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A o-resolutions and the Golod property for monomial rings

ROBIN FRANKHUIZEN

Let R = S/I be a monomial ring whose minimal free resolution F is rooted. We
describe an As,—algebra structure on F. Using this structure, we show that R is
Golod if and only if the product on TorS (R, k) vanishes. Furthermore, we give a
necessary and sufficient combinatorial condition for R to be Golod.

13D07, 13D40, 16E45, 55S30

1 Introduction

Let S =k[x1,...,Xm] be the polynomial algebra over a field k in m variables and let
I = (my,...,m;) be an ideal generated by monomials. In that case, S/ is called a
monomial ring. Given a monomial ring R = S/, the Poincaré series of R is defined as

o
P(R)= ) dimTorf (k. k)t/.
j=0

A result due to Serre states that there is an inequality of power series
(1 +)m
1—1(352 dim Tor? (R, k)t/ — 1)

P(R) <

The ring R is said to be Golod if equality is obtained. The problem of when a monomial
ring is Golod goes back to at least the 70s when Golod [11] showed that a monomial
ring R is Golod if and only if all Massey products on the Tor—algebra TorS (R, k)
vanish. In general, it is hard to directly verify the vanishing of Massey products and
so in practice the Golod property is still hard to determine.

In recent decades, the Golod property has received an increasing amount of attention
in topology. The Tor—algebra shows up naturally in topology as follows. Let A be a
simplicial complex on vertex set [m] = {1, ..., m} and define the moment-angle com-
plex Z A as follows. Let D? denote the 2—disc and S its bounding circle. For o € A,
define

D? ifi€o,

m
ngl_[ng(pz)m where Y; = Sl ifi do

i=1
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Lastly, we put
Za = colimgea Xy C (D?)™.

Moment-angle complexes are one of the central objects of study in toric topology. For
us, the cohomology of Za is of particular interest.

Theorem 1.1 [8, Theorem 4.5.4] Let A be a simplicial complex. There is an isomor-
phism of graded algebras

H*(Za. k) = Tor> (k[A] k).

Here, k[A] denotes the Stanley—Reisner ring

k[A) = S/(xiy - xip | {i1, oo ik} € A)

of the simplicial complex A. Note that k[A] is a square-free monomial ring. In general,
the homotopy type of Za is not well understood, but significant progress has been
made for those Z where A is Golod; see for example Grbi¢ and Theriault [12; 13],
Iriye and Kishimoto [15] and Beben and Grbié [4].

The preceding discussion makes clear that the Golod property is of interest in both
commutative algebra and algebraic topology. Consequently, a lot of work has been
done on the Golodness problem. For example, a combinatorial characterization of
Golodness in terms of the homology of the lower intervals in the lattice of saturated
subsets is given by Berglund in [5]. Using results from Jollenbeck [16], it has been
claimed in Berglund and Jollenbeck [6] that R is Golod if and only if the product
on Tor® (R, k) vanishes. However, recently a counterexample to this claim was found
by Katthin in [19], where the error is traced back to [16]. This leads naturally to the
central question this work investigates.

Question For which classes of monomial rings R is the Golod property equivalent to
the vanishing of the product on Tor’ (R, k)?

A partial answer to this question is given by Theorem 6.5. To answer this question, we
develop a new approach to the Golodness problem using Aoo—algebras. An As.—algebra
is similar to a differential graded algebra (dga), except that associativity only holds up
to coherent homotopy. By contrast with dgas, every resolution admits the structure
of an Asc—algebra (as first shown by Burke [9]) hence in particular the minimal free
resolution does. The first main result of this paper characterizes vanishing of Massey
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Aoso—tesolutions and the Golod property for monomial rings 3405

products in terms of this Aso—structure. A monomial ring R is said to satisfy condition
(By) if all k—Massey products are defined and contain only zero for all k¥ < r. Denote
by Kpg the Koszul dga of the monomial ring R. We obtain the following result.

Theorem 4.6 Let R = S/I be a monomial ring with minimal free resolution F. Let
r € N and let u, be an Aso—structure on F such that F ® s k and Kg are quasi-
isomorphic as Aso—algebras. Then R satisfies (B;) if and only if j; is minimal for
allk <r.

Next, we turn our attention to the class of rooted rings. A monomial ring is said to
be rooted if the minimal free resolution F of R is rooted in the sense of Novik [27].
Rooted resolutions include both the Taylor and Lyubeznik resolutions. Given a rooted
ring with rooting map 7, we give an explicit Aso—structure in terms of .

This Aso—structure allows us to give a combinatorial characterization of the Golod prop-
erty for rooted rings as follows. Following [16], we say that R satisfies the gcd condition
if for all generators m; and m; with gcd(m;,m;) =1 there exists an my # m;,m;
such that my divides lem(m;,m;). The second main result is then the following.

