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Chern classes of tropical vector bundles

Lars Allermann

Abstract. We introduce tropical vector bundles, morphisms and rational sections of these
bundles and define the pull-back of a tropical vector bundle and of a rational section along a
morphism. Most of the definitions presented here for tropical vector bundles will be contained
in TORCHIANI, C., Line Bundles on Tropical Varieties, Diploma thesis, Technische Universitit
Kaiserslautern, Kaiserslautern, 2010, for the case of line bundles. Afterwards we use the bounded
rational sections of a tropical vector bundle to define the Chern classes of this bundle and prove
some basic properties of Chern classes. Finally we give a complete classification of all vector
bundles on an elliptic curve up to isomorphisms.

1. Tropical vector bundles

In this section we will introduce our basic objects such as tropical vector bun-
dles, morphisms of tropical vector bundles and rational sections.

Definition 1.1. (Tropical matrices) A tropical matrix is an ordinary matrix
with entries in the tropical semi-ring

(T=RU{-o0},®,®),

where a®b=max{a,b} and a®b=a+b. We denote by Mat(mxn,T) the set of
tropical m xn matrices. Let AeMat(mxn,T) and BEMat(nxp, T). We can form
a tropical matrix product A®B:=(c;j)€Mat(m xp,T), where ¢;; =]~ i Oby;.
Moreover, let G(r x s)CMat(r x s, T) be the subset of tropical matrices with at most
one finite entry in every row. Let G(r) be the subset of G(rxr) containing all
tropical matrices with exactly one finite entry in every row and every column.
This set G(r) together with tropical matrix multiplication is a group whose neutral
element is the tropical unit matrix, i.e. the matrix with zeros on the diagonal and
all other entries equal to —oo.
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Notation 1.2. For an element o of the symmetric group S, we denote by A,
the tropical matrix A,=(a;;)€Mat(rxr, T) given by

S 0, if i=o(y),
77 —o0, otherwise.

Moreover, for ay,...,a, €ER we denote by D(ay,...,a,) the tropical diagonal matrix
D(aq,...,a,)=(di;) eMat(rxr,T) given by

d_ a;, leZj,
7 —o0, otherwise.

Lemma 1.3. Every element M eG(r) can be written as M=A,©®D(ay, ..., ar)
for some o €S, and some numbers a1, ..., a, €R.

Proof. Let M €G(r). By definition there exists exactly one finite entry in every
column. Let a;ER be this finite entry in column 4, situated in row p;, i=1,...,7.
Hence we can define a permutation o:{1,....,r}—={1,....,r} by o(i):=p;, i=1,...,7,
and obtain A,©®D(ay,...,a,)=M. O

Lemma 1.4. G(r) is precisely the set of invertible tropical matrices, i.e.

G(ry={AeMat(rxr,T)| A0A' = A ©A=E for some A" € Mat(rxr,T)}.

Proof. The inclusion
G(r)C{AeMat(rxr,T)|A0A'= A ©A=FE for some A’ € Mat(rxr,T)}

is obvious. Thus, let A, A’eMat(rxr,T) be given such that AGA'=A'"©A=E.
Assume that A=(a;;) contains more than one finite entry in a row or column. For
simplicity we assume that a11,a197#—00. As AQA'=F we can conclude that the
first two rows of A’ look as

a —0 ... —0

A=|B8 —oo .. —o0 for some a, 3 €R.

*

As moreover A’©A=EF, we can conclude from the second row of A’ and the first
column of A that

a1 +8=—oo,

which is a contradiction to a1, S€R. [
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Remark 1.5. Note that a matrix A€G(rxs) does, in general, not induce a
map fa: R*—=R", 2+—AG®z, as the vector A®x may contain entries that are —oo.
To obtain a map fa: R*—R" anyway we use the following definition: For x€R® we
set fa(x):=(y1,...,yr), where

yie Doy i Oy, it jy aim>—00,
! 0, otherwise.

We have all requirements now to state our main definition.

