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Small exotic 4-manifolds

ANAR AKHMEDOV

In this article, we construct the first example of a simply-connected minimal symplec-
tic 4-manifold that is homeomorphic but not diffeomorphic to 3CP? #7CP°. We

L . ——2
also construct the first exotic minimal symplectic CP*#5CP" .

57N65, 5TN13; 57M50

1 Introduction

Over the past several years, there has been a considerable amount of progress in the
discovery of exotic smooth structures on simply-connected 4—manifolds with small
Euler characteristic. In early 2004, Jongil Park [15] has constructed the first example
of exotic smooth structure on CPP2#7 (C_IP’z, ie 4—-manifold homeomorphic but not
diffeomophic to CP2# 7C_IP’2. Later that year, Andras Stipsicz and Zoltdn Szabd
used a similar technique to construct an exotic smooth structure on CP%# 6@2 [18].
Then Fintushel and Stern [5] introduced a new technique, the double node surgery,
which demonstrated that in fact CP2#k (C_]P’z, k =6, 7 and 8 have infinitely many
distinct smooth structures. Using the double node surgery technique [5], Park, Stipsicz
and Szab6 constructed infinitely many smooth structures on CP2# 5@2 [17]. The
examples in [17] are not known if symplectic. Based on similar ideas, Stipsicz and
Szabé6 constructed the exotic smooth structures on 3 CP2#k (C_IP’2 for k =9 [19]
and Park for k = 8 [16]. In this article, we construct an exotic smooth structure on
3CP2%#7 @2. We also construct an exotic symplectic CP?#5 @2 , the first known
such symplectic example.

Our approach is different from the above constructions in the sense that we do not
use any rational-blowdown surgery (Fintushel and Stern [3], Jongil [14]). Also, in
contrary to the previous constructions, we use non-simply connected building blocks
(Akhmedov [1], Matsumoto [11]) to produce the simply-connected examples. The
main surgery technique used in our construction is the symplectic fiber sum operation
(Gompf [7], McCarthy and Wolfson [12]) along the genus two surfaces. Our results
can be stated as follows.
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Theorem 1.1 There exist a smooth closed simply-connected minimal symplectic
4-manifold X that is homeomorphic but not diffeomorphic to 3 CP2#7 CP’.

Theorem 1.2 There exist a smooth closed simply-connected minimal symplectic 4—
manifold Y which is homeomorphic but not diffeomorphic to the rational surface

CP2#5CP-.

This article is organized as follows. The first two sections give a quick introduction
to Seiberg—Witten invariants and a fiber sum operation. In Section 4, we review the
symplectic building blocks for our construction. Finally, in Section 5 and Section
6, we construct minimal symplectic 4—manifolds X and Y homeomorphic but not

diffeomorphic to 3 CP2#7 CP~ and CP2#5CP" , respectively.
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2 Seiberg—Witten Invariants

In this section, we briefly recall the basics of Seiberg—Witten invariants introduced by
Seiberg and Witten. Seiberg—Witten invariant of a smooth closed oriented 4—manifold
X with b;r (X) > 1 is an integer valued function which is defined on the set of spin®
structures over X (Witten [23]). For simplicity, we assume that H; (X, Z) has no 2—
torsion. Then there is a one-to-one correspondence between the set of spin€ structures
over X and the set of characteristic elements of H?(X,Z).

In this set up, we can view the Seiberg—Witten invariant as an integer valued function
SWy: {k € H*(X,Z)|k = w,(TX) (mod 2)} — Z.

The Seiberg—Witten invariant SWy is a diffeomorphism invariant. We call B a basic
class of X if SWx(B) # 0. It is a fundamental fact that the set of basic classes is
finite. Also, if B is a basic class, then so is —f8 with

SWx (=B) = (1) eTIE/ 4 gwy (B)
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where e(X) is the Euler characteristic and o (X)) is the signature of X .

Theorem 2.1 (Taubes [20]) Suppose that (X, w) is a closed symplectic 4-manifold
with b; (X) > 1 and the canonical class Ky . Then S Wy (= Ky) = +1.

3 Fiber Sum

Definition 3.1 Let X and Y be closed, oriented, smooth 4-manifolds each containing
a smoothly embedded surface ¥ of genus g > 1. Assume X represents a homology
class of infinite order and has self-intersection zero in X and Y, so that there exist
a tubular neighborhood, say v¥ = ¥ x D2, in both X and Y . Using an orientation-
reversing and fiber-preserving diffeomorphism y: ! x £ — S! x 2, we can glue
X \vZ and Y \ vX along the boundary d(vX) 2 ¥ x S'. This new oriented smooth
4-manifold X#, Y is called a generalized fiber sum of X and Y along X, determined

by .

