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Meridional destabilizing number of knots

TOSHIO SAITO

We define the meridional destabilizing number of a knot. This together with Heegaard
genus (or tunnel number) gives a binary complexity of knots. We study its behavior
under connected sum of tunnel number one knots.

57M25; 5TN10

1 Introduction

1.1 Backgrounds

From a viewpoint of Heegaard theory, we have two types of natural positions of knots
in connected closed orientable 3—manifolds: (i) a bridge position with respect to a
Heegaard surface, and (ii) a core position of a handlebody bounded by a Heegaard
surface. A Heegaard surface of type (ii) corresponds to that of a knot exterior. Hence it
has a close connection to Heegaard genus and tunnel number of knots defined below.

Let M be a connected closed orientable 3—manifold and (V7, V5;S) a (genus g)
Heegaard splitting of M, that is, (1) V; and V, are (genus g) handlebodies, (2)
ViuV, =M and (3) ViNV, =dV; = dV, = §. Such a surface S is called a
Heegaard surface of M . A knot K, that is, a connected closed 1-manifold in M is
in a (g, b)-bridge position if K is in a b-bridge position with respect to a Heegaard
surface of genus g (see Section 2.1 for the precise definition). Set M = (M, K),
Vi=W, VinK) (i =1,2)and § = (S, S N K). If a Heegaard splitting (V7, V>;.S)
of M gives a (g, b)-bridge position of K, then (V1,V,:;S) is called a (g, b)-bridge
splitting of M, and S is called a (g, b)—bridge surface. This is introduced by Doll [2]
and is a natural generalization of classical bridge decompositions of knots in the
3—sphere S3.

A Heegaard splitting (Vy, V5;S) of M is also called a Heegaard splitting of M =
(M, K) it K C V;, say i =1, and the exterior of K in V] is a compression body.
Such a surface S is also called a Heegaard surface of M. The Heegaard genus of
K C M, denoted by hg(K), is the minimal value g such that M admits a Heegaard
surface of genus g. We notice that #(K) := hg(K) — 1 is called the tunnel number of
KcM.
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Let (V1, V,;S) be a genus g Heegaard splitting of M = (M, K) with K C Vj.
Suppose that there are compressing disks D; (i = 1,2) of V; such that D; intersects
K transversely in a single point and that dD; intersects dD, transversely in a single
point. Then S is said to be meridionally stabilized. Under this condition we obtain a
(g—1, 1)-bridge splitting of M as follows. Let V| be a 3—manifold obtained by cutting
Vi along Dy. Since D; is non-separating in V7, we see that V is a handlebody of
genus g—1. Moreover, V/NK is atrivial arcin V/, thatis, V/NK is a simple arc which
is isotopic into dV{ relative to boundary. Attaching a (closed) regular neighborhood
of Dy in V7 to V,, we obtain a 3—manifold Vz/ which is also a handlebody of genus
g—1. Wealso see that V; N K is a trivial arc in V. Therefore S’ := V| = 9V, gives
a (g—1, 1)-bridge position of K, thatis, (V],V}:S’) isa (g—1,1)-bridge splitting
of M, where V/ = (V/,V/NK) (i =1,2) and &' = (§', 8" N K). We call this
operation meridional destabilization. We can similarly define a meridionally stabilized
(g, b)-bridge surface and obtain a (g — 1, b + 1)-bridge surface from such a surface
by meridional destabilization.

It could not be said that there is a close relationship between a bridge number bg (K)
and Heegaard genus hg(K), where bg(K) is the minimal bridge number of K with
respect to a genus g Heegaard surface of M . If, of course, M admits a (g, b)-bridge
position, then we obtain a genus g + b Heegaard splitting of M by repeating the
converse operation of meridional destabilization and hence we see hg(K) < g + b.
However, Minsky, Moriah and Schleimer [10, Theorem 4.2] showed that for any integers
g>2and b>1, there is a knot K C S3 with hg(K) = g such that K does not admit
a (g, b)-bridge position (see also Johnson and Thompson [5] for the case of g = 2).
In this paper, we define meridional destabilizing number of a knot K C M as follows:

Definition 1.1 Let K be a knot in a connected closed orientable 3—manifold M .
Meridional destabilizing number of K, denoted by md(K), is defined by the maximal
number of m such that M = (M, K) admits a (hg(K)—m, m)-bridge position. In
particular, md(K) = 0 if none of the minimal genus Heegaard splittings of M are
meridionally stabilized.

By the definition above, we see that md(K) < hg(K) for any knot K.

Notation 1.2 Let K be a knot in S*. We describe K € K" if hg(K) = g and
md(K) =m.

For example, K € K % if and only if K is a trivial knot. We can divide tunnel number
one knots into three families, IC%, IC; and IC(Z). Knots in IC% are non-trivial 2—bridge
knots, those in IC; are (1, 1)—knots which are not 2-bridge knots, and those in IC(Z) are
the other tunnel number one knots.
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1.2 Results

We study behavior of meridional destabilizing number under connected sum of knots.
Let K be a knot in S*. We denote by nK the connected sum of n copies of K. Then
we have: n <t(nK) <n-t(K)+ (n—1) or equivalently

n+1<hgnkK) <n-hg(K).

The upper bound is well-known and is easy to understand. However, the lower bound
is highly non-trivial and is obtained by Scharlemann and Schultens [15, Theorem 14].
If md(K) # 0, then we also have hg(nK) <n-hg(K)—n+ 1 and md(nK) # 0 (see
Proposition 2.14). Hence if hg(K) = 2 and md(K) # 0, then hg(nK) =n+1. It
follows from Schubert’s formula on bridge number [16] that K is a 2—bridge knot if
and only if nK is an (n + 1)-bridge knot. Similarly we have:

Observation 1.3 K...., K, € K if and only if K #---#K, € K} T}

In this paper, we show:

Theorem 1.4 Let K be a knotin S3.
(1) IfK; €K} (i =1,2,3), then K #K> € K} and K #K,#K3 € K}.
(2) IfK;j €KY (j=1,2), then K{#K» € KI or K.

The most famous examples of knots in ICg would be so-called MSY knots Kysy
introduced by Morimoto, Sakuma and Yokota [14]. It follows from Morimoto [11,
Corollary 2] that hg(2Kmsy) = 4. Since Kysy admits a (1,2)-bridge position,
we see that md(2Kysy) = 1 (see Kobayashi and Rieck [6, Theorem A.1], see also
Proposition 2.14). Therefore we have the following as a corollary of Theorem 1.4.

Corollary 1.5 Kysy € ICg and 2Kysy € lC}t.

On the other hand, Kobayashi and Rieck [8] showed that there is a knot K € ICg with
2K € ICE. This implies that (2) of Theorem 1.4 is best possible. As a summary, we
have Figure 1.

Remark 1.6 More generally, Kobayashi and Rieck proved the following: given an
integer m > 1, there are infinitely many knots K in S3 such that hg(m’K) =m’-hg(K)
for any positive integer m’ < m (see Kobayashi and Rieck [7, Corollary 1.6]). This
implies that given an integer n > 1, there are infinitely many knots K € IC(Z) such that
md(n’' K) = 0 for any positive integer n’ < n.
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Figure 1: Relation between hg(-) and md(-) under connected sum

Based on the results above, we would like to ask some questions on tunnel number one
knots.

Question 1.7 (1) Is there a knot K € IC; with md(nK) > 1 for some integer 7?

(2) Isthere aknot K € ICg with md(nK) = 0 for any integer n?

It would be much interesting and challenging to take the connected sum of knots with
tunnel number greater than one, because there is a possibility of sub-additivity of tunnel
number under connected sum (see Kobayashi and Saito [9, Assertion 6.4]).

2 Preliminaries

Throughout this paper, we work in the piecewise linear category. Let B be a sub-
manifold of a manifold 4. The notation n(B; A) denotes a (closed) regular neigh-
borhood of B in A. By Ext(B; A), we mean the exterior of B in A, that is,
Ext(B; A) =cl(A\n(B; A)), where cl(-) means the closure. The notation |-| indicates
the number of connected components. Let M be a connected compact orientable
3—manifold. A linkin M is a closed 1-manifold in M and a knot in M is a connected
closed 1-manifold in M. Let J be a 1-manifold properly embedded in M and
F a surface properly embedded in M . Here, a surface means a connected compact
2—manifold. We always assume that J is not split, that is, there is no 2—sphere in
M \ J which separates the components of J, and also assume that F intersects J
transversely. Set M = (M, J) and F = (F, F N J). For convenience, we also call
F a surface, and we say that F is closed if F is closed. Whenever we use such
calligraphic symbols, we consider not only a 2— or 3—manifold but intersections with
a 1-manifold.
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2.1 Fundamental definitions

A simple closed curve or a simple arc properly embedded in F'\ J is said to be trivial
in F if it cuts off a disk from F which is disjoint from J. A simple closed curve
properly embedded in F'\ J is said to be inessential in F if it bounds a disk in F
intersecting J in at most one point. A simple closed curve properly embedded in F\ J
is said to be essential in F if it is not inessential in F. A surface F is compressible
in M if there is a disk D C M \ J such that DN F = dD and dD is essential in F.
Such a disk D is called a compressing disk of F . We say that F is incompressible in
M if F is not compressible in M.

Suppose that 0M # & and JF # @. We say that F is d—compressible in M if there is
adisk D C M suchthat DNF =03dDNF =:y is anon-trivial arc in F, and cl(dD\ y)
is an arc in M . The disk D is called a d—compressing disk of F. We say that F is
d—incompressible in M if F is not d—compressible in M. A surface F is d—parallel
in M if F cuts off M’ from M with M’ = F x[0, 1](= (F x[0, 1], (FNJ) %[0, 1])).

We say that M is reducible if there is a 2—sphere disjoint from J which does not
bound a 3-ball B3. We say that M is d—reducible if there is a disk D C M \ J such
that DN OM = 3D and 3D is essential in IM = (M, dIM N J). We say that M is
d—irreducible if M is not d—reducible.

A 3-manifold C is called a (genus g) compression body if there exists a closed surface
F of genus g such that C is obtained from F x [0, 1] by attaching 2—handles along
mutually disjoint loops in F x {0} and filling in some resulting 2—sphere boundary
components with 3—handles. We denote F x {1} by d--C and dC \ d4+C by 0_C. A
compression body C is called a handlebody if 0_C = &. The triplet (Cq, C;; S) is
called a (genus g) Heegaard splitting of M if C; and C, are (genus g) compression
bodies with C;UC, =M and C;NCy =04C; =04+Cr, = S.

