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On R L Cohen’s � –element

XIUGUI LIU

Let p be a prime greater than three. In the p–local stable homotopy groups of
spheres, R L Cohen constructed the infinite �–element �n�1 2�2pnC1�2pnC2p�5.S/

of order p . In the stable homotopy group �2pnC1�2pnC2p2�3.V .1// of the Smith–
Toda spectrum V .1/ , X Liu constructed an essential element $k for k � 3 . Let
ˇ�s D j0j1ˇ

s 2 ŒV .1/;S �2sp2�2s�2p denote the Spanier–Whitehead dual of the
generator ˇ00s D ˇ

si1i0 2 �2sp2�2s.V .1// , which defines the ˇ–element ˇs . Let
�s;k D ˇ�s�1$k . In this paper, we show that the composite of R L Cohen’s �–
element �n�1 with �s;n is nontrivial, where n> 4 and 1< s < p� 1 . As a corollary,
�s;n is also nontrivial for 1< s < p� 1 .

55Q45; 55Q10

1 Introduction and statements of results

Let A be the mod p Steenrod algebra and S the sphere spectrum localized at a prime p

greater than three. To determine the stable homotopy groups of spheres ��.S/ is one
of the central problems in homotopy theory. One of the main tools to reach it is the
Adams spectral sequence (ASS, for short) [1]

Es;t
2 D Exts;tA .Zp;Zp/) �t�s.S/;

where the E2 –term is the cohomology of A. If a family of generators xi in Es;�
2

converges nontrivially in the ASS, then we get a family of homotopy elements fi

in ��.S/ and we say that fi is represented by xi 2 Es;�
2

and has filtration s in the
ASS. The main purpose of this paper is to detect a new family of homotopy elements
in ��.S/ which has filtration sC 4 in the ASS.

In this paper, we need the following spectra which are all related to the sphere spectrum.
Let M be the mod p Moore spectrum given by the cofibration

(1-1) S
p
�! S

i0
�!M

j0
�!†S:

Let ˛W †qM �! M be the Adams self-map and K be its cofibre given by the
cofibration

(1-2) †qM
˛
�!M

i1
�!K

j1
�!†qC1M:
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This spectrum which we briefly write as K is known to be the Smith–Toda spec-
trum V .1/. Here q D 2.p� 1/ as usual. Let

ˇW †.pC1/qV .1/ �! V .1/

denote the v2 –map.

Definition 1.1 For t � 1, the known ˇ–element ˇt is defined to be the composite
map

ˇt D j1j0ˇ
t i1i0 2 �q .tpC.t�1//�2.S/;

where the maps i0 , i1 , j0 , j1 are given in (1-1) and (1-2).

Theorem 1.2 (Smith [12]) With notation as above, for p � 5 and t � 1, ˇt is a
nontrivial element of order p in �q .tpC.t�1//�2.S/.

The known results on Ext�;�A .Zp;Zp/ are as follows. By definition, Ext0;�A .Zp;Zp/DZp .
From Liulevicius [7], Ext1;�A .Zp;Zp/ has Zp –bases consisting of a02Ext1;1A .Zp;Zp/,
hi 2 Ext1;p

i q
A .Zp;Zp/ for all i � 0 and Ext2;�A .Zp;Zp/ has Zp –bases consisting of

˛2 , a2
0

, a0hi .i > 0/, gi .i � 0/, ki .i � 0/, bi .i � 0/, and hihj .j � iC2; i � 0/

whose internal degrees are 2qC1, 2, piqC 1;piC1qC 2piq , 2piC1qCpiq , piC1q

and piqCpj q , respectively. In 1980, Aikawa [2] determined Ext3;�A .Zp;Zp/ by the
lambda algebra.

The problem of understanding the stable homotopy ring has long been one of the
touchstones of algebraic topology. Low dimensional computation has proceeded slowly
and has given little insight into the general structure of ��.S/. So far, not so many
families of homotopy elements in ��.S/ have been detected.

In [10], Douglas C Ravenel obtained the following:

Theorem 1.3 [10] For p > 3 and i � 1, bi is not a permanent cycle. (At p D 3, b1

is not permanent but b2 is; b0 is permanent for all odd primes.)

In [3], R L Cohen detected a new element �n 2 �q.pnC1C1/�3.S/ which is called the
�–element.

Theorem 1.4 [3, Theorem IV.b] For every n� 1,

h0bn 2 Ext3;p
nC1qCq

A .Zp;Zp/

survives to E1 in the ASS and represents a nontrivial element

�n 2 �q.pnC1C1/�3.S/

of order p .
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In [6], X Liu detected a new element in the stable homotopy groups of spheres and
obtained the following:

Theorem 1.5 [6, Theorem 1.4] Let p � 5, n� 3. Then

k0hn 6D 0 2 Ext3;p
nqC2pqCq

A .Zp;Zp/

is a permanent cycle in the ASS and converges nontrivially to an element of order p in
�pnqC2pqCq�3.S/.

On the way to proving the above theorem, X Liu detected a new element in the stable
homotopy groups of V .1/ and gave the following:

Theorem 1.6 [6, Theorem 1.5] Let p � 5, n� 3 and hn 2 Ext1;p
nq

A .Zp;Zp/ be the
known generator in [7]. Then

.ˇi1i0/�.hn/ 2 Ext2;p
nqC.pC1/qC1

A .H�V .1/;Zp/

is a permanent cycle in the ASS and converges to a nontrivial element

$n 2 �pnqC.pC1/q�1.V .1//

of order p .

For convenience, we let

(1-3) ˇ�s D j0j1ˇ
s
2 ŒV .1/;S �spqC.s�1/q�2

denote the Spanier–Whitehead dual of the generator

ˇ00s D ˇ
si1i0 2 �s.pC1/q.V .1//;

which defines the ˇ–element ˇs . Let

(1-4) �s;n D ˇ
�
s�1$n 2 �pnqCspqC.s�1/q�3.S/:

In this paper, we also prove that a composite map involving R L Cohen’s �–element is
nontrivial. Our main result can be stated as follows:

Theorem 1.7 Let p � 5, n> 4 and 2� s < p�1. Then the composite map �n�1�s;n
is nontrivial in �2pnqCspqCsq�6.S/.

From Theorem 1.7, the following consequence is immediate.

Corollary 1.8 Let p � 5; n> 4 and 2� s < p�1. Then the map �s;n is nontrivial in
�pnqCspqC.s�1/q�3.S/.
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In the paper, we make use of the ASS and the May spectral sequence (MSS, for short)
to show our main results.

The paper is arranged as follows. In Section 2, we recall some useful results on the
MSS and, importantly, give a method for determining the May E1 –term Ezs;zt ;�

1
for

specialized integers zs and zt . By the method given in Section 2, we first determine
some May Er –terms in Section 3. At the end of Section 3, two important theorems
(Theorem 3.9 and Theorem 3.10) are given. Section 4 is devoted to showing our main
results.

2 The MSS and a method on the MSS

In this section, we first recall some knowledge on the MSS. Then we will give an
important method for detecting generators of the May E1 –term Es;t;�

1
for some

particular integers s and t .