Definition 3.2 Let ¢(X) and o(X) denote the Euler characteristic and the signature
of a closed oriented smooth 4—manifold X, respectively. We define
e(X)+o(X)

7 (X) :=2e(X) +30(X). xp(X):= 4

In the case that X is a complex surface, then clz(X ) and x;(X) are the self-intersection
of the first Chern class ¢;(X') and the holomorphic Euler characteristic, respectively.

Lemma 3.3 Let X and Y be closed, oriented, smooth 4—manifolds containing an
embedded surface ¥ of self-intersection 0. Then

F(X#yY) =3 (X)+c3(Y)+8(g—1),
Xn(X#yY) = (X)) + xn(Y) + (g — 1),

where g is the genus of the surface X.

Proof The above simply follows from the well-known formulas
e(X#yY)=e(X)+e(Y)—2e(X), o(X#,Y)=0(X)+0o(Y). O

If X, Y are symplectic manifolds and ¥ is an embedded symplectic submanifold in X

and Y, then according to theorem of Gompf [7] X#, Y admits a symplectic structure.

We will use the following theorem of M Usher [21] to show that the symplectic
manifolds constructed in Section 5 and Section 6 are minimal. Here we slightly abuse
the above notation for the fiber sum.
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1784 Anar Akhmedov

Theorem 3.4 (Usher [21], Minimality of Symplectic Sums) Let X = X #p =, X
be symplectic fiber sum of manifolds X and X5 .

(i) Ifeither X1\ F, or X,\ F, contains an embedded symplectic sphere of square
—1, then X is not minimal.

(ii) If one of the summands X; (say X1 ) admits the structure of an S 2 _bundle over
a surface of genus g such that F; is a section of this fiber bundle, then X is
minimal if and only if X, is minimal.

(iii) In all other cases, X is minimal.

4 Building blocks

The building blocks for our construction will be as follows.

(i) The manifold T2 x S2 #4CP_ equipped with the genus two Lefschetz fibration
of Matsumoto [11].

(i) The symplectic manifolds Xx and Y [1]. For the convenience of the reader,
we recall the construction in [1].

4.1 Matsumoto fibration

First, recall that the manifold Z = T2 x S2#4CP" can be described as the double
branched cover of S%x T'? where the branch set B>  is the union of two disjoint copies
of S? x {pt} and two disjoint copies of {pt} x T'2. The branch cover has 4 singular
points, corresponding to the number of the intersections points of the horizontal lines
and the vertical tori in the branch set B, ;. After desingularizing the above singular
manifold, one obtains 7% x S? #4@2. The vertical fibration of S? x T2 pulls back
to give a fibration of T2 x S2 #4CP~ over S2. A generic fiber of the vertical fibration
is the double cover of 72, branched over 2 points. Thus a generic fiber will be a genus
two surface. According to Matsumoto [11], this fibration can be perturbed to be a
Lefschetz fibration over S?2 with the global monodromy (81 828384)* = 1, where the
curves 81, B>, B3 and B4 are shown in Figure 1.

Let us denote the regular fiber by 2’2 and the images of standard generators of the
fundamental group of X, as ay, by, a; and b,. Using the homotopy exact sequence
for a Lefschetz fibration,

b8 (2/2) — 11 (Z) — m1(S?)

Algebraic & Geometric Topology, Volume 8 (2008)
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Figure 1: Dehn Twists for Matsumoto Fibration

we have the following identification of the fundamental group of Z [13]:

1(Z) = 11(25)/(B1. B2. B3. Ba).

(D B1 =b1by,

(2) By =aybia; by = aybya, by,
3) B3 = byazby 'ay,

(4) ,34 = bzazalbl.

Hence 71(Z) = (ay,b1,a2,by | b1by =lay,b1] =[az, byl = aja; =1).

Note that the fundamental group of T2 x S2#4CP_ is Z & Z, generated by two of
these standard generators (say @1 and b;). The other two generators a, and b, are
the inverses of a; and by in the fundamental group. Also, the fundamental group of
the complement of vX’, is Z @ Z. It is generated by a; and b;. The normal circle
A = pt xdD? to ¥/, can be deformed using one of the exceptional spheres, thus is

trivial in 7, (T2 x S2#4CP° \vS)) = Z B Z.
Lemmad.l ¢;?>(Z)=—4,0(Z)=—4and y,(Z) = 0.