A simple arc y properly embedded in a compression body C is said to be vertical
if y is isotopic to an arc with {a point} x [0,1] C d—-C x [0,1]. A simple arc y
properly embedded in C is said to be trivial if there is a disk é in C with y C 96 and
36\ y C 0+ C. Such a disk § is called a bridge disk of y. A disjoint union of trivial
arcs is said to be mutually trivial if they admits a disjoint union of bridge disks.

Let L be a link in a connected compact orientable 3—manifold M . We say that L
admits a (g, 0)—bridge position if there is a genus g Heegaard splitting (Cy, Cy; S)
of M with L NS = & such that cI(C; \ n(L; C;)) (i = 1,2) are compression bodies.
We say that L admits a (g, b)—bridge position (b > 0) if there is a genus g Heegaard
splitting (Cy, Cy; S) of M such that C; N L consists of b arcs which are mutually
trivial foreach i =1,2. Set C; = (C;,C;N L) and S = (S, SN L). We call the triplet
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(C1,Cy;S) a (g, b)-bridge splitting of M = (M, L) and S is called a (g, b)-bridge
surface, or a bridge surface for short. We notice that a (g, 0)-bridge splitting of
M = (M, L) is also called a Heegaard splitting of M and a (g, 0)-bridge surface of
M is called a Heegaard surface of M.

Definition 2.1 Let K be a knot in a connected compact orientable 3—manifold M .
The Heegaard genus of K C M , denoted by hg(K), is the minimal value g such that
(M, K) admits a Heegaard surface of genus g.

2.2 C-bodies and cH-splittings

We recall definitions of a c—compression body and a c—Heegaard splitting given by
Tomova [18]. In this paper, they are abbreviated as a c—body and a cH-splitting
respectively.

Definition 2.2 Let J be a 1-manifold properly embedded in a connected compact
orientable 3—manifold M. A surface F = (F, F N J) is c—compressible in M =
(M, J) if there is a disk D C M such that DN F = 90D, dD is essential in F and D
intersects J in at most one point. If |[D N J| =1, then D is called a cut disk of F.
We say that F is c—incompressible in M if F is not c—compressible in M. A c—disk
is a compressing disk or a cut disk.

Definition 2.3 Let C be a pair of a genus g compression body C and a 1-manifold
J properly embedded in C. Then C is called a (genus g) c—body if there is a disjoint
union D of c—disks and bridge disks which cuts C into some 3-balls and a 3—manifold
homeomorphic to d_C x [0, 1] with vertical arcs. Then D is called a complete c—disk
system of C. We set 0+C = (04+C,d+CNJ) and 0_C = (0-C,0_C N J).

The next two lemmas are obtained by standard innermost/outermost disk arguments.

Lemma 2.4 Let C be a c—body. Suppose that there is a compressing disk D of C
which cuts C into (0_C x [0, 1], vertical arcs) and (B>, a trivial arc). Then any
compressing disk of C is isotopic to D.

Lemma 2.5 Let C be a c-body. Suppose that there is a non-separating compressing
disk (resp. a cut disk) D of C which cuts C into (0—C x [0, 1], vertical arcs). Then
any non-separating compressing disk (resp. a cut disk) of C is isotopic to D.

We now recall the following obtained by Hayashi and Shimokawa [4] and by To-
mova [18].
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Lemma 2.6 (Hayashimo [4, Lemma 2.4]) LetC = (C, J) be a c-body such that each
component of J is trivial or vertical in C. If F = (F, F N J) is an incompressible,
d—incompressible surface in C, then F' is

(1) a 2-sphere intersecting J in 0 or 2 points,

(2) adisk intersecting J in 0 or 1 points,

(3) a vertical annulus disjoint from J , or

(4) a closed surface parallel to a component of d_C.

Lemma 2.7 (Tomova [18, Corollary 3.7]) If F = (F, F N J) is a c-incompressible,
d—incompressible surface in a c-body C = (C, J), then F is

(1) a 2-sphere intersecting J in 0 or 2 points,

(2) adisk intersecting J in 0 or 1 points,

(3) a vertical annulus disjoint from J , or

(4) a closed surface parallel to a component of 0_C.

Definition 2.8 Let J be a 1-manifold properly embedded in a connected compact
orientable 3—manifold M. The triplet (C{,C;;S) is a (genus g) cH-splitting of
M=(M,J)if C; (i =1 and 2) are (genus g) c-bodies with C; UC, = M and
CiNCy=04+C; = 04+Cy = S. The surface S is called a cH-surface of M.

We notice that a (g, b)-bridge splitting of M is a genus g cH—splitting and that if
M = (M, J) with J = @, then a cH-splitting is a Heegaard splitting of M .

Definition 2.9 Let J be a 1-manifold properly embedded in a connected compact
orientable 3—manifold M, and let (C;,C;; S) be a cH-splitting of M = (M, J).

(1) The cH—surface S is said to be d—reducible if there is a d-reducing disk D of
M such that DN S is a single curve.

(2) The cH-surface S is said to be reducible if there are compressing disks D;
(i =1,2) of C; with dD; = dD,. The cH-surface S is said to be irreducible if
it is not reducible.

(3) The cH-surface S is said to be stabilized if there are compressing disks D;
(i =1,2) of C; such that dD; and dD; intersect transversely in a single point.

(4) The cH-surface S is said to be meridionally stabilized if there are a compressing
disk D; of C; and a cut disk D; of C; ((i, j) = (1,2) or (2, 1)) such that dD;
and 0D, intersect transversely in a single point.
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(5) The cH—surface S is said to be weakly reducible if there are compressing disks
D; (i =1,2) of C; with dDy NdD, = @. The cH-surface S is said to be
strongly irreducible if it is not weakly reducible.

(6) The cH—surface S is said to be c—weakly reducible if there are c—disks D;
(i =1,2) of C; with dD; N dD, = @. The cH-surface S is said to be c—
strongly irreducible if it is not c—weakly reducible.

The next lemma is proved by Tomova [18].

Lemma 2.10 (Tomova [18, Theorem 6.2]) Let J be a 1 —manifold properly embed-
ded in a connected compact orientable irreducible 3—manifold M , and let (Cy,C;;S)
be a cH-splitting of M = (M, J). If M is d-reducible, then S is d—reducible.

Corollary 2.11 Let J be a 1 -manifold properly embedded in a connected compact
orientable irreducible 3—manifold M , and let (Cy,C,;S) be a cH-splitting of M =
(M, J). Let D be a d-reducing disk of M with [DNS|=1and dD C 9_C; (i =1
or 2). Suppose that C; admits a compressing disk. Then there is a compressing disk D
of C; such that D N D = & and hence S is weakly reducible.

2.3 C-weak reduction

We briefly recall the operation called a c—weak reduction treated in [18]. Though we
here recall c—weak reductions only for bridge splittings, such operations are applied to
those for cH-splittings as in [18].

Let L be alink in a connected compact orientable 3—-manifold M , and let (Cy,C,;S) be
abridge splitting of M = (M, L). Suppose that S is c—weakly reducible. Then there are
disjoint unions of c—disks of C; (i =1, 2), say [D;, such that dD; NdD, = &. Since each
c—disk cuts a c-body into c—bodies, we obtain a collection of c-bodies Cy; by cutting
Cy along ;. Let Cy, be a 3—manifold obtained from d4C;q x [0, 1] by attaching
n(D,;Cy). We notice that Cy, is also a collection of c—bodies with d+C1, = 9+Cq1.
Let C,1 be a 3—manifold obtained from d_C;, x [0, 1] by attaching n(D;Cy). We
also notice that C; is a collection of c—bodies with d_Cp; = d_Cq, =: F. Finally, we
let C»; be a collection of c-bodies by cutting C, along D,. Set M; = C;; UC;, for
each i = 1,2. Then we see that {C;{,C;>} gives a collection of cH-splittings of M;
for each i = 1,2 (see Figure 2). We say that a collection of surfaces F is obtained by
the c—weak reduction with respect to (ID{,D,). If D; (i = 1, 2) are disjoint unions of
compressing disks of C; such that dD N dD, = &, then such an operation is originally
introduced by Casson and Gordon [1] and is called a weak reduction.

In this paper, we slightly modify the operation as in the following remark.
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Figure 2: An example of c—weak reduction

Remark 2.12 Suppose that D;, say i = 2, consists of a compressing disk D, which
cuts off a 3-ball 5= (B, BN L) from C, such that BN L is a collection of mutually
trivial arcs and that 0B N dD; = &. Then we slightly modify the operation as follows:
let C1, be a 3—manifold obtained from d4+Cjq %[0, 1] by attaching B along cl(B\ D,),
and let C», be a 3—manifold obtained from C, by cutting 5 off. Then we see that Cy,
and C,; are c-bodies and that {C;1,C;,} similarly gives a collection of cH-splittings
of M; foreach i = 1,2. We notice that D, is naturally extended to be a compressing
disk 132 of Cy, (see, for example, Figure 3).

2.4 Meridional destabilizing number

Let L be a link in a connected compact orientable 3—manifold M , and let (Cy,C5;S)
be a (g, b)-bridge splitting of M = (M, L). Suppose that S is meridionally stabilized.
Then there are a compressing disk D; of C; and a cut disk D; of C; ((i, j) =(1,2)
or (2, 1), say the latter) such that dD; intersects dD, transversely in a single point.
We notice that Dy and D, are non-separating in C; and C, respectively. Cutting Cq
along D, we obtain a pair C| of a genus g — 1 compression body and b + 1 mutually
trivial arcs. Gluing C, together with n(Dy; C1) containing a trivial arc, we also obtain
a pair C; of a genus g—1 compression body and b+1 mutually trivial arcs. Hence
{C].C5} gives a (g—1,b+1)-bridge splitting of M. Such an operation is called a
meridional destabilization.
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Definition 2.13 Let K be a knot in M . Meridional destabilizing number of K,
denoted by md(K), is defined by the maximal number of m such that M = (M, K)
admits a (hg(K)—m, m)-bridge md(K) = 0 if none of the minimal genus Heegaard
splittings of M are meridionally stabilized.

