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A class function on the mapping class group of an
orientable surface and the Meyer cocycle

MASATOSHI SATO

In this paper we define a QP! —valued class function on the mapping class group
Mg, of asurface g, of genus g with two boundary components. Let £ be a
X ¢ 2»—bundle over a pair of pants P. Gluing to E the product of an annulus and P
along the boundaries of each fiber, we obtain a closed surface bundle over P. We
have another closed surface bundle by gluing to E the product of P and two disks.

The sign of our class function cobounds the 2—cocycle on Mg, defined by the
difference of the signature of these two surface bundles over P.

57N13, 55R40; 57M07

1 Introduction

Let Xg , be a compact oriented surface of genus g with r boundary components.
The mapping class group My , is moDiff 1 (Xg ,,0Xg ) where Diff { (Xg ,, 03¢ ;)
is the group of orientation preserving diffeomorphisms of X, which restrict to the
identity on the boundary dXg . We simply denote X, := X4 o and Mg := Mg .
Harer [4] proved that

HZ(Mg,r;Z) ~7 g=3,r=0,
see also Korkmaz and Stipsicz [8].

Meyer [9] defined a cocycle g € Z 2(M ¢:Z) (g = 0) called the Meyer cocycle which
represents four times generator of the second cohomology class when g > 3. Let
D, D, and D3 be mutually disjoint disks in § 2 and Int D; the interior of D; for
i=1,2,3. Wedenoteby P:= S2—Hl3:11nt D; the pair of pants, and «, B,y € w1 (P)
be the homotopy classes as shown in Figure 1. We consider a X ,—bundle E?ﬂ’;'/f
on the pair of pants P which has monodromies ¢, ¥, (Y ¢)~! € Mg, along «, B,
y € m1(P). The diffeomorphism type of Eg,’}[f does not depend on the choice of

representatives in the mapping classes ¢ and Y. Since Eg,’;/j is the oriented fiber
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Figure 1

bundle, it has the canonical orientation comes from that of Xz , and P. The Meyer
cocycle is defined by

Tg: Mg x Mg — Z,
(¢ . ) v SignELY

where Sign Eg’]/f is the signature of the compact oriented 4—manifold Eg’]/f . For k>0,
it is known as Novikov additivity that when two compact oriented 4k —manifolds are
glued by an orientation reversing diffeomorphism of their boundaries, the signature
of their union is the sum of their signature. When a pants decomposition of a closed
oriented 2—manifold is given, the signature of a X ¢—bundle on the 2—manifold is the
sum of the signature of the X¢—bundles restricted to each pair of pants. Therefore, it is
important to study the Meyer cocycle to calculate the signature of compact 4—manifolds.
For g = 1,2 the Meyer cocycle 7g is a coboundary, and the cobounding function
of this cocycle is calculated by several authors, for instance, Meyer [9], Atiyah [1],
Kasagawa [6] and Iida [5]. The Meyer cocycle is not a coboundary if genus g > 3, but
the cocycle can be a coboundary when it is restricted to some subgroups. For example,
on the subgroup called the hyperelliptic mapping class group, the cobounding function
is calculated by Endo [2] and Morifuji [11].

Let I be the unit interval [0, 1] C R. By sewing a pair of disks onto the surface X >
along the boundary, we have X,. For / € Diff 1 (2, ,,0%; ), if we extend & by
the identity on the pair of disks, we have a self-diffeomorphism of X,. We denote
itby hU idH;_lDz. By sewing an annulus S' x I onto the surface 3g,2 along the
boundary, we have Y¢+1. In the same way, if we extend /1 € Diff 1 (X4 5,0X4) by
the identity on the annulus, we have a self-diffeomorphism 2 Uid g1, .
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The mapping class group of an orientable surface and the Meyer cocycle 1649

Define the induced homomorphism on the mapping class group by

0: Mg,Z —> Mg
]~ (hUidye ]

and
n: Mg,z —> Mg+1,0-
[h] +— [hUidgiy ]

Harer [3; 4] shows that 8 and 1 induce an isomorphism on the second homology
classes when genus g > 5, so that Ty = n* 7441 — 0% 15 is a coboundary. Powell [12]
proved that the first homology group H; (Mg ,;Z) is trivial for g > 3 and r > 0, so
by the universal coefficient theorem, it follows that the cobounding function of Ty is
unique.