Proof We have c12(Z) = c12(T?*x S?)—4=—4,0(Z)=0(T*x S?)—4=—4
and x,(Z) = xp(T? x §?) = 0. ad

Note that this Lefschetz fibration can be given a symplectic structure. This means that

Z admits a symplectic structure such that the regular fibers are symplectic submanifolds.
We consider such a symplectic structure on Z.

Algebraic & Geometric Topology, Volume 8 (2008)
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4.2 Symplectic 4-manifolds cohomology equivalent to S?2 x S 2

Our second building block will be Xx , the symplectic cohomology S 2% S2[1],0or
the symplectic manifold Yk, an intermediate building block in that construction [1],
(see also Fintushel and Stern [4]). For the sake of completeness, the details of this
construction are included below. We refer the reader to [1] for more details and for the
generalization of these symplectic building blocks.

Let K be a fibered knot of genus one (ie, the trefoil or the figure eight knot) in S3
and m be a meridional circle to K. We perform O—framed surgery on K and denote
the resulting 3—manifold by Mg . Since K is fibered and has genus one, it follows the
3—manifold My is a torus bundle over S!; hence the 4—manifold Mg x S! is a torus
bundle over a torus. Furthermore, My x S admits a symplectic structure, and both the
torus fiber and the torus section T}, = m x S! = m x x are symplectically embedded
and have a self-intersection zero. The first homology of My x S is generated by
the standard first homology generators m and x of the torus section. On the other
hand, the classes of circles y; and y, of the fiber F', coming from the Seifert surface,
are trivial in homology. In addition, My x S is minimal symplectic, ie, it does not
contain symplectic —1 sphere.

We form a twisted fiber sum of two copies of the manifold Mg x S!, we identify
the fiber F of one fibration to the section 7}, of other. Let Yx denote the mentioned
twisted fiber sum Ygx = Mg x S # F=T,, MgxS 1Tt follows from Gompf’s theorem
[7] that Yk is symplectic and by Usher’s Theorem 3.4 that Yx is minimal symplectic.

Let 77 be the section of the first copy of Mg x S I and T, be the fiber in the second
copy. Then the genus two surface ¥, = T1#7T, symplectically embeds into Yx and
has self-intersection zero. Let Xx be a symplectic 4-manifold constructed as follows:
Take two copies of Yx and form the fiber sum along the genus two surface X, using
the special gluing diffeomorphism ¢, the vertical involution of ¥, with two fixed
points. Thus Xg := Ygx#4Yg . Let m, x, y; and y, denote the generators of 1 (X5)
under the inclusion. The diffeomorphism ¢: T1#1, — T1#7, of X, maps on the
generators as follows: ¢« (m') = y1, ¢x(x') = y2, dx(y1)) = m and ¢«(y2') = x. In
[1] we show that the manifold Xx has first Betti number zero and has the integral
cohomology of § 2 % S?. Furthermore, Hy(Xg,Z) = Z & Z, where the basis for
the second homology are the classes of ¥, = .S and the new genus two surface T'
resulting from the last fiber sum operation (two punctured genus one surfaces glues
to form a genus two surface). Also, S2=T?=0and S-7 = 1. Furthermore,
c1?2(Xx) =8, 0(Xg) = 0 and x,(Xg) = 1. Since Yx is minimal symplectic, it
follows from Theorem 3.4 that Xx is minimal symplectic as well.

Algebraic & Geometric Topology, Volume 8 (2008)
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4.2.1 Fundamental Group of My x S! We will assume that K is the trefoil knot.
Let a, b and ¢ denote the Wirtinger generators of the trefoil. The knot group of the
trefoil has the following presentations: m1(K) = {(a,b,c | ab = bc, ca = ab) =
(a,b | aba = bab) = (u,v | u* = v?) where u = bab and v = ab. The homotopy
classes of the meridian and the longitude of the trefoil are given as follows: m =uv~!
b and [ = u*(uv=')"® = ab?ab™* (Burde and Zieschang [2]). Also, the homotopy
classes of y; and y are given as follows: y; =a~'b and y, = b~ 'aba™!. Notice that
the fundamental group of Mg, 0—surgery on the trefoil, is obtained from the knot group
of the trefoil by adjoining the relation / = u?(uv~!)"% = ab?ab™* = 1. Thus, we have
mi(Mg) = (u,v | u?> =03, u>(uv™1"%=1) = (a,b | aba = bab, ab*a = b*)
and (Mg xS') = (a,b,x | aba = bab, ab?a = b*, [x,a] =[x,b]=1).