Theorem 6.5 Let R be a rooted ring. Then the following are equivalent:

(1) Thering R is Golod.
(2) The product on TorS (R, k) vanishes.
(3) Thering R is gcd.

In particular, the main result from [6] does hold when restricted to rooted rings.

2 Simplicial resolutions

Let S = k[x1,...,Xxn] and let I be the ideal minimally generated by monomials
mi,...,my. The Taylor resolution T [32] of S/I is constructed as follows. Let £
denote the exterior algebra on generators u1, ..., u,. The resolution 7 has underlying
module S ®x E.If J ={j1 <--- < jix} S{1,...,r}, then we write uy =u;, ---u;, .
Furthermore, we put my = lem(m;,,...,mj, ). We will also write J ! to denote
{j1<---< ﬁ < -++ < ji}. The differential d of T is given by
4 i+1MJ
duy) =) (-1) L

i=1
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The Taylor resolution admits a multiplication defined by

sgn(l, J) Ly ifINJT =@,

miuJg
0 otherwise,

u1-u1={

where sgn(/, J) is the sign of the permutation making / U J an increasing sequence.
This multiplication induces a differential graded algebra (dga) structure on 7. The
Tor-algebra TorS (S/1,k) of S/I is

TorS (S/1.k) = @ Tor (S/1.k) = @D Hu(T ®5 k).

where the multiplication is induced by the multiplication on 7.

The following method of constructing free resolutions of monomial rings is due to
Bayer, Peeva and Sturmfels [3]. Our exposition will follow that of Mermin [26].
Let {m1,...,m,} be a set of monomials. Fix some total order < on {my,...,m;}.
After relabelling we may assume that m; < my <--- <m;,. Let A be a simplicial
complex on the vertex set {1, ..., r}. By abuse of notation, we will say A is a simplicial
complex on vertex set {my,...,m,}.

Assign a multidegree m y to each simplex J € A by defining
my =lcm{mj |] EJ}.

Define a chain complex Fa associated to A as follows. Let F} be the free S—module
on generators uy with |J| = n. For J = {j; < -+ < ju}, write J' to denote
{j1 << }; < -+ < jun}. The differential d: F,, — F,—; is defined, for J € A, by

|/

duy) =Y ()T 2Ly

-1 myji
Example 2.1 Let A" be the full r—simplex. Then Far is the Taylor resolution
of R = S/1. This also justifies the use of the same notation for both.
In general, Fa need not be a resolution of S/I. But we do have the following theorem.

Theorem 2.2 [3, Lemma 2.2] Suppose A is a simplicial complex on vertex set
{my,...,m;} and define, for a multidegree |, a subcomplex

Ay =1{J € A|my divides ji}.

Then Fp is a resolution of R if and only if A, is either acyclic or empty for all
multidegrees 4.
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A resolution F is called simplicial if F = Fa for some simplicial complex A.

Remark 2.3 If A’ C A, then Fas is a subcomplex of Fa. In particular, since each
simplicial complex A is included in the full simplex on its vertex set, each simplicial
resolution of S// is a subcomplex of the Taylor resolution of S/1.

In the remainder of the paper we will restrict our attention to the following spe-
cial type of simplicial resolution, which is due to Novik [27]. Given an mono-
mial ideal I = (my,...,m;) we define the Icm—lattice L(I) to be the set of all
lem(m;,,...,m; ), where 1 <i; <---<ipy<randk=1,...,r. Theset L =L(I) ad-
mits a partial order given by divisibility. Then L forms a lattice under a Vb =1lcm(a, b)
and a Ab = ged(a, b). The lattice L has minimal element 0 = 1 and maximal element
1= lem(my,...,m;).

Definition 2.4 A rooting map on L is amap 7: L\ {f)} — {my, ..., m;} such that

(1) m(m) divides m for every m € L,

(2) m(m) = m(n) whenever m(m) divides n and n divides m.

Let 7 be a rooting map and A C {my,...,m,} nonempty. Define 7(A) = w(lcm(A)).
A set A is unbroken if w(A) € A and A is rooted if every nonempty B C A is unbroken.
Let RC(L, ) denote the set of all rooted sets with respect to L and 7. Then RC(L, i)
is easily seen to be a simplicial complex on vertex set {my,...,m,} and we have the
following result.

Theorem 2.5 [27, Theorem 1] Let I = (my,...,m,) be a monomial ideal and let L
denote its Icm—lattice. Suppose that w is a rooting map on L. Then the chain complex
Fre(r,x) associated to the simplicial complex RC(L, i) is a free resolution of 1.

An important special case of this construction is the Lyubeznik resolution:

Definition 2.6 Let / = (m,...,m,) be a monomial ideal and pick some total order <
on the m; . After relabelling we may assume that m < my < --- < m, . Define
7(A) = min<{m; | m; divides lem(A4)}.