In this paper we define a QP! —valued class function m on the mapping class group
M > in an explicit way by using information of the first homology group of a mapping
torus of [h] € Mg ,. For [p:q] € QP!, we define the sign of [p : g] by sign ([p
q) = 51gn (pg). We prove that the sign of the function m cobounds the cocycle
Tg =" 1441 — 0% 1. In particular, it turns out that the cocycle 7, is coboundary for
any g > 0.

This function makes a little bit easy to evaluate the Meyer cocycle on the subgroups
consists of mapping classes that fix a curve on the surface. For example, consider the
case g = 1,2. We denote by ¢, and ¢, the cobounding functions of 7; and ;. Since
Hi(Mg»;Q) =0, the equation n* 144 = 0*1g+8m means n*¢pgy1 = 0*pg +m for
g =1, 2. In particular, the function ¢; is described explicitly in Meyer [9]. Therefore,
our function m helps to describe the cobounding function of the Meyer cocycle for
genus 2 and 3 on the subgroup.

In Section 2, we construct a class function m, prove some properties of this function,
and calculate the image of the function. In Section 3, we prove that the sign of

this function cobounds the difference 7y = n*r441 — 6*1,. By the definition of the

Meyer cocycle 7, Tg(@, ¥) is just the difference Sign Eggfl) M) — Sign Eg(‘”)’e(‘l’),

so that we calculate the difference by using the sign of the function m. Moreover

we compute the other differences of signature Sign (E ¢ W) Sign (Eg b(@). G(w)) and

Sign (Egg(_pl) 77(‘”)) Sign (Egy;p) by the function m.

2 Class function m: M, ; — QP!

In this section we define the class function on the mapping class group My > stated in
the introduction and describe some properties of the function including the nontriviality.
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For [p : q], [r : s] € QP!, we define an addition in QP! by
[pr:ps+qr], if[p:q]#[0:1]or[r:s]#][0:1]
[0:1], if[p:gql=1[r:s]=[0:1].

The projective line QP! forms an additive monoid under this operation with [1 : 0] the
zero element.

[pICI]+[r2S]={

In this section, all (co)homology groups are with Q coefficients.

2.1 Construction of the class function

Before constructing the function, we prepare a fact about homology groups of compact
3-manifolds. Let ¥ be a compact oriented connected 3—manifold with boundary dY
and i: dY — Y the inclusion map. Consider the commutative diagram

HI(Y) —— H'QY) - H2(Y.0Y)

lﬂ[Y] lﬂ[BY] lﬂ[Y]

Hy(Y.0Y) —"s H,(0Y) —  H(Y),

where the upper and lower rows are the exact sequences of a pair (Y, dY), and the
vertical maps are the cap products with the (relative) fundamental classes of ¥ and
dY . By the diagram and Poincaré Duality, it follows that the image of i * is just its
own annihilator with respect to the cup product of H!(3Y)

Imi* = Ann (Imi ™).
In particular, we have
dimKeriy = dimImi* = %dim H,(dY).
We define the mapping torus of ¢ = [h] € Mg , by
X =%y, xI/~, (x,1)~ (h(x),0),

and 7w: X% — I1/30I = S! by the projection 7 ([x, t]) = [¢], where [x,?] € X¥ is the
equivalent class of (x,7) € g, xI,and [t]€ /0] = S! the equivalent class of 7 € I .

The diffeomorphism type of the mapping torus X% does not depend on the choice of
the representative /1. We fix the orientation on X' ¢ given by the product orientation
on Xg,x1I.Letiy: 0X% < X? be the inclusion map. In this subsection we denote
Y= X, ., and if we fix ¢ € Mg », then we write simply X := X% and i :=1i,. Let
S1 and S, be the two boundary components of X, and [S;] (k = 1,2) the image

Algebraic & Geometric Topology, Volume 8 (2008)



The mapping class group of an orientable surface and the Meyer cocycle 1651

under the inclusion homomorphism H;(S;) — H;(X) of the fundamental homology
class.