4.2.2 Fundamental Group of Yx The next step is to take two copies of the manifold
Mg xS and perform the fiber sum along symplectic tori. In the first copy of Mg x S!,
we take a tubular neighborhood of the torus section 73,, remove it from Mg x S 1
and denote the resulting manifold by Cg. In the second copy, we remove a tubular
neighborhood of the fiber F and denote it by C. Notice that Cg = Mg x S'\vT,, =
(Mg \v(m)) x S'. We have 71(Cs) = m1(K) @ < x > where x is the generator
corresponding to the S! copy. Also using the above computation, we easily derive:
Hi(Cs) = Hi(Mg) = (m) & (x).

To compute the fundamental group of the Cr, we will use the following observation:
VF is the preimage of the small disk on T},,y = m’ x y. The elements y and m’ = d
of the 71 (CF) do not commute anymore, but y still commutes with generators )/1’ and
¥, - The fundamental group and the first homology of the Cr will be isomorphic to

the following: 711 (Cr) = (d.y.y{.v5 | . vil=. Vil =ly.n] =1, dyjd~' =
Vivs dyyd=' = (y))7!) and H{(Cp) = (d) & (y).

We use the Van Kampen’s Theorem to compute the fundamental group of Yg .
11 (Yk) = 71 (CF) *, (73) 71 (CF)
={d.y. vl vil=ml=. =1 dyid™ =iy, dy;d™!
=) Vyj=x. v4=b, v=n) (@ b, x laba = bab, [x,a] = [x,b] = 1)
=(a.b,x.y{.v5.d.y | aba = bab,[x.a] = [x.b]ly. y;]=[y. 7,]
=n.yl=Ldyid ™ =yly. dyd =07y = x,
v, =b.lyi. 31 =[d.y]).

Inside Yk, we can find a genus 2 symplectic submanifold ¥, which is the internal
sum of a punctured fiber in Cg and a punctured section in Cg. The inclusion-induced
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homomorphism maps the standard generators of 7;(X,) to a~'b, b~ 'aba™!, d and
yin 71 (Yk).

Lemma 4.2 ([1]) There are nonnegative integers m and n such that

T (Yg \vEy) ={a,b,x,d,y; g1,...,8m | aba = bab,
[y, x]=[y.b]=1, dxd™' = xb, dbd™ ' =x71,
ab*ab™ =[d,yl, ri=-=rp=1, rpy1 = 1),

where the generators g1, ..., gm and relators rq, ..., rp all lie in the normal subgroup
N generated by the element [x, b] and the relator r, 4 is a word in x, a and elements
of N. Moreover, if we add an extra relation [x,b] = 1, then the relation r,4+1 = 1
simplifies to [x,a] = 1.

Proof This follows from Van Kampen’s Theorem. Note that [x, b] is a meridian of
3, in Y. Hence setting [x, 5] = 1 should turn 7 (Yx \ vX,) into 71 (Yx). Also
note that [x, ¢] is the boundary of a punctured section in Cg \ v(fiber) and is no longer
trivial in 71 (Yg \ vX,). By setting [x, b] = 1, the relation r,4; = 1 is to turn into
[x,a]=1.

It remains to check that the relations in 71 (Yg ) other than [x, a] =[x, b] = 1 remain
the same in 71 (Yx \ vX5). By choosing a suitable point # € S away from the image
of the fiber that forms part of X,, we obtain an embedding of the knot complement
(S3\vK) x {0} = Cg \ v(fiber). This means that aba = bab holds in 7, (Yg \ vE,).
Since [X,]* = 0, there exists a parallel copy of ¥, outside vX,, wherein the identity
ab?ab™* = [d, y] still holds. The other remaining relations in 7;(Yx) are coming
from the monodromy of the torus bundle over a torus. Since these relations will now
describe the monodromy of the punctured torus bundle over a punctured torus, they
hold true in 1 (Yg \ vX5). |

