,00)

Integrating (2.16) with respect to ¢, we obtain

1 * —Ax *
/e (—p)+1 :/O dt/m Oo)e P(H < x)dx

o
:/ e M dxf IP’(H;k fx) dr.
[0,00) 0

Hence, inverting the Laplace transform in A, we obtain

o0
/ IP’(HI* < x) dt = Ccx@(=P
0

for C = 1/{C'I"(x(1 — p) + 1)}. This ends the proof of Proposition 2.3 thanks to (2.15).

Corollary 2.4. For every o € (0,2] and p € (0, 1), it holds that
Pe[ (X0 PN 1] =207, x>0
Equivalently, for every a € (0, 2] and p € (0, 1), one has

PEL(X7) " 1

_ ap
(7m,0)>,}]—x , x>0,

where P} indicates the law of X* starting at x and T} = Ta(X™).

Proof. (2.17) follows from Proposition 2.3, (2.9) and (2.8).
Moreover, (2.17) is equivalent to

P{(X: +0)* TP gy on] =207,
Applying (2.19) to X*, we obtain

P[(XF +x)" 1z

— P
( 00‘7X)>I}] =X )

(2.14)

(2.15)

(2.16)

2.17)

(2.18)

(2.19)

(2.20)
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or equivalently,
ap
PY(X)) " Lry o] =2, 2.21)

which proves Corollary 2.4. (]

3. Martingales which are functions of X; and S; only

Let X = ((X;,t > 0),P) be a («, p)-stable Lévy process with P(Xg = 0) = 1. Recall that « € (0, 2] and p € (0, 1).
Let us consider the following conditions bearing upon a non-negative Borel function f on [0, 00):

(CD) [57x~! f(x)dx < o0;
(C2) f is absolutely continuous and satisfies limy_, o, f(x) =0 and fooo x¥| f'(x)|dx < oo.

It is easy to see that (C2) implies (C1).
For a non-negative Borel function f satisfying the condition (C1), we define Mt(f ) as

MY = F(S)(S — X)* +ap e - X)* " dx. 3.1)

If the function f satisfies the condition (C2), it follows from (3.1) by integration by parts that

M = SOO £/ @ — X)* da. (3.2)

Theorem 3.1. Let f be a non-negative Borel function satisfying the condition (C1). Then (Ml(f ')) is a (F),P)-
martingale which converges to 0 a.s. as t — 00.

Proof. (I) Let f,(x) = 1j0,q41(x) for 0 < a < co. We write Mt(a) = Mt(f ) In this case Ml(a) takes the following simple
form (3.3):

M = £.(S)(Si — X)) +ap | fa - X))~ dx

= l{s,ga}{(St - X)) +ap /Sa(x — X%~ dx}
:
= lys,<aj(a — X;)*. (3.3)
(IT) We now prove the martingale property of (M,(a)). We have
P[M1F,] = 115,z P[ Lsup,cq.y Xuza) (@ — X | ]
= 115,20 B[ x, 15, <y (@ — X5 — X1 ]

by the Markov property of X (where X, distributed as X, is independent from Fj). It now suffices to prove that
(without hats)

P[1(s,<p) (b — X)*] = b*. (3.4)

Our rationale for changing a into b is that we take b = a — X;. The desired identity (3.4) may be written in terms of
X' ==X,

P <py (b + X)) =%, 3.5
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law

By using the fact (X +b,P) = (X[, P}), we get
the LHS of (3.5) = P5[ 11— 1> <0 (X;)™ ]
ap
= P;[l{T(*_oo‘off}(Xt*) ]’
therefore (3.4) is equivalent to the following statement about X*:

Pi[1 (X)) =0 (3.6)

But this last identity (3.6) is nothing but the identity (2.18), thus we have derived the identity (3.4) from Corollary 2.4.
(IIT) The martingale property extends to general non-negative Borel f’s with the help of the monotone-class theo-

rem. Therefore we obtain the desired conclusion and the integrability of (Mt(f )) when
. 00
Méf)za,o/o X%~ f(x)dx < o0.

(IV) Remaining problem is to show that M,(f ) converges to 0 a.s., however, we postpone the proof to the end of the
next section. O

Remark 3.2. For more about X, see Lemma 4.1 below.

Remark 3.3. Azéma—Yor [1,2] have introduced the following class of Brownian local martingales:

S '
F(B;,St) = f(S)(S: — By) — A f(x)dx = —/0 f(Sw)dBy (3.7

for locally integrable functions f where (B;) is a one-dimensional Brownian motion and S; = sup, ., Bs. They utilized
this class in order to solve the Skorokhod embedding problem; see Obtoj [14] for an excellent survey on this topic.
Obloj [15] (see also Obtoj—Yor [16]) proved that any Brownian local martingale of the form F(B;, S;) for some Borel
function F is given by (3.7) for some locally integrable function f. As a special case, if f is globally integrable and
fi= fooo f(x)dx, then we have

00 St
S(SH(S — By) +/S f)ydx = f+ f(S)(S — B) — A Jfx)dx (3.8)

t
=?—Afwwww (3.9)

This is nothing else but our M,(f) as defined in (3.1) when o =2 and p = 1/2.
It is quite natural to ask now about its Lévy counterpart in greater generality, but we have not succeeded in solving
this problem.

