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E,—cohomology with coefficients as functor cohomology

STEPHANIE ZIEGENHAGEN

Building on work of Livernet and Richter, we prove that E,—homology and E,—
cohomology of a commutative algebra with coefficients in a symmetric bimodule can
be interpreted as functor homology and cohomology. Furthermore, we show that the
associated Yoneda algebra is trivial.

13D03, 18G15, 55P48

1 Introduction

The little n—cubes operad was introduced to study n—fold loop spaces (see Boardman
and Vogt [2] and May [13]). An E,—operad is a X «—cofibrant operad weakly equivalent
to the operad formed by the singular chains on the little n—cubes operad, and algebras
over such an operad are called Ej,—algebras. Those are As,—algebras which are in
addition commutative up to higher homotopies of a certain level depending on 7. For
a X,—cofibrant operad one can define a suitable notion of homology and cohomology
of algebras over this operad as a derived functor. For E—algebras this operadic notion
of homology coincides with Hochschild homology. For E,—algebras one retrieves
I'~homology as defined by Robinson; see Robinson and Whitehouse [17]. In general,
for a commutative algebra viewed as an Ej,—algebra, E,—homology can be seen to
coincide with higher order Hochschild homology as defined in Pirashvili [14]; see
Ginot, Tradler and Zeinalian [8] and Ziegenhagen [19].

Many notions of homology can be expressed as functor homology. The case of
Hochschild homology and cyclic homology has been studied by Richter and Pirashvili
in [16]. The same authors give a functor homology interpretation of I'-homology
in [15]. In [10], Hoffbeck and Vespa show that Leibniz homology of Lie algebras is
functor homology. A more general approach to functor homology for algebras over an
operad and their operadic homology is discussed in [6] by Fresse.

For the case of Ej—homology, functor homology interpretations of E,—homology
have been given by Livernet and Richter in [11] and Fresse in [4]. Both articles are
exclusively concerned with the case of trivial coefficients. As proved in [5], E,—
homology with trivial coefficients coincides up to a suspension with the homology of a
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generalized iterated bar construction. Muriel Livernet and Birgit Richter use this in
[11] to prove that E,—homology of a commutative algebra with trivial coefficients can
be interpreted as functor homology over a category of trees denoted by Epi,,. Fresse
shows in [4] that this result can be extended to arbitrary FE,—algebras.

Recent work by Fresse and the author shows that £,—homology and E;,—cohomology of
a commutative algebra with coefficients in a symmetric bimodule can also be calculated
via the iterated bar construction; see Fresse and Ziegenhagen [7]. We show in this article
that the functor homology interpretation of Livernet and Richter can be extended to the
case with coefficients and also holds for cohomology. More precisely, we introduce a
category Epi,'1Ir of trees extending the category Epi,, and a functor b: Epi,‘," P 5 k-mod,
where k is any commutative unital ring. Then to a commutative nonunital k—algebra 4
and a symmetric A-bimodule M we associate Loday functors £(A4; M): Epi,;" —
k-mod and L(A; M): Epijl”op — k-mod and prove the following theorem:

Theorem 1.1 We have an isomorphism

+
H"(A: M) = Tor,™ (b, L(A: M),
and, if k is self-injective, an isomorphism

* . ~ * c .
H, (A: M) = EXC oo (b, L°(A: M)).

This implies that there is an action on E,—cohomology by the corresponding Yoneda
algebra. We show that this algebra is trivial.

Outline We give an overview of the constructions of [11] in Section 2. In Section 3
we recall how to calculate E,—homology and —cohomology of commutative algebras
with coefficients in a symmetric bimodule via the iterated bar construction. To do this
one introduces a twisting differential. In Section 4 we enlarge the category defined by
Livernet and Richter to incorporate this twisting differential. We define E;,—homology
and —cohomology for functors from this category to k—modules. Finally we show that
there are Loday functors linking these notions to the usual notion of E,—homology
and —cohomology. We prove our main theorem in Section 5. In Section 6 we recall the
definition of the Yoneda pairing and show that the Yoneda algebra is trivial.
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Conventions In the following we assume that 1 <n < 0co. Let k be a commutative
unital ring. We denote by A a commutative nonunital k—algebra and by M a symmetric
A-bimodule. We often view A and M as differential graded k—modules concentrated
in degree zero. Let A+ = A @ k be the unital augmented algebra obtained by adjoining
aunit to 4. We denote by sc € XC the element defined by ¢ € C in the suspension
of a graded k—module C. The k—module k[X] is the free k—module generated by a
set X. For [/ = 0 we denote by [/] the set [/]={0,...,[}.

2 The category Epi, encoding the n—fold bar complex

In [5] Fresse proves that E,—~homology of E,—algebras with trivial coefficients can be
computed via the iterated bar complex. Livernet and Richter use this in [11] to give
an interpretation of E,—homology of commutative algebras with trivial coefficients
as functor homology. They encode the information necessary to define an iterated bar
complex in a category Epi, of trees. We recall the construction of this category.