Definition 1.6. (Tropical vector bundles) Let X be a tropical cycle (cf. [AR1,
Definition 5.12]). A tropical vector bundle over X of rank r is a tropical cycle F'
together with a morphism 7: F—X (cf. [AR1, Definition 7.1]) and a finite open
covering {Uy, ...,Us} of X as well as a homeomorphism ®,: w‘l(Ui);UixRT for
every i€{1,...,s} such that

(a) for all ¢ we obtain a commutative diagram

®;
7Y (U;) —— U; xR

Ny

U;

where P(®): U; x R" = U, is the projection on the first factor;
(b) for all 4 and j the composition pgi)mI)i: 7 1(U;)—R is a regular invertible
function (cf. [AR1, Definition 6.1]), where py): Ui xR"=R, (z, (a1, ...,ar))—a;;
(c) for every i,j€{1,...,s} there exists a transition map M;;: U;NU;—G(r)
such that
®;0®; ! (U;NU;) xR” — (U;NU;) xR"

is given by (x,a)— (x, M;;(z)©a) and the entries of M;; are regular invertible func-
tions on U;NU; or constantly —oo;

(d) there exist representatives Fy of F and X of X such that Fy={r"1(7)]
7€Xo} and wr, (77 1(7))=wx, (1) for all maximal polyhedra 7€ Xj.

An open set U; together with the map ®; Zﬁ_l(Ui)iUi xR" is called a local trivial-
ization of F. Tropical vector bundles of rank one are called tropical line bundles.

Remark 1.7. Let Vp,...,V; be any open covering of X. Then the covering
{UiNV;} together with the restricted homeomorphisms ®;[;-1(7,nv;) and transition
maps Mij|(Uka)m(Ujmvl) fulfills all requirements of Definition 1.6 too, and hence
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defines again a vector bundle. As the open covering, the homeomorphisms and the
transition maps are part of the data of Definition 1.6 this new bundle is (according
to our definition) different from our initial one even though they are “the same”
in some sense. Hence, if two vector bundles arise one out of the other by such a
construction, we will identify those two vector bundles.

Remark and Definition 1.8. Let m: F'—X together with the open covering
Ui, ...,Us, homeomorphisms ®; and transition maps M;; and 7: FF—X together
with the open covering Vi,...,V;, homeomorphisms ¥; and transition maps N;;
be two tropical vector bundles according to Definition 1.6. We will identify these
vector bundles if the vector bundles m: F—X with open covering {U;NV;} and
restricted homeomorphisms ‘I)i|rl(Umvj) respectively \I/j|rl(UmVj) and transition
maps M;;|(,nvi)nw,nv) respectively Niilw,nvi)nw,nv;) are equal.

Remark 1.9. Let m1: F;—X and my: Fo— X be two vector bundles on X. By
Definition 1.8 we can always assume that F; and F5 satisfy Definition 1.6 with the
same open covering.

Remark 1.10. Let w: FF— X be a vector bundle with open covering Uy, ..., Ug
and transition maps M;; as in Definition 1.6. On the common intersection
U;NU;NU}, we obviously have M;;(x)=M;(x)© M;,(x). This last equation is called
the cocycle condition. Conversely, this data, the open covering Uy, ..., Us together
with transition maps M;; fulfilling the cocycle condition, is enough to construct a
vector bundle as we will see in the following proposition.

Proposition 1.11. Let Uy, ...,Us be an open covering of X and let
Mij : UiﬂUj — G(T‘)

be maps such that the entries of M;;(x) are reqular invertible functions on U;NU;
or constantly —oo and the cocycle condition M;;(x)=My;(x)OM;(x) holds on
U;NU;NUy. Then there exists a vector bundle m: F'— X with open covering Uy, ..., Us
and transition functions M;;.

Proof. We take the disjoint union [[;_, (U; xR") and identify points (z,y)~
(x, M;;(x)®y) to obtain the topological space |F|. We have to equip this space
with the structure of a tropical cycle. As this construction is exactly the same
as for tropical line bundles, we only sketch it here and refer to [T] for more de-
tails. Let (((Xo,|Xol,{¥s})swx,): {Ps}) be a representative of X. We define
Fo:={n"Y(0)|ceXo} and wg, (771 (0)):=wx, (o) for all maximal polyhedra o€ Xj.
Our next step is to construct the polyhedral charts ¢r-1(,) for Fo: Let o€ Xq be
given and let Uj;,,...,U;, be all open sets having non-empty intersection with o.
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Moreover, let {V;|i€I} be the set of all connected components of all cNU;, . Every
such set V; comes from a set Uj(;) of the given open covering. Hence, for every pair
k,leI we have a restricted transition map N: =M;) j@)lvinv;- This implies that
for all k,1€1 the entries of Ny;o® ! are (globally) integer affine linear functions on
ViNVi. As o is simply connected, for every such entry he O*(ViNV]) of Ny; there
exists a unique continuation }NLGO*(J). Hence we can extend all transition maps
Ny ViNVi—G(r) to maps Nj,: c—G(r). Now we choose for every i€l a point
P;€V; and for all pairs k,l€] a path v : [0,1] =0 from Py to P,. Let k,l€I be
given. As the image of -y is compact there exists a finite covering V,,, ...,V of
Y,1([0,1]). For z€V; we set

S(ve)(x):=N' () '®...0N!