Then 7 is easily seen to be a rooting map. The resolution associated RC(L, ) is
called the Lyubeznik resolution.
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We only consider resolutions F that are as small as possible in the sense that each Fj,
has the minimal number of generators. More precisely, we have the following definition.

Definition 2.7 Let S// be a monomial ring. A free resolution F — S/ is said to
be minimal if d(F) C (x1,...,xXm)F.

If the minimal free resolution of S// is a resolution associated to RC(L, ) for
some rooting map 7, then I (respectively S/1) is called a rooted ideal (respectively
a rooted ring). Similarly, if the Lyubeznik resolution of S// is minimal then [
(respectively S/1) is called a Lyubeznik ideal (respectively a Lyubeznik ring).

Example 2.8 Let S = k[x,y,z] and let / be the ideal generated by m; = xy,
my = yz and m3 = xz. Order the generators as m; < my < m3. Let w be the
rooting map of the Lyubeznik resolution as in Definition 2.6. Then the rooted sets are
my, my, ms, mimy and myms. So the Lyubeznik resolution is

§28, 534, g,

where the differential is given by

—z —z
dq =[xy yz xz] and do=| x O
0 y

In particular, the resolution is minimal and so [ is a Lyubeznik ideal.

We point out that the class of rooted rings is fairly general. It includes for example
monomial ideals whose lcm—lattice is a geometric lattice as well as matroid ideals
of modular matroids [27]. The inclusion of Lyubeznik rings in rooted rings is strict
since not every rooting map arises from a total order on the monomial generators as
Example 4.1 of [7] shows. Finally, not every monomial ring is rooted. Let I be the
ideal with monomial generators

X1X4X5X6, X2X4X5X6, X3X4X5Xe, X2X4X5X7, X3X4X5X7
X1X3X5X7, X1X2X4X7, X1X4X6X7, X1X5X6X7, X3X4X6X7
X2X5X6X7, X2X3X6X7, X1X2X3X7,

and let F' denote the minimal free resolution. As is shown in [28], the matrices of the
differential of F' cannot be chosen in {0, =1} and consequently F cannot be supported
on any simplicial complex and hence, in particular, not on a complex RC(L, 7r) coming
from a rooting map .
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3 A -algebras

In this section we will discuss some basic aspects of the theory of As—algebras. The
notion was first introduced by Stasheff [29; 30] in the context of algebraic topology.
Since their introduction Asc—algebras have found applications in various branches of
mathematics such as geometry [10], algebra [31] and mathematical physics [21; 24].
Though the following section aims to be self-contained, a more extensive introduction
can be found in [20]. The exposition below follows that of [22].

In what follows all signs are determined by the Koszul sign convention
(1 (f@)r®y) =DM fx@gy.

Definition 3.1 Let R be a commutative ring and A = @ A, a Z-graded free
R-module. An Ay,—algebra structure on A consists of maps u,: A®" — A for
each n > 1 of degree n — 2 satisfying the Stasheff identities

@) 3 =Dy, (187 @ ps ®1%) =0,
where the sum runs over all decompositions n =r +s +¢ with r,z >0, s > 1 and

u=r—+t+1.

Observe that when applying (2) to an element additional signs appear because of the
Koszul sign convention (1). In the special case when ws = 0, it follows that u»
is strictly associative and so A is a differential graded algebra with differential
and multiplication wy. An Asc—algebra A is called strictly unital if there exists an
element 1 € A that is a unit for @, and such that for all n # 2

MUn(a1 @+ ®an) =0
whenever a; = 1 for some i .

The notion of a morphism between As,—algebras will also be needed.

Definition 3.2 Let (A, u,) and (B, iin) be Aoo—algebras. A morphism of Aco—
algebras (or an Asc—morphism) f: A — B is a family of linear maps

fn: A®" > B
of degree n — 1 satisfying the Stasheff morphism identities

B Y DT ARAT Rus@1%) =) (DY R (fi, ® fi, @+ ® fi,)
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for every n > 1. The first sum runs over all decompositions n =r + s + ¢ with s > 1
and r,t > 0, where u =r +¢ + 1. The second sum runs over all 1 <¢g <n and all
decompositions n =iy + i + -+ + iy with all iy > 1. The sign on the right-hand side
of (3) is given by

qg—1
w=> (g—p)ip—1).

r=1

If A and B are strictly unital, an Aso—morphism is also required to satisfy f3(1)=1 and
@1 ®:-+-Qan) =0

if n>2 and a; = 1 for some i.
A morphism f is called a quasi-isomorphism if f1 is a quasi-isomorphism in the usual
sense.

Let A be an Ayo—algebra. Then its homology H A is an associative algebra. A crucial
result relating the Aoo—algebra A and its homology algebra HA is the homotopy
transfer theorem.