2.5 Connected sum

For each i = 1,2, let J; be a 1 -manifold properly embedded in a connected compact
orientable 3—manifold M;, and take a point p; in the interior of J;. We notice
that n(p;; M;) = B3 and n(p;; M;) N J; is a trivial arc in n(p;; M;). Set M =
cl(M; \ n(pi; M;)), doM] = 0M/\ OM;, and let h: dg M| — do M be a gluing map
with h(80M1’ N J]) = 80M2’ N J2 and h*([aoM{ N Jl]) = —[aoMZ/ N Jz], where []
is a homology class and /%, is the homomorphism induced by /. The 3-manifold
M| Uy M is denoted by M #M,, and the 1-manifold (M| N Jy) Uy (M5 N J5)
is denoted by Ji#J,. We call this operation the connected sum. If (M], M} N J;)
is neither (a 3—manifold, a trivial arc) nor (S2 x [0, 1], two vertical arcs) for each
i = 1,2, then the image X of dg M/ in M #M, is called a decomposing sphere of
J1#J,.

Proposition 2.14 Foreachi =1,2, let K; be a knot in a connected compact orientable
3-manifold M; which admits a (g;, b;)—bridge position. If by # 0 or b, # 0, then
K #K, admits a (g1 + g2, b1 + b, — 1)-bridge position.

Proof Foreachi =1,2,let (V;1,V;2;S;) be a (gi, b;)-bridge splitting of (M;, K;),
where V;; = (Vij, Vij N K;) (j = 1,2). We first assume that each b; is not equal
to zero. Let y;, be a component of V;; N K;. We notice that y;, is trivial in V;,
and hence y;» admits a bridge disk, say §;5,. To take the connected sum of K
and K,, we let Vi’2 be a 3-manifold obtained from V;, by removing n(yiz; Viz).
We notice that V/, N n(yi2: Vi2) consists of an annulus, say A4;; which admits a d—
compressing disk 8, = 8;2 N V/,. Set Vi, = (V/,.Via N K;), M/ = V;; UV/, and
K] = M/ N K. Then we obtain the connected sum K;#K, by gluing (M|, K})
to (M}, K}) along a map /. In particular, Ay, is identified with A5 by a map
h. This implies that V|, Uy, V,, is a compression body of genus g;+g,+1 which
intersects K1#K, in b;+b,—2 mutually trivial arcs. We also see that Vi1 Uy Vi
is a compression body of genus g;+g,+1 which intersects K{#K, in b;+b,—2
mutually trivial arcs. We hereafter take such a map 4 that A1, N 8/12 is identified
with A5» 08/22. Set Wy = Vi1 Uy Vo and W, = VI/Z Up V2/2 Then {Wi, W} gives
a (g1+g2+1,b1+by,—2)-bridge splitting of K #K,. Since cl(dn(yiz; Vi2) \ 4i2)
consists of two disks in dV;;, we let D1 C W) be a copy of such a component. Then
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D is a cut disk of W;. We notice that D, = §], Uy 6}, is a compressing disk of
W, such that dD; and 0D, intersect transversely in a single point. Hence the bridge
splitting given by {W;, W,} is meridionally stabilized and therefore K{#K, admits a
(g1+g2, by +b,—1)-bridge position.

Suppose next that b; or b,, say the latter, is equal to zero. We may assume that
K, C V3. Let V|, be as above and set V;, = cl(V; \ E1), where E,; is a cut
disk of V1. We reset Wy = V1 UV}, and W, = V{, Uj, V25. Then we also see that
{Wi, Wy} gives a (g1+g2, b1+b,—1)-bridge splitting of K{#K,. |

3 Incompressible surfaces and cH-splittings

Let M be a connected compact orientable irreducible 3—manifold, J a 1-manifold
properly embedded in M . Recall that we assume that J is not split. We obtain the
following by using a standard innermost disk argument.

Lemma 3.1 Let J be a 1—manifold properly embedded in a connected compact
orientable irreducible 3—manifold M . Let F = (F, FNJ) and 7' = (F', F' N J) be
closed surfaces incompressible in M = (M, J). Then there is a closed incompressible
surface 7" = (F",F" N J) with F” =~ F' and |F" N J| = |F' N J| such that
F” N F = & or that each component of F” N F is non-trivial both in F" and in F.
Moreover, F" is ambient isotopic to F' in M if M = S3.

Remark 3.2 To prove Lemma 3.1 by using a standard innermost disk argument, we
suppose that F N F’ # & and there is a component o of F N F’ which is trivial in
F or F'. Then we notice that « must be trivial both in F and in ' because M is
irreducible and J is properly embedded in M .

The following is essentially obtained by Schultens [17] (see also Morimoto [12]).

Lemma 3.3 (Schultens [17, Lemma 6]) Let J be a 1 —-manifold properly embedded
in a connected compact orientable irreducible 3—manifold M , and let (C1,C,;S) be a
cH-splitting of M = (M, J). Suppose that S is strongly irreducible and that J admits
a decomposing sphere. Then there is a decomposing sphere X of J such that each
component of ¥ N S is non-trivial in (X, J N X) and is essential in S

Proof Morimoto’s argument in the proof of [12, Lemma 2.3] will work here. Recall

that C; = (G;, ;N J) (i =1,2)and S = (5,5 NJ). We assume that Cy is small
enough to intersect a decomposing sphere X only in c—disks of C;. Set ¥; = X NC;
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(i =1, 2). We take a decomposing sphere X so that (|X{], |Z,NJ|) is lexicographically
minimal among all such decomposing spheres. Then each component of Ego)::E 2
is c—incompressible in C,. Hence we have a sequence of d—compressions for X,
which realizes a hierarchy {(E(J) aj)}
U+ s obtained by cutting E along a;, and E( ") consists of c—disks of C,. Set

%] )=l (E \ E(J ) ) By the mlmmahty, we may also assume that each component of
E& NS is essentlal in S for any integer j with 0 < j <n.

o . . w()
0<j<n’ that is, a; is a non-trivial arc in X577,

If E(O) or E(") consists of cut disks of Cy or C, respectively, then we are done. Hence
we assume that both E( and E(n) contain compressing disks. Let & be the maximal
integer such that Z( ) contains a compressing disk, say D;, of C;. Suppose that

§k+1) contains a compressing disk, say D,, of C,. We notice that D, is obtained
by cutting an annulus component, say A4, , of Zg along ay . It follows from strong
irreducibility of S that 0Dy is a component of dA4,. Taking a parallel copy, say D/,
of D, in C, with A, N D’2 = @&, we see that 4D N 8D’ = &, contradicting strong
irreducibility of S. Therefore E( 1 contains no compressing disks of C, and hence
we have the desired result because E( 1 also contains no compressing disks of

Ci. O

Corollary 3.4 Let J be a 1 —-manifold properly embedded in a connected compact
orientable irreducible 3—manifold M , and let (Cy,C,;S) be a cH-splitting of M =
(M, J). Suppose that S is strongly irreducible and that J admits a decomposing
sphere. Then either

(1) there are separating cut disks E and E, of C; and C, respectively with 0E; =
0Ej, or

(2) thereis a cut disk E; of C; and a compressing disk E;j of Cj such that 0E; N
0E; =@ for (i, j) = (1,2) or (2, 1).

Proof It follows from Lemma 3.3 that there is a decomposing sphere X of J such that
each component of ¥ N .S is essential in S, and the components of ¥ cut along ¥ NS
consist of two disks A and A’ with |[ANJ|=|A"NJ| =1 and possibly annuli disjoint
from J. Without loss of generality, we assume that A is a cut disk of C;. If ¥ N G,
contains no annulus components ,then ¥ N C; consists of the disk A and ¥ N C,
similarly consists of the disk A’. Hence we have the conclusion (1) of Corollary 3.4.
Otherwise, ¥ N C, contains an annulus component which is d—compressible in C,.
Let A be an annulus component of ¥ N C, such that a d—compressing disk § of A
is disjoint from the other components of ¥ N C,. After the d—compression along
§, we have a compressing disk D, of C,. A parallel copy of A and D, satisfy the
conclusion (2) of Corollary 3.4. a
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Corollary 3.5 Let L be a link in a connected compact orientable irreducible 3—
manifold M, and let (C{,C,;S) be a bridge splitting of M = (M, L). Suppose
that S is strongly irreducible and that L. admits a decomposing sphere. Then there
are a non-separating cut disk E; of C; and a compressing disk E; of C;j such that
0E; NOE; =@ for (i, j) = (1,2) or (2,1).

Proof By assumption, we have one of the conclusions of Corollary 3.4. If the
conclusion (2) of Corollary 3.4 holds, then we may assume that there are a cut disk £
of C; and a compressing disk £, of C, such that 0E; NdE, = &. Suppose, towards a
contradiction, £ is separating in Cy. Then E; cuts Cy into two compression bodies
C11 and Ci,. Let B be the component of C; N L with 81N E| # @&. Then Cyq (resp.
C1,) contains 1 N Cyq (resp. B1 N Cyy) as a trivial arc. Since dE is essential in S,
we see that there are compressing disks Dy and D1, of C;1 = (C;1,Cy1 N L) and
Ci12 = (Cy2, C12 N L) respectively. We notice that Dy and Dj, are also compressing
disks of C;.

We now suppose that the conclusion (1) of Corollary 3.4 holds. Then we similarly
see that E, cuts C, into two compression bodies C,; and C,, and that there are
compressing disks D,; and Dy, of Co; = (Cy1,Cr1 NL) and Cop = (Cap, Cop N L).
Since 0E| = JE,, we have either dD1;NdD,y =@ or dD1,NID, = &, contradicting
strong irreducibility of S. If the conclusion (2) of Corollary 3.4 holds, then we also see
that 0D NJdE, = @ or dD1, NJE, = &. This again contradicts strong irreducibility
of §. Therefore E is non-separating in C; and we have the desired conclusion. O

4 (1,2)-bridge splittings

Theorem 4.1 Let K be a knot in S3 and (C;,C»;S) a (1,2)-bridge splitting of
(S3, K). Suppose that S is strongly irreducible and that K admits a decomposing
sphere. Then one of the following holds.

(1) S is meridionally stabilized.

(2) There is a c—weak reduction yielding a 2—sphere which intersects K in four
points and is incompressible in (S3, K).

Proof Since S is strongly irreducible and K admits a decomposing sphere, we have
the conclusion of Corollary 3.5. Without loss of generality, we assume that there
are a non-separating cut disk £ of C; and a compressing disk E, of C; such that
0E{N0E, = &. Then we have:

(i) E, is a non-separating compressing disk of C;,
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(i) E, cuts off a 3-ball with two mutually trivial arcs from C,, or

(iii) E, cuts off a 3-ball with a single trivial arc from C,.