1,42 He—15Mc

()"t eG(r).
Now fix some ko€ l. For all [€] we define maps
BV 1 gyt ViXRT 27 (V) — R HT,
(@,a) — (o (), S (Vo) (2) ©a).
These maps agree on overlaps and hence glue together to an embedding
Cr1(0): 7o) — R,

In the same way we can construct the fan charts &)rl(g). Then we define F' to be
the equivalence class

F:= [(((F07 |F0‘7 {@‘n—l(o)})?wﬂ))a {57&'_1(0’)})]’ U

Ezample 1.12. Throughout the chapter, the curve X:=X5 from [AR1, Exam-
ple 5.5] will serve us as a central example. Recall that X arises by gluing open fans
as drawn in the following figure.

e

Moreover, recall from [AR1, Definition 5.4] that the transition functions between
these open fans composing X are integer affine linear maps. This implies that the
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curve X has a well-defined lattice length L. We can cover X by open sets Uy, Us
and Us as drawn in the following figure.

Us
g
X
<25 Us

The easiest way to construct a (non-trivial) vector bundle of rank r on X is fixing a
(non-trivial) transition map Mis: UyNUs—G(r) and defining Mas: UsNUs—G(r)
and Mz : UsNUy;—G(r) to be the trivial maps z—FE for all z. We will see later
that in fact every vector bundle of rank r on X arises in this way.

Knowing what tropical vector bundles are, there are a few notions related to
this definition we want to introduce.

Definition 1.13. (Direct sums of vector bundles) Let m1: F1 —X and mo: Fo—X
be two vector bundles of rank r and r’, respectively, with a common open covering
Uy, ...,Us and transition maps Mi(jl) and Mi(jz), respectively, satisfying Definition 1.6
(see Remark 1.9). We define the direct sum bundle 7:F1®F;— X to be the vector
bundle of rank r+7’ we obtain from the gluing data

Ui,...,Us and Mi(jl)XMi(jQ)iUiﬂUjHG(T+r/),

Mi(-l)(ac) —00
T J (2) .
—oo M (x)

Definition 1.14. (Subbundles) Let m: F—X be a vector bundle with open
covering Uy, ..., Uy and homeomorphisms ®; according to Definition 1.6. A subcycle
EcZ(F) is called a subbundle of rank r' of F if n|g: E—X is a vector bundle of
rank 7’ such that we have for all i=1, ..., s:

(I)il(ﬂlE)’l(Ui) : (7T|E)_1(Uz) — U, x <6j1 s ey ejr,>R
for some 1<j; <...<j,» <7, where the e; are the standard basis vectors in R".

Remark 1.15. If m: F— X is a vector bundle of rank r with subbundle E of
rank 7’ like in Definition 1.14 this implies that there exists another subbundle E’
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of rank r—r’ with

Oyl (r -1yt ()" H(Us) — Usx(ejlj € {1, s i D
and hence that F=E®E’ holds.

Definition 1.16. (Decomposable bundles) Let 7: F—X be a vector bundle of
rank . We say that F' is decomposable if there exists a subbundle 7|g: E—X of
F of rank 1<r’<r. Otherwise we call F' an indecomposable vector bundle.

As announced in the very beginning of this section we also want to talk about
morphisms and, in particular, isomorphisms of tropical vector bundles.

Definition 1.17. (Morphisms of vector bundles) A morphism of vector bundles
m1: Iy — X of rank r and my: F5— X of rank 7’ is a morphism ¥: F; — F of tropical
cycles such that

(a) m =m0U;

(b) there exist an open covering Uy, ..., U, according to Definition 1.6 for both
Fy and Fy (see Remark 1.9) and maps A;: U;—G(r' xr) for all i such that

df2oWo (@)1 Uy xR" — U; xR

is given by (z,a)—(z, fa,(z)(a)) (cf. Remark 1.5) and the entries of A; are regular
invertible functions on U; or constantly —oo.

An isomorphism of tropical vector bundles is a morphism of vector bundles
¥: F}— F, such that there exists a morphism of vector bundles ¥': Fy— F; with
UoU=id=Wol’.