Ever since the introduction of the Adams spectral sequence in the late 1950’s, the study
of the stable homotopy groups of spheres has been split into essentially two parts. First,
there is the purely algebraic problem of computing Ext�;�A .Zp;Zp/. The second, and
more geometric problem is to determine which elements of Ext�;�A .Zp;Zp/ survive
to E1 in this spectral sequence and represent maps between spheres. For the first
part above, we know that the most successful method for computing Ext�;�A .Zp;Zp/

through a range of dimensions is the MSS. From [11, Theorem 3.2.5], there is a
May spectral sequence (MSS) fEs;t;�

r ; dr g which converges to Exts;tA .Zp;Zp/ with
E1 –term

(2-1) E�;�;�1 DE.hm;i jm> 0; i � 0/˝P .bm;i jm> 0; i � 0/˝P .an j n� 0/;

where E is the exterior algebra, P is the polynomial algebra and

hm;i 2E1;2.pm�1/pi ;2m�1
1 ; bm;i 2E2;2.pm�1/piC1;p.2m�1/

1 ; an 2E1;2pn�1;2nC1
1 :

One has

(2-2) dr W E
s;t;u
r !EsC1;t;u�r

r

and if x 2Es;t;�
r and y 2Es0;t 0;�

r , then

(2-3) dr .x �y/D dr .x/ �yC .�1/sx � dr .y/:

There exists a graded commutativity in the MSS:

(2-4) x �y D .�1/ss0Ct t 0y �x
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for x;y D hm;i ; bm;i or an . The first May differential d1 is given by

(2-5)

8̂<̂
:

d1.hi;j /D
P

0<k<i hi�k;kCj hk;j ;

d1.ai/D
P

0�k<i hi�k;kak ;

d1.bi;j /D 0:

For each element x 2Es;t;u
1

, we define dim x D s , deg x D t , M.x/D u. Then we
have

(2-6)

8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂:

dim hi;j D dim ai D 1;

dim bi;j D 2;

deg hi;j D 2.pi � 1/pj D 2.p� 1/.piCj�1C � � �Cpj /;

deg bi;j D 2.pi � 1/pjC1 D 2.p� 1/.piCj C � � �CpjC1/;

deg ai D 2pi � 1D 2.p� 1/.pi�1C � � �C 1/C 1;

deg a0 D 1;

M.hi;j /DM.ai�1/D 2i � 1;

M.bi;j /D .2i � 1/p;

where i � 1, j � 0. For more details about the MSS, see May [8; 9] and Ravenel [11].

Now we give an important theorem on the MSS.

By the knowledge on the p–adic expression in number theory, we see that for each
integer t � 0, it can be expressed uniquely as

t D q.cnpn
C cn�1pn�1

C � � �C c1pC c0/C e;

where 0� ci < p .0� i < n/, p > cn > 0, 0� e < q .

Theorem 2.1 [4, Proposition 1.1] With notation as above, let s1 be a positive integer
with 0 < s1 < p . If there exists some 0 � j � n such that s1 < cj , then in the MSS,
we have

Es1;t;�
1 D 0:

Now we give a method for detecting generators of the E1 –term Ezs;zt ;�
1

of the MSS for
specialized zs and zt .

In this paper, we mainly consider the May E1 –terms of the form Es;tCb;�
1

, where s , t ,
b are three integers with s > 0, t > 0 and b � 0 satisfying the following conditions:

(2-7)

8̂̂<̂
:̂
.1/ t D .xc0Cxc1pC � � �C xcnpn/q with 0� xci < p .0� i < n/:

.2/ 0� b < q:

.3/ s < bC q:
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We denote ai , hi;j and bi;j by x , y and z respectively. By the graded commutativity
of E�;�;�

1
, generators take the following form:

(2-8) g D .x1 � � �xu/.y1 � � �yv/.z1 � � � zl/ 2Es;tCb;�
1 :

Under the above conditions, we claim that

uD b:

Otherwise, by the characteristics of deg ai , deg bi;j , deg hi;j and deg g , we would get
uD bCwq for some integer w> 0. It would follow that dim g� bCwq> sD dim g ,
which is a contradiction. The claim is proved.

From the discussion above, we have further that g is of the following form:

(2-9) g D .x1 � � �xb/.y1 � � �yv/.z1 � � � zl/ 2Es;tCb;�
1 :

Since deg g D † deg xi C † deg yj C † deg zk , then we have that maxfdeg xi j

1� i � bg � t C b , maxfdeg yi j 1� i � vg � t C b , maxfdeg zi j 1� i � lg � t C b .

By (2-6), the degrees of xi , yi and zi can be expressed uniquely as:8̂̂̂<̂
ˆ̂:

deg xi D .xi;0Cxi;1pC � � �Cxi;npn/qC 1;

deg yi D .yi;0Cyi;1pC � � �Cyi;npn/q;

deg zi D .0C zi;1pC � � �C zi;npn/q;

(2-10)

8̂̂̂̂
ˆ̂̂̂<̂
ˆ̂̂̂̂̂̂
:

.a/ .xi;0; : : : ;xi;k ;xi;kC1; : : : ;xi;n/ is of the form .1; : : : ; 1; 0; : : : ; 0/;

.xi;0; : : : ;xi;k ;xi;kC1; : : : ;xi;n/D .0; : : : ; 0; 0; : : : ; 0/ if xi D a0;

.b/ .yi;0; : : : ;yi;j ;yi;jC1; : : : ;yi;k ;yi;kC1; : : : ;yi;n/ is of the form

.0; : : : ; 0; 1; : : : ; 1; 0; : : : ; 0/;

.c/ .0; zi;1; : : : ; zi;n/ is of the form .0; : : : ; 0; 1; : : : ; 1; 0; : : : ; 0/:

(2-11)

By the graded commutativity of E�;�;�
1

, the generator

g D .x1 � � �xb/.y1 � � �yv/.z1 � � � zl/ 2Es;tCb;�
1

can be arranged in the following way:

(2-12)

8̂̂̂̂
<̂
ˆ̂̂:

.i/ If i > j ; we put ai on the left side of aj :

.ii/ If j < k; we put hi;j on the left side of hw;k :

.iii/ If i >w; we put hi;j on the left side of hw;j :

.iv/ Apply the rules .ii/ and .iii/ to bi;j :
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Then by (2-11) and (2-12), the factors xi;j , yi;j and zi;j in g must satisfy the following
conditions:

(2-13)

8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
:

.1/ x1;j � x2;j � � � � � xb;j :

.2/ xi;0 � xi;1 � � � � � xi;n:

.3/ If yi;j�1 D 0 and yi;j D 1; then for all k < j yi;k D 0:

.4/ If yi;j D 1 and yi;jC1 D 0; then for all k > j yi;k D 0:

.5/ y1;0 � y2;0 � � � � � yv;0:

.6/ If yi;0 D yiC1;0; yi;1 D yiC1;1; : : : ;yi;j D yiC1;j ; then
yi;jC1 � yiC1;jC1:

.7/ Apply the similar rule .3/� .6/ to zi;j :

From deg g D
Pb

iD1 deg xi C
Pv

iD1 deg yi C
Pl

iD1 deg zi , by the properties of the
p–adic expression in number theory we get the following group of equations:

(2-14)

8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂:

x1;0C� � �Cxb;0Cy1;0C� � �Cyv;0C0C� � �C0D xc0Ck0p;

x1;1C� � �Cxb;1Cy1;1C� � �Cyv;1Cz1;1C� � �Czl;1 D xc1Ck1p�k0;

x1;2C� � �Cxb;2Cy1;2C� � �Cyv;2Cz1;2C� � �Czl;2 D xc2Ck2p�k1;
:::

x1;jC� � �Cxb;jCy1;jC� � �Cyv;jCz1;jC� � �Czl;j D xcjCkj p�kj�1;
:::

x1;nC� � �Cxb;nCy1;nC� � �Cyv;nCz1;nC� � �Czl;n D xcn�kn�1;

where ki � 0 for 0� i � n� 1.