If we have the condition (i), then C; U C, contains a non-separating 2—sphere, a
contradiction. The condition (ii) implies that S is meridionally stabilized. Hence we
consider the condition (iii). We now do the c—weak reduction with respect to (E, E3)
(see Figure 3). We notice that Cq; is a c—body obtained by cutting C; along Eq, C;, is
a c-body obtained from d4Cq; x [0, 1] by attaching a 3-ball B with a trivial arc which
is obtained by cutting C, along E,, Cp; is a c—body obtained from d_Cy; x [0, 1]
by attaching n(E; Cy) with a trivial arc, and Cy, is a c—body obtained from C, by
cutting B off. We notice that E, is naturally extended to a compressing disk E 2 of
Ci2.Set M; =C;1 UCja, Si =C;j1 NCjy foreachi =1,2 and F = 9_C12 = 0-Cr1.
If both M; and M, are d—irreducible, then F is incompressible in (53, K) and
hence we have the conclusion (2) of Theorem 4.1. Hence we assume that M or M,

is d-reducible.
81 F 82
C11 Ciz Ca1 Ca2

Figure 3: The c—weak reduction with respect to (E1, E>)

If My is d-reducible, then there is a d—reducing disk D; with |[D; N S;| =1 by
Lemma 2.10, and there is a compressing disk D, of Ci; with D12 ND, = by
Corollary 2.11. It follows from Lemma 2.4 that Dy, is isotopic to E > in Cy,. Hence
we see thatD1 NE 2= = &. Since D 1 can be regarded as a compressing disk of C; and
E, is contained in E 2, we see that S is weakly reducible, a contradiction.

If M, is d-reducible, then it follows from Lemma 2.10 that there is a d—reducing
disk D, with |52 N S,| =1, that is, D, intersects Cy; in a vertical annulus in Cyy.
Since C,; is ambient isotopic to a regular neighborhood of d_Cy; U (Cy; N K), we
see that D, is isotoped to be disjoint from E;. The disk D, can be regarded as a
compressing disk of C, which is disjoint from E, and is not parallel to E,. We
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notice that dE; N d(E, U D,) = @. Since D, is separating in C,, we see that S is
meridionally stabilized. O

Theorem 4.2 Let K be a knot in S3 and (Cy,C»:S) a (1,2)-bridge splitting of
(S3, K). Suppose that S is weakly reducible. Then K = K #K such that K admits
a (0, 2)—bridge position and K, admits a (1, 1)—bridge position.

Proof Let D; and D, be compressing disks of C; and C, respectively such that
0D1NdD, = &. Foreach i = 1,2, we have:

(i) D; is a non-separating compressing disk of C;,
(i1) D; cuts off a 3—ball with two mutually trivial arcs from C;, or

(iii) D; cuts off a 3-ball with a single trivial arc from C; .

Suppose first that D; satisfies the condition (i). If D, also satisfies the condition (i),
then C7 U C, contains a non-separating 2—sphere, a contradiction. If D, satisfies
the condition (ii), then we see that K admits a (0, 2)-bridge position and hence we
have the desired conclusion. Suppose that D, satisfies the condition (iii). Then we
have the desired conclusion by extraction operation as follows. We first notice that
D; cuts C; into a solid torus C) with a trivial arc and a 3-ball CJ with a trivial arc.
Attaching n(Dy;Cy) to C), we have a 3-ball B with a properly embedded arc J.
We notice that (B, J) forms S3 with a knot, say K’, which admits a (1, 1)—bridge
position after gluing a 3—ball with a trivial arc along their boundaries. Let K” be a
knot obtained from K by replacing J with a trivial arc in B. Then we see that K"
admits a (0, 2)-bridge position. Hence we see that K = K'#K"” such that K’ admits
a (1, 1)-bridge position and K" admits a (0, 2)-bridge position.

Suppose next that D; satisfies the condition (ii). If D, also satisfies the condition
(ii), then we see that K admits a (0, 2)-bridge position and hence we have the desired
conclusion. If D, satisfies the condition (iii), then there is a non-separating compressing
disk of C; which is disjoint from D, and hence we are done.

The other case is that both Dy and D, satisfy the condition (iii). However, this implies
that K consists of two components, a contradiction. O

5 (1, 3)-bridge splittings
Theorem 5.1 Let K be a knot in S3 and (C;,C»;S) a (1,3)-bridge splitting of

(S3, K). Suppose that S is strongly irreducible and that K admits a decomposing
sphere. Then one of the following holds.
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(1) S is meridionally stabilized.

(2) There is a c—weak reduction yielding a 2—sphere which intersects K in four or
six points and is incompressible in (S3, K).

Proof Since S is strongly irreducible and K admits a decomposing sphere, we have
the conclusion of Corollary 3.5. Without loss of generality, we assume that there
are a non-separating cut disk £ of C; and a compressing disk E, of C, such that
0E1 NJE, = &. Then we have:

(i) E, is a non-separating compressing disk of C,,
(i) E, cuts off a 3-ball with three mutually trivial arcs from C,,
(iii) E, cuts off a 3-ball with two mutually trivial arcs from C;, or

(iv) E; cuts off a 3-ball with a single trivial arc from C,.

If we have the condition (i), then C; U C, contains a non-separating 2—sphere, a con-
tradiction. The condition (ii) implies that S is meridionally stabilized. The conditions
(ii1) and (iv) are very similar to the condition (iii) in the proof of Theorem 4.1. As in
the proof of Theorem 4.1, we can do the c—weak reduction with respect to (E£1, E3) to
obtain M; =C;1UC;j5, S; =C;1 NC;, foreach i =1,2 and F =09-Cq1p =0-Cy;. Then
F is a 2—sphere which intersects K in four or six points depending on the conditions.
If both M; and M, are d—irreducible, then F is incompressible in (53, K) and
hence we have the conclusion (2) of Theorem 5.1. Hence we assume that M or M,
is d-reducible.

If M is d-reducible, then it follows from Corollary 2.11 that S; is weakly reducible.
This implies that S is weakly reducible, a contradiction.

If M is d-reducible, then it follows from Lemma 2.10 that there is a d—-reducing
disk D, with |[D, N'S,| =1, that is, D, intersects C»; in a vertical annulus in C;.

Since C21 is ambient isotopic to a regular neighborhood of d_C,; U (Cy1 N K), we
see that D, is isotoped to be disjoint from E;. The disk D, can be regarded as a
compressing disk of C, Wthh is disjoint from E; and is not parallel to E,. We notice
that 0E{ N 8(D2 UEy))=0.1If D, is non- separating in Cy, then C; U C, contains a
non-separating 2—sphere, a contradiction. Hence D, is separating in C,. If we have
the condition (iii), then we obtain the conclusion (1) of Theorem 5.1. Suppose that
we have the condition (iv). If D, cuts off a 3—ball with a single trivial arc, then we
can find a compressing disk of C, which satisfies the condition (iii) and is disjoint
from E; by taking, if necessary, band-sum of E, and Dz disjoint from J0E . If Dz
cuts off a 3—ball with two mutually trivial arcs, then we obtain the conclusion (1) of
Theorem 5.1.

This completes the proof of Theorem 5.1. a

Algebraic & Geometric Topology, Volume 11 (2011)



Meridional destabilizing number of knots 1221

Theorem 5.2 Let K be a knot in S3 and (C;,C»;S) a (1,3)-bridge splitting of
(S3, K). Suppose that S is weakly reducible. Then one of the following holds.

(1) K = K #K, such that K| admits a (0, 2)-bridge position and K, admits a
(1, 2) —bridge position.

(2) K = K #K, such that K| admits a (0, 3)-bridge position and K, admits a
(1, 1)—bridge position.

(3) There is a weak reduction yielding a 2—sphere which intersects K in four points
and is incompressible in (S3, K).

(4) There is a weak reduction yielding a torus which intersects K in two points and
is incompressible in (S 3K ).

Proof Let Dy and D, be compressing disks of C; and C, respectively such that
0Dy N oD, = &. Foreach i = 1,2, we have:

(1) D; is a non-separating compressing disk of C;,
(i) D; cuts off a 3-ball with three mutually trivial arcs from C;,
(iii) D; cuts off a 3-ball with two mutually trivial arcs from C;, or

(iv) D; cuts off a 3-ball with a single trivial arc from C;.
Case 1 The disk D; satisfies the condition (i).

If D, also satisfies the condition (i), then Cy U C, contains a non-separating 2—sphere,
a contradiction. If D, satisfies the condition (ii), then we see that K admits a (0, 3)—
bridge position and hence we have the conclusion (2) of Theorem 5.2. If D, satisfies
the condition (iii), then we also have the conclusion (2) of Theorem 5.2 by extraction
operation (see the proof of Theorem 4.2). We therefore suppose that D, satisfies the
condition (iv). We obtain M; = C;1 UCjp, S; = Cj1 NCip foreach i = 1,2 and
F = 0_C1, = 0_Cy by the weak reduction with respect to (D1, D,). We notice that
F is a 2—sphere intersecting K in four points. If both M; and M, are d—irreducible,
then we have the conclusion (3) of Theorem 5.2. Hence we assume that M; or M,
is d-reducible.

If My is d-reducible, then there is a d—reducing disk D; with |[D; N S;| =1 by
Lemma 2.10, and there is a compressing disk D, of Ci, with Dy, N l_)l = J by
Corollary 2.11. It follows from Lemma 2.4 that D, is isotopic to 52 in Cy,, where 52
is a compressing disk of Cy, which is obtained by extending D, naturally. Hence we
see that DN 132 = &. The disk D; canbe regarded as a compressing disk of C; which
is disjoint from D; and is not parallel to D;. We notice that (D U Dy)NID, = @.
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Whether D, is separating or non-separating in C;, we have the conclusion (1) of
Theorem 5.2 by extraction operation.

If M, is d-reducible, then there is a d—reducing disk D, with |[D, N S5| =1 by
Lemma 2.10, and there is a compressing disk D, of Cy; with Dy N l_)z = J by
Corollary 2.11. We may assume that D, is non-separating in Cp;. It follows from
Lemma 2.5 that D5y is isotopic to Dy in Cp;. Hence we see that D N 52 . The
disk D5 can be regarded as a compressing disk of C, which is disjoint from Dz and
is not parallel to D,. We notice that 9Dy N (D, U D,) = @. Since D, is separating
in Cy, D, separates two arcs Cp, N K (Figure 4 (a) or (b)) or not (Figure 4 (c) or (d)).
In each case, we have the conclusion (2) of Theorem 5.2.

Figure 4: Possible positions of D, U 52 in Cyy

Case 2 The disk D; satisfies the condition (i1).

If D, also satisfies the condition (ii), then we see that K admits a (0, 3)—bridge position.
If D, satisfies the condition (iii) or (iv), then there is a non-separating compressing
disk of C; disjoint from D, and hence we are done in Case 1.