Lemma 1.18. Let my: F1—X and mo: Fo— X be two vector bundles of rank
r over X. Then the following are equivalent:

(a) There exists an isomorphism of vector bundles W : Fy1— Fy;

(b) There exist a common open covering Uy, ...,Us of X and transition maps
Mi(jl) for Fy and Mi(f) for Fy satisfying Definition 1.6 (cf. Remark 1.9) and maps
E;: U;—G(r) fori=1,...,s such that

— the entries of E; are reqular invertible functions on U; or constantly —oo;

— Ej(m)QMi(];)(x):Mi(j?) (x)OFE;(z) for all xeU;NU; and all i and j.

Proof. (a)=-(b) We claim that the maps A;: U;—G(rxr) of Definition 1.17
are the wanted maps E;. As ¥ is an isomorphism we can conclude that A;(z) is an
invertible matrix for all z€U;, i.e. that A;: U;—G(r). Hence it remains to check
that Aj(x)G)Mi(jl)(J:):Mi(jz)(x)GAi (x) holds for all z€U;NU;: Let i and j be given.
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As U: F} — F5 is an isomorphism, the diagram

3 2oWo(d) 1)t
(UiﬂU]’) xR — (UlﬁU]) x R"

q)flo(q)fﬂl)lj/ J/‘bfzo(‘bfz)l
(UiNU;) xR —— 5 (U;nU;)xR"

<I>F20\Ilo(<l>}.?1 )71
J J

commutes. Hence Aj(x)G)Mi(;)(m):Mi(f) (2)©A;(x).
(b)=>(a) Conversely, let the maps E;: U;—G(r) be given. The equation

2
E;(@)o M} () = M} () O, (x)
for all zeU;NU; ensures that the maps

U;xR"— U; xR",
(z,a)— (z, E;i(2)®a),
on the local trivializations can be glued to a globally defined map ¥: |Fy|—|Fz].

Moreover, this map is a morphism as m; and ms are morphisms and the maps

p;i)o(I)iF 1 ;i)oéf * and the finite entries of E; are regular invertible functions

(cf. Definition 1.6). The equation E; (x)@Mi(jl)(x):Mi(jz) () ®E;(x) implies that

-1 @y = D ~1
B (2)OM; (x) = M (z) OB ()

holds for all z€U;NU;, where E, *(z):=Ej ()~ for all z€U},. As the finite entries
of £, L U,—aG (r) are again regular invertible functions we can also glue the maps

U xR" — U; xR",
(z,0) — (z, E; ' (x)Oa),

on the local trivializations to obtain the inverse morphism ¥': |Fy|—|Fy|, which
proves that ¥ is an isomorphism. [

The morphisms we have just introduced admit another important operation,
namely the pull-back of a vector bundle.
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Definition 1.19. (Pull-back of vector bundles) Let m: F'— X be a vector bun-
dle of rank r with open covering Uy,...,Us and transition maps M;; as in Def-
inition 1.6, and let f: Y—X be a morphism of tropical cycles. Then the pull-
back bundle ©': f*F—Y is the vector bundle we obtain by gluing the patches
F7HU) xR", ..., f~1(Us) xR" along the transition maps M;;jof. Hence we obtain
the commutative diagram

/

ffF ——=F

X

’
T

|
|
N
Y —
f

where f’/ and 7’ are locally given by

U U)XxRT — Uy xR”,  and  7': f~H(U) xR" — f~H(U,),
(y,a)— (f(y),a), (y,a) —y.

To be able to define Chern classes in the second section we need the notion of
a rational section of a vector bundle.

Definition 1.20. (Rational sections of vector bundles) Let m: F'— X be a vector
bundle of rank r. A rational section s: X —F of F is a continuous map s: | X|—|F|
such that

(a) m(s(x))=x for all z€|X]|;

(b) there exist an open covering Uy, ..., Us and homeomorphisms ®; satisfying
Definition 1.6 (cf. Definition 1.8) such that the maps pg-i)oq)ios:Ui%R are rational

functions on U; for all ¢ and j, where py): UixR"—=R, (z, (a1, ...,ar))—a;j.

A rational section s: X —F is called bounded if the above maps py)oq)ios are
bounded for all ¢ and j.

Remark 1.21. Let w: L— X be a line bundle and s: X —L be a rational sec-
tion. By definition, the map p(Y o®,0s is a rational function on U; for all i. More-
over, on U;NU; the maps pWod;0s and p(j)oq)j os differ by a regular invertible
function only. Hence s defines a Cartier divisor D(s)€Div(X).