In the above group of equations, we get two integer sequences KD .k0; k1; : : : ; kn�1/

and S D .xc0Ck0p; xc1Ck1p�k0; : : : ; xcn�kn�1/ denoted by .c0; c1; : : : ; cn/ which
are determined by .k0; k1; : : : ; kn�1/ and .xc0; xc1; : : : ; xcn/ . Notice that the elements
xi , yi and zi are uniquely determined by their degrees.

Each solution of (2-14) which satisfies (2-13) determines a unique generator g of
Es;tCb;�

1
, because among g all the elements xi , yi and zi can be determined by their

degrees, respectively. Note that the generator g obtained above may be trivial, because
there are perhaps more than one hi;j among g .
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Thus for the Es;tCb;�
1

–term where t D .xc0 C xc1pC � � � C xcnpn/q with 0 � xci < p

.0� i < n/, 0< xcn<p , 0� b< q , the method for determining Es;tCb;�
1

is as follows:

(2-15)

8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
:

.1/ List up all the possible .b; v; l/ such that bC vC 2l D s:

.2/ For each given .b; v; l/; list all the sequences KD .k0; k1; : : : ; kn�1/

and S D .c0; c1; : : : ; cn/ such that ci � bC vC l for all 0� i � n:

.3/ For each given .b; v; l/; the sequences K D .k0; k1; : : : ; kn�1/ and
S D .c0; : : : ; cn/; solve the group of equations .2-14/ by virtue of
.2-13/: Then determine all the generators of Es;tCb;�

1 by setting the
corresponding second degrees:

.4/ By use of hk
i;j D 0 for k > 1; we get all the nontrivial generators of

the May E1�term Es;tCb;�
1 :

3 The determination of two Adams E2–terms

In this section, by the method for determining the May E1 –term Ezs;zt ;�
1

we first deter-
mine some May Er –terms for r � 1 (cf Proposition 3.1). Then we give two important
theorems about Adams E2 –terms which will be used in the proof of Theorem 1.7.

We first give the following important proposition about the May E1 –term.

Proposition 3.1 Let p � 5, n> 4, 0� s < p�3 and r � 1. Then the May E1 –term
satisfies

EsC6�r;t.s;n/C1�r;�
1 D

(
G r D 1 and s D p� 4;

0 r � 2; or r D 1 and s < p� 4:

Here t.s; n/D qŒ2pnC .sC2/pC .sC2/�C s and G is the Zp –module generated by
the following twenty-three elements:

G1 D ap�5
n a1hn;0h3;0hn�1;1hn�1;2hn�2;2;

G2 D ap�5
n a1hnC1;0hn;0hn�1;1hn�2;2h1;2;

G3 D ap�5
n a3hn;0h1;0hn�1;1hn�1;2hn�2;2;

G4 D ap�4
n h3;0h1;0hn�1;1hn�1;2hn�2;2;
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G5 D ap�4
n hn;0h1;0h2;1hn�1;2hn�2;2;

G6 D anC1ap�5
n hn;0h1;0hn�1;1hn�2;2h1;2;

G7 D ap�4
n hnC1;0h1;0hn�1;1hn�2;2h1;2;

G8 D ap�4
n hn;0h1;0hn;1hn�2;2h1;2;

G9 D ap�4
n hn;0h1;0hn�1;1hn�1;2h1;2;

G10 D ap�4
n hn;0h2;0hn�1;2hn�2;2h1;2;

G11 D ap�5
n a3hn;0h3;0hn�1;2hn�2;2hn�3;3;

G12 D ap�5
n a3hnC1;0hn;0hn�2;2h1;2hn�3;3;

G13 D anC1ap�5
n hn;0h3;0hn�2;2h1;2hn�3;3;

G14 D ap�4
n hnC1;0h3;0hn�2;2h1;2hn�3;3;

G15 D ap�4
n hn;0h3;0hn�1;2h1;2hn�3;3;

G16 D ap�4
n hn;0h3;0hn�2;2h1;2hn�2;3;

G17 D ap�5
n a3hnC1;0hn;0hn�2;2bn�2;1;

G18 D anC1ap�5
n hn;0h3;0hn�2;2bn�2;1;

G19 D ap�4
n hnC1;0h3;0hn�2;2bn�2;1;

G20 D ap�4
n hn;0h3;0hn�1;2bn�2;1;

G21 D ap�4
n hn;0h3;0hn�2;2bn�1;1;

G22 D ap�4
n hnC1;0hn;0h1;2bn�2;1;

G23 D ap�4
n hnC1;0hn;0hn�2;2b1;1:

Proof By (2-1) and (2-6), it is easy to show that in the MSS

EsC6�r;t.s;n/C1�r;�
1 D 0

for r � sC 2. Thus in the rest of the proof, we always assume 1� r < sC 2.

Consider gDw1w2 � � �wl 2EsC6�r;t.s;n/�rC1;�
1

in the MSS, where wi is one of ak ,
hr;j or bu;z , 0� k � nC 1, 0� r C j � nC 1, 0� uC z � n, r > 0, j � 0, u> 0,
z � 0. Assume that

degwi D q.ci;npn
C ci;n�1pn�1

C � � �C ci;1pC ci;0/C ei ;
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where ci;j D 0 or 1, ei D 1 if wi D aki
, or ei D 0. It follows that

dim g D

lX
iD1

dimwi D sC 6� r;(3-1)

deg g D

lX
iD1

degwi

D q

�� lX
iD1

ci;n

�
pn
C � � �C

� lX
iD1

ci;1

�
pC

� lX
iD1

ci;0

��
C

� lX
iD1

ei

�
(3-2)

D q
�
2pn
C .sC 2/pC .sC 2/

�
C .sC 1� r/:

Note that dim hi;j D dim ai D 1, dim bi;j D 2, 1� r < sC3 and 0� s <p�3. Then

l � sC 6� r < pC 3� r � pC 2

dim g D

lX
iD1

dimwi D sC 6� r:from

sC 1� r � 0:We claim

It is easy to get

lX
iD1

ei � l � pC 1:

However, by 1� r < sC 2 and p � 5, we would also have

lX
iD1

ei D qC .s� r C 1/ > 2p� 2� 1� pC 2

which contradicts

lX
iD1

ei � l � pC 1:

The claim is proved.
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Using 0� sC 2; sC 1� r < p and the knowledge on p–adic expression in number
theory, we have

(3-3)

8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
:

lX
iD1

ei D sC 1� r C��1q ��1 � 0;

lX
iD1

ci;0C��1 D sC 2C�0p �0 � 0;

lX
iD1

ci;1C�0 D sC 2C�1p �1 � 0;

lX
iD1

ci;2C�1 D 0C�2p �2 � 0;

lX
iD1

ci;3C�2 D 0C�3p �3 � 0;

lX
iD1

ci;4C�3 D 0C�4p �4 � 0;

:::
:::

lX
iD1

ci;n�1C�n�2 D 0C�n�1p �n�1 � 0;

lX
iD1

ci;nC�n�1 D 2:

From ei D 0 or 1, ci;j D 0 or 1, and l � pC 1, we easily have

.��1; �0; �1/D .0; 0; 0/:

Consider the fourth equality of (3-3),
Pl

iD1 ci;2 D 0C �2p . By ci;2 D 0 or 1, and
l � pC 1, we get that

�2 D 0 or 1:

Thus we divide our proof into the following two cases.