We consider ¥ as a subspace of X by the embedding ¢: ¥ < X by x +— [x,0].
We choose points p; € S;, p» € S5, and p € S', and orientation-preserving home-
omorphisms ¢;: ST S, and 1,: S! — S,. We define singular chains f: [ —
(S1ISy)xS'=0X (k=1,2,3,4) by

H(@O)=(1(2), p). f2(0)=(2(1), p), f3(t)=(p1.1) and f4(r) = (p2. 1) respectively.

Let e € H{(0X) be the homology class of f; (k = 1,2,3,4). Then the set
{e1,e2,e3,e4} forms a basis for H{(dX), and the intersection number

1 if j=i+2,
ej-ej =
t 0 otherwise,

for i = 1,2 and j = 3,4. Now we describe the kernel of the homomorphism
ix: Hi(0X) — Hy(X). Since e; and e; lie in the kernel of (7 |gx )« and m«(e3) =
mx(es) =[S € H;(S'), we have

Ker i, C Ker (m4ix) = Qey ® Qey ® Q(es —ey).

By the definition of the map f, (i o f)«[S']=t«[Sk], and s0 ix(e] +e2) = t+([S1]+
[S,]) € H1(X). Since S;US) is the boundary of X, we have [S{]+[S2]=0¢€ H{(X).
Hence

Q(ey +e3) C Ker ix.

As we saw at the beginning of this subsection, dim Ker i, = %dim Hi(0X)=2.1t
follows that Kerix = Q(e; +e2) ® Q(p(ez —eq) + gey) for some p, g € Q. Now we
can define a class function.

Definition 2.1 For ¢ € Mg >, we take p,g € Q such that Ker ipx = Q(eq +e2) @
Q(p(es —eq) +qer).

We define m: Mg, — QP! by m(p) =[p :ql.

Lemma 2.2 For ¢,y € Mg,

mey ) =m(p).

Proof Define ¥: X¢ — XV¢¥"' by W(x,7) = (¥(x),7). Then ¥ maps ¢; as
defined in H;(X¥) to the corresponding ¢; as defined in H;(X W"”_l), and the
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following diagram commutes

ip

H{(3X?) —»  H{(X?)

b b
_ i —1% _
Hy(Xvev™y 2% o g (xvev.

As we see from the diagram, W, gives the natural isomorphism between the kernels
Ker (H1(0X¥) — H1(X?)) and Ker (H; (8XW””_1) — H; (XW"”_I)). Hence we
have m(Yoyr™1) = m(e). ad

2.2 Some properties and the nontriviality of the class function

By the Serre spectral sequence of the ¥—bundle 7: X — S!, we have the exact
sequence

0 — Coker (px — 1) —— H(X) —= H;(S!) — 0,
where Coker (¢« — 1) is the cokernel of the homomorphism ¢y — 1: H{(X) - H{(X).

Then we have a unique homomorphism j,: Qe @ Qe, ®Q(e3 —ey) — Coker (px—1)
such that the diagram with exact rows

0 — Qe; ®Qer ®Q(e3 —es) —> H(0X) —— H{(S') —— 0
2 [ |
0 —— Coker (¢« — 1) = H{(X) AN Hi(SY)Y —— 0
commutes. By the diagram, we have
Keriyx = Ker j, and
Joler) = —jyp(e2) = [S1] € Coker (px —1).
Now we introduce a cochain w; € C!1(M ¢,2: H1(X)) defined by Kawazumi [7]. On
the fiber ¥ = 7~1(0) C X, pick a path / such that /(0) € S, and /(1) € S;. Define
w; by
w(@) =) 1] € Hi(3).

Then we have the following lemma.

Lemma 2.3
Jo(es —eq) = [w;(p)] € Coker (¢« — 1).
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Proof Define a 2—chain L: I x I — X by L(s,t) =[l(s),]. Tts boundary is given
by —ix(e3) + (/) +ix(es) — 1 € B1(X). Hence,

ix(e3 —eq) = t([(l) —1]) € H1(X)
Since ¢« is injective, the lemma follows. O

From the lemma, we see the homology class [w;(¢)] € Coker (¢« — 1) is independent
of the choice of the path /. If w;(¢) =0, then j,(e3 —e4) =0.