Definition 2.1 Let C be a differential graded nonunital algebra. The bar complex
B(C) is the differential graded k—module given by

B(C) = (T*(2C), dp),
where T¢(ZC) denotes the reduced tensor coalgebra on ©C equipped with the
differential induced by the differential of C. The twisting cochain dp is defined by
-1

dp(cr]-le) = Y (=1 fer] -+ leiciar |-+ ler].

i=1

Here we use the classical bar notation and denote s¢q ® -+ ® s¢; € (XC )®l by
[c1]|---|¢g]. I C is commutative, the shuffle product

sh: B(C)® B(C) — B(C)

is defined by
sher] -+ el ®[ej1 -+ lejD) = D Hlegmiayl =+ leg=1(j40)]:
oesh(j,l)
with sh(j,/) C X4 thesetof (j,/)—shuffles. For homogeneous elements ¢, ..., ¢j1;

the summand [c,—1(1)| -+ [¢5—1(; 4] is decorated by the graded signature (—1)¢, with
e= [ (al+Ddel+1).

i<l

o(i)>o(l)
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2984 Stephanie Ziegenhagen

The shuffle product makes B(C) a commutative differential graded k—algebra.

We can iterate this construction and form the n—fold bar complex B"(A). The results
in [5] for E,—algebras imply that for any k—projective commutative nonunital k—
algebra A we have

HS" (A:k) = Ho(E7"B"(4)).

Elements in the n—fold bar construction B”(A4) correspond to sums of planar fully
grown trees with leaves labelled by elements in A4 ; see [3]. We fix some terminology
concerning trees.

Definition 2.2 A planar fully grown n—level tree ¢ is a sequence
£ =[] L )

of order-preserving surjections. The element i € [r;] is called the i™ vertex of the ;™
level. The elements in [r;,] are also called leaves. The degree of a tree ¢ is given by the
number of its edges, ie by

d(ty=> (rj +1).

j=1

~

is given by the sequence [2] FEN [1] with /2(0) = f2(1) =0, £,(2) =1.

For example, the 2—level tree

Definition 2.3 For a given vertex i € [rj] the subtree ¢; ; is the (n—j)—level subtree
of ¢ given by

— — . &n — — . &n—1 8j+2 — .
Ga=U0" OIS0l - O === == [ 7 O] -1,

with g; the map making the diagram
— —1 s g - —1
(57 SO =1 ——= [ S Ol =1]

! !

fl—l "'fj_+11(i) L) fl:ll '“fj_-',-ll(i)

commute. Here the vertical maps are the unique order-preserving bijections.

Algebraic & Geometric Topology, Volume 16 (2016)
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Definition 2.4 [11, Definition 3.1] The category Epi, has as objects planar fully
grown trees with 7 levels. A morphism from
ra L Lo

consists of surjections 4;: [r;] — [si], | <i < n, such that the diagram

fa

ri] to [sp]—>-- —>[s]

ral 2 ] 275 Py

lhn lhn—l lhl
fﬁx s fS

n—1

[sn] = [sn—1] —— -+ — [s1]

commutes and such that /; is order-preserving on the fibres ( f;” Yy~1(1) of Ji for all
[ € [ri—1]. For i =1 we require that the map /4 is order-preserving on [r;]. The
composite of two morphisms (gy,...,g1): t9 —>1t" and (hy,...,h1): t" — % is given
by (hngn.....h1g1).

Observe that since A4 is concentrated in degree zero, the degree of a labelled tree viewed
as an element in B"(A4) is given by the number of edges of the tree. Lemma 3.5 in
[11] says that the maps in Epi,, decreasing the number of edges by one are exactly the
summands of the differential of B"(A). This motivates the following definition.

Definition 2.5 [11, Definition 3.7] Let F: Epi, — k-mod be a covariant functor.
Let CE7(F) be the (N U {0})"—graded k—module with

~En —
C(rn""’rl)(F) - @ F(t)’

where the sum is indexed over all trees
= [Vn]i*--&[ﬁ].

Let d;: [rp] = [rn — 1] denote the order—preservmg surjection which maps i and 7 + 1
toi.For1<j<nlet 8 CEn — CEn pe the following map lowering the j degree
by one:

e For j =n define é} restricted to F(¢) as

Y. CD™Fidy, ... idp).
0<i<ry

Sa(@D=fu(i+1)

e Lletl<j<n, 0<i<rjando € sh(fj;ll(i),fj:_ll(i +1)). Let h = hj o
be the unique morphism of trees, exhibited in [11, Lemma 3.5], such that
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2986 Stephanie Ziegenhagen

hj =d;: [rj]—=[rj—1], hy=id for [ < j,and hj 4, restrlctedtof+1({l i+1})
acts like 0. Then 8 is the map whose restriction to F(¢) equals

> > €010 1j.i+1) (=1 F(hig).
0<i<r, oesh(f2L (), 2L G+1)
f,(l) f,(z 1 ShlJj+1 j+1

The signs arise from switching the degree —1 map d; with suspensions, as well as
from the graded signature of the permutation o in the cases j < n. More precisely, we
number the edges in the tree ¢ from bottom to top and from left to right. For example,
the 2-level tree

21 201]  with £5(0) = fo(1) =0 and f5(2) = I

is decorated as indicated in the following picture:

Then for j <n we acquire a sign (—1)%-7, where s;; is the number of the rightmost
top edge of the (n—j)-level subtree ¢; ; of ¢. For j =n set s5,; to be the label of the
edge whose leaf is the i leaf for 0 <i <n.

For j < n the map F(h; ) is not only decorated by (—1)*- but also by a sign
associated to o € sh(f_H(z) fj_H(l 4+ 1)): Let t,...,7; be the (n—j—1)-level
subtrees of ¢ above the j—level vertex i, ie the (n—j—1)-level subtrees forming #; ;.
Similarly let 7,41, ..., %45 denote the (n—j—1)-level subtrees above i + 1. Then
o determines a shuffle of {¢1,...,%} and {744 1,...,l44p}. The sign €(0:4; i, 1 i11)
picks up a factor (—1)@@)+D@@)+1) whepever x < y and o(x) > o(p).