Case 1 �2 D 0.

We claim

�3 D 0:
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If �3 D 1, we would have

lX
iD1

ci;1 D sC 2;

lX
iD1

ci;2 D 0;

lX
iD1

ci;3 D p:

lX
iD1

ci;1 D sC 2From

and (2-6), there would be sC2 factors among g where deg xiDq.higher terms on pC

pC lower terms on p/C ıi , where ıi may equal 0 or 1. Similarly, from

lX
iD1

ci;3 D p;

there would be p factors among g such that degwi D q.higher terms on pCp3C

lower terms on p/Cıi . Thus, by l �pC1 and (2-6), there would be at least pCsC2�

.pC 1/ D sC 1 factors in g such that degwi D q.higher terms on pC p3C p2C

p1C lower terms on p/C ıi . Thus we would have

lX
iD1

ci;2 � sC 1

lX
iD1

ci;2 D 0:which contradicts

The claim is proved.

By induction on j , we have that
�j D 0

for 3� j � n� 1. Then we have the following cases.

Case 1.1 If there are two factors h1;n and b1;n�1 in g , then up to sign g D

h1;nb1;n�1zg with zg 2EsC3�r;q..sC2/pC.sC2//C.sC1�r/;�
1

.

When r D 1, by Method (2-15), we easily get that

EsC2;q..sC2/pC.sC2//Cs;�
1 D Zpfa

s
2h2

2;0g D 0

by hk
i;j D 0 for k > 1.

When r � 2, by Theorem 2.1 we have that

EsC3�r;q..sC2/pC.sC2//C.sC1�r/;�
1 D 0:

From the above discussion, there cannot exist two factors h1;n and b1;n�1 in g .
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Case 1.2 If there are two factors b1;n�1 and b1;n�1 in g , then up to sign g D

b1;n�1b1;n�1zg with zg 2EsC2�r;q..sC2/pC.sC2//C.sC1�r/;�
1

. By Theorem 2.1,

EsC2�r;q..sC2/pC.sC2//C.sC1�r/;�
1 D 0;

showing that there cannot exist two factors b1;n�1 and b1;n�1 in g .

Case 2 �2 D 1.

If r � 3, then we would have l � sC 6� r < pC 3� r � p . It is easy to see that �2

is impossible to equal 1 when r � 3. Thus in the rest of this case, we always assume
r � 2.

From the fifth equality of (3-3),
Pl

iD1 ci;3C1D �3p , and 0�
Pl

iD1 ci;3 � l � pC1,
we can deduce

�3 D 1:

By induction on j , we get that
�j D 1

for 3� j � n� 1. Thus (3-3) turns into

(3-4)

8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
<̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂:

lX
iD1

ei D sC 1� r;

lX
iD1

ci;0 D sC 2;

lX
iD1

ci;1 D sC 2;

lX
iD1

ci;2 D p;

lX
iD1

ci;3 D p� 1;

:::

lX
iD1

ci;n�1 D p� 1;

lX
iD1

ci;n D 1:
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From the fourth equality of (3-4),
Pl

iD1 ci;2 D p , using ci;2 D 0 or 1, we have

l � p:

Note l � sC 5. So s � p� 5. By 0� s < p� 3, we see s may equal p� 5 or p� 4.

Case 2.1 When s D p� 4, g D w1w2 � � �wl 2EpC2�r;t.p�4;n/C1�r;�
1

.

Case 2.1.1 r D 2. Then we have

g D w1w2 � � �wl 2Ep;t.p�4;n/C1�r;�
1 DEp;2pnqC.p�2/pqC.p�2/qC.p�5/;�

1 :

Note that l � p . From dim g D p , we have dim wi D 1 for each i . Then up to sign
the generator g must be of the form .x1x2 � � �xp�5/.y1y2y3y4y5/ as in (2-8). By
Method (2-15) and (3-4), we have that up to sign g can be one of the following:

anC1ap�7
n a3h3

n;0h2
n�2;2; ap�6

n a3hnC1;0h2
n;0h2

n�2;2;

ap�6
n a3h3

n;0hn�1;2hn�2;2; anC1ap�6
n h2

n;0h3;0h2
n�2;2;

ap�5
n hnC1;0hn;0h3;0h2

n�2;2; ap�5
n h2

n;0h3;0hn�1;2hn�2;2;

anC1ap�6
n h3

n;0hn�2;2h1;2; ap�5
n hnC1;0h2

n;0hn�2;2h1;2;

ap�5
n h3

n;0hn�1;2h1;2:

By (2-1), hk
i;j D 0 for k > 1. Thus all the generators above are trivial.

Case 2.1.2 r D 1. Then we have

g D w1w2 � � �wl 2EpC1;2pnqC.p�2/pqC.p�2/qC.p�4/;�
1 :

In this case, we see that l may equal p or pC 1.

If l D p , then up to sign the generator g has the form .x1x2 � � �xp�4/.y1y2y3/.z1/

as in (2-8). By Method (2-15) and (3-4), we have that up to sign g may be one of the
following:

anC1ap�6
n a3h2

n;0hn�2;2bn�2;1; ap�5
n a3hnC1;0hn;0hn�2;2bn�2;1;

ap�5
n a3h2

n;0hn�1;2bn�2;1; ap�5
n a3h2

n;0hn�2;2bn�1;1;

anC1ap�5
n hn;0h3;0hn�2;2bn�2;1; ap�4

n hnC1;0h3;0hn�2;2bn�2;1;

ap�4
n hn;0h3;0hn�1;2bn�2;1; ap�4

n hn;0h3;0hn�2;2bn�1;1;

anC1ap�5
n h2

n;0h1;2bn�2;1; ap�4
n hnC1;0hn;0h1;2bn�2;1;

ap�4
n h2

n;0h1;2bn�1;1; anC1ap�5
n h2

n;0hn�2;2b1;1;

ap�4
n hnC1;0hn;0hn�2;2b1;1; ap�4

n h2
n;0hn�1;2b1;1:
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By (2-1), hk
i;j D 0 for k > 1. Thus among the generators above, only the following

seven generators are nontrivial:

ap�5
n a3hnC1;0hn;0hn�2;2bn�2;1;

anC1ap�5
n hn;0h3;0hn�2;2bn�2;1;

ap�4
n hnC1;0h3;0hn�2;2bn�2;1;

ap�4
n hn;0h3;0hn�1;2bn�2;1;

ap�4
n hn;0h3;0hn�2;2bn�1;1;

ap�4
n hnC1;0hn;0h1;2bn�2;1;

ap�4
n hnC1;0hn;0hn�2;2b1;1;

denoted by G17 , G18 , � � � , G23 , respectively.