Case 3 The disk D; satisfies the condition (iii).

If D, also satisfies the condition (iii), then we see that K is not connected, a contra-
diction. Hence D, satisfies the condition (iv) and therefore we have the conclusion
(2) of Theorem 5.2 by extraction operation (see the proof of Theorem 4.2).

Case 4 The disk D; satisfies the condition (iv).

Then it suffices to consider the case that D, also satisfies the condition (iv). We obtain
M; =C;1 UCjr, S; =Cij1 NCjp foreach i = 1,2 and F = 0_Cy» = d_C»; by the
weak reduction with respect to (Dq, D;) (see Figure 5). We notice that F is a torus
intersecting K in two points. If both M and M, are d—irreducible, then we have
the conclusion (4) of Theorem 5.2. Hence we may assume that M, is d—reducible
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Figure 5: The weak reduction with respect to (D, D3)

without loss of generality. Then there is a d—reducing disk D, with |Dy N S,| =1
by Lemma 2.10, and there is a compressing disk D,; of Cy; with Dy N 132 =J by
Corollary 2.11. It follows from Lemma 2.4 that D5 is isotopic to 131 in Cp1, where 131
isa compressmg disk of C»; which is obtained by extending D; naturally. Hence we
see that D1 N D, =&. The disk D, canbe regarded as a compressing disk of C, Wthh
is disjoint from D, and is not parallel to D,. We notice that 0Dy N (D, U Dy) =

If D, is non- separating in C,, then we have the conclusion (1) of Theorem 5.2. Hence
we assume that D2 is separating in C,. If D2 separates two arcs C,5 N K, then this
implies that K is not connected, a contradiction. Hence D, U D2 is as illustrated in
Figure 4 (c) or (d), and therefore we also have the conclusion (1) of Theorem 5.2.

This completes the proof of Theorem 5.2. O

6 (2,2)-bridge splittings

Theorem 6.1 Let K be a knot in S* and (Cy,C»;S) a (2,2)-bridge splitting of
(S3, K). Suppose that S is strongly irreducible and that K admits a decomposing
sphere. Then one of the following holds.

(1) S is meridionally stabilized.

(2) There is a c—-weak reduction yielding a 2—sphere which intersects K in four or
six points and is incompressible in (S3, K).

(3) There is a c—weak reduction yielding a torus which intersects K in two or four
points and is incompressible in (S*, K).

Proof Since S is strongly irreducible and K admits a decomposing sphere, we have
the conclusion of Corollary 3.5. Without loss of generality, we assume that there
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are a non-separating cut disk £; of C; and a compressing disk £, of C, such that
0E1 NJE, = &. Then we have:

(i) E, is a non-separating compressing disk of C,,

(i) E, cuts off a solid torus with two mutually trivial arcs from C,,
(iii) E, cuts off a solid torus with a trivial arc from C,,
(iv) E, cuts off a 3-ball with two mutually trivial arcs from C,, or

(v) E, cuts off a 3-ball with a single trivial arc from C,.

We do the c—weak reduction with respect to (Eq, E;) to obtain M; = C;; U C;y,
S,‘ IC“ ﬂC,-z foreach i = 1,2 and F = 3_612 = 8_021.

Case 1 We have the condition (1), (ii) or (iii).

Then there is a non-separating compressing disk of C, such that its boundary is disjoint
from dE; . Hence it suffices to consider the condition (i) and therefore F is a 2—sphere
intersecting K in six points. As in the proof of Theorem 5.1, we see that M is
d—irreducible. If M, is also d—irreducible, then F is incompressible in (S3, K) and
hence we have the conclusion (2) of Theorem 6.1. Therefore we suppose that M is
d-reducible. Then Lemma 2.10 and Corollary 2.11 imply that there is a d—reducing disk
D, of M, with D, N E; = @. The disk D, can be regarded as a compressing disk of
C, which is disjoint from E, and is not parallel to E,. Hence D, is non-separating
in C, (Figure 6 (a), (b) or (¢)), D, cuts C, into two solid tori (Figure 6 (d) or (e)), or
D, cuts off a 3-ball from C, (Figure 6 (f) or (g)).

\_/ 9, . .
C N N
(@) (b) (c)
@, @, W, N\ \_/ .
Q (/
(d) (e) () €9)

Figure 6: Possible positions of l_)z UE, inC,

If D, U E, is as illustrated in_Figure 6 (a), then C; U C, contains a non-separating
2—sphere, a contradiction. If D, U E is as illustrated in Figure 6 (b), (d) or (f), then
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we can take FE, so that E, satisfies the condition (iv). We will consider this condition
in Case 2. If D, U E5 is as illustrated in Figure 6 (c), (e) or (g), then we can take E,
so that E, satisfies the condition (v). We will consider this condition in Case 3.

Case 2 We have the condition (iv).

Q
— U =(S3.K)
(7

U
S

Ca2

Figure 7: The c—weak reduction with respect to (£, E>)

Then F is a torus intersecting K in two points (see Figure 7). If M is d-reducible,
then it follows from Corollary 2.11 that Sy is weakly reducible and hence S is weakly
reducible, a contradiction. Hence we see that M is d—irreducible. If M, is also
d—irreducible, then F is incompressible in (S3, K) and hence we have the conclusion
(3) of Theorem 6.1. Therefore we suppose that M, is d-reducible. Then Lemma 2.10
and Corollary 2.11 imply that there is a —reducing disk D> of M, with [D,NS,| =1
and 52 N E; = . The disk 132 can be regarded as a compressing disk of C, which is
disjoint from E, and is not parallel to E,. Whether D, is separating or non-separating
in C,, we have the conclusion (1) of Theorem 6.1.

Case 3 We have the condition (v).

Then F is a torus intersecting K in four points (see Figure 8). As in Case 1, we see
that M is d—irreducible. If M, is also d—irreducible, then F is incompressible in
(S3, K) and hence we have the conclusion (3) of Theorem 6.1. Therefore we suppose
that M, is d—-reducible. Then Lemma 2.10 and Corollary 2.11 imply that there is a
d—reducing disk D, of M, with [D, N S,| =1 and D, N E; = @. The disk D5 can
be regarded as a compressing disk of C, which is disjoint from £, and is not parallel
to E,. Hence there is a non-separating compressing disk D, of C, with D,NE, =@
and 0E1 NA(D, U E,) = @, or we can retake E, so that E, satisfies the condition
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Figure 8: The c—weak reduction with respect to (E1, E>)

\_/
= u (= () =%k
/
\ Sl F 52
Ci1 Cia Ca1 Ca2

Figure 9: The c—weak reduction with respect to (E1, E>)

(iv). We are done in Case 1 if the latter occurs. Therefore we suppose that the former
occurs.

By the c—weak reduction with respect to (E1, D, U E5), we reset M; = C;; UC;»,
S; =Cij1NCjy foreachi = 1,2 and F = 0_C12 = 0_Cy1. We notice that F is a 2—
sphere intersecting K in four points (see Figure 9). Since S is strongly irreducible, we
see that M is d—irreducible. If M, is also d—irreducible, then F is incompressible
in (S3, K) and hence we have the conclusion (2) of Theorem 6.1. Therefore we
suppose that M, is d-reducible. Then Lemma 2.10 and Corollary 2.11 imply that
there is a d-reducing disk l_); of M, with |l_); NS,/ =1 and l_)’z NE; =o. The
disk 5/2 can be regarded as a compressing disk of C, which is disjoint from D, U E,
and is parallel neither to D, nor to E,. We notice that dE; N d(D, U l_); UE,) =a.
Hence we have the conclusion (1) of Theorem 6.1.

This completes the proof of Theorem 6.1. |
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Theorem 6.2 Let K be a knot in S* and (Cy,C»;S) a (2,2)-bridge splitting of
(S3, K). Suppose that S is weakly reducible. Then one of the following holds.

(1) K = K #K, such that K| admits a (0, 2)-bridge position and K, admits a
(2, 1)-bridge position.

(2) K = K #K, such that K admits a (1, 1)-bridge position and K, admits a
(1, 2)—bridge position.

(3) There is a weak reduction yielding a 2—sphere which intersects K in four points
and is incompressible in (S3, K).

(4) There is a weak reduction yielding a torus which intersects K in two points and
is incompressible in (S3, K).

(5) There is a weak reduction yielding a torus disjoint from K which is incompress-
ible in (S3, K) and cuts (S3, K) into the exterior of a tunnel number one knot
and a solid torus V' with K. Moreover, K can be put in a (1, 2)-bridge position
with respect to a genus one Heegaard surface of V.

Proof Let D and D, be compressing disks of C; and C, respectively such that
0D1NdD, = @. Foreach i = 1,2, we have:
(i) D; is a non-separating compressing disk of C;,
(i) D; cuts off a solid torus with two mutually trivial arcs from C;,
(iii) D; cuts off a solid torus with a trivial arc from C;,
(iv) D; cuts off a 3—ball with two mutually trivial arcs from C;, or

(v) D; cuts off a 3-ball with a single trivial arc from C;.

We do the weak reduction with respect to (Dy, D,) to obtain M; =C;1 UCjn, Si =
C,’l ﬂciz foreachi =1,2 and F = 3_012 = 3_621 .

Case 1 The disk D; satisfies the condition (i), (i1) or (iii).

Suppose first that D, satisfies the condition (i), (ii) or (iii). Then it suffices to consider
the case that both D; and D, satisfy the condition (i). Hence F is a 2—sphere
intersecting K in four points. If both M; and M, are d—irreducible, then we have
the conclusion (3) of Theorem 6.2. Hence we may assume that M, is d-reducible
without loss of generality. Then Lemma 2.10 and Corollary 2.11 imply that there is a
d—reducing disk D, of M, with |[D,NS,| =1 and D, N D; = @. The disk D5 can
be regarded as a compressing disk of C, which is disjoint from D, and is not parallel
to D,. We notice that 3D N d(D, U D,) = &. Since C; U C, does not contain a
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— U = = (S K)

U
S

Ca2
Figure 10: The weak reduction with respect to (D;, D3)

non-separating 2—sphere, we see that D, U D, is as illustrated in Figure 6 except (a).
In each case, we have the conclusion (2) of Theorem 6.2.