Lemma 2.6 For any functor F: Epi, — k-mod the (N U {0})"—graded module

CEn (F) together with 81, .... 0y forms a multicomplex, which we again denote by
CEn(F).

Definition 2.7 [11, Definition 3.7] The homology
HE"(F) = Ho(Tot(C P (F))
of the total complex associated to CEn (F) is called the E,—homology of F: Epi, —

k—-mod.
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Livernet and Richter show that there is a Loday functor
L(A; k): Epi,, — k—mod
associated to every nonunital commutative algebra A such that
HM (L(4: k) = Hi™" (A:K)

whenever A is k—projective. They then prove that E,—homology of functors is indeed
functor homology:

Theorem 2.8 [11, Theorem 4.1] Let b: Epi,’ — k—mod be the functor given by

g(t) _ {k ift = [O]—> - —[0],
0 otherwise.

Then for F: Epi,, — k-mod we have

HE?(F) = Tots? (b, F).

3 [E,-homology with coefficients via the iterated
bar complex

Recent work by Fresse and the author (see [7]) shows that, at least for a commutative
nonunital k—algebra 4 and a symmetric A-bimodule M , the iterated bar complex
can also be used to calculate E,—homology and —cohomology with coefficients. In
order to incorporate the action of A on M one has to add a twisting cochain

§: Ay ® B"(A) — A4 ® B"(A)

to the complex A4+ ® B"(A).

Definition 3.1 Given an n-level tree t = [ry] NN [r1] and ay,...,a;, € 4,
let ¢(ay, . ..,a,,) denote the element in B"(A) defined by ¢ with leaves labelled by
ag, . ..,dr,. The twisting morphism §: A4 ® B"(A) - A+ ® B"(A) is given by

@@i(o, . an) = Y ()" laay @ (\X)(os .. G- r,)
0<I<rp_
It (DI>1
x=min £, 1(])

+ Y (=D"aya®(t\y)(ao.....dy. .. .ar,)
0<I<r,—;

S O1>1

y=max f;71 (1)
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for a € A . Here for s € [r,] such that s is not the only element in the corresponding
1-fibre of ¢ containing s, ie in the 1-fibre £, !(u) with f,(s) =u, we let ¢\ s be the
tree obtained by deleting the leaf s. To be more precise,

s = T 112 o] 2255 o By
with 1)
g Su(x), X <,
f"(x)_{fn<x+1), x=s.

The sign (—1)%# is as in Definition 2.5.

Remark 3.2 (a) Intuitively the map & deletes leaves and acts with the corresponding
label on the coefficient module A4 . The leaves which are deleted are either on
the left or on the right of a 1-fibre of the tree. For n = 1 compare this to the
complex calculating Hochschild homology HH(A; A4 ): the standard differential maps
AQayR - ®a; € Ay  A®*1 to

aag®a; ® - ®a;+ (-)'Maa®ag®- ®a_;
-1
+Y (D" a®ag®- ®aiait ®-- Qa.
i=0
The first two summands correspond to the twist &, while the other summands correspond
to dp.

(b) In the definition of the map § we only consider 1-fibres of cardinality at least
two. If we wanted to take 1-fibres of cardinality one into account, we would add two
summands for each such fibre: Both summands would replace ¢ by a tree obtained
by deleting the 1-fibre and then deleting further edges to obtain a fully grown tree
again. One summand would multiply @ € A4 from the right by the label a, of the
leaf x corresponding to the deleted fibre, the other summand would multiply by a,
from the left. Note that these summands are not of the appropriate degree, since we
delete more than one edge. However, the two terms just described cancel each other
out anyway, because for commutative A multiplying a € A4+ with ax € A from the
left equals multiplying a with ax from the right.

In Section 4 we will define E,—homology and E,—cohomology of functors defined
on a category which extends the category Epi,. The following theorem will allow us
to argue in Remark 4.8 and Remark 4.10 that E,-homology and E,—cohomology of
functors encompass E,-homology and E,—cohomology of commutative algebras with
coefficients in a symmetric bimodule.
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Theorem 3.3 [7] For a commutative k—projective nonunital k-algebra A and a
symmetric A—bimodule M we have

H" (A: M) = Ho(M ®4, (A4 ® 37" B"(4).6))
and
H}; (A: M) = H*(Homy, (A4 ® S7"B"(4).8). M)).

4 The category Epit encoding the n—fold bar complex with
coefficients

We would like to establish a functor homology interpretation for E,—homology of a
commutative algebra A with coefficients in a symmetric A-bimodule M as well as
for E,—cohomology. To model E,—homology with coefficients as functor homology
we have to enlarge the category Epi,, to incorporate the summands of the twisting
cochain §.