If l D p C 1, then we have that dim wi D 1 for 1 � i � p C 1. Then up to sign
the generator g must be of the form .x1x2 � � �xp�4/.y1y2y3y4y5/ as in (2-8). By
Method (2-15) and (3-4), we have that up to sign g may be one of the following:

anC1ap�7
n a3a0h3

n;0h2
n�2;2; ap�6

n a3a0hnC1;0h2
n;0h2

n�2;2;

ap�6
n a3a0h3

n;0hn�1;2hn�2;2; anC1ap�6
n a0h2

n;0h3;0h2
n�2;2;

ap�5
n a0hnC1;0hn;0h3;0h2

n�2;2; ap�5
n a0h2

n;0h3;0hn�1;2hn�2;2;

anC1ap�6
n a0h3

n;0hn�2;2h1;2; ap�5
n a0hnC1;0h2

n;0hn�2;2h1;2;

ap�5
n a0h3

n;0hn�1;2h1;2; anC1ap�7
n a3a1h2

n;0hn�1;1h2
n�2;2;

ap�6
n a3a1hnC1;0hn;0hn�1;1h2

n�2;2; ap�6
n a3a1h2

n;0hn;1h2
n�2;2;

ap�6
n a3a1h2

n;0hn�1;1hn�1;2hn�2;2; anC1ap�6
n a1hn;0h3;0hn�1;1h2

n�2;2;

ap�5
n a1hnC1;0h3;0hn�1;1h2

n�2;2; ap�5
n a1hn;0h3;0hn;1h2

n�2;2;

ap�5
n a1hn;0h3;0hn�1;1hn�1;2hn�2;2; anC1ap�6

n a1h2
n;0h2;1h2

n�2;2;

ap�5
n a1hnC1;0hn;0h2;1h2

n�2;2; ap�5
n a1hnC1;0hn;0h2;1h2

n�2;2;

ap�5
n a1h2

n;0h2;1hn�1;2hn�2;2; anC1ap�6
n a1h2

n;0hn�1;1hn�2;2h1;2;

ap�5
n a1hnC1;0hn;0hn�1;1hn�2;2h1;2; ap�5

n a1h2
n;0hn;1hn�2;2h1;2;

ap�5
n a1h2

n;0hn�1;1hn�1;2h1;2; anC1ap�6
n a3hn;0h1;0hn�1;1h2

n�2;2;

ap�5
n a3hnC1;0h1;0hn�1;1h2

n�2;2; ap�5
n a3hn;0h1;0hn;1h2

n�2;2;

ap�5
n a3hn;0h1;0hn�1;1hn�1;2hn�2;2; anC1ap�5

n h3;0h1;0hn�1;1h2
n�2;2;
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ap�4
n h3;0h1;0hn;1h2

n�2;2; ap�4
n h3;0h1;0hn�1;1hn�1;2hn�2;2;

anC1ap�5
n hn;0h1;0h2;1h2

n�2;2; ap�4
n hnC1;0h1;0h2;1h2

n�2;2;

ap�4
n hn;0h1;0h2;1hn�1;2hn�2;2; anC1ap�5

n hn;0h1;0hn�1;1hn�2;2h1;2;

ap�4
n hnC1;0h1;0hn�1;1hn�2;2h1;2; ap�4

n hn;0h1;0hn;1hn�2;2h1;2;

ap�4
n hn;0h1;0hn�1;1hn�1;2h1;2; anC1ap�7

n a3a2h2
n;0h3

n�2;2;

ap�6
n a3a2hnC1;0hn;0h3

n�2;2; ap�6
n a3a2h2

n;0hn�1;2h2
n�2;2;

anC1ap�6
n a3hn;0h2;0h3

n�2;2; ap�5
n a3hnC1;0h2;0h3

n�2;2;

ap�5
n a3hn;0h2;0hn�1;2h2

n�2;2; anC1ap�6
n h3;0h2;0h3

n�2;2;

ap�4
n h3;0h2;0hn�1;2h2

n�2;2; anC1ap�5
n hn;0h2;0h2

n�2;2h1;2;

ap�4
n hnC1;0h2;0h2

n�2;2h1;2; ap�4
n hn;0h2;0hn�1;2hn�2;2h1;2;

anC1ap�7
n a2

3h2
n;0h2

n�2;2hn�3;3; ap�6
n a2

3hnC1;0hn;0h2
n�2;2hn�3;3;

ap�6
n a2

3h2
n;0hn�1;2hn�2;2hn�3;3; ap�6

n a2
3h2

n;0h2
n�2;2hn�2;3;

anC1ap�6
n a3hn;0h3;0h2

n�2;2hn�3;3; ap�5
n a3hnC1;0h3;0h2

n�2;2hn�3;3;

ap�5
n a3hn;0h3;0hn�1;2hn�2;2hn�3;3; ap�5

n a3hn;0h3;0h2
n�2;2hn�2;3;

anC1ap�6
n a3h2

n;0hn�2;2h1;2hn�3;3; ap�5
n a3hnC1;0hn;0hn�2;2h1;2hn�3;3;

ap�5
n a3h2

n;0hn�1;2h1;2hn�3;3; ap�5
n a3h2

n;0hn�2;2h1;2hn�2;3;

ap�5
n a3h2

n;0h2
n�2;2h1;n; anC1ap�5

n h2
n;0h2

n�2;2hn�3;3;

ap�4
n h2

n;0hn�1;2hn�2;2hn�3;3; ap�4
n h2

n;0h2
n�2;2hn�2;3;

anC1ap�5
n hn;0h3;0hn�2;2h1;2hn�3;3; ap�4

n hnC1;0h3;0hn�2;2h1;2hn�3;3;

ap�4
n hn;0h3;0hn�1;2h1;2hn�3;3; ap�4

n hn;0h3;0hn�2;2h1;2hn�2;3;

ap�4
n hn;0h3;0h2

n�2;2h1;nC1; anC1ap�5
n h2

n;0h2
1;2hn�3;3;

ap�4
n hnC1;0hn;0h2

1;2hn�3;3; ap�4
n h2

n;0h2
1;2hn�2;3;

ap�4
n h2

n;0hn�2;2h1;2h1;n:

Note that hk
i;j D 0 for k > 1. Among the generators above, the nontrivial generators

are as follows:

ap�5
n a1hn;0h3;0hn�1;1hn�1;2hn�2;2; ap�5

n a1hnC1;0hn;0hn�1;1hn�2;2h1;2;

ap�5
n a3hn;0h1;0hn�1;1hn�1;2hn�2;2; ap�4

n h3;0h1;0hn�1;1hn�1;2hn�2;2;

ap�4
n hn;0h1;0h2;1hn�1;2hn�2;2; anC1ap�5

n hn;0h1;0hn�1;1hn�2;2h1;2;
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ap�4
n hnC1;0h1;0hn�1;1hn�2;2h1;2; ap�4

n hn;0h1;0hn;1hn�2;2h1;2;

ap�4
n hn;0h1;0hn�1;1hn�1;2h1;2; ap�4

n hn;0h2;0hn�1;2hn�2;2h1;2;

ap�5
n a3hn;0h3;0hn�1;2hn�2;2hn�3;3; ap�5

n a3hnC1;0hn;0hn�2;2h1;2hn�3;3;

anC1ap�5
n hn;0h3;0hn�2;2h1;2hn�3;3; ap�4

n hnC1;0h3;0hn�2;2h1;2hn�3;3;

ap�4
n hn;0h3;0hn�1;2h1;2hn�3;3; ap�4

n hn;0h3;0hn�2;2h1;2hn�2;3;

denoted by G1 , G2 , � � � , G16 , respectively.

Case 2.2 When s D p� 5, g D w1w2 � � �wl 2EpC1�r;t.p�5;n/C1�r;�
1

.