Remark 2.4 If there exists a path / from a point in .S, to a point in §; which has no
common point with the support of a representative of ¢ € Mg 5, then m(p) = [1:0].
In particular, m(id) = [1 : 0], the zero element of the monoid QP! .

Define the subgroups 7' := Ker (Mg » — Aut (H; (24 2;Z)) and 7 := Ker (M, > —
Aut (H{(Zg2,0%42;Z)). For ¢ € ', m(p) = [p : q] means p(p(l) —1) +ge; =
0 € Hi(Xg4:Z). This shows that m is homomorphic on Z’. For ¢ € Z, w(¢) =0 €
H{(X4,2:Z). This shows that m(¢) =[1:0] forall ¢ € Z.

Remark 2.5 The restriction of m on 7 is trivial, and the restriction of m on 7’ is a
nontrivial monoid homomorphism.

At the beginning of this section, we defined the commutative monoid structure on QP!.
So integral multiples of m(¢p) are well-defined.

Proposition 2.6 If ¢ € Mg, and k € Z, then
m(e*) =km(p).

Proof The proposition is trivial for k =0 and k = 1. Assume k > 2.

Let m(¢) =[p : q]. By the definition of j,, pj,(e3 —e4) = —q[S1] € Coker (px —1).
Hence, there exists v € H;(X) such that

plo(l) =11 = —q[S1]+ (px — Dv € H(X).
Apply ¢' (i =0,1,...,k —1) to the both sides of the equation and sum over i . Then

k—1 k—1
S ple™ =o' (D] =D {—qlSi]+ (@i () — ek ()},

i=0 i=0
that is
ple* () =1 = —kq[S)]+ (9F — 1)v.
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Hence, m(¢*) =[p : kq] = km(g) for k > 0.
By applying ¢! to the equation p[p(/) —[] = —¢q[S1]+ (¢« — 1)v, we have
ple™ () —1=qlS1]+ (o' —Dv € H (D).

Hence, m(¢~ ') =[p:—q]=—m(¢). Since m(p~*) = —m(p*) = —km(p) for k >0,
the proposition follows for the case k < 0. |

Now we compute the image of the function m. In particular, we see that 7 is nontrivial.

Proposition 2.7 For g > 1, m is surjective. For g =0, Im (m) =[1 : Z].

Figure 2

Proof Suppose g > 1. We choose oriented simple closed curves «, «’, and B and paths
[ and !’ as shown in Figure 2. We denote the Dehn twists along a simple closed curve
C C X by ¢, and the homology class of C by [C] . Then [a]+[e/]+[B] =0 € H{(Z)
since they bound a 2—chain. For p € Z, if we denote ¢ := tf ta/tﬂ_l , then
Jo((p+ D(e3 —e4)) = wy(p) + por (¢)
= [(f 1ty )Y =11+ plftartg HI) = 1']
= p(le] + ']+ (B + [B] = [B] = [S1].

Hence, j,((p 4 1)(e3 —es) —eq) =0, so that
m(p)=[p+1:-1].
By Proposition 2.6, we have

[p+1:q], if p#—1

i) ==qlp+ 1= { P EPE T ez
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Since p and ¢ can run over all integers, we see m is surjective for g > 1.

For g =0, M, ; is the infinite cyclic group generated by 7g. Since m(tﬂ_q) =[1:¢],
we have Im (m) =[1 : Z]. O

3 The difference of two Meyer cocycles n*7,,1 and %7,

In this section (co)homology groups are with Z coefficient unless specified.

Let g > 0 be a positive integer. In the introduction, we defined the homomorphisms
n: Mg o —> Mgy, and 0: Mg 5 — M, to be the induced maps by sewing a pair
of disks and by sewing an annulus onto the surface X, , along their boundaries
respectively. We denote the Meyer cocycle on the mapping class group of genus g
closed orientable surface Mg by 14 € Z2(M,) and define 7, € Z2(My 5) to be the
difference between the Meyer cocycles

~ % *
Tg:=1 Tg41— 07 14.