There is a useful statement on these Cartier divisors D(s) in [T] that we want
to cite here including its proof.
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Lemma 1.22. Let w: L—X be a line bundle and let s1,89: X —L be two
bounded rational sections. Then D(s1)—D(s2)=h for some bounded rational func-
tion he KC*(X), i.e. D(s1) and D(s2) are rationally equivalents.

Proof. Let Uy, ...,Us be an open covering of X with transition maps M;; and

homeomorphisms ®; according to Definition 1.6 such that for all i both sgi)::

pgi)o@iosl and sg)::pgi)o@iosz are rational functions on U; (cf. Definition 1.20).
We define hizzsgi)fsg)elC*(U,;). Since we have that s(li)fs(lj):séi)fséj):MijE
O*(U;NU;j) for all i and j, these maps h; glue together to he K*(X). Hence we
have that

D(s1)—D(s2) = [{(Us, s\ )}~ [{(U, 55)})
= (U, s = SN = (U, )N =[{(X],)}). O

Remark 1.23. Lemma 1.22 implies that we can associate with any line bundle
L admitting a bounded rational section s a Cartier divisor class D(F):=[D(s)] that
only depends on the bundle L and not on the choice of the rational section s.

Combining both the notion of morphism of vector bundles and the notion of
rational section we can give the following definition.

Definition 1.24. (Pull-back of rational sections) Let 7: F— X be a vector bun-
dle of rank r and f: Y—X be a morphism of tropical varieties. Moreover, let
s: X—F be a rational section of F with open covering Uy, ...,Us and homeo-
morphisms @1, ..., P, as in Definition 1.20. Then we can define a rational section
f*s: Y — f*F of f*F, the pull-back section of s, as follows: On f~1(U;) we define

frs: f7HU) — f7HU;) xR",
y+— (y, (pio®ioso f)(y)),

where p;: U; xR"—R" is the projection on the second factor. Note that for ye
F~HU;)Nf~1(U;) the points (y, (pio®;os0 f)(y)) and (y, (pjo®,os0 f)(y)) are iden-
tified in f*F if and only if (f(y), (pio®iosof)(y)) and (f(y), (pjo®,0s0f)(y)) are
identified in F'. But this is the case as

(f(¥), (pio®ioso f)(y)) = (Pios)(f(y)) ~ (D;08)(f(y)) = (f (1), (pjo ;050 f)(y)).

Hence we can glue our locally defined map f*s to obtain a map f*s: Y — f*F.

We finish this section with the following statement on vector bundles on simply
connected tropical cycles which will be of use for us later on.
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Theorem 1.25. Let m: F—X be a vector bundle of rank r on the simply
connected tropical cycle X. Then F is a direct sum of line bundles, i.e. there exist
line bundles L1, ..., L, on X such that F=L1®...®L,.

Proof. We show that every vector bundle of rank »>2 on X is decomposable.
Let Uy, ...,Us be an open covering of X and let

Mij(z)=D(@}), ..., (2)© Ay, (2) =: Dyj(2) 0 Ao, (), x€UiNU;,

with <p£}]), - @53) €O0*(U;NU;) and oy;(x) €S, being transition functions according
to Definition 1.6. We only have to show that it is possible to track the first co-
ordinate of the R"-factor in U; xR" consistently along the transition maps: Let
~: [0,1]—|X| be a closed path starting and ending in P€U;. Decomposing ~ into
several paths if necessary, we may assume that v has no self-intersections, i.e. that
Yljo,1) 1s injective. As ([0, 1]) is compact we can choose an open covering Vi, ..., V;
of v([0,1]) such that for all j we have V; CU; for some index i=i(j), PeV1=V,CUj,
all sets V; and all intersections V;NV; 11 are connected and all intersections V; NV}
for non-consecutive indices are empty. For sets V; and V}+ with non-empty intersec-
tion we have restricted transition maps M\/j,\/j,($):5\/j,\/j,($)®Aavj,vj, induced
by the transition maps between U;(;)2V; and U;(;y2Vj:. Note that the permuta-
tion parts Aavjy‘,‘/ of the transition maps do not depend on x as all intersections
V;NVj: are connected and the permutations have to be locally constant. We define
I,:=0v, , v,0..00v, v,(1). We have to check that I, =1 holds. First we show that
I, does not depend on the choice of the covering Vi, ..., V;. Hence, let VY, ..., V), be
another covering as above. We may assume that all intersections VjﬂVj’, are con-
nected, too. Between any two sets A, Be{V4,...,V;, V{, ..., V) } with non-empty in-
tersection we have restricted transition maps JT/[JA’B(x)zﬁA,B(x)@AUA’B as above.
Moreover, let 0=ap<...<a,=1 be a decomposition of [0, 1] such that for all i we
have ([, a;11]) CV;NV}, for some indices j and j'. Let i be the maximal index