Suppose next that D, satisfies the condition (iv). Then F is a torus disjoint from K
(see Figure 10). If both M and M, are d-irreducible, then we have the conclusion
(5) of Theorem 6.2. Hence we assume that M or M, is d-reducible. If M is
d—reducible, then Lemma 2.10 implies that there is a d—reducing disk D; of M; with
|D;NS;| = 1. The disk D; can be regarded as a compressing disk of C; which is
disjoint from D; and is not parallel to D;. Hence we see that D; U 131 is as illustrated
in Figure 6. It follows from Corollary 2.11 that there is a compressing disk D) of
Cy, with Dy N D, = @. We may assume that D), cuts off a 3—ball with a trivial
arc from C;,. Hence the disk D/2 can be regarded as a compressing disk of C, with
d(D;UD)N 0D’, = &. Therefore we have the conclusion (1) of Theorem 6.2. If M,
is d-reducible, then M is a solid torus. This implies that K admits a (1, 2)-bridge
position and therefore we have the conclusion (2) of Theorem 6.2.

Suppose finally that D, satisfies the condition (v) (see Figure 11). If both M; and
M, are d—irreducible, then we have the conclusion (4) of Theorem 6.2. If M/ is
d-reducible, then we have the conclusion (1) of Theorem 6.2 by an argument similar
to the above. If M, is d-reducible, then we have the conclusion (2) of Theorem 6.2,
or we can retake D, so that 0D; N dD, = & and D, satisfies the condition (iv) and
hence we are done.

Case 2 The disk D; satisfies the condition (iv) or (v).
Suppose that D, satisfies the condition (iv). Then we have the conclusion (1) of

Theorem 6.2, whether D, satisfies the condition (iv) or (v). It is impossible to have
the condition (v), because K is connected.
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Figure 11: The weak reduction with respect to (D1, D;)

This completes the proof of Theorem 6.2. O

7 The connected sum of n—string prime knots

Proposition 7.1 Foreachi = 1,2, let K; be a non-trivial knot in S 3 and set K =
K #K, . Suppose that (S3, K) admits a closed incompressible surface F = (F, FNK)
with FN K # @ and x(F NExt(K; S3)) <0, where x(-) is the Euler characteristic.
Then fori =1 or 2, (S3, K;) admits a closed surface F' = (F', F' N K;), which is
obtained from a subsurface of F by filling its boundary with disjoint disks, such that
F' is incompressible in (S3, K;), F' N K; # @ and x(F' NExt(K;;S3)) <0.

Proof Let X be a decomposing sphere of K with K = K{#5 K,. Then X divides
(S3,K) into By = (By,K}) and B, = (B, K}), where B; is a 3-ball and K| =
KN B; (i =1,2). We notice that (By, K}) forms (S*, K) after gluing a 3-ball
B with a trivial arc y. We set B = (B,y). If FN X = &, then we are done.
Hence we assume that F N X # . It follows from Lemma 3.1 that F and ¥ are
isotoped so that each component of F' N X is non-trivial both in F and in X. Since
x(F NExt(K; S3)) < 0, there is a component Fy of F cut along F N X such that
x(Fo NExt(K;S3)) < 0. Without loss of generality, we may assume that Foy C B .
Recall that (S3, K1) = B; UB. Let F’ be a closed surface obtained from Fj by filling
its boundary with disjoint disks in B such that each disk intersects the trivial arc y in
a single point. Then F’ is a closed surface in S3 = By U B. Set F/' = (F', F'N K;).
Suppose that F’ is compressible in (S3, K;), and let § be its compressing disk. We
may assume that 08 is contained in Fy C F’ and moreover § C B;. By an innermost
disk argument, if necessary, we see that F is compressible in (S3, K), a contradiction.
Hence F' is incompressible in (S*, K). a
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Aknotin S3 is said to be n—string prime (n > 0) if there is no incompressible 2—sphere
intersecting the knot in 2n points.

Corollary 7.2 Let K be the connected sum of non-trivial knots of n—string prime for
all n. Then (S*, K) admits no incompressible 2—spheres intersecting K in more than
two points.

Proposition 7.3 Let K be the connected sum of non-trivial knots of n—string prime
for all n. Suppose that (S3, K) admits an incompressible torus T = (T, T N K) which
is not isotopic to dn(K; S3). Then there is a decomposing sphere of K disjoint from
T.

Proof Let X be a decomposing sphere of K. If X NT = &, then we are done. Hence
we assume that ¥ N7 # &. Then it follows from Lemma 3.1 that ¥ and T are
isotoped so that each component of ¥ N T is non-trivial both in ¥ and in 7. We take
¥ so that |¥ N T'| is minimal among such all decomposing spheres of K.

We first suppose that TN K = &. Then T cuts off a pair of a solid torus V and
the knot K from (S3, K). Let A be a disk component of ¥ cut along XN 7. We
notice that A intersects K in a single point and hence A is a cut disk of (V, K). Let
Y be a 2-sphere obtained by cutting 7 along dA and attaching copies of A to the
resulting boundaries. Since K is not a core loop of V', we see that X’ bounds a 3-ball
B in V which contains a non-trivial arc. Since T is incompressible in (S3, K), we
see that Ext(V; S3) is not a solid torus and therefore Ext(B; S?) is a 3—ball which
contains a non-trivial arc. Hence ¥’ is a decomposing sphere of K disjoint from 7.
This contradicts the minimality of | N T'|.

We now suppose that 7N K # &. If a component of XN T is essential in 7, then there
is a component Ty of T cut along ¥ N T such that Ty N E(K; S?) is a planar surface
with x(To NExt(K;S3)) < 0. This together with Proposition 7.1 implies that for a
factor knot K’ of K, (S3, K’) admits an incompressible 2—sphere P = (P, P N K’)
with PNK'# @ and x(PNExt(K’; %)) <0. This contradicts that K is the connected
sum of non-trivial knots of n—string prime for all . Hence each component of X N T
bounds a disk in 7 which intersects K in a single point. Let « be a component of
¥ N T which is innermost in 7" and §,, its innermost disk. Since each component of
X NT isnon-trivial in X, & bounds a disk §,, in X intersecting K in a single point.
If X' = 8¢ U§,, bounds a 3—ball with a trivial arc, then we can isotope X and 7 so
that |X N 7| is reduced, a contradiction. Therefore X’ is a decomposing sphere of K.
A slight isotopy implies that |X' N 7T'| < |X N T'|. This also contradicts the minimality
of | ¥NT]J. i
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Let K be the connected sum of non-trivial knots of n—string prime for all n, and let
(C1,C2:;S) be a (1,3)— or (2,2)-bridge splitting of (53, K). Then it follows from
Corollary 7.2 that (S3, K) admits no incompressible 2—spheres intersecting K in
more than two points. Toward Theorem 1.4, we need to study up on all the cases such
that an incompressible torus is obtained by a weak or c—weak reduction in Sections 5
and 6. Namely, (Cq,C,;S) is one of the following:

(D a (1, 3)-bridge splitting as illustrated in Figure 5,

(II) a (2,2)-bridge splitting as illustrated in Figure 7,
) a (2, 2)-bridge splitting as illustrated in Figure 8,
(IV) a (2,2)-bridge splitting as illustrated in Figure 10, and
(V) a (2,2)-bridge splitting as illustrated in Figure 11.

Theorem 7.4 Let K be the connected sum of non-trivial knots of n—string prime
for all n and (Cy,C»;S) a (1, 3)—bridge splitting of (S, K). Suppose that there are
compressing disks Di and D, of C; and C, respectively such that 0D; N 0D, = &
and that each D; cuts off a 3—ball with a single trivial arc from C;. Then a torus
obtained by the weak reduction with respect to (D, D,) is compressible in (S3, K).

Proof Asin Figure 5, we obtain M; =C;; UC;, S; =C;1 NC;p foreach i = 1,2 and
F = 0-Cq = 0-Cy; by the weak reduction with respect to (D, D,). We notice that
F = (F, FN K) is a torus. Suppose, towards a contradiction, that 7 = (F, F N K) is
incompressible in (S3, K).

Claim The surface S; = (S;, S; N K) is strongly irreducible for each i =1, 2.

Proof Suppose that S;, say i = 1, is weakly reducible. We notice that a compressing
disk of Cy, is isotopic to 52, where 52 is a compressing disk of C;, which is
obtained by extending D, naturally. Hence there is a compressing disk Dj; of Cj;
with D11 N 8132 = . We notice that S; is irreducible because K is connected. This
implies that there is a vertical annulus A1, in Ciy with A1, NK =9, A1, N 132 =g
and 041, D dDy1. Hence D1 U Ay, is a d-reducing disk of M and therefore F is
compressible, contrary to the hypothesis. a

It follows from Proposition 7.3 that there is a decomposing sphere of K disjoint
from F. Without loss of generality, we may assume that a decomposing sphere is
contained in M. Then the cH-splitting (C11,C;2;S1) satisfies one of the conclusions
of Corollary 3.4. Moreover, we see that the conclusion (1) of Corollary 3.4 does not
hold by an argument similar to that in the proof of Corollary 3.5. Hence we have only
the conclusion (2) of Corollary 3.4.
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Case 1 There are a cut disk E;; of C;; and a compressing disk E1, of Cq, such
that 0E;1 NJE |, = 2.

Eqq U

St Fi
Cin Cii2 C

Figure 12: The c—weak reduction with respect to (E11, 52)

121 6122

Then we see that £ is non-separating C;; by an argument similar to that in the proof
of Corollary 3.5. We notice that E, is isotopic to ﬁz by Lemma 2.4. We now do
the c—weak reduction with respect to (Eq1, 52). As usual, we set My; =Cq;1 UCq;2,
Sli = Clil ﬂCl,-z for each i = 1,2 and .7:1 = 8_6112 = 8_6121 (see Figure 12) We
notice that F; is a 2—sphere intersecting K in four points. Since we assume that K
is the connected sum of non-trivial knots of n—string prime for all 7, it follows from
Corollary 7.2 that F; is compressible in (S3, K). Let D be a compressing disk of F.
Since F is incompressible in (S3, K), we may assume that D is disjoint from F. This
implies that F; is compressible in M and hence either M; or M, is d-reducible.
If M is d-reducible, then we see that Sy is weakly reducible by Corollary 2.11.
This contradicts the claim above. We also see that M, is d—irreducible because
C12j is ambient isotopic to a regular neighborhood of d_Cj,; U (Cj,; U K) for each
Jj =1,2. Therefore Case 1 does not hold.

Case 2 There are a compressing disk E1; of C{; and a cut disk E1;, of Cy, such
that 0E;; NJE |, = @.