4.2.3 Fundamental Group of Xx Finally, we carry out the computations of the
fundamental group and the first homology of X . Suppose that e, f, z, s and ¢ are
the generators of the fundamental group in the second copy of Yx corresponding to
the generators a, b, x, d and y as in above discussion. Our gluing map ¢ maps the
generators of {(X;) as follows:

pi(a'b) =5, s (b aba™ ) =1, pu(d) =7 [, pu(y) = fTlefe .
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By Van Kampen’s Theorem and Lemma 4.2, we have

m(Xx)=(a,b,x,d,y;e, f,2,8,t; &1, &m: N1s- . hm |
aba = bab, [y, x]=[y,b] =1,
dxd ' = xb, dbd™' =x7, ab?ab™* =[d, y].
M=-c=rpp=Lr=-=r, =1
efe=fef [t.z]=[t. [1=1,
szs TV =zf sfs V=271 eflef* =]s.1],
d=elf, y=flefe !, a~b=s b"laba™! =1,
[x,b] =1z, f]).

where the elements g;,h; (i =1,--- ,m)and rj,r;’ (j =1,--- ,n+1)all are in the
normal subgroup generated by [x, b] = [z, f].

Notice that it follows from our gluing that the images of standard generators of the
fundamental group of ¥, are a—'h, b~'aba™', d and y in 7| (Xk). By abelianizing
m1(Xg), we easily see that H{(Xg,Z) =0.

5 Construction of an exotic 3 CP2#7 (C_IE"2

In this section, we construct a simply-connected minimal symplectic 4—manifold
X homeomorphic but not diffeomorphic to 3 CP2#7 CP’. Using Seiberg—Witten
invariants, we will distinguish X from 3 CP?#7 CP’.

Our manifold X will be the symplectic fiber sum of Xx and Z = T? x S? #4<C_IP’2
along the genus two surfaces X, and X’,. Recall that a='b, b"laba™', d, y and
A ={pt} x S! =[x,b][z, /]~ generate the inclusion-induced image of 7; (X, x S!)
inside 71 (Xg \vEy). Let ay, by, az, by and A" = 1 be generators of 7{(Z \ vZ))
as in Section 4.1. We choose the gluing diffeomorphism ¥: ¥, x ST — T, xS ! that
maps the fundamental group generators as follows:

Vs(a™'b) = aa, Yu(b"aba™) = by, Yu(d) = ay, () = b1, Ys(A) =1,

A and 1" above denote the meridians of ¥ and X/, in Xx and Z, respectively.

It follows from Gompf’s theorem [7] that X' = Xg#,, (T?*x S? #4@2) is symplectic.

Lemma 5.1 X is simply connected.

Algebraic & Geometric Topology, Volume 8 (2008)
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Proof By Van Kampen’s theorem, we have

T (Xg \vEp) * w1 (Z \vX))
(a'b =as, b=laba=' =by, d =a,, y=b, A =1)

T (X) =

Since A/ is nullhomotopic in Z \ vX’, the normal circle A of 71 (Xg \ vZ,) becomes
trivial in 771 (X). Also, using the relations b1b, =[ay, b1] =[az, by] = baarby tay =
ajay =1in 7;(Z\vX)) , we get the following relations in the fundamental group of
X:a'bd =[a"'b,b7Yaba | =[d, y]=[d, b~ aba='] = yb~'aba=! = 1. Note
that the fundamental group of Z is an abelian group of rank two. In addition, we have
the following relations in 771 (X) coming from the fundamental group of 71 (Xg \vX,):
aba =bab, efe = fef,[y.b]=1It. f1=1,dbd ' =x7", dxd ' =xb, sfs™' =
7 szsTV =zf, a7 'b=s, b7 laba ' =t, y= f~lefe ! and e7! f = d. These
set of relations give rise to the following identities:

&) yab = ba,
(6) a=bd,
(7 yb=by,
®) aba = bab.

Next, multiply the relation (5) by a from the right and use aba = bab. We have
yaba = ba®> => ybab = ba?*. By cancelling the element b, we obtain yab = a?.
Finally, applying the relation (5) again, we have ha = a?. The latter implies that
b=a.Since a=bd, dbd ' =x71, dxd~! = xb, aba = bab and yb_labaf1 =1,
we obtain d = y = x = b = a = 1. Furthermore, using the relations al'p =3,
b~ laba=' =t,efe= fef, e\ f=d,sfs™! =z and szs~! = zf', we similarly
have s =¢ =z = f = e = 1. Thus, we can conclude that the elements a, b, x d, y,
e, f,z,s and ¢ are all trivial in the fundamental group of X . Since we identified
a~'b and b~'aba™! with generators a, and b, of the group 7 (Z \ VX)) =Z®Z,
it follows that a, and b, are trivial in the fundamental group of X as well. This proves
that X is simply connected. a