Definition 4.1 The objects of the category Epi: are given by planar fully grown trees
with n levels (see Definition 2.2). A morphism from

=] 2 L] o £ = s L L sy

is represented by a sequence of maps (4, ..., k), where:

e Fori =2,...,n—1, the map h;: [r;] — [s;] is a surjection which is order-
preserving on the fibres (f)~!(/) for all / € [r;—1]. For i =1 we require
hy: [r1] = [s1] to be order-preserving.

e The map

hu: [rn] = [snl+ = [sn] U {+}
has [s,] in its image. We also require that the restriction of /, to i, ! ([s,]) is
order-preserving on the fibres of £ . Furthermore, the intersection of /! ([s,])

with a fibre (f,7)~!(/) must be a (potentially empty) interval for all / € [r,—],
ie of the form {a,a+1,...,a+ b} with b = —1.

e The diagram

B (s L5 [rpet] —— e s [ra] s [1]

J{hn lhn—l Jvh2 J{hl
I i

[$n] “— [sp—1] [s2] [s1]

commutes.
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Finally, we identify certain morphisms by imposing the following equivalence relation
on the set of morphisms from ¢” to #*: we identify morphisms / and A’ if

o N (+)=h,"'(4), and

o forall 1 <i <n, the restrictions of /4; and /] to i1 Sn rad \ hy Y (+))
coincide.
The composition of two morphisms (gy,...,g1): t9 = t" and (hy,...,h): t" —>¢*

is defined by composing componentwise and sending + to +, ie

(hns... hy)o(gn.--..&1) == ((hg)n. hn—1&n—1.--.. h181)
with )
+ if gn(x) =+,
hg)n(x) =
(28)n(x) {hngn (x) otherwise.
A straightforward calculation shows that composition in Epi:,r is well defined and
associative.

Remark 4.2 (a) Itisclear that Epi, is a subcategory of Epi,'," and that both categories
share the same objects. Let 6;: [r,] — [rn — 1]+ be the map

X ifx <i,
Si(x) =13+ if x =1,
x—1 ifx>1i.

Given a tree ¢ = [ry] Ing L2y [r1] such that 7 is the minimal or maximal element of
a fibre f,!(/) containing at least two elements, let f, be given by

2o Sax) if x <1,
h@%{ﬁ@+nimzt

Let t' = [rp,—1] & [rn—1] ﬂ £> [r1] . Then, intuitively, the category Epi "

is built from Epi, by adding morphisms of the form (§;,id,...id): ¢ — ¢'. The
requirement that the elements of a fibre of f;, that are not mapped to + form an
interval reflects the fact that we have only added morphisms of the aforementioned
kind.

(b) We only added morphisms (;,id, ...,id): £ — ¢’ such that i is not the only
element in the corresponding 1-fibre of ¢. Nevertheless, it is possible to map 1-fibres
of cardinality one to + by first applying maps which merge edges in lower levels. For
example, the map

(ha,h): ([1125[1]) — ([0] 25 (0] )
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with /15(0) = +, h2(1) = 0 and /21 (0) = &; (1) = 0 arises as the composite (/2, h7) o
(W, h'}) of the maps
0,10

() (55 1]) = (112225 [0]), By =id, #(0) =h}(1)=0
and
Gy By (02222 00)) — ([0] 5 0], Ry =80, By =id.
(¢) The motivation for defining Epi:,r is to model the complex calculating E,—
homology of A with coefficients in M . Hence imposing the above equivalence
relation on the set of morphisms is necessary: it should not matter what precisely

happens to a subtree of a tree 7 if all its leaves get mapped to +, ie in which order and
on what side of an element we act on with a family of elements of 4.

After defining the category Epi;,'" which also models the summands of the twisting
cochain &, we can proceed to define E,—homology of a functor.

Definition 4.3 Let F: Epi"' — k—mod be a functor. As in Definition 2.5 set
..... n(F) = F().

where the sum is indexed over all trees
t =l = =il

Define maps 0;: C ..... #ivery () = Cf” P rl(F) lowering the j™ degree by
one by B _
dj=0; fori<n and 0n = 05 + Smin + Smax,

with |
Smin = Z (_l)sn,minf;l(l) F(Smln fn—l(l), ld, . o ,id),
0<lI<ry,—1
LSt DI>1
Smax = Z (_l)sn,maxfyrl(l) F(Smax fnfl(l), ld, cens ld)
o<lI<ry,—
LAt DI>1

The integers s,; are as in Definition 2.5.

Example 4.4 Let ¢ be the 2-level tree
0 1234 5
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Then
Smin = (=) F(80,id) + (—1)7 F(84, id),
Smax = (—=1)* F(8,.id) + (—1)° F(6s. id).
We already know from [11, Lemma 3.8] that (CE”,51, .. ,5,,) is a multicomplex.

Hence it suffices to prove the following lemma, which can be done via a tedious but
straightforward calculation; see [19, Lemma 4.14].
Lemma4.5 Let F: Epi;' — k-mod. The maps defined above satisty the identities
(Omin + Omax)0j + 0j (Smin + Omax) =0 forall j <n,
(Omin + (Smax)z + 5n (8min + Omax) + 5n (8min + Omax) = 0.

Hence CEn(F) is a multicomplex.

Definition 4.6 Let F" Epi: — k—mod be a functor. The E,—homology of F is

HE"(F) = Ho(Tot(CEn (F))).

Remark 4.7 Given a functor F: Epi, — k—-mod, we can extend F to a functor
F: Epi} — k—mod by setting F(h) = 0 for every morphism /: t” — t* in Epi,
such that A([r,]) N {+} # @. With these definitions HE"(F) coincides with the
E,,—homology of F as defined in Definition 2.7. In this sense the definition of E,—
homology we just gave extends the definition given in [11, Definition 3.7].

We are specifically interested in calculating E,—homology of commutative algebras,
which is the E,—homology of the following functors.