Since Cy, is homeomorphic to d_Cj, x [0, 1], we see that E, cuts off a 3-ball B
from Cj,. Since 0E, is essential in S, we see that E, intersects a vertical arc of
Ci2 N K and hence B intersects K in two mutually trivial arcs one of which is the
trivial arc in Cy,. Namely, E1, cuts Cq; into a 3—manifold d_Cy, x [0, 1] with two
vertical arcs and the 3-ball B with two trivial arcs. If E;; is non-separating in Cj1,
then dEq; is disjoint from B. This implies that S; is weakly reducible, a contradiction.
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Hence Eq; cuts off a 3—ball with one or two trivial arcs from C;;. However, this also
implies that Sy is weakly reducible, a contradiction.

This completes the proof of Theorem 7.4. a

Theorem 7.5 Let K be the connected sum of non-trivial knots of n—string prime for
all n and (Cy,C,; S) astrongly irreducible (2, 2)—bridge splitting of (S*, K). Suppose
that there are a non-separating cut disk E; of Cy and a compressing disk E, of C,
such that 0E; N 0E, = & and that E, cuts off a 3—ball with two mutually trivial arcs
from C,. Then a torus obtained by the c—weak reduction with respect to (E1, E,) is
compressible in (S3, K).

Proof Suppose, towards a contradiction, that a torus obtained by the c—weak reduction
with respect to (Eq, E») is incompressible in (S3, K). As in the proof of Theorem 6.1,
we obtain M; = Cj; UCja, §; = Cij1 NCyp foreach i = 1,2 and F = 0_Cy, =
0-Cy1 by the c—weak reduction with respect to (E1, E;) (see Figure 7). Recall that
F = (F,FN K) is a torus of which we suppose incompressibility. It follows from
Proposition 7.3 that there is a decomposing sphere of K disjoint from F'. Suppose that
a decomposing sphere is contained in M, . We notice that S, is strongly irreducible
because C,; is ambient isotopic to a regular neighborhood of d_Cy; U (Cy1 N K).
Hence the cH-splitting (C»1, C22;S») satisfies one of the conclusions of Corollary 3.4.
Moreover, we see that the conclusion (1) of Corollary 3.4 does not hold because C;;
admits no separating cut disks. Hence we have only the conclusion (2) of Corollary 3.4.
This implies that there are a cut disk E,; of C,; and a compressing disk E£,, of Cy5
such that 0E»; N0E5; = &. Then we can extend E55 into C; so that the extended
disk is a compressing disk of F, a contradiction. Therefore a decomposing sphere is
contained in M.

Claim There are a non-separating cut disk £;; of C;; and a compressing disk E,
of Ci5 with 0E11 NJE 1, = .

Proof If S; is weakly reducible, then S is also weakly reducible. Hence Sy is strongly
irreducible. Hence the cH-splitting (Cq1,Cy2;S1) satisfies one of the conclusions of
Corollary 3.4. Moreover, we have only the conclusion (2) of Corollary 3.4. If there are
a compressing disk £1; of Cq1; and a cut disk £, of Cy; such that 0E1; NJE |, = I,
then either S; is weakly reducible, or F is compressible. Hence there are a cut disk
E11 of C1; and a compressing disk E1, of Cq, such that 0E;1 NJdE{, = &. By
an argument similar to that in the proof of Corollary 3.5, we see that E;; must be
non-separating in Cq; because S; is strongly irreducible. a
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Figure 13: The c—weak reduction with respect to (E;;, E12)
Case 1 The disk E, cuts off a 3-ball with a trivial arc from C;,.

We now do the c—weak reduction with respect to (E£11, E12). As usual, we set M;; =
C],‘l Ucliz, 51,' = Clil ﬂcliz for each i = 1,2 and fl = 8_6112 = 8_C121 (see
Figure 13). We notice that F; is a 2—sphere intersecting K in six points. Since we
assume that K is the connected sum of non-trivial knots of n—string prime for all
n, it follows from Proposition 7.1 that F; is compressible in (S3, K). Let D be a
compressing disk of ;. Since F is incompressible in (S3, K), we may assume that
D is disjoint from F. This implies that F; is compressible in M and hence either
My or My, is d-reducible. If M is d-reducible, then S;; is weakly reducible
and hence S; is weakly reducible, a contradiction. Hence M, is d-reducible and
therefore there is a compressing disk Dj,, of Cy,, such that its boundary is disjoint
from dF ;. We can regard dD1,, as a compressing disk of C;, which is disjoint from
E1, and is not parallel to E;,. We notice that dE1; N d(D12, U Eq,) = @. This
implies that there is a compressing disk of C;,, which is obtained by joining D12»
to E1, with a band, such that its boundary is disjoint from dE; and that it cuts off
a 3-ball with two mutually trivial arcs from C;,. We consider such a case in the
following.

Case 2 The disk £, cuts off a 3—ball with two mutually trivial arcs from Cy5.

We now do the c—weak reduction with respect to (E11, E12). As usual, we set M;; =
Clil UCUZ, Sli = Clil ﬂcll’z for each i = 1,2 and .Fl = 8_6112 = 3_0121. We
notice that F; is a 2—sphere intersecting K in four points. If M is d-reducible, then
we see that Sp is weakly reducible, a contradiction. Since Cy,; is ambient isotopic to
a regular neighborhood of d_C1;; U (Cy2; U K) for each i = 1,2, we see that M, is
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also d—irreducible. This implies that F; is incompressible in (S3, K), contradicting
that K is the connected sum of non-trivial knots of n—string prime for all ».

This completes the proof of Theorem 7.5. O

Theorem 7.6 Let K be the connected sum of non-trivial knots of n—string prime for
all n and (Cy,C,; S) astrongly irreducible (2, 2)—bridge splitting of (S*, K). Suppose
that there are a non-separating cut disk E{ and a compressing disk E, of C and C;
respectively such that 0E|; N 0E, = & and that E, cuts off a 3—ball with a trivial arc
from C,. Then a torus obtained by the c—weak reduction with respect to (E1, E,) is
compressible in (S3, K).

Proof Suppose, towards a contradiction, that a torus obtained by the c—weak reduction
with respect to (Ey, E») is incompressible in (S3, K). As in the proof of Theorem 6.1,
we obtain M; = C;; UCjz, S; =Ci1 NCip foreach i = 1,2 and F = 0_Cyp =
d—Cy1 by the c—weak reduction with respect to (£, E,) (see Figure 8). Recall that
F = (F, FN K) is a torus of which we suppose incompressibility. It follows from
Proposition 7.3 that there is a decomposing sphere of K disjoint from F. By an
argument similar to that in the first half of the proof of Theorem 7.5, we see that a
decomposing sphere is contained in M. The argument to obtain the desired result is
almost the same as that in the proof of Theorem 7.4. a

Theorem 7.7 Let K be the connected sum of non-trivial knots of n—string prime
for all n and (Cy,C,;S) a (2,2)—bridge splitting of (S3, K). Suppose that there are
compressing disks Dy and D, of Cy and C, respectively such that 0D; N dD, = &,
Dy is non-separating, and that D, cuts off a 3—ball with two mutually trivial arcs from
C, . Suppose also that a torus obtained by the weak reduction with respect to (D1, D)
is incompressible in (S3, K). Then one of the following holds.

(1) K contains a non-trivial 2—bridge knot as a connected summand.
(2) K = K #K, such that each K; admits a (1, 1)-bridge position.

(3) K = K #K, such that K admits a (0, 3)—bridge position and K, admits a
(2, 0)-bridge position.

Proof As in the proof of Theorem 6.2, we obtain M; = C;j1 UC;jp, Si = Ci1 NCin
for each i = 1,2 and F = 0_Cy, = 0-C;; by the weak reduction with respect to
(D1, Dy) (see Figure 10). Recall that 7 = (F, F N K) is a torus of which we suppose
incompressibility. It follows from Proposition 7.3 that there is a decomposing sphere
of K disjoint from F. Hence M contains a decomposing sphere of K. Suppose
that Sy is weakly reducible. Then there are compressing disks Dy and Dy, of Cj;
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and Cp, respectively such that dD1; NdD;, = &. We may assume that D;; is non-
separating in Cq; and that Dy, cuts off a 3—-ball with a trivial arc from C;,. Then
K contains a non-trivial 2-bridge knot as a connected summand, or (Cq,C5;S) is
simplified so that (S3, K) admits a (2, 1)-bridge decomposition. If the latter occurs,
then it follows from Morimoto [13, Theorem 1.6] that we have the conclusion (1) or
(2) of Theorem 7.7. Therefore we assume that Sy is strongly irreducible. This implies
that there are a non-separating cut disk £y of C1; and a compressing disk £, of
Cyp with dE1; NJdE {1, = & (see Corollary 3.5).

The following argument is quite similar to that in the proof of Theorem 7.5. We now do
the c—weak reduction with respect to (E11, E12). As usual we set My; =Cy;1 UCy2,
S1;i = C151 NCqjp foreach i = 1,2 and F; = 0_Cy12 = 0-Cq21. We suppose that
E{; cuts off a 3—ball with a trivial arc from Cy,. Then Fj is a 2—sphere intersecting
K in four points. Since we assume that K is the connected sum of non-trivial knots
of n—string prime for all n, we see that F; is compressible in M and hence either
M1 or My, is d—-reducible. If M is d-reducible, then S; is weakly reducible,
a contradiction. Hence M, is d-reducible. Since Ci,; is isotopic to a regular
neighborhood of d_Cy;31 U (Cy21 N K), there is a d-reducing disk Dy, of My, with
|Di,NSi2| =1and D, N Eq; = @. We can regard D, as a compressing disk of
C1, which is disjoint from E;, and is not parallel to E{,. This implies that we can
obtain a d—compressing disk of Cq; such that its boundary is disjoint from dE; and
that it cuts off a 3—ball with two mutually trivial arcs from Cy,. Thus we suppose that
E{; cuts off a 3-ball with two mutually trivial arcs from C;,. Then F; is a 2—sphere
intersecting K in two points and hence we have the conclusion (3) of Theorem 7.7 by
extraction operation. |

Theorem 7.8 Let K be the connected sum of non-trivial knots of n—string prime
for all n and (Cy,C,;S) a (2,2)-bridge splitting of (S3, K). Suppose that there are
compressing disks Dy and D, of Cy and C, respectively such that 0D NdD, =&, D
is non-separating, and that D, cuts off a 3—ball with a trivial arc from C, . Suppose also
that a torus obtained by the weak reduction with respect to (D1, D,) is incompressible
in (S3, K). Then one of the following holds.

(1) S is meridionally stabilized.
(2) K contains a non-trivial 2—bridge knot as a connected summand.

(3) K = K #K, such that K| admits a (1, 1)-bridge position and K, admits a
(1, 2)—bridge position.