Theorem 3.3 (homotopy transfer theorem [17]; see also [25]) Let (A, un) be an
Asc—algebra over a field R and let HA be its homology algebra. There exists an
Aoo—algebra structure j1, on HA such that

(1) w} =0 and u), = H(uz) and the higher ;, are determined by jip,

(2) there exists an Aso—quasi-isomorphism HA — A lifting the identity morphism
of HA.

Moreover, this Axo—structure is unique up to isomorphism of As,—algebras.

An explicit way of constructing Aso—structures on the homology of a dga is due to
Merkulov [25] and will be discussed next.

Definition 3.4 Let A be a chain complex and B C A a subcomplex. A transfer
diagram is a diagram of the form

i
b AT
p

where pi = lp and ip—1=d¢ + ¢d.

Some authors use the term strong deformation retract for what we call a transfer diagram.
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Let (A,d) be adga and let B be a subcomplex of A such that there exists a transfer
diagram as in (4). Let - denote the product on A. Define linear maps A,: A®" — A
as follows. First, put A»(a1,az) = ajy -as and we set

) dn= Y (1) a(phs, pho).
sS+t=n
s,t>1

Now, define a second series of maps wp: B®" — B by setting ;; = d and, for n > 2,
(6) fin = podyoi®".

The following theorem will be crucial in the remainder of the paper.

Theorem 3.5 [25, Theorem 3.4] Let (A,d) be adga and B a subcomplex of A such

that there exists a transfer diagram of the form (4). Then the maps [, defined in (6)
give the structure of an A,—algebraon B.

4 A -resolutions and the Golod property

Let R be a monomial ring. Recall R is Golod if there is an equality of power series
(141
1—1(372, dimTorf(R, k)l —1)

) P(R) =

The Golod property admits an equivalent description in terms of Massey products,
which will be defined next.

Definition 4.1 Let (A, d) be a differential graded algebra. If a € A, we write a to
denote (—1)deg@+1,

Let oy, a0 € HA. The length-2 Massey product (a1, a3) is the product oo in the
homology algebra HA.

Let oy, ...,a, € HA be homology classes with the property that each length-(j —i +1)
Massey product (;, ..., ;) is defined and contains zero for i < j and j —i <n—1.
A defining system {a;;} consists of

(1) representing cycles a;—1,; of the homology classes «;, fori =1,...,n,

(2) elements a;;, for j > i + 1, such that

dal'j= Z C_likakj.

i<k<j
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Note that the existence is guaranteed by the condition that (o;, ..., ;) is defined and
contains zero for i < j and j —i <n —1. The length-n Massey product (o1, ..., o)
is defined as the set

(@1,...,00) = {|: Z c_lol'ain} ‘ {a;;} is a defining system | € HST27"

0<i<n

where s = ) 7, dega;.

A Massey product {oq,...,q,) is said to be trivial if it contains zero. The Koszul
homology of a monomial ring R is H(R) = Tor® (R, k). The Golod property and
Massey products are related by the following theorem.

Theorem 4.2 ([11]; see also [14, Section 4.2]) Let R be a monomial ring. Then R is
Golod if and only if all Massey products on the Koszul homology TorS (R, k) are trivial.

Following [18], we will say that a dga A satisfies condition (B, ) if all k—ary Massey
products are defined and contain only zero for all k¥ < r. Recall the following lemma.

Lemma 4.3 [23, Proposition 2.3] Let A be a dga satistying (By—1). Then the k—ary
Massey product {ai,...,ar) is defined and contains only one element for any choice
ai,...,ar € H(A).

Let R be a monomial ring and let K be the Koszul resolution of the base field k
over S. The Koszul dga Kgr of R is defined as Kg = R ®g K. The Koszul dga and
the Taylor resolution are related by a zigzag of dga quasi-isomorphisms

TQRsk<«—T®s Ks— R®s Kg = Kp.

Consequently, Massey products on Tor® (R, k) can be computed using either Kg
or T ®g k. Again following [18], we say that a monomial ring R satisfies (B;) if the
dga Kg of R satisfies (B;).

Lemma 4.4 Let R be a monomial ring. Then R is Golod if and only if R satisfies
condition (B;) forall r € N.

Proof It is clear that if R satisfies condition (B,) for every r then R is Golod.

Conversely, suppose that R is Golod. We proceed by induction on r. The case r =2 is
trivial. So assume R satisfies (B,—1). By Lemma 4.3, the Massey product (aq,...,ar)
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is defined and contains only one element for any choice ai,...,a, € TorS (R, k).
Since R is Golod, it follows by Theorem 4.2 that this element must be zero and so R
satisfies (By). a

In general it is very hard to study Massey products directly. However, As—algebras
provide a systematic way of studying Massey products in view of the following theorem.