Remark 4.8 The Loday functor £(A4; M): Epi;:' — k-mod is the following functor:
For a given tree ¢t = [r,] — --- — [r1] set

LA M)(1t) =M @ A®n T,
If (hy,...,hy): t" — t® is a morphism, define

LA; M)Y(hy,....h): M QAP T 5 M @ A®SnT1
by

m®a0®--~®arnl—><m- 1_[ a,')®< l_[ a,')®--~®( l_[ a,-).
i€[rn] i€[rnl i€lry]

hn(D)=+ hn(i)=0 hy(D)=sn

Algebraic & Geometric Topology, Volume 16 (2016)
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Then
Tot(CEn (L(4;: M))) = 7"(M ®4, (A+ ® B"(A).$)).

In particular, by Theorem 3.3 we have
E, . Enggy.
HE(£(4: M) = HE" (4: M)
if A is k—projective. Note that £L(A; k) agrees with the extension of the Loday functor

defined by Livernet and Richter in [11, Definition 3.1] to Epi;f .

We now consider E,—cohomology. The definition of Ej,—cohomology is dual to the
definition of E;—homology.

Definition 4.9 Let G: Epi, P > k-mod be a functor. The E,,—cohomology of G is
defined as

H}, (G) = Hu(Tot(CE, (G))).

with the multicomplex Cg,(G) defined as follows. We set

Cp"(G) = PG,
where the sum is indexed over trees

t=[r] % =
The differentials

3 ann,...,rj,...,rl (G) > Cg,;,...rjﬂ,...,rl (@)

raise the j degree by one. For j = n define 9, restricted to G(¢) as

> (=D™iG(d;.id. ....id)
D= Tl

n(D=/fali+1 R . :
+ Z (_1)Sn,mmfn 0! G(Sminfn_l([)’ ld, e, ld)

0<lI<ry,—
LAt DI>1 _ . .
+ Z (_1)Sn,muxfn I(I)G(Smax fn_l(l)’ ld, e, ld)
o<lI<ry,—;
LS tDI>1

For 1 < j <n the map d; restricted to G(¢) is given by

> > €171 i11) (=19 Glhi o).
0Sl<r h ‘—1 . , fl +1
fio=fG+n°" Vi1 @S (1)
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Here h = h; ; again denotes the unique morphism of trees, exhibited in [11, Lemma 3.5],
such that #; = d;: [rj] — [r; — 1], hy = id for [ < j, and hjy; restricted to
fj:_ll ({i,i 4+ 1}) acts like o.

As was the case for E,—homology, this definition generalizes E,—cohomology of
commutative algebras with coefficients in a symmetric bimodule:

Remark 4.10 Define £°(A; M): Epi;f()p — k-mod on t = [r,] = --- — [r1] by
LE(A; M)(t) = Homy (A% 1 M),
If (hy,...,Hhy) is a morphism from ¢” to ¢°, define
LE(A; M) (hy, ..., hy): Homg (A1 M) — Homy (A% M)
by
(LA M) (hn, ... h) () a0 ® -+ ®ar,)

(L)AL ) 11 <))

hn()=+ hn()=0 hn(@)=sn

Then Tot(CEg,(L(A; M))) coincides with the complex computing E,—cohomology
of A with coefficients in M . Theorem 3.3 hence yields that

Hg (L°(A; M) = Hg, (A; M)

if A is k—projective.

5 E,—cohomology as functor cohomology

In [11, Theorem 4.1] Livernet and Richter show that E,—homology with trivial co-
efficients can be interpreted as functor homology. We now extend this result to E,—
homology and E,—cohomology with arbitrary coefficients. As in [11], we prove that
E,—homology coincides with functor homology by using the axiomatic characteri-
zations of Tor and Ext. For a background on functor homology we refer the reader
to [16]. We first show that certain projective functors are acyclic. Recall that for a
small category C a functor F: C — k—mod is called projective if it has the usual lifting
property with respect to objectwise surjective natural transformations. For ¢ € Epi;,'"
define projective functors P; and P! by

P, = k[Epi,Jlr ) Epi;lL — k-mod and P’ = k[Epi;,Ir (=, 1)) Epif:()p — k—mod.

Algebraic & Geometric Topology, Volume 16 (2016)



E,,—cohomology with coefficients as functor cohomology 2995

In the proof of the following lemma, we will consider trees obtained by restricting a
given tree to certain leaves.

Definition 5.1 Let ¢ = [ry] Jny L2y [r1] be a tree. For fixed I C [r,] set riI =
| fix1 -+ fu(I)| = 1. Define a tree ¢ as the upper row in

nt nlfl fZI I
]_>[rn_1] [rl]

L, L

I —— fu(I) —— - = fo fu(])

Here the vertical morphisms are determined by requiring that they are bijective and
order-preserving, while the maps nt are defined by requiring that all squares commute.
Intuitively ¢/ is the subtree of ¢ given by restricting ¢ to edges connecting leaves
labelled by I with the root (the bottom vertex of the tree 7).

Lemma 5.2 Let t = [ry] I, L2y [r1] be a tree. Let I C [r,] be a set such that
I N f,71(i) is a (possibly empty) interval for all i € [r,—;]. Then we can define a
morphism

W=l ohly— !

in Epi)l” as follows: The map hl maps all x € [r,]\ I to + and is an order-preserving
bijection restricted to I. For i < n we require that hiI restricted to f;41 -+ fu(I) is
the order-preserving bijection to [rl.I | and that hl.I be order-preserving on the whole
set [rq].