Let P:=S%— H?:1 D?. In this section, we prove the main theorem and calculate the
changes of signature associated with sewing a pair of trivial disk bundles P x I_Il.2=1 D?
and sewing a trivial annulus bundles P x (S' x I) onto ¥ ¢,2—bundle on the pair of
pants P along their boundaries. To state the main theorem, we define the sign of

[p:q] € QP! by

1 if pg > 0,
sign([p : q]) :=sign(pg) =10  if pg =0,
-1 if pg <O.

Theorem 3.1 For ¢,y € Mg >, we define
Pg (@) := sign (m(¢)).
Then ggg cobounds the difference T, between the Meyer cocycles n*tg41 and 6* g4

Te (0, V) = 8¢pg (9, V)
= sign (m(g)) + sign (m(y)) + sign (m((py) ™).

Remark 3.2 Let k be an integer. By Lemma 2.2 and Proposition 2.6, $g has the
properties

b (YY) = e () and
b (9F) = sign (k) pg (¢)
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for any g > 0.

3.1 Proof of Main Theorem

In this subsection we prove Theorem 3.1.

In the introduction, we defined compact oriented 4-manifold Eg’¥ as a T ,—bundle
on the pair of pants P which has monodromies ¢, ¥, and (Y ¢)~! € M g,r along
a, B,and y € 1 (P) respectively, and in Section 2.1, we defined compact oriented
3—manifold X g » by the mapping torus of X, , x I/ ~ where (x, 1) ~ (h(x),0) for
o =lhleMg,.

Gluing to E;'(f 1Y) the trivial annulus bundle on P along the boundaries of each
fiber, we obtain

ETOTY) = EOY U (=S < I x P).

Similarly, glue to X ; (2(/)) the trivial annulus bundle on S!. Then we have

X1 = X2, 0(=S'xIx S,

Define
G: dD*x1 — {1}xS!'x1I.
(x?t) = (l’xa%)

By the map G, we can glue D> x I to I x S! x I as shown in Figure 3.

0xS'x1TI

Figure 3: Gluing map G

Glue D>x I x P to I x EIOY) = (1 x EY)U(~1 x S! x I x P) with the gluing
map G xidp: 0D?>x I x P — {1} x S! x I x P. In the same way, glue D? x I x S'!
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to I x X! = (Ix X¢,)U(—1 xS' x I xS") with G xidgidD*x I x S —

{1} x S1 x I x ST. Namely, we construct two manifolds
EoV = (I x ") Ugriap (D? < I x P)

and

X% :=(Ix Xg_(;pl)) Ugxidg, (D?xIxSh.
Fix the orientations of these manifolds induced from the product orientations of I x

En(w),n(w)
g+1
and Lemma 3.4 below.

and I x X ;’iwl). To prove main theorem, it suffices to prove Lemma 3.3

Lemma 3.3

(N tg+1—0%1¢) (¢, ¥) =Sign X% +Sign X¥ +Sign X for Q.Y eMg,, g>0.

Lemma 3.4
Sign X¢ = sign (m(¢)) forgp € Mg,, g>0.

Proof of Lemma 3.3 Note that
X9 = E‘w,1/f|aD1_
Then we can see

DE®Y = (E®V|ap, U E#V |ap, U E®V |sp,) U EZOOD U —E7 ()"

—(X°UuXVYuxU9 Ty E8@800 | _ E;zg_pf,num_

Since the Signature is a bordism invariant (for example, see Milnor and Stasheft [10,
Lemma 17.3]), we have Sign d E¥>¥ = 0. By Novikov Additivity, we see that

Sign (Egg_(pl)’"(w) — Sign (Eg(‘p)’e(w)) — Sign X% + Sign XV + Sign X

Notice that X 9 ™" is diffeomorphic to X @¥) ™", so that Sign X ¥9)™'=Sign X ¥~
By the definition of the Meyer cocycle, we have

Sign (E1¢)" ™)) = n*1g41(p.¥). and Sign (ES@0W)) = 9%z, (. ).

Define ¢(¢) = Sign (X?); then we have 8¢ = n*tg+1—0%1,. We get the cobounding
function ¢. m|
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Proof of Lemma 3.4 Write simply X := X" X/ := X*_ and Y := X% =

g+1’ g2’
(I xX) UGxidg, (D2 xIxSh).