Remark 3.4. As a nice application of Theorem 3.1, the following inequality holds, which does not seem straightfor-
ward to obtain: If 0 < a < 2, then

ap/(1—ap)
a ) (3.10)

M&SMZ<MM—XM

for any bounded stopping time t.
Proof of (3.10). If f,(x) = 1jp,4)(x) for 0 < a < oo, then we have

Mt(a) — Mt(fa) — I{S,Sa}(a _ Xt)ap‘ (311)
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By the optimal stopping theorem and by Holder’s inequality, we obtain

1 =]P)[M§a)] <P(S; < a)l/q ]P)[la _ Xt|app]1/l’

where p,g > 0and (1/p) + (1/g) = 1. As we choose p =1/ap and g = 1/(1 — ap), we obtain (3.10).

1049

(]

Now we introduce the probability measure P(/) as follows: For a non-negative, non-zero Borel function f satisfy-

ing (C1), we define

)
M.
n| M
P \E—Mm Pz
0

Since M,(f Visa positive martingale, the measure P\/) is well-defined.

4. The law of S, under P\

Our aim in this section is to obtain the law of Sy, under P, i.e., to compute P() (S, > x). We set
20 = STy00) = XTig.00)
for every a > 0. The law of X, is given by:
Lemma 4.1.
law law

a
Y, =aXy = —— underP
ﬂap,l—ap

where B, 4 is a beta random variable with parameters p and q.

Proof. According to Ray’s theorem [17], Eq. (1) (see also [3], p. 238), we have

1 a
P(Sy>b)=—— [ x*'(b—x)"*d
(Fa=h) B(ap,l—ap)/o T

for 0 < a < b where B is the beta function. By the obvious change of variables, we have

1 a/b
the RHS of (43) = ————— / 11— x)7 dx
B(ap, 1 —ap) Jo

a
=P ﬁap,lfap<g s

which shows our claim (4.2).

(3.12)

A.1)

4.2)

4.3)

Theorem 4.2. Let f be a non-negative Borel function satisfying the condition (C1). For every a > 0, it holds that

ap [ i
PP (Se > a) = —(f)/ x%~1 £ (x) dx.
My Ja

Consequently,

ap

P (Ss € dx) =
00 Méf)

X%~ £(x) du.

“4.4)

(4.5)
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Corollary 4.3. I holds that P (S < 00) = 1, or equivalently, P4 (Ss = 00) = 0.

Proof. We have

PY) (S > a) = PY) (T4 00) < 00)
%)

M .
= P[M] (by the definition of P(/))
Méf )

= P[% foo @ = 2! dx}
MO Ell

ap

o0
=— FE)dxP[1(s,<n(x — Z)*7 1.
M(g'f)/o [ {Za=<x} a ]

Lemma 4.1 implies that

P[5, < (x — Z)* ]

! : a\%1 ]
1 xer—1 1 N i
B ) . 1y
B((X,O,l—ap) a/x X
— l{a<x}x(w71 tmalx ep—1(q a —apd
= B(ap,1 —ap) Jo y P y y

= 1{a<x})60lp71 .

Therefore we obtain
o0
PO (S > a) = %/ X1 f(x)dx,
My Ja

which completes the proof.

Example 4.4. For f(x) = fu(x) = 1(—c0,a1(x), we note P@ for PU<) | and we have

(@) a0 [ o1
P (Soo > a) = —@ X% ] (—o0,a1(x) dx =0,
MO a

hence
P@(Soo <a)=1.
On the other hand, we have
x\*°
P (Sp <x) = (—) , x=<a,
a
by (4.5). That is,

under P9, Sy law /@)

where U is a uniform variable on [0, 1].
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Example 4.5. If the function f is given by

A lem xS0,

J&x) = fulx) = IR

then we have

under P(‘f"), AT 4 Yu+ap—1

where y,, is a gamma random variable with parameter p.
Now we are all set to prove the remainding of Theorem 3.1; M, ,(f ) converges to 0 a.s.
Proof of the convergence of Mt(f ). Since (M,(f )) is a non-negative martingale, M ,(f ) converges P-almost surely to

a non-negative J,-measurable functional Mg ) For0<s <t < 00 and any a > 0, by Corollary 4.3 and Fatou’s
lemma, we have

P[MY] =P[ML 1(s.2a)]  (since P(So > a) = 1) (4.6)
<liminfP[M"1(5,5,] (by Fatou) 4.7)
11— 00 -
= Mof lltrll)long(f)[l{S,Za}] (4.8)
= Méf)P(f)[l{Swza}]. 4.9

Since IP’(f)(SOO = 00) = 0, we have limy_, oo PV (Soo > a) = 0. Hence we obtain IP’[M&’:)] = 0, which implies that
P(Még ) = 0) = 1. Therefore we complete the proof of Theorem 3.1. O

5. Convergence results
In this section we shall prove the following theorem.

Theorem 5.1. (i) For everya > 0and s <t,

P(S; < alFy) (a — X)™

lim = s, <a} P

-
A G <o) a.s. and in L™ (IP). 5.1

(ii) Let f be a non-negative, non-zero Borel function satisfying the condition (C2). Then it holds that

L PLAGSOIED M
t—oo  P[f(SH)] M(()f)

a.s.and in L' (P), (5.2)

where (Ms(f)) is given by (3.2).