Case 2.2.1 r D 2. Then we have

g D w1w2 � � �wl 2Ep�1;2pnqC.p�3/pqC.p�3/qC.p�6/;�
1 :

Recall that l � p . Thus in this case, the generator g is impossible to exist.

Case 2.2.2 r D 1. Then we have

g D w1w2 � � �wl 2Ep;2pnqC.p�3/pqC.p�3/qC.p�5/;�
1 :

Note that l �p . From dim gDp , we have that l must equal p . Then dim wi D 1 for
each i . So up to sign the generator g must be of the form .x1x2 � � �xp�5/.y1y2y3y4y5/

as in (2-8). By Method (2-15) and (3-4), we have that up to sign g can be one of the
following:

anC1ap�7
n a3h2

n;0h3
n�2;2; ap�6

n a3hnC1;0hn;0h3
n�2;2;

ap�6
n a3h2

n;0hn�1;2hn�2;2; anC1ap�6
n hn;0h3;0h3

n�2;2;

ap�5
n hnC1;0h3;0h3

n�2;2; ap�5
n hn;0h3;0hn�1;2h2

n�2;2;

anC1ap�6
n h2

n;0h2
n�2;2h1;2; ap�5

n hnC1;0hn;0h2
n�2;2h1;2;

ap�5
n h2

n;0hn�1;2hn�2;2h1;2:

By (2-1), hk
i;j D 0 for k > 1. Thus none of the generators above is nontrivial.

Combining Cases 1 and 2, we complete the proof of Proposition 3.1.

Now we begin to consider the representative of the composite map �n�1�sC2;n in the
ASS. We need the following theorem about the ˇ–element.

Theorem 3.2 [5, Theorem 2.2] Let p � 5, 0 � s < p � 2. Then the permanent
cocycle

as
2h2;0h1;1 2EsC2;t;�

r
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converges to the second Greek letter element

ž
sC2 2 ExtsC2;t

A .Zp;Zp/

in the MSS, where r � 1, t D .sC 2/pqC .sC 1/qC s and žsC2 converges to the
ˇ–element

ˇsC2 2 �.sC2/pqC.sC1/q�2.S/

in the ASS, where ˇsC2 is described in Definition 1.1.

Now we consider some results on the product h0bn�1hn
ž

sC2 .
Lemma 3.3 (1) The product h0bn�1hn

ž
sC22ExtsC6;t.s;n/

A .Zp;Zp/ is represented
by h1;0b1;n�1h1;nas

2
h2;0h1;1 2 EsC6;t.s;n/;�

1
in the MSS, where the degree

t.s; n/D q
�
2pnC .sC 2/pC .sC 2/

�
C s .

(2) For the twenty-three generators of EpC1;t.p�4;n/;�
1

, we have

M.Gi/D .2nC 1/p� 2n� 9 .1� i � 16/;

M.Gj /D .4n� 4/p� 4n� 3 .j D 17; 18; 19; 20; 22/;

M.G21/D .4n� 2/p� 4n� 5;

M.G23/D .2nC 2/p� 2n� 9:

In particular,
M.h1;0b1;n�1h1;nas

2h2;0h1;1/D pC 5sC 6:

Proof (1) Note that h1;i , b1;i and as
2
h2;0h1;1 2E�;�;�

1
are all permanent cocycles

in the MSS and converge nontrivially to hi , bi , žsC2 2 Ext�;�A .Zp;Zp/ for 0� s < p

and i � 0, respectively (cf Theorem 3.2). Then

h1;0b1;n�1h1;nas
2h2;0h1;1 2EsC6;t.s;n/;�

1

is a permanent cocycle in the MSS and converges to

h0bn�1hn
ž

sC2 2 ExtsC6;t.s;n/
A .Zp;Zp/:

(2) From (2-6), we have that

M.G1/DM.ap�5
n a1hn;0h3;0hn�1;1hn�1;2hn�2;2/

DM.ap�5
n /CM.a1/CM.hn;0/CM.h3;0/CM.hn�1;1/

CM.hn�1;2/CM.hn�2;2/

D .p� 5/.2nC 1/C 3C 2n� 1C 5C 2.n� 1/� 1

C 2.n� 1/� 1C 2.n� 2/� 1

D .2nC 1/p� 2n� 9:

The other results can be obtained similarly.
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By Proposition 3.1 and Lemma 3.3, we have the following:

Corollary 3.4 For the May E1 –module G in Proposition 3.1,

G DEpC1;t.p�4;n/;.2nC1/p�2n�9
1 ˚EpC1;t.p�4;n/;.4n�4/p�4n�3

1

˚EpC1;t.p�4;n/;.4n�2/p�4n�5
1 ˚EpC1;t.p�4;n/;.2nC2/p�2n�9

1 ;

where EpC1;t.p�4;n/;.2nC1/p�2n�9
1 D ZpfGi j 1� i � 16g;

EpC1;t.p�4;n/;.4n�4/p�4n�3
1 D ZpfGj j j D 17; 18; 19; 20; 22g;

EpC1;t.p�4;n/;.4n�2/p�4n�5
1 D ZpfG21g;

EpC1;t.p�4;n/;.2nC2/p�2n�9
1 D ZpfG23g:

To show the nontriviality of the product h0bn�1hn
ž

sC2 , we need to show the following
four lemmas.

Lemma 3.5 The May Er –module EpC1;t.p�4;n/;.2nC2/p�2n�9
r D 0 for r � 2.

Proof From Corollary 3.4, we have

EpC1;t.p�4;n/;.2nC2/p�2n�9
1 D ZpfG23g:

By (2-3), (2-4) and (2-5), one has the first May differential of G23 as follows:

d1.G23/D d1.a
p�4
n hnC1;0hn;0hn�2;2b1;1/

D .�1/p�2ap�4
n hnC1;0hn;0d1.hn�2;2b1;1/C � � �

D �ap�4
n hnC1;0hn;0h1;n�1hn�3;2b1;1C � � �

D ap�4
n hnC1;0hn;0hn�3;2h1;n�1b1;1C � � �

6D 0;

showing that
EpC1;t.p�4;n/;.2nC2/p�2n�9

2 D 0:

Thus it follows that
EpC1;t.p�4;n/;.2nC2/p�2n�9

r D 0

for r � 2. The proof of Lemma 3.5 is finished.

Similarly, one has the following lemmas.

Lemma 3.6 The May Er –module EpC1;t.p�4;n/;.4n�2/p�4n�5
r D 0 for r � 2.