For i =0, 1, define
Jii X =- IxX <Y,
x = (i,x)

where I x X < Y is a natural embedding. We will prove there is a exact sequence

Jox=J1x
—

Hy(X') Hy(Y) —— Ker(H;(0X") - H{ (X)) —— 0.

Define the submanifolds Y; := I x X’ and Y, :=Y —IntY; = (=1 x S! x I x
S Ugyst (D?x I x S1). Then we see that

Vi X VoS L YiNY,~dX =(S;US,) xS,

By the Meyer—Vietoris exact sequence, we have the exact sequence

Hy(V) @ Hy(Yy) ——> Hy(Y) —2s Hy(Y\NYy) —— Hy(Y;) @ Hy(Yy).
[ [ [
H,(X)®0 H(0X") Hi(X)® H(S").

Denote the map H;(0X') — H;(X’) @ H,(S!) in the above diagram by /. the
projection H;(dX') — H;(S!) to the second entry of / is the composite of inclusion
homomorphism H;(0X’) — Hy(X’) and m4: H;(X') — H;{(S!). Therefore,

Ker (H; (3X") — H{(X") ® H,(S!)) = Ker (H,(0X") — H;(X")).
So the sequence is exact.
Next, we will construct the splitting
Hy(Y;Q) = jix H(X": Q) @ Ker (H,(3X": Q) — H; (X";Q)).
Note that there exist p, g € Q such that
Ker (H(0X";Q) — Hi(X;Q)) = Q(e1 +e2) ® Q{ples —eq) +qer}

as in Section 2. To construct the splitting, we choose elements of inverse images of
e1+ea, p(es —es) +qeq under Hy(Y) — H;(0X'). Define ty: X141 — Y by

Y1 > X — IxX <Y
x b (x,0) = (0,x,0).
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By the Meyer—Vietoris exact sequence as above, we have

Hy(Y) — Hi(Y1NYy) — H(0X),
LY*[Eg—H] = 8>i<LY>|<[z:g-i—1] = ep+tes

so we choose ty«[Xg1] as an element of the inverse image of e; + e;.

Next, we choose an element of the inverse image of p(e3—e4)+ge;. Since p(e3—eq)+
ge1 € Ker (H;(0X’; Q) — H;(X’;Q)), there exists a singular 2—chain s € C,(X’; Q)
such that
ds = p(f3— fa) +afi € Bi(X": Q).
For i =0, 1, define sj;: I x S' > I x S'x I xS' < Y, by s§,(t,u) = (i,0,,u).
Then we see that
[0s0,) = Ui f3 — Jji fal € Hi(Y1 N Y2 Q).

(I x S* x I x0)Ugxid,, (D*x I x0) (I x S* x I x0)Ugxid,, (D*x1Ix0)

B

Image of si, Image of si,

Figure 4: Images of 57, and 57, C Y>.

Define s7;: D* — Y, = (=1 x S' x I x S1) Ugy 51 (D* x I x S') C Y as shown in
Figure 4 by

(6x, 1,0) eD*xIxS' (x|l <,
$to() =1 Q=6llxll. 7. 3.0) € Ix S xIx 8" (g = Ixll = §),

O, %7 1=11x]1.0) e IxS'xIxS! (§=<|x]|<1),
) (3x,0,0) eD*xIxS'  (Ix]|<3).
S“(x):{(l’uﬁ—n’l—||x||»0) eIxS'xIxS' (3 <|x|[<D.

Then, we have [0s],] = [ji fi] € H{(Y1 N Y2:Q).
The chain 5] := psg; 4 qs; satisfies

[9si] = [ji(p(f3 — fa) + /D] € Hi(Y1 N Y2: Q).
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so that we have [0(jis —s))] =0 € H (Y] NY3:Q).