Theorem 4.5 [22, Theorem 3.1] Let A be a differential graded algebra. Up to a sign,
the higher Aoo—multiplications ), on HA from Theorem 3.3 give Massey products.
That is to say, if a1, ...,a, € HA are homology classes such that the Massey product
(a1, ...,ay) is defined then

(@1 @+ Ray) € (a1, ..., ).

A map of S—modules f: M — N is said to be minimal if f®1: M @sk > N ®gsk is
zero. It is readily verified that f is minimal if and only if f maps into (xy,...,xm»)N.
Using Theorem 4.5, we can describe under what conditions the Massey products
on Tor® (R, k) vanish.

Theorem 4.6 Let R = S/I be a monomial ring with minimal free resolution F. Let
r € N and let (1, be an Aso—structure on F such that F ®gs k and Kg are quasi-
isomorphic as Ax—algebras. Then R satisfies (B;) it and only if wj is minimal for
allk <r.

Proof Since u, is an Aso—structure on F, it follows that p, ® 1 is an Aq—structure
on F ®g k. Now, assume /i, is minimal for all kK < r. Since Tor® (R, k) is the
homology of the Aso—algebra F ®g k the homotopy transfer theorem (Theorem 3.3)
implies that Tor® (R, k) inherits an Aso—structure u,, . Since F is minimal, Tor® (R, k)
is isomorphic to F ®g k and we can take p, = pu, ® 1. Let k < r and let
o1,...,0 € Tor® (R, k) be such that the Massey product (aq,...,ar) is defined.
By Theorem 4.5 we have

+(pur ® Doy, ..., ar) € (o1, ..., ).

Since py is minimal, we have (ur ® 1)(o1,..., o) = 0. Therefore, {(aq,..., ) is
trivial and so R satisfies (By).

Conversely, assume that R satisfies (B;). We need to show that py is minimal for all
k <r.For k =2, we have (2 ® 1)(a1,a2) = ajas but the product on Tor’ (R, k)
is zero because R satisfies (B). Now, let 3 < k < r. Since R satisfies (By),
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for all ay,...,ay the Massey product {ai,...,ay) is defined and contains only zero.
Since (ur ® 1)(ai,...,ax) € {ay,...,ar) we have (ur ® 1)(ai,...,ar) = 0 for
all ay,...,ay. Consequently, py is minimal as required. a

Corollary 4.7 Let R = S/I be a monomial ring with minimal free resolution F. Let
Un be an Aso—structure on F such that F ® g k and Kg are quasi-isomorphic as
Aoo—algebras. Then R is Golod if and only if |, is minimal for all n > 1.

Corollary 4.7 was first proved in [9] using different methods.

The following immediate corollary to Corollary 4.7 is well known; see for example
Proposition 5.2.4(4) of [2], where it is proved using different methods.

Corollary 4.8 [2, Proposition 5.2.4(4)] Let R = S/I be a monomial ring with
minimal free resolution F. If F' admits the structure of a dga, then R is Golod if and
only if the product on Tor® (R, k) vanishes.

5 Homotopy transfer on the Taylor resolution

Corollary 4.7 implies that monomial rings with minimal dga resolution are Golod if
and only if the product on Tor® (S/1I, k) vanishes. However, there exists monomial
rings whose minimal resolution does not admit the structure of a dga [1]. On the other
hand, every free resolution of a monomial ring S// admits an Ac—structure [9].

In general, it is not clear how to obtain an explicit description of such an Asc—structure.
Instead of considering general Aoo—structures on resolutions, we will consider only
those that arise as a deformation of the dga structure on the Taylor resolution. To make
this idea precise we will use rooting maps to construct transfer diagrams on the Taylor
resolution. In that case Theorem 3.5 tells us how to construct an Aso—structure to
which we may apply Corollary 4.7.

Let 7 be arooting map and let F be the free resolution of S/ 1 associated to RC(L, ).
Recall that Fy, is the free S—module on u y, where J € RC(L, ) with |J| =n. The
remainder of this section is devoted to computing an explicit As—algebra structure
on F. Let T will denote the Taylor resolution of S//. We will write d for the
differential of F whereas d will be reserved for the “simplicial” differential, ie

/]

duy = Z(—l)i+1uji

i=1

on a basis set uy of F. If uy is a basis set of F we define [uy] = (1/mj)uy.
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Let uy,,...,uy, berooted sets and a1, ...,a, € S. Then for u = ) aguy, , we set
[u] = > (ax/my, )uy, . The following lemma will be used extensively.

Lemma 5.1 For any basis set uy of F we have d[uyj] = [duy].