Proof As in Figure 11, we obtain M; =C;1 UCjp, S; =Ci1 NCjp foreach i =1,2
and F = d_C;, = d_C;; by the weak reduction with respect to (D, D;). Recall
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that F = (F, F N K) is a torus of which we suppose incompressibility. It follows
from Proposition 7.3 that there is a decomposing sphere of K disjoint from F'. If a
decomposing sphere is contained in M, then we have a contradiction by the same
argument as in the proof of Theorem 7.4. Hence we assume that a decomposing sphere
is contained in M. By an argument similar to the proof of the claim in the proof
of Theorem 7.4, we also see that S, is strongly irreducible. Hence the cH—splitting
(C21,Cy2; Sy) satisfies one of the conclusions of Corollary 3.4. Moreover, we see that
the conclusion (1) of Corollary 3.4 does not hold because S is strongly irreducible.
Hence we have only the conclusion (2) of Corollary 3.4.

Case 1 There are a compressing disk E,; of C51 and a cut disk E,; of Cy; such
that 0E,1 NJE,, = @.

If E,, is separating in C,;, then S, is weakly reducible, a contradiction. Hence E;»
is a non-separating cut disk of C,,. This implies that S is meridionally stabilized
or that there is a non-separating compressing disk of C,; such that its boundary is
disjoint from dD, U 0E»,. If the latter occurs, then we have the conclusion (2) or (3)
of Theorem 7.8 by Lemma 7.9 which we prove below.

Case 2 There are a separating cut disk £, of C»; and a compressing disk E5, of
Cy, such that 0E,1 N0E,, = .

Then E,; cuts Cp; into ({a solid torus} x [0, 1], two vertical arcs) and (a solid torus
V, atrivial arc). We may assume that £, is a non-separating compressing disk of
C»>. Since F is incompressible in (S3, K), we see that E,, is contained in 9V .
This implies that we have the conclusion (3) of Theorem 7.8 by extraction operation
(see Figure 14).

Figure 14: Removing n(E;z, Caz) from Cy, and attaching it to Cy

Case 3 There are a non-separating cut disk E,; of Cp; and a compressing disk E»
of C55 such that 0E,; NJE,, = O.
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It follow from Lemma 3.3 that there is a decomposing sphere ¥ of K, = KN M, such
that each component of X N .S, is essential in S,, and the components of X cut along
> N S, consist of two disks A and A’ with |A N K,| =|A’N K| =1 and possibly
annuli disjoint from K,. We take ¥ so that |X N S,| is minimal among all such
decomposing spheres. If A or A’ is contained in C,,, then we have the conclusion (1)
of Corollary 3.4 or the condition of Case 1 by an argument in the proof of Corollary 3.4.
Hence we assume that both A and A’ are contained in Cy;. Moreover, if A or A’ is
separating in Cy;, then we have the condition of Case 2. Therefore we also assume
that each of A and A’ is non-separating in C»;. Then we have either (i) A and A’
are mutually parallel in C»y, or (ii) A and A’ are not mutually parallel in C»; (see
Figure 15).

Figure 15: Possible positions of A U A" in Cy;

We first suppose that A and A’ satisfy the condition (i). If £ N C,; contains no
annulus component, then 3 N C,, consists of an annulus A,,. We notice that 4,5 is
obtained by joining a compressing disk, which cuts C,; into two solid tori, to itself
with a band. Hence A4,, is d—parallel in C,;, because otherwise M, contains a lens
space as a connected summand. This implies that X is isotoped to be contained in
C»1, a contradiction. Therefore 3 N C,; contains an annulus component. We notice
that such an annulus component is obtained by joining a non-separating compressing
disk to itself with a band. Let A, be the annulus component of 3 N C,; such that
As1 UA or Ay U A/, say the former, cuts off a solid torus V' with a trivial arc from
C>1 and that the interior of V is disjoint from X (see Figure 16). Since X N C;,
also contains an annulus component, we can obtain a compressing disk D,, of C,
by an appropriate d—compression for a component of X N Cy,. If V' is not affected
by the d—compression, then this implies that S, is weakly reducible, a contradiction.
Hence after the d—compression, 4,7 is joined to A with a band. Let V' be the solid
torus obtained by cutting C»; along A,; joined to A with a band. We notice that
V' is a submanifold of V. Attaching n(Dj5;C,) to V’, we obtain a 3-ball B with
a single arc. If the arc is trivial in B, then we can isotope X to delete A,; and A
as components of ¥ N Cy1, contradicting the minimality of |3 N S;|. Hence the arc
contained in B is non-trivial and therefore K contains a non-trivial 2-bridge knot as
a connected summand. Thus we have the conclusion (2) of Theorem 7.8.
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Figure 16: A,; U A cuts off a solid torus with a trivial arc from V'

We next suppose that A and A’ satisfy the condition (ii). Then X N C,; contains no
annulus component and hence ¥ N C,, consists of an annulus A/zz' We notice that
AU A’ cuts off a 3-ball with two trivial arcs from C,; and that A’22 is obtained by
joining a separating compressing disk D, of Cy, toitself with a band. If D5, separates
C,, into two solid tori, then we see that S, is weakly reducible, a contradiction. Hence
D, separates C,; into a genus two handlebody and a 3—ball with a trivial arc. This
implies that A4’ cuts off a solid torus with a trivial arc as illustrated at the right side of
Figure 16. Therefore K contains a non-trivial 2—bridge knot as a connected summand
and hence we have the conclusion (2) of Theorem 7.8.

This completes the proof of Theorem 7.8. |

Lemma 7.9 Let K be a knot in S and (C;,C,;S) a (2,2)—bridge splitting of
(S3, K). Suppose that there are compressing disks Dy and D, of C; and C, respec-
tively and a non-separating cut disk E, of C, such that 0D; Nd(Dy U E;) = @, D,
is non-separating, D, cuts off a 3—ball with a trivial arc from C, and E, is disjoint
from D, . Then one of the following holds.

(1) S is meridionally stabilized.

(2) K = K #K, such that K admits a (0, 2)-bridge position and K, admits a
(2, 1)-bridge position.

(3) K = K #K, such that K admits a (1, 1)-bridge position and K, admits a
(1, 2)—bridge position.

(4) There is a c—weak reduction yielding a 2—sphere which intersects K in four
points and is incompressible in (S3, K).

Proof By the c—weak reduction with respect to (D, D, U E;), we obtain M; =
Ci1UCiz, §; =C;1 NCip foreach i = 1,2 and F = 0-Cq5 = 0—Cy;. We notice that
F is a 2—sphere intersecting K in four points (see Figure 17). If both M; and M,
are d—irreducible, then we have the conclusion (4) of Lemma 7.9. Hence we assume
that M or M, is d-reducible.
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Figure 17: The c—weak reduction with respect to (D1, D, U E>)

Suppose that M is d—reducible. Then there is a d—reducing disk D with |D;NS;|=
1 by Lemma 2.10, and there is a compressing disk D, of Ci, with Dy, N 51 =g by
Corollary 2.11. It follows from Lemma 2.4 that D, is isotopic to 52 in Cy,, where 52
is a compressing disk of Cy, which is obtained by extending D, naturally. Hence we
see that 51 N 132 = . The disk l_)l can be regarded as a compressing disk of C; which
is disjoint from D; and is not parallel to D;. We notice that 3(D; U D;) N 3D, = &.
Hence we have the conclusion (1) or (2) of Lemma 7.9 (see Figure 6).

Suppose that M is d—reducible. Then there is a d—reducing disk D, with |D,NS,|=
1 by Lemma 2.10, and there is a compressing disk D, of C; with D,y N D=0 by
Corollary 2.11. Since we may assume that D5 is non-separating in C,1, it follows from
Lemma 2.4 that D5 is isotopic to Dy in Cp;. Hence we see that Dy N D, = &. The
disk D, can be regarded as a compressing disk of C, which is disjoint from D, U E,
and is parallel neither to D, nor to E,. We notice that dD; N (D, U E, U Dy) = &.
Hence we have the conclusion (3) of Lemma 7.9. a

Proof of Theorem 1.4 The proof for (2) of Theorem 1.4 is quite similar to that for
(1). Hence we give a proof only for (1) of Theorem 1.4. Let K; (i =1,2,3) be
knots in S? with K; € }C%. We notice that hg(K#K5,) = 3 and K{#K, gz’ng (see
Observation 1.3). It follows from Observation 1.3, Theorems 4.1 and 4.2 that K1#K>,
cannot admit a (1, 2)-bridge position, that is, K;#K, ¢ IC%. On the other hand, we
see that K{#K, admits a (2, 1)-bridge position by Proposition 2.14. Hence we see
that K 1#K, € Kj.

We now consider meridional destabilizing number of K;#K,#K3;. We notice that
hg(K #K,#K3) =4 and K {#K,#K3 ¢ K (see Observation 1.3). Suppose first that
K #K,#K3 admits a (1, 3)-bridge position. Since each K; is n—string prime for all
n (see Gordon and Reid [3, Corollary 1.2]), we have the conclusion (2) or (4) of
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Theorem 5.2 by Section 5. If the conclusion (2) of Theorem 5.2 holds, then K;#K, say
(i, j) = (1,2), must admit a (0, 3)-bridge position because K3 € IC;. This, however,
implies that K; admits a (0, 2)-bridge position (see Observation 1.3), contradicting
K, e IC;. It follows from Theorem 7.4 that the conclusion (4) of Theorem 5.2 is
impossible, because each K; is n—string prime for all 7. Thus we see that K #K,#K3
does not admit a (1, 3)-bridge position, that is, K;#K,#K3 ¢ lCi. Suppose next
that K #K,#K3 admits a (2, 2)-bridge position. Then by Section 6, we have the
conclusion (3) of Theorem 6.1, the conclusion (2), (4) or (5) of Theorem 6.2. If the
conclusion (2) of Theorem 6.2 holds, then K;#K;, say (i, j) = (1,2), must admit a
(1, 2)-bridge position, contradicting K, K, € IC% by Section 4. The conclusion (3) of
Theorem 6.1 is impossible by Theorem 7.5. If the conclusion (4) or (5) of Theorem 6.2
holds, then we see that K{#K,#K5 contains a non-trivial 2—-bridge knot as a connected
summand by Theorems 7.6-7.8, a contradiction. Hence we see that K #K,#K3 does
not admit a (2, 2)-bridge position, that is, K {#K,#K3 & ICZ. On the other hand, we
see that K;#K,#K3 admits a (3, 1)-bridge position by Proposition 2.14. Therefore
we see that K1#K,#K5 € ICi. |
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