We see
H,(Y:Q) — H{(Y1NY2:Q) — H;{(0X';Q),

[is—s]] = 0«ljis—si] +— ples—es)+qe;
so that we can choose [ ;s —s;] as an element of the inverse image of p(e3 —e4)+ge; .
Now we calculate the intersection form of H,(Y;Q). Define the subspace X 1” =
J1(X) Ugxidg, (D*x0x S')y C Y. Then we see that X" is a deformation retract of
Y . Hence, every element of H,(Y; Q) is represented by a cycle in X 1” . Therefore, a

homology class is included in the annihilator of intersection form in H,(Y; Q) if it is
represented by a cycle which has no common point with X7’. We see

Jo(X)N X! =@ and 1y(Sg41) N X] = 2,

so that the preimage of Q(eq + ¢5) and jo« Hp(X'; Q) are included in the annihilator
of intersection form in H,(Y; Q).

To describe the signature of Y, it suffices to calculate the self-intersection number of
[jis —si] = p(e3 —e4) +qey. The cycle jis —s; satisfies
Im (jos) N (Im (j15) UIm (s5,) UIm (s7,)) = @
Im (550) N (Im (jy5) UIm (s5,) UIm (s7,)) = @
Im (s7,) N (Im (j15) UIm (s7,)) = &,
so that

(Jos =) - (15 =57) = (jos — (Psgg + 4519)) - (15 = (pSgy +q511))
=qS10" PSor-
If necessary, perturb the chain sy, . Then we see that sy, and 57, intersect only once
positively. Hence, we have Sign (Y) = sign (pg) = sign (m(¢)). |

3.2 Wall’s non-additivity formula

In the introduction, we stated the Novikov additivity of Signature. Wall derives a
formula from this additivity in a more general case, when two compact oriented smooth
4k —manifolds are glued along common submanifolds of their boundaries. We will give
the specific case of his formula for £k = 1.

Let Z be a closed oriented smooth 2—manifold, X_, Xy, X4+ compact oriented
smooth 3-manifolds with the boundaries dX_ = Xy = X4+ = Z, and Y_, Y4
compact oriented smooth 4—manifolds with the boundaries dY_ = X_ Uz (—Xj),
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dY4 = Xg Uz (—X4+). Here we denote by M Upg (—N) the union of two manifolds
M and N glued by orientation reversing diffeomorphism of their common boundaries
OM = 0N = B. Let Y = Y_ Uy, Y} be the union of Y_ and Y, glued along
submanifolds X of their boundaries. Suppose Y is oriented by the induced orientation
of Y_ and Y.

Write V = Hi(Z;R);let A, B, and C be the kernels of the maps on first homology
induce by the inclusions of Z in X_, Xy and X4 respectively.

We define
BN(C+A)

T BNO)+(BNA)

and a bilinear form WV by

v: W x W — R
b , by b-c.
Here ¢’ is an element of C such that there exists an element a’ € A such that a’ +
b+ ¢ =0, and b-¢’ denotes the intersection product of » and ¢’. It is known that
W is independent of the choice of ¢’ and well-defined on W . Denote the signature

of the bilinear form W by Sign (V; BCA) and the signature of the compact oriented
4-manifold M by Sign M . We are now ready to state the formula.

Theorem 3.5 (Wall [13]) SignY = Sign Y_ + Sign Y. — Sign (V; BCA).

3.3 The differences Sign E, —Sign E, ; and Sign E; 11 —Sign E; >

In this subsection, we calculate the difference of signature associated with sewing the
trivial Disk bundles onto the X > -bundle.

In the introduction, we defined Eg,’;/f as a oriented X ,—bundle on P which has
monodromies ¢, ¥, (Y¢)~! € Mg, along o, B,y € m1(P). If we fix ¢, € Mg,
we denote simply

Egoi=E®Y Eg:=E{OW) and Eoy = EIVW) (g > 0).

Proposition 3.6 Sign (Eg) —Sign (Eg ») = —sign (m(¢) + m(y¥) +m((py)~1)) for
g=0.

Proof Eg is the union of Ey, and Ep := (D? 11 D?) x P glued along their
boundaries. Using Non-additivity formula Theorem 3.5, we calculate Sign (Eg) —

Sign (Eg2).
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Define Y_, Y4, X_, Xy, X4+, and Z by

Y_:= (Ui D*)x P, Yy :=Eg,,
X_:=(U;_; D*)x 0P, Xy:=Egs|sp, Xo:=(U;_,0D*)x P,
and Z :=(H?=1 dD?) x 3P, respectively.