Proof We have

I/
1 1 ;
dlug] = —dug = — Y ()1 2Ly
my my 0 m_]z
o v
= Z(—l)ﬁl?“]i =Y (=" u ]
i=1 J! i=1
= [duy]. u|

Let 7 be arooting map. For uy € T, define w(uy) =u; if w(my) =m;. Define a map

p': T — F asfollows. Let u € T and write u = u;, ---u;, . For ¢ = 1,... k define
Iy ={i1.....ig}. For a permutation o € Sy, put 0ly = {iz(1),....ig(q)}- We define
(®) Py =" sgn(e)m(uer)w(uory) T (Ugr,)-

gESK

Geometrically, the map p’ can be thought of as similar to the barycentric subdivision
of a simplex. For example, if u;, ;, € T and we think of 7 (u;, ;,) as its barycenter
then p’ replaces u;, i, by its barycentric subdivision

p/(uil,iz) = uiz”(uil,iz) — U n(uil,iz)'

In the same way, given u;, j,,;; € T the right-hand terms in

Uiy izis) = Z $g(0) 7 (Ui (1)) (Uig(1),i0@) T Uiga)yic@)iom)
o€S3

are precisely the six constituent triangles in the barycentric subdivision of a 2—simplex.
Before proceeding, we need to verify that im(p") C F. For o € Si, we need to show that

77(“011 )7[(”012) e ﬂ(uolk)

is rooted. Since ugy, S ugy, S+ C ugy, , it follows that for all jy, ..., jr we have

m(mw(ug;, ), w(u,), ..., n(ul_ik ) = n(ul_ik).

Therefore, 7 (ugr, ) (Usl,) -+ T(Ugr,) is rooted and so im(p’) C F.

Lemma 5.2 The map p’ is a chain map with respect to the differential 0.
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Proof It is sufficient to prove the result for basis elements u; € T. Write I =
{i1,...,ix}. We first show that

op'(ur) = Y (=D sgn(@)w(uor,) - (ot )

oeSy

We have

op'(ur) = Y sgn(@)d(w(uor,) -+~ w(Uory))

oSk

k
=Y Y )/ sgn()n(uor,) - wlttor,) - w(or,).

geSk j=1

Now, fix some j < k and let 7; be the transposition (o(j),0(j + 1)). Then the
summands indexed by o and 7;0 cancel. Indeed, if ¢ < j then 7; acts as the identity
on 0ly and so Ug, = Ug;o1,- On the other hand, if ¢ > j + 1 then the underlying
sets of 0y and 1701, are the same. Since 7 (1) depends only on the set J and not
on the ordering we have

(ugr,) = n(urjalq),

and so the summands indexed by o and ;0 cancel. Note that since the map 0 — 70
is an involution these permutations cancel in pairs. Therefore, we obtain

op'(ur) = Y (=1 sgn(@)w (uor,) -+ 7w (or, )

g€eSk

For o € S}, write
Gy = ﬂ(“cll)"'”(“alkﬂ),

and so

©) op'(ur) = Y (=1 sgn(0)Go.

oeSk
We now compute p’d(uy). For j €{l,....k} and o € S_1,set I;(j)=14\{j} and
Foj =n(uer, () - lor,_ ()T Uor; 11 () T ot (j))-

Then

(10) ’au—D 1)f+1p(u1k(,))—2 > (=1 sgn(o) Fo .

Jj= Jj=1l0€eSir_
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Given j €{l,...,k}, we can embed S;_; into Sy by fixing j. Therefore, we have
k . k .
Pu=3 Y /M@ Foy = Y (D) sen(o) Fo.
J=10€Sk— j=1 oeSk
o()=j

Now, fix j € {l,...,k} and fix o € S; such that o(j) = j. Define p to be the cycle
(j ---k) and let T = op. Then we have G; = Fy;,; and

D sgn(0)Ge = (=D Ggp = (1) sgn(0) F .
Since the sums in both (9) and (10) have k! terms, it follows that they are equal. O
Let i: FF — T denote the inclusion.
Lemma 5.3 Forall u € T, we have
w(u)ip'du =ip'u.

Proof It is sufficient to prove the result for basis elements u; € 7. Write [ =

{i1,...,ix}. Asin the proof of Lemma 5.2, we have
op'(up) =Y (D sgn(@)w(uor) -+ w(ior,_,).
geSk

Since p’ is a chain map by Lemma 5.2, we have
w(up)ip'duy = m(ur)dip’(ur)
=n(ur) Y (=D sgn(@)w(uor,) - w(ugr,_,)

oSk
= Y ()M sen(o)m(uor,) - (ot ) (ur)
geSx
= Y sen(0)n(or,) + w(uor,_ )7 (aIr)
geSk
=ip'(ur),
where we have used that 7w (uy) = n(uy, ) = n(uer, ). O

Lemma 5.4 The composition i p’ and the identity 17 are chain homotopic as chain
maps (T, d) — (T, 0).

Proof Define ¢’: T — T by induction as follows. Set ¢y = ¢ =0 and

¢é(ui1 uiz) = ”(uil,iz)uil Uis -
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For k > 2, write u = u;, ---u;, and define

b () = 7w () (u — gy, (9u)).