Proof Recall that a morphism in Epi;lF is an equivalence class with respect to the
equivalence relation introduced in Definition 4.1. Since 7 = [r,]\ (21)~'(+) the above
requirements uniquely determine /2 up to equivalence. The maps hiI assemble to a
morphism in Epi,‘l" since they are chosen to be order-preserving and the squares

Frar oo falD) =2 e fu(D)

[ =

| ———— 1l

commute by definition of fl.I . Furthermore (h1)~'(+)N £71() = I N £,71(i) is an
interval. a
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Now we are in the position to compute the E,—homology of the representable projec-
tives.

Lemma 5.3 Fix atree t = [ry] Ing L2y [r1]. Then

0 if % >0,

E
H,"(Py) =

+" (1) {@ie[,n]k if % = 0.
Proof Set C := Tot(CE»(P;)). We define an ascending filtration by subcomplexes
of C by

FPCy, s = k[{(hn. ... 1) € P(e®) : |hy (sa)| < p + 3],

where the sum is indexed over trees

£ =l Lo Lo,
Hence F?C is generated by morphisms that map at least r, — p leaves to +. This
yields a first quadrant spectral sequence

E, 4= Hp1q(FPC/FP7IC) = Hpi4(C).

The quotient F”C/FP~!C can be identified with the free k—module generated by
morphisms (/i ..., hy) € k[Epi) (¢,2%)] with |, ' ([s4])| = p + 1. The differentials
Omin and dmax vanish on this quotient. The remaining summands of d,, and the differ-
entials d,_1,...,d; do not change the number of leaves that get mapped to +. We
conclude that FPC/FP~1C is isomorphic to D as a complex, where

Dy, 5o =@ k[{(hn. ... h1) € Pe(@®) : [y ()| = p + 1}]

with differentials 9, ..., d,—1 and 5,, = 05, — 6min — Omax » and where the sum is indexed
over trees ¢° as above. The complex D can be decomposed further: The remaining
differentials do not only respect the number of deleted leaves but also the set of deleted
leaves itself. Hence D is the direct sum of subcomplexes D! with

D! . =EDk[{(hn.....h1) € P(t*) byt (sal) = T}

such that [ is a subset of [r,] of cardinality p + 1, and the sum is over trees ¢* as
above. Notice that the differentials of D and D look like the differentials used in
Definition 2.5 to define E,—homology of functors from Epi, to k—mod. We will
show that D' in fact can be identified with the complex associated to such a functor.
More precisely, D! is the complex computing E,—homology of the representable
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functor k[Epi, (¢!, —)]: Epi, — k—mod: Denote by h’: t — ¢! the morphism defined
in Lemma 5.2. We define

w: CEn(Epi, (1T, —)) - D!

by mapping j € Epi,(t1,¢*) to W(j) = j oh!. Since j does not delete any leaves
this yields an element of D!. We define an inverse ® to ¥ by mapping 4 € D! to
the composite of the columns in

s . 13
=l 1= —2— ]

J S l Jn—1 f2 l

[ —— ful) —— - —— fo-- fu(D)

bl 8

[5n] =2 [sp1] 2 oo — 22 [y

Here the upper vertical maps are order-preserving bijections. We see that ®(%); only
depends on /|, ... £, (1) ie P is well defined on equivalence classes. It is obvious
that each ®(/); is surjective and that the usual requirements on commutativity are
satisfied. Consider a fibre ( ]’l'.I )~1(/): The map ®(h); first sends it order-preservingly
and surjectively to fi11 -+ fu(I) N f;71(I") C [r;], where [’ denotes the image of /
under the map [rl.l_ = fi++- fu(I). Since h; preserves the order on fibres of f; we
see that ®(/); is order-preserving on the fibres of fl.I . Hence @ is indeed a map from
D' to CEn(Bpi, (¢!, -)).

Finally, we note that obviously ® o W is the identity. To show that W is a left inverse
for @ one writes down (Wo®) (%) for a given / and uses that ((¥ o ®)(%)); only needs
to coincide with /; on fj4--- fn(I). The maps ® and ¥ commute with composition,
hence also with applying the differentials. Since the signs in the differentials applied to
a morphism / are determined by the target tree t* of &, there is no trouble with signs
either. Hence we have constructed an isomorphism

D! =~ CEn(Epi, (1T, -))
of complexes.

We know from [11, Section 4] that H..(Tot(C " (Epi, (", -)))) = 0 for > 0 and
that
~ . k lftI=0—)0_>_)O’
Ho(Tot(C B Epi, (1, ) = (0110 0
0 otherwise.
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Since t! =[0] = [0] = -+ — [0] implies p + 1 = |I| = 1, we see that the E'—term
of our spectral sequence is

_ k ifp=g=0,

El — FPC/FP IC — @IG[F ]

P4 p+a / ) { otherwise.

The spectral sequence collapses and the claim follows. a

Having proved that H*E "(Py) is acyclic we can use the axiomatic description of Tor
(see eg [9, Chapter 2]).

Theorem 5.4 Denote by b: Epi,;" P s k-mod the functor given by the cokernel of

(80.id, . .., id)x—(do,id, . .., id)x+(81,id, . . ., id)y: pLHI=10I===[0]_, plo]—>-—[0]

Then for any F' Epi,;" — k-mod we have

+
HE"(F) = Tott™™ (b, F),

and this isomorphism is natural in F.