Lemma 52 c¢;2(X)=12,0(X)=—4and x,(X) =2.
Proof We have ¢;2(X) = ¢;2(Xg) + ¢, 2(T2 x S2#4CP ) 4 8, o(X) = o(Xx) +
o(T? x S2#4(C_IP’2) and x,(X) = xp(Xx) + xn(T? x S? #4(C_IP’2) + 1. Since

c12(Xx) =8, 0(Xkx) = 0 and x;(Xx) = 1, the result follows from Lemma 3.3
and Lemma 4.1. |
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By Freedman’s theorem [6], Lemma 5.1 and Lemma 5.2, X is homeomorphic to

3CP2#7CP_. It follows from Taubes Theorem 2.1 that SWy (Ky) = £1. Next
we apply the connected sum theorem for the Seiberg—Witten invariant and show that

SW function is trivial for 3 CP2#7 (C_}P)z. Since the Seiberg—Witten invariants are

diffeomorphism invariants, we conclude that X is not diffeomorphic to 3 CP2#7 CP .
Notice that case (i) of Theorem 3.4 does not apply and Xk is a minimal symplectic
manifold. Thus, we can conclude that X is minimal. Since symplectic minimality
implies irreducibility for simply-connected 4-manifolds with b;r > 1 (Kotschick [9]),
it follows that X is also smoothly irreducible.

—2
6 Construction of an exotic symplectic CP#5 CP

In this section, we construct a simply-connected minimal symplectic 4—manifold Y
homeomorphic but not diffeomorphic to CP2#5 (C_IP’Z. Using Usher’s Theorem [21],
we will distinguish ¥ from CP2#5CP-.

The manifold Y will be the symplectic fiber sum of Yx and 72 x S? #4@2 along the
genus two surfaces X, and X,. Let us choose the gluing diffeomorphism ¢: X5 xS 1
X x S that maps the generators a~'b, b='aba=', d, y and p of m;(Yx \vE5) to
the generators @y, by, as, by and ' of 71 (Z \ vX’) according to the following rule:
px(a”'b) = az, u(b aba™") = by, @u(d) = ar, px(y) = b1, ex(p) = .

Here, i and ' denote the meridians of X and X.
Again, by Gompf’s theorem [7], Y = Yg#,(T? x S? #4C_P2) is symplectic.
Lemma 6.1 Y is simply connected.

Proof By Van Kampen’s theorem, we have

1 (Yg \vE2) * 1 (Z \ vE))
(a='b=as, b~laba=! =by, d =ay, y=by, A =1)
The following set of relations hold in 71 (Y).

T (Y) =

C)] a=bd,
(10) yb=by,
(11 aba = bab,
(12) yab = ba.

Algebraic & Geometric Topology, Volume 8 (2008)



1792 Anar Akhmedov

Using the same argument as in proof of Lemma 5.1, wehave a =b=x=d =y =1.
Thus 71(Y) = 0. ad

Lemma 6.2 ¢;>(Y)=4,0(Y)=—4and x,(Y) =1.

Proof We have ¢,2(Y) = ¢,2(Yx) 4+ ¢, 2(T2 x S2#4CP°) 48, o(Y) = o (Yg) +
o(T2xS2#4CP°) and x,(Y) = xu(Yi)+xn(T2x S2 #4CP°)+1. Since ¢,2(Yg) =
0, 0(Yg) =0 and x,(Yg) =0, the result follows from Lemma 3.3 and Lemma 4.1. O

By Freedman’s classification theorem [6], Lemma 6.1 and Lemma 6.2 above, Y is
homeomorphic to CP?#5 (C_IP’Z. Notice that Y is a fiber sum of the non-minimal
manifold Z = T2 x S2 #4(C_]P’2 with the minimal manifold Yg . All 4 exceptional
spheres E1, E,, E3 and E4 in Z meet with the genus two fiber 2T +S — E{— E, —
E3;— E4. Also, any embedded symplectic —1 sphere in 72 x S #4@2 is of the form
mS =+ Ej;, thus intersect non-trivially with the fiber class 27 +S —E{—E,— E;— E4.
It follows from Theorem 3.4 that Y is a minimal symplectic manifold. Since symplectic
minimality implies irreducibility for simply-connected 4—manifolds for b;r =1 [8],it
follows that Y is also smoothly irreducible. We conclude that Y is not diffeomorphic
to CP2#5CP".

Remark Alternatively, one can apply the concept of symplectic Kodaira dimension to
prove the exoticness of X and Y . We refer the reader to the articles by Li and Yau [10]
and Usher [22] for a detailed treatment of how the Kodaira dimension behaves under
the symplectic fiber sum.
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