Here, by the notation stated in Section 2.1,

Xi=Egolppx XPOXV LI XYO | ZxoxeUox? moxwe
Define V', A, B, and C as stated in Section 3.1.
Since X¢ = X¥ = X¥®) ™' = §1x §! we can choose the bases of H;(3X¥*;R),
H{(0XY;R), and H, (8)((‘”‘/’)_l ;R) as stated in Section 2.1. Denote their bases by

{e11, €12, €13, €14}, {e21, €22, €23, €24}, and {e31, €32, €33, €34} Tespectively.

Since Z = X LI XY L ax W™ , we think of e;; as an element of H;(Z;R).

Denote m(¢) = [ay : b1], m(¥) = [as : by], and m((Y@)~!) = [as : b3] respectively.
Then we have

3 4
V = H|(Z.R) =P PRei;.

i=1j=1
A=Re;; ®Rey1 B Resz; @ Rejr @ Reys B Resy,
B =R(ej; —ez;) DR(e11 —e31) DR(ej2 —e22) DR(e12 —e32)
D R(ey3 +e23 +e33) DR(e14 + €24 + €34),

3 .
c=P R(ei1 +ei2) ®R(eiz —eja +miejy) ifai #0
— Re;; @ Re;; if a; =0.

Here we denote m; := Z—i Hence,
BN A=R(er1 —e21) ®DR(e12 —e22) DR(eq1 —e31) B R(e12 —e32),
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R(ej1 —ex1 +e12—e22) ®R(er1 —e31 +e12 —e32)®
R(e13+ex3+e33—ea—ers—ezq+mier +moex +msesy)
ifa; #0fori =1,2,3 and my +my +ms3 =0,

R(ej1 —ez1 +e12—e22) ® R(eg; —e3; +e12 —e32)

ifa; #0fori =1,2,3 and my +my +m3 #0,

BNC =1 R(e; —ey +e12—e2) DR(ej —e31 +e12—e32)

ifa; =0,a; #0,a3 #0,

R(e11 —e21) ®R(e12 —e22) ®R(eq1 —e31 +e12—e32)
ifa1 =ds =O,a3 750,

R(ej1 —e21) ®R(ej2 —e22) ®R(ej1 —e31) ®R(ejz —e32)
ifa; =0fori =1,2,3,

R(e11 —e21) @ R(e12 —e22) B R(ej1 —e31) ®R(ejz —e32)
®R(e13 +e23 +e33 — €14 — €24 —€34)

BN(C+A) = ifa; #0fori =1,2,3,

R(e11 —e21) @ R(e12 —e22) B R(ej1 —e31) ®R(ejz —e32)
otherwise.

By computing the signature of W, we have

sign(mq +my +m3) ifa; #0fori =1,2,3,

Sign (V; BCA) = { 0 otherwise.

For example, consider the case when a; # 0 for i = 1,2, 3 and my +m, +m3 # 0.
Then, the space W is generated by the element represented by

b:=e13+ey;t+e3z—ejq—exs—e34 € BN(C + A).

Choose the elements

3
a:=mie11 +myey; +mzez; € Aand ¢ := —Z(e,g —ej4 +mjejq) € C.

i=1

Then we see that @ + b + ¢ = 0 and obtain W(b,b) = b -¢c = my + my, + m3. This
shows that Sign (V; BCA) = sign (m + my + m3). The other cases follow in similar
ways.

Hence, we obtain

Sign (Vs BCA) = sign (m(¢) +m () + m((¢y) ™).
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By the non-additivity formula, we have
Sign (Eg) = Sign (Ep) + Sign (Eg 2) —Sign (V; BCA).
Since Ep is a trivial bundle (D2 II D?) x P, we have Sign (Ep) = 0.

This completes the proof of the proposition. O

By Theorem 3.1 and Proposition 3.6, we can calculate the difference of signature
Sign (Eg) —Sign (Eg»).

Corollary 3.7 For g >0,

Sign (Eg4+1) — Sign (Eg,») = sign (m(g)) + sign (m(y)) + sign (m((py) "))
—sign (m(@) +m(y) + m((ey) ™).
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