Corollary 5.2. For fixed s and any Fg-measurable bounded functional Fy, it holds that, for the particular function f
in Theorem 5.1(ii),

Mﬂﬂ&ﬂ_ﬁﬂﬂMﬁ]
PLf(S)] Mg

ast— oo. 5.3)

This result is the analogue of (1.3) for the particular class of functions f considered above. This gives a partial
solution to the supremum penalisation problem for a stable Lévy process.
In our proof of Theorem 5.1 and Corollary 5.2, the following estimate will play an important role:



1052 K. Yano, Y. Yano and M. Yor

Proposition 5.3 ([3], Proposition VIII 2). Let X be a («, p)-stable Lévy process. If p € (0, 1), then there exists a
constant k > 0 such that

o(x):=P(S1 <x)~kx* asx— 0+. (5.4
For the asymptotic behavior of the density of Sy, see [9] and [10].

Proofs of Theorem 5.1 and Corollary 5.2. (I) Using the Markov property of X and the function ¢ defined in (5.4),
we have

P(S; <alFs) = l{sza}P( sup Xy §a|}}>

uels,t]

= l{sza}ﬁ(rg\t—s <a-—Xy)

a— X
= l{Ssga}(p ([ )1/05

a—X, \*
Nkl{ssfa}<m> ast — 00.

That is, we have

tPP(S; < alFy) — klis,<qi(a — X5)*  ast — o0
almost surely. In particular, for s =0,

tPP(S; <a) — ka®® ast— oo,

thus we obtain

P(S; < alFy) (a — X5)*

1500 P(S; <a) ZI{SSS(I}T s (5-5)

Thanks to Scheffé’s lemma, we get the L!-convergence once we know the a.s. convergence because both sides of (5.5)
have expectation 1. The proof of (i) is now completed.
(IT) We write, for s < ¢,

S
£ (S)IE] = £(50) +IP[ /S f’(x)dx’]—"s}
= f(Sy) +/ dx f/(x)P(S; > x|Fy)
S

z_/ dx f/(0)P(S; < x| F).
SS‘

Now we note that there exists a constant K > O such that

P(S; < alFy)

Ka—xpy ¢ 70 =Kl
— As

since ¢ (x)/kx“" is bounded, which follows from (5.4). Hence we have

¢— )pP(S,<x|fv)
—5)P k(x — X;)°
< Kkl{sxgx}’f ()| (x — X)*. (5.6)

| f/)|tPP(S; < x|Fy) = | f (x>| k(x — X;)*
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We note that (5.6) is integrable by the condition (C2).
On the other hand, we have already shown (5.5), and hence, by the dominated convergence theorem, we have

PP f(SOIF] = —/oodx ' OtPP(S: < x|Fy)

Ss

— - / T S k5, 0y — X% = —k / e f0 0= X
Ss

Ss

as t — 00. Thus we obtain

PLASOIFD My
PLf(S1)] Mg

a.s. 6.7

(IIT) Since we have already shown that IP[MS(f )] = M(gf ), we now deduce from Scheffé’s lemma that the conver-
gence (5.7) also holds in L' (IP) which easily yields the conclusion of Corollary 5.2. ]

6. Comparison with other kinds of penalisations

In [25], we have developed two kinds of penalisation problems (local time penalisation and Feynman—Kac penalisa-
tion) in the case of any symmetric stable Lévy process on index « € (1, 2]. We have introduced the universal o -finite
measure P defined as follows to solve this penalisation problem:

P F(l/a)/“ du (0" o P}), (6.1)
oT 0

ul/e

where Q) stands for the law of the bridge from 0 to 0 of length u and Pg’ for the h-path process with respect to the
function |x|*~! of the process killed at the first hitting time of O (see [23,24] and [25]). This is the analogue of the
measure WV introduced by Najnudel-Roynette—Yor [11] in the Brownian case. We should remark that the measure W
also unifies the supremum penalisation problem with other penalisations in the Brownian case, while P cannot be
used this way in our case; in fact, Soo = 00 P-a.e. since Soo = 00 Pél-a.s. (see Corollary 1.4 in [23]). This means that
supremum penalisation is essentially different from local time and Feynman—Kac penalisations.

In a future paper [26], the second author describes more completely the penalised laws P, in particular the
analogue of the result (2) in Section 1. She introduces a certain o -finite measure Psyp which is different from P, and
gives another approach to supremum penalisation.
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