Proof A short exact sequence 0 — F'— G — H — 0 of functors yields a short exact
sequence of chain complexes

0 — Tot(C 7 (F)) — Tot(CE(G)) — Tot(CE" (H)) — 0.

This in turn gives rise to a long exact sequence on homology. We already showed
that Hf "(P;) is zero in positive degrees. Every projective functor from Epi,JIr to
k—mod receives a surjection from a sum of functors of the form of P;. It hence is a
direct summand of this sum. Therefore Hf " (P) vanishes in positive degrees for all
projective functors P. Finally, the zeroth E,—homology of a functor F is given by
the cokernel of

(=) F (8, 1d,...,id) + (=1)*F(dy.id, . ...id) + (=1)" 1 F(8,.1d, ..., id).

Using the natural isomorphism P’ ®gpi+ F = F(t) of k—modules and that tensor
products are right exact, one sees that this coincides with b ®gpit F. a

Every functor F: Epi;:' — k-mod gives rise to a functor F*: Epi;',' P 5 k-mod, its
dual, by setting F*(¢) = Homy (F(t), k). Since we just proved that E,—~homology of
projective functors vanishes, we can relate E,—homology with E,—cohomology via
the following spectral sequence.
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Proposition 5.5 (see eg [18, Theorem 10.49]) If F(¢) is k—free for every t € Epi,J{,
there is a first quadrant spectral sequence

Ej , =Ext{(HE"(F).k) = HEI(F*).

In particular, whenever k 1is injective as a k—module, E,—homology of F and Ej,—
cohomology of its dual are dual to each other.

Examples of commutative self-injective rings include fields, group algebras of finite
commutative groups over a self-injective ring, quotients R /I of a principal ideal
domain R with I # 0, and commutative Frobenius rings [1, Chapter 5, Section 18].
The product of self-injective rings is again self-injective.

Theorem 5.6 Suppose that k is injective as a k—-module and let G: Epi, ? 5 k-mod
be a functor. Then there is an isomorphism

H, (G) 2 Ext} (. G).

This isomorphism is natural in G .

Proof That HE,, maps short exact sequences to long exact sequences follows as in the
homological case. Since the projective functor P; is finitely generated and k—free, the
functor P;* is injective. The universal coefficient spectral sequence (Proposition 5.5)
yields that these modules are acyclic. But then all other injective modules are acyclic too,
since they are direct summands of products of these. Finally, let G: Epi;l" P 5 k—mod
be an arbitrary functor. Then the zeroth E,—cohomology of G is by definition the
kernel of

(=D"1G (S, id, ...,id) + (=1)"G(dy.id, ... ,id) + (=1)"T1G(8;.1d, . . . ,id).

The Yoneda lemma and the left exactness of Natg;+*(—, G) yield that this kernel
results from applying Natgpi+*(—, G) to b. a

6 Functor cohomology and cohomology operations

We recall the definition of the Yoneda pairing on Ext. The Yoneda pairing is usually
defined in the context of modules over a ring (see eg [12, Chapter III, Sections 5-6]).
But it is well known to be easily generalized to suitable abelian categories with enough
projectives and injectives. We assume that k is self-injective in this section.
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Definition 6.1 Let F, G and H be functors from Epi;,'"()p to k—mod. Let Pr denote
a projective resolution of F and /g an injective resolution of H . There is a pairing

. * * *
nw: ExtEpijop (G,H)® ExtEpi’J{op (F,G) — ExtEpijop (F,H),
defined as the composite

m n
ExtEpi;{op (G.H)® ExtEpijop (F,G)

Hm(NatEpij'Op (G, 1g))® Hy (NatEpi;ﬁ'Op(PF’ G))

|

Hyim (NatEpi,TOp G, Ig)® NatEpi,}"OP(PF’ G))

Hym(Naty o0 (PF. 1)) = Extg;;"op(F, H).

Here the second map is induced by composing natural transformations. This associative
pairing is called the Yoneda pairing.

In particular, there is a natural action of
Ext;pijnp (b,b) = Hgn (b)

on E,—cohomology. One could hope to find cohomology operations via this action. For
example, if the characteristic of k is a prime p, Hochschild cohomology HH*(A4; 4+)
isa p-restricted Gerstenhaber algebra, ie the Lie algebra structure on X~ HH* (4; 4)
comes with a restriction. We will determine Hgn (b) to see whether we can find new
or old cohomology operations using the Yoneda pairing. For the remainder of this
section we will denote b: EpijOp — k—mod by b, since we will have to consider trees
of varying levels. Since we are going to work homologically we make b}, the dual
of by, explicit. Intuitively, b, is the functor assigning to a tree its set of leaves.

Proposition 6.2 The functor b;; assigns k{[r,]) = k[{0, ..., r,}] to a given tree t =
[rn] = -+ — [r1]. Denoting the generators of k([r,]) by o, ...,a;,, it induces the
maps

by(Tns .- Ty, dinid, ... id): k([ra]) = k([ra]).  am > =1 ()
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for suitable tj 1 € E[’"j—i—l]’ ...y Tn € X[p,1 asin [11, Lemma 3.5],

o
br(di,id, ..., id): k{[ry + 1]) = k{[ral), am+— {am l'fm <i,
Op—1 Ifm>1,

U ifm <1,
by(8i,id, ..., id): k([rs + 1) = k([ral), om0 ifm=1i,
Up—1 Ifm>1i.