We need to show that 17 —ip’ = d¢’ + ¢’d. We proceed by inductionon k. If k =1,
there is nothing to prove. If k = 2, we have

A2 (uiyuiy) = O(w Uiy in Uiy i)
= Ui Uiy — T (WUiy,in) Uiy + 70 (Uiyin Ui,
= (1F —ip")(ui ui).
Now, let k > 2. Using Lemma 5.3, we finish the proof:
Ay (u) = u— ¢y 0u — 7 (u)(du — d¢py_, du)

=u—p,_, 0u—m(u)(Ou —0u +ip'du + ¢r_29%u)

=u—p_10u—m(u)ip'ou

=u—ip'u—¢p_,0u. |

Define amap p: T — F as follows. For uy € T, let

(11) plug) =my[p (uy)l,

where p’ is the map from (8). Then we have the following theorem.

Theorem 5.5 Let m be a rooting map for a monomial ideal I and let F be the
resolution of S /I associated to . Then there exists a transfer diagram

i
N
SEaer
~_
p
where i: F — T is the inclusion and p: T — F is the map from (11).

Proof Let uy € T and define ¢ by ¢p(uy) =my[¢p’(uy)]. Then, using Lemma 5.4,
d¢(uy) =myd[¢'(uy)]=my[0¢' (us)] =mysuy—ip'us—¢'duy]
=uy—ipuy—¢duy,

and so 17 and ip are homotopic. On the other hand, we clearly have pi = 1F, which
finishes the proof. O
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6 The Golod property for rooted rings

Let R =S/ be arooted ring with rooting map 7 and minimal free resolution F. The
purpose of this section is to provide necessary and sufficient conditions for R being
Golod. Following [16], we have the following definition.

Definition 6.1 Let R =S/ be a monomial ring and write / = (my,...,m,). We say
that R satisfies the gcd condition if for all generators m; and m; with gcd(m;,m;) =1
there exists an my # m;,m; such that my divides lem(m;, m;).

We have the following lemma, where we write (m;,m;) for w({m;,m;}).

Lemma 6.2 Let R = S/I be a rooted ring with rooting map w and write [ =
(m1,...,my). Then R satisfies the gcd condition if and only if 7w(m;, m;) # m;, m;
whenever gcd(m;,m;) =1.

Proof First, assume that w(m;, m;) # m;, m; whenever gcd(m;,m;) = 1. Since
w(m;,mj) divides lem(m;, m;), we can take my = w(m;,m;) and so R satisfies the
gcd condition.

Conversely, suppose that R satisfies the gcd condition and take m; and m; with
ged(m;,mj) = 1. For contradiction, assume that w(m;,m;) = m;. By the gcd
condition, there exists some my # m;,m; such that my divides lem(m;, m;). We
claim that the set {m;,m;, w(m;,my)} is rooted. To prove this, we need to verify that
every subset is unbroken. Since m(m;, m;) =m;, it follows immediately that {m;,m;}
is unbroken. For {m;, w(m;, my)}, note that

w(mj,my) | lem(m;, w(m;,mg)) | lem(m;, my),

andso mw(m;,w(m;, my))=m(mj, my) as w is arooting map. Thus, {m;, w(m;,my)}
is unbroken. Next, consider {m;,w(m;, my)}. Since w(m;, m;) = m;, we have

a(mi,mj)| lem(m;, w(mj, mg)) | lem(m;, mj),

and so w(m;, w(m;,my)) = nw(m;,mj) = m;. Consequently, {m;, w(m;, mg)} is
unbroken. Similarly, we have that {m;,m;, w(m;, my)} is unbroken as

w(m;,mj)| lem(m;, m;,w(m;,my)) | lem(m;, mj)

and thus w(m;,m;, w(m;,my)) = nw(m;,m;) = m;. Therefore, {m;, m;, w(m;, my)}
is rooted as claimed.
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Let u =u;ju;m(uj,ug). Since mw(m;,my) divides lem(m;,m;), we have

J lem(m;, m;) lem(m;, m;)

u =
lem(m;, w(mj, my))

ujm(uj,ug) — wim(uj, ug) +uiuj.

lem(m;, w(mj, my))

Hence, du ¢ (x1,...,Xxm)F, which is a contradiction as R is rooted. Therefore,
m(mi,mj) # m;. Swapping the roles of i and j, we see that 7(m;, m;) # m;, which
finishes the proof. |

The following lemma is straightforward but included for completeness.
Lemma 6.3 If u; and uj are basis elements of T such that gcd(my,my) # 1, then

pra(ur,uy) € (x1,...,xm)F.