Lemma 3.7 The May Er –module EpC1;t.p�4;n/;.4n�4/p�4n�3
r D 0 for r � 2.
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Proof From Corollary 3.4,

EpC1;t.p�4;n/;.4n�4/p�4n�3
1 D ZpfGj j j D 17; 18; 19; 20; 22g:

By use of (2-3), (2-4) and (2-5), one has the first May differentials of the generators as
follows:

d1.G17/D d1.a
p�5
n a3hnC1;0hn;0hn�2;2bn�2;1/

D ap�5
n a3hnC1;0hn;0hn�3;2h1;n�1bn�2;1

17
C � � �

6D 0;

d1.G18/D d1.anC1ap�5
n hn;0h3;0hn�2;2bn�2;1/

D anC1ap�5
n hn;0h3;0hn�3;2h1;n�1bn�2;1

18
C � � �

6D 0;

d1.G19/D d1.a
p�4
n hnC1;0h3;0hn�2;2bn�2;1/

D ap�4
n hnC1;0h3;0hn�3;2h1;n�1bn�2;1

19
C � � �

6D 0;

d1.G20/D d1.a
p�4
n hn;0h3;0hn�1;2bn�2;1/

D ap�4
n hn;0h3;0h2;2hn�3;4bn�2;1

20
C � � �

6D 0;

d1.G22/D d1.a
p�4
n hnC1;0hn;0h1;2bn�2;1/

D ap�4
n hnC1;0h3;0h1;2hn�3;3bn�2;1

22
C � � �

6D 0:

One can check that the first May differential of each of the five generators contains
at least a term which is not in the first May differential of the other generators. For
example, 17 appears only in d1.G17/ and does not appear in d1.Gj / .j D 18, 19,
20, 22/. Thus, the five first May differentials above are linearly independent, showing

EpC1;t.p�4;n/;.4n�4/p�4n�3
2 D 0:

Then it follows that
EpC1;t.p�4;n/;.4n�4/p�4n�3

r D 0

for r � 2. The proof of Lemma 3.7 is completed.

Lemma 3.8 The May Er –module EpC1;t.p�4;n/;.2nC1/p�2n�9
r D 0 for r � 2.
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Proof From Corollary 3.4,

EpC1;t.p�4;n/;.2nC1/p�2n�9
1 D ZpfGi j 1� i � 16g:

Using (2-3), (2-4) and (2-5), the first May differentials of the generators are as follows:

d1.G1/D d1.a
p�5
n a1hn;0h3;0hn�1;1hn�1;2hn�2;2/

D .�1/pap�5
n a1hn;0h3;0hn�1;1hn�1;2d1.hn�2;2/C � � �

D �ap�5
n a1hn;0h3;0hn�1;1hn�1;2h1;n�1hn�3;2C � � �

D ap�5
n a1hn;0h3;0hn�1;1hn�1;2hn�3;2h1;n�1

1
C � � �

6D 0;

d1.G2/D .�1/p�1ap�5
n a1hnC1;0hn;0hn�1;1d1.hn�2;2h1;2/C � � �

D ap�5
n a1hnC1;0hn;0hn�1;1hn�3;2h1;2h1;n�1

2
C � � �

6D 0;

d1.G3/D .�1/pap�5
n a3hn;0h1;0hn�1;1hn�1;2d1.hn�2;2/C � � �

D ap�5
n a3hn;0h1;0hn�1;1hn�1;2hn�3;2h1;n�1

3
C � � �

6D 0;

d1.G4/D .�1/pap�4
n h3;0h1;0hn�1;1hn�1;2d1.hn�2;2/C � � �

D ap�4
n h3;0h1;0hn�1;1hn�1;2hn�3;2h1;n�1

4
C � � �

6D 0;

d1.G5/D .�1/pap�4
n hn;0h1;0h2;1hn�1;2d1.hn�2;2/C � � �

D ap�4
n hn;0h1;0h2;1hn�1;2hn�3;2h1;n�1

5
C � � �

6D 0;

d1.G6/D .�1/p�1anC1ap�5
n hn;0h1;0hn�1;1d1.hn�2;2h1;2/C � � �

D anC1ap�5
n hn;0h1;0hn�1;1hn�3;2h1;2h1;n�1

6
C � � �

6D 0;

d1.G7/D .�1/p�1ap�4
n hnC1;0h1;0hn�1;1d1.hn�2;2h1;2/C � � �

D ap�4
n hnC1;0h1;0hn�1;1hn�3;2h1;2h1;n�1

7
C � � �

6D 0;

d1.G8/D .�1/p�1ap�4
n hn;0h1;0hn;1d1.hn�2;2h1;2/C � � �

D ap�4
n hn;0h1;0hn;1hn�3;2h1;2h1;n�1

8
C � � �

6D 0;
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d1.G9/D .�1/p�1ap�4
n hn;0h1;0hn�1;1d1.hn�1;2h1;2/C � � �

D ap�4
n hn;0h1;0hn�1;1h2;2h1;2hn�3;4

9
C � � �

6D 0;

d1.G10/D .�1/p�1ap�4
n hn;0h2;0hn�1;2d1.hn�2;2h1;2/C � � �

D ap�4
n hn;0h2;0hn�1;2hn�3;2h1;2h1;n�1

10
C � � �

6D 0;

d1.G11/D .�1/pap�5
n a3hn;0h3;0hn�1;2hn�2;2d1.hn�3;3/C � � �

D ap�5
n a3hn;0h3;0hn�1;2hn�2;2hn�4;3h1;n�1

11
C � � �

6D 0;

d1.G12/D .�1/pap�5
n a3hnC1;0hn;0hn�2;2h1;2d1.hn�3;3/C � � �

D ap�5
n a3hnC1;0hn;0hn�2;2h1;2hn�4;3h1;n�1

12
C � � �

6D 0;

d1.G13/D .�1/panC1ap�5
n hn;0h3;0hn�2;2h1;2d1.hn�3;3/C � � �

D anC1ap�5
n hn;0h3;0hn�2;2h1;2hn�4;3h1;n�1

13
C � � �

6D 0;

d1.G14/D .�1/pap�4
n hnC1;0h3;0hn�2;2h1;2d1.hn�3;3/C � � �

D ap�4
n hnC1;0h3;0hn�2;2h1;2hn�4;3h1;n�1

14
C � � �

6D 0;

d1.G15/D .�1/pap�4
n hn;0h3;0hn�1;2h1;2d1.hn�3;3/C � � �

D ap�4
n hn;0h3;0hn�1;2h1;2hn�4;3h1;n�1

15
C � � �

6D 0;

d1.G16/D .�1/pap�4
n hn;0h3;0hn�2;2h1;2d1.hn�2;3/C � � �

D ap�4
n hn;0h3;0hn�2;2h1;2h1;3hn�3;4

16
C � � �

6D 0:

One can easily check that the first May differential of each of the sixteen generators
contains at least a term which is not in the first May differential of the other generators.
That is, k appears only in d1.Gk/ and does not appear in d1.Gj / (j 6D k ). Thus, the
sixteen May differentials above are linearly independent, showing that

EpC1;t.p�4;n/;.2nC1/p�2n�9
2 D 0:
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Then it follows that
EpC1;t.p�4;n/;.2nC1/p�2n�9

r D 0

for r � 2. The proof of this lemma is completed.

By use of Lemmas 3.5, 3.6, 3.7 and 3.8, we can prove the nontriviality of the product
h0bn�1hn

ž
sC2 as follows:

Theorem 3.9 Let p � 5, n> 4, 0� s < p� 3. Then the product

h0bn�1hn
ž

sC2 6D 0 2 ExtsC6;t.s;n/
A .Zp;Zp/:

Here t.s; n/D 2pnqC .sC 2/pqC .sC 2/qC s .

Proof From Lemma 3.3 (1), the product

h0bn�1hn
ž

sC2 2 ExtsC6;t.s;n/
A .Zp;Zp/

is represented in the MSS by

h1;0b1;n�1h1;nas
2h2;0h1;1 2EsC6;t.s;n/;�

1 :

Now we show that nothing hits the permanent cocycle h1;0b1;n�1h1;nas
2
h2;0h1;1 under

the May differential dr for r � 1.