We will show that b;; is indeed acyclic with respect to E,—homology. The case n = 1
can be easily calculated:

Proposition 6.3 Forn =1 we have

Hp (by) = HF' (b7) =0
for r > 0 and
HY (by) = H' (b)) = k.

For n > 1 we derive the acyclicity of b from the case n = 1. For this we need the
following lemma. Recall that the differential d,, is induced by morphisms which act
on the top level of a given tree. Intuitively, the following lemma states that d, can be
split into parts that correspond to morphisms acting on the different fibres.

Lemma 6.4 Let F: Epi:_ — k—-mod be a functor and rq, . .., ry,—1 = 0. Consider the
rn—1-+1—fold multicomplex

Mxo,...,xrn_l (F) = F(t)

fn fz

t=[xo+++xp, | ]-——>[r1]
£ 10 | =x0+1, | f;7 () |=x; forall 1 Si<ry_y
where the i ! differential d' of the multicomplex is the part of 9, induced by morphisms
operating on the fibre £, '(i). Then

Tot(M) == S~ "n=1(CEn (F), 3n).

(k37 p—15eees71)
Furthermore, we can split M into submulticomplexes corresponding to the underlying
(n—1)—-level tree T : Let tX0T1:X1:Xr_1 pe the tree extending T with top-level fibres
of cardinality xo +1,x1,...,X,,_,. Let

MT — F(lx0+l’xl ..... x"n—l).

Then
My «(F)= @ W] _,.d°%. .. .d".

.....

T=[ry—1]>~—[r1]
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Proof The differential 9, is the sum of the maps d’ for 0 <i < r,_;, each of them
leaving all 1-fibres except for £, !(i) unchanged. Two such differentials d ©and d/
commute except for their signs: Since d’ deletes or merges edges left of f;71(j) for
i < j,wefindthat d’d’ = —d’d". Hence it is clear that up to a shift we can interpret

(Ej’rn—l rl)(F ) as a total complex as above. All the differentials d’ leave the lower
levels of a tree ¢ as they were. Hence the splitting above holds, allowing us to consider
one (n—1)—tree shape at a time. a

Theorem 6.5 For all n = 0 we have

k ifs=0,

HE (b)) = {0 ifs >0

Proof We will prove that

H,(CEn oy B, 00) =0

CksFn—1,

except when r,_; = 0. Note that if r,_; = 0 this forces r,_5,...,7; =0, and
E
(C(* 0....0)(bn). 0n) = C, 1 (B).

By Proposition 6.3 and Lemma 6.4 this gives rise to a copy of k in Hf "(by).

Now fix rp—1 =1, rp—n,..., 11 =20. Let T =[rp—1] — fn_l f2 — [r1] be an (n—1)-
level tree. Consider the corresponding summand M T of the multlcomplex M(b;)
discussed in Lemma 6.4. According to the lemma it suffices to show that the homology
of the total complex associated to M T is trivial for all trees 7 as above. Let us
start by calculating the homology of M T in the zeroth direction, ie for each given
X1,....Xr,_, = 1 we consider the complex

0y _ * 0
( *xl, > Xry, d )—< @ Wb b (l),d )

t=[x+x1++xr, | ]-——>[r1]

| ' @l=*+1, 1 £ D=x;

Since we fixed T, for each p there is exactly one tree ¢t = [r,] = EN N == [r1] with
| £71(0) = p+1and | £, (i)|=x; for | <i <rn_1.Let ¢ =ry— p. The differential
d® maps aj € b} (t) = k{ag,...,0p+q) to

(=11 byBo.id. .. id) (o) + Y (=D)"b(dr.id. .. id) (o)
i=0 +(_1)n+pb;(8 ,ld,’ld)(a])
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Thus for j < p the element d°(c;) coincides up to a sign (—1)"~! with the image
of aj € b} ([p]) under the differential dg, of cE Y(b7). If j > p all the induced

T

morphisms are the identity. Hence (M, . X, d®) is isomorphic to

de, ®0 dg, ®id dg, ®0 dg, ®id
T ekt TR ekt B prap ek T b o) @k

and Hp,(M r ,d°) is concentrated in degree p = 0, where it is k. We showed

*,xl,...,xrn_l

in Proposition 6.3 that Hfl (b7) = b7 ([0]). Hence a cycle in HO(Male,...,x, L d%)
is given by ag € b (¢1*1*ra—1), where ¢!1**1+*m-1 is the tree which extends T

with top-level fibres of cardinality 1, xy,...,x,,_,.

We now determine how d! acts on these cycles. The differential d! is induced by
morphisms acting on leaves in the second-to-left top-level fibre. All of these morphisms
leave the leftmost leaf invariant and therefore each of the induced maps sends o to «g.
Hence for fixed x3,...,x,,_, = 1| the chain complex (HO(M»Z*,xz...,xrn_l ,d), dl)
is one-dimensional on the generator ¢g in each degree r with differential

r+1
d'(@o) = (=1)*"7' Y (=D'ax.
i=0
We see that the homology of (Hj (M,Z: X2 d®),d") vanishes completely and
the homology of the total complex of M T is zero. Hence (C (Ef’rn_l rl)(b: ), 0,) has
trivial homology as well, whenever r,,_; = 1. a

Corollary 6.6 No nontrivial cohomology operations arise on E,—cohomology via the
Yoneda pairing defined in Definition 6.1.
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