Proof Indeed, we have

mipmyj mimgj
urug | = puruy).

pAa(ur ®MJ)=P( —

mruJ mruJg

By assumption (mymy)/(myuy) # 1 and so the result follows. a
Lemma 6.4 Let R be a rooted ring. If R is gcd then R is Golod.

Proof Let F be the minimal free resolution of R. Then by Theorem 5.5 there is a

i
Sanliel
p

where i: F'— T is the inclusion and p: T — F is the map from (11). By Theorem 3.5,

transfer diagram

we obtain an Aso—structure i, on F. From Corollary 4.7 it follows that it is sufficient
to show that each w, is minimal. Recall that u, = pA,, where

dn= Y (=1 ha(pAs @ pA).

s+t=n
s,t>1

Thus, it is sufficient to prove that pA, maps into the maximal ideal. Let u; and u
be basis elements of 7. We may assume that gcd(my,my) = 1 since otherwise
pAa(ur @ uy) € (x1,...,xm)F by Lemma 6.3. Write I = {i1,...,i;} and J =
{ik+1,-..,in}, where n = k + /. By definition of p we have

POy ---u,) =m Y sgn(o)w(ugr,) -+ w(tor,),

g€eS,
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where m = lem(my,my) =mymy and ugy, = Ui, ) " Uiy, - Write

m
Oy = ;
7 1cm(7r(m0'11)7'--77[(m0'1n))
then
p(uiy -+ ui,) = Z sgn(o)agm(Ugr,) - w(Ugr,)-
o€ES),
We need to show that oy € (x1,...,Xxn) for all ¢ € S,,. Suppose that «g = 1 for

some o € S, . Without loss of generality, we may assume iy (1) € I. Set
g =min{q | isq) € J}.

By assumption, lem(s (mqyp,), ..., w(megy,)) is divisible by m;_, . Therefore, since
ged(mi,,,,my) = 1, we have ged(mi, ,,, w(mey,)) = 1 for all k < g. Therefore,
lem(ww(mey,), ..., w(megy,)) is still divisible by m; .

‘We claim that

Migy & (Mor,), . ... w(Mor,)}

Indeed, assume that m;,,, = m(mgy,) for some s > g. We have that w(mgy,) =
]T(mia'(l)’ ey micr(s)) . Then

mia(q) | lcm(mim), mia(q)) | lcm(mia(l), ey miﬂm),

and so mj,,, = w(mi,,, Mi, ) since 7 is a rooting map. But by definition of ¢ we
have ged(m;, . mi,,) =1 so this contradicts / being gcd by Lemma 6.2. Therefore

My, EAn(mer,), ... w(Mgr,)}.
Define
u=uj,,,wUsr,) - 7(Usr,);
we claim that u isin F. To see that u is rooted, let v C {u;, ,,, 7 (Usr1,), ..., (U1, )}
If u;,,, ¢ v then there is nothing to prove as {7 (uqs1,), ..., 7(Usr,)} is Tooted. So,

assume uj, , € v. We can write
V= uig(q)n(u(f]ql ) ”(”olqk)
for some g; > ¢g. We have

”(ualqk) | my | molqk s
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and so w(v) = fr(uqu) € v. Hence, u is rooted as claimed. But du ¢ (x1,...,xm)F
since mj,,, divides lem(w(msy,), ..., (Mg, )), which contradicts minimality of F.
O

We now come to the main theorem of this section.

Theorem 6.5 Let R be a rooted ring. Then the following are equivalent:

(1) The ring R is Golod.
(2) The product on TorS (R, k) vanishes.
(3) Thering R is ged.

Proof The implication (1) = (2) is immediate from the definition and (3) = (1)
follows by Lemma 6.4. We prove (2) = (3). Since the product on Tor’ (R, k) is
just oz ® 1, the product vanishes if and only if w» is minimal. Let m; and m; be
generators such that ged(m;,m;) = 1. Then

lem(m;, mj) lem(m;, m;)

ma(ui uj) = (U, uj)u; — (U, uj)u;.

lem(z (m;, mj)m;) lem(w(m;, mj)m;)
If w(mi,m;) =m; then
lem(m;,m;)

=1,
lem(m (m;, mj)m;)

which contradicts minimality of w and so 7 (m;, m;) # m;. By the same argument,

m(mi,mj) # m; and thus R is gcd by Lemma 6.2. a

Remark 6.6 The equivalence between the second and third statements of Theorem 6.5
is known. See for example Lemma 2.4 of [19]

Example 6.7 Let S =k[x1,...,x9] and let I be the ideal
(X2X5X8, X2X3X8X9, X5XeX7X8, X1X2X4X5, X1X2X3, X4X5X6, X7X8X9).

Label the generators by u1,...,u9 and order them by u; < up <--- <ug. Let L be
the Lyubeznik resolution with respect to the ordering <. Then L is easily seen to be
minimal. Plainly, / satisfies the gcd condition and so S/ is Golod.
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