We divide the proof into the following two cases:

Case 1 When 0� s < p� 4, from Proposition 3.1 we know that in the May spectral
sequence

EsC5;t.s;n/;�
1 D 0:

Then we have
EsC5;t.s;n/;�

r D 0

for r � 1. From (2-2), one has that the permanent cocycle h1;0b1;n�1h1;nas
2
h2;0h1;1 2

EsC6;t.s;n/;�
1

does not bound and converges nontrivially to h0bn�1hn
ž

sC2 in the May
spectral sequence, then we have

h0bn�1hn
ž

sC2 6D 0 2 ExtsC6;t.s;n/
A .Zp;Zp/:

Case 2 When s D p� 4, from Proposition 3.1 and Corollary 3.4, we have

EpC1;t.p�4;n/;�
1 DEpC1;t.p�4;n/;.2nC1/p�2n�9

1 ˚EpC1;t.p�4;n/;.4n�4/p�4n�3
1

˚EpC1;t.p�4;n/;.4n�2/p�4n�5
1 ˚EpC1;t.p�4;n/;.2nC2/p�2n�9

1 :

Note that in this case, by Corollary 3.4,

M.h1;0b1;n�1h1;na
p�4
2

h2;0h1;1/D 6p� 14:
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By direct computations, we have that

M.EpC1;t.p�4;n/;.2nC1/p�2n�9
1 /� .6p� 13/D .2nC 1/p� 2n� 9� .6p� 13/

D .2n� 5/.p� 1/� 1;

M.EpC1;t.p�4;n/;.4n�4/p�4n�3
1 /� .6p� 13/D .4n� 4/p� 4n� 3� .6p� 13/

D .4n� 10/.p� 1/;

M.EpC1;t.p�4;n/;.4n�2/p�4n�5
1 /� .6p� 13/D .4n� 2/p� 4n� 5� .6p� 13/

D .4n� 8/.p� 1/;

M.EpC1;t.p�4;n/;.2nC2/p�2n�9
1 /� .6p� 13/D .2nC 2/p� 2n� 9� .6p� 13/

D .2n� 4/.p� 1/:

Using n> 4 and p � 5, we have that

.2n� 5/.p� 1/� 1> 0;

.4n� 10/.p� 1/ > 0;

.4n� 8/.p� 1/ > 0;

.2n� 4/.p� 1/ > 0:

From (2-2), we see that the first May differential is given by

d1W E
s;t;u
1 !EsC1;t;u�1

r :

Thus by the reason of May filtration, we have

h1;0b1;n�1h1;na
p�4
2

h2;0h1;1 … d1.E
pC1;t.p�4;n/;.2nC1/p�2n�9/
1 ;

h1;0b1;n�1h1;na
p�4
2

h2;0h1;1 … d1.E
pC1;t.p�4;n/;.4n�4/p�4n�3
1 /;

h1;0b1;n�1h1;na
p�4
2

h2;0h1;1 … d1.E
pC1;t.p�4;n/;.4n�2/p�4n�5
1 /;

h1;0b1;n�1h1;na
p�4
2

h2;0h1;1 … d1.E
pC1;t.p�4;n/;.2nC2/p�2n�9
1 /:

Moreover, using Lemmas 3.5, 3.6, 3.7 and 3.8, one has

EpC1;t.p�4;n/;.2nC1/p�2n�9
r D 0 .r � 2/;

EpC1;t.p�4;n/;.4n�4/p�4n�3
r D 0 .r � 2/;

EpC1;t.p�4;n/;.4n�2/p�4n�5
1 D 0 .r � 2/;

EpC1;t.p�4;n/;.2nC2/p�2n�9
r D 0 .r � 2/:

From the discussion above, the permanent cocycle h1;0b1;n�1h1;na
p�4
2

h2;0h1;1 cannot
be hit by any differential in the MSS. Thus, h1;0b1;n�1h1;na

p�4
2

h2;0h1;1 converges
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nontrivially to h0bn�1hn
ž
p�2 2 ExtpC2;t.p�4;n/

A .Zp;Zp/ in the MSS. Consequently,
we have

h0bn�1hn
ž
p�2 6D 0 2 ExtpC2;t.p�4;n/

A .Zp;Zp/:

From Cases 1 and 2, the desired result follows.

Theorem 3.10 Let p � 5, n> 4, 0� s < p� 3, 2� r � sC 6. Then

ExtsC6�r;t.s;n/C1�r
A .Zp;Zp/D 0;

where t.s; n/D 2pnqC .sC 2/pqC .sC 2/qC s .

Proof From Proposition 3.1, in this case

EsC6�r;t.s;n/C1�r;�
1 D 0:

By the MSS, the desired result follows.

4 Proof of Theorem 1.7

We are now in a position to prove Theorem 1.7. The method for proving the main
theorem is by the classical ASS. To prove Theorem 1.7 is equivalent to proving the
following theorem. The proof of Theorem 4.1 depends on Theorems 3.9 and 3.10
which are obtained at the end of Section 3.

Theorem 4.1 Let p � 5, n> 4, 0� s < p� 3. Then the product

h0bn�1hn
ž

sC2 2 ExtsC6;t.s;n/
A .Zp;Zp/

is a permanent cycle in the ASS, and converges nontrivially to the composite map

�sC2;n�n�1 2 �t.s;n/�s�6.S/

of order p , where t.s; n/D 2pnqC .sC 2/pqC .sC 2/qC s .

Proof From Theorem 1.4, the �–element �n�1 is represented by

h0bn�1 2 Ext3;p
nqCq

A .Zp;Zp/

in the ASS. Meanwhile, from Theorem 1.6 we know that

.ˇi1i0/�.hn/ 2 Ext2;p
nqC.pC1/qC1

A .H�V .1/;Zp/

is a permanent cycle in the ASS and converges to a nontrivial element

$n 2 �pnqC.pC1/q�1.V .1//
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of order p . Then we consider the composite map

�sC2;n�n�1 D ˇ
�
sC1$n�n�1:

Since $n is represented by .ˇi1i0/�.hn/ 2 Ext2;p
nqC.pC1/qC1

A .H�V .1/;Zp/ in the
ASS, then the map

�sC2;n�n�1

is represented by
.j0j1ˇ

sC2i1i0/�.h0bn�1hn/

in the ASS.

From Theorem 3.2 and the knowledge of Yoneda products we know that the composite

.j0j1ˇ
sC2i1i0/�W Ext0;�A .Zp;Zp/

.i1i0/�
����! Ext0;�A .H�V .1/;Zp/

.j0j1ˇ
sC2/�

��������! ExtsC2;�C.sC2/pqC.sC1/qCs
A .Zp;Zp/

is a multiplication up to nonzero scalar by žsC2 2 ExtsC2;qŒ.sC2/pC.sC1/�Cs
A .Zp;Zp/.

It follows that the composite map �sC2;n�n�1 is represented by

h0bn�1hn
ž

sC2 2 ExtsC6;t.s;n/
A .Zp;Zp/

in the ASS.

By Theorem 3.9,
h0bn�1hn

ž
sC2 2 ExtsC6;t.s;n/

A .Zp;Zp/

is nontrivial. Recall that the Adams differential is given by

zdr WE
s;t
r !EsCr;tCr�1

r :

Then from Theorem 3.10, we see that h0bn�1hn
ž

sC2 can not be hit by any differential
in the ASS. Consequently, the corresponding homotopy element

�n�1�sC2;n

is nontrivial and of order p . The proof of Theorem 4.1 is completed.
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