such that v([ov,, aig+1]) CV,NVy, and

OV, 1,V 000V vV, = O'Vb'7Va OO’V};_“Vb/ O~-~OUV1’,V2’

is still fulfilled. Assume that io<p—1. Let y([aiy+1, ¥ig+2]) CVerNV,,. Hence
Y(ig+1) €VLNVY NV, NV, and we can conclude using the cocycle condition that

O'VC“VCL, O0V,_1,V,0.--00Vv; vV, = UVa,Va/ OO’Vb/,Va OO'VbLl,Vb/O...OO'Vl/,Vé
= Uvaxva,’ OUVb//)
=0V, vV, OOV, V), OOV _ W/ C--- 00V V>

Vo OO'Vb/’Vb// OUVvaVb/ O---OOV{,VZ/

a contradiction to our assumption. Hence ig=p—1 and we conclude that I, is
independent of the chosen covering.
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If v and ' are paths that pass through exactly the same open sets U; in the
same order, then we can conclude that I, =1, holds as exactly the same transition
functions are involved. Hence, a continuous deformation of v does not change I,.
As X is simply connected we can contract v to a point. This implies that I, =1,
where 7q is the constant path ~o(t)=P for all t. Thus I,=1I,,=1. This proves the
claim. [

There is a related theorem in [T] which we want to state here. As we will not
need the result in this work, we will omit the proof and refer to [T] instead.

Theorem 1.26. Let w: L— X be a line bundle on the simply connected tropical
cycle X. Then L is trivial, i.e. L= X XR as a vector bundle.

Combining Theorems 1.25 and 1.26 we can conclude the following result.

Corollary 1.27. Let w: F—X be a vector bundle of rank r on the simply
connected tropical cycle X. Then F is trivial, i.e. F=X XR" as a vector bundle.

2. Chern classes

In this section we will introduce Chern classes of tropical vector bundles and
prove some basic properties. To be able to do this we need some preparation.

Definition 2.1. Let m: F'— X be a vector bundle of rank r and let s: X —F be a
rational section with open covering Uy, ..., Us as in Definition 1.20. We fix a natural
number 1<k<r and a subcycle Y€Z;(X). By definition, sij::py)od)ios: U;—R
is a rational function on U; for all ¢ and j. Hence, for all ¢ we can take local
intersection products

(S(k)Y)ﬁUZ: Z Sijl...Sijk-(YﬂUi).
1<j1<...<jp <r
Since 8ij =8io(j) s on UsNUy for some €S, and some regular invertible map
¢, €0*(U;NUy), the intersection products (s*).Y)NU; and (s*).Y)NU;s coincide
on U;NUy and we can glue them to obtain a global intersection cycle s(¥).Y e
Z—x(X).

Lemma 2.2. Let m: F— X be a vector bundle of rank r, fit ke{1,...,r} and let
s: X —F be a rational section. Moreover, let Y € Z)(X) be a cycle and let peC*(Y)
be a bounded rational function on'Y. Then

sF . (pY) = (s¥.Y).
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Proof. The claim follows immediately from the definition of the product
®&.y. O
s .

Lemma 2.3. Let m: F—X and 7': F'— X be two isomorphic vector bundles
of rank r with isomorphism f: F—F'. Moreover, fix ke{1,...,r}, let s: X—F be
a rational section and let Y € Z;(X) be a cycle. Then

sBY = (fos)®.Y € Z;_1(X).

Proof. Let Uy, ...,Us be an open covering of X satisfying Definition 1.6 for both
F and F’ and let sij::pgi)o@ios: U;,—R and (fos)ij::pgi)o@iofos: U;,—R as in
Definition 2.1. By Lemma 1.18 the isomorphism f can be described on U; xR"
by (z,a)—(z, E;(z)®a) with E;(z)=D(p1, ..., 0,)©A, for some regular invertible
functions @1, ..., ,€0*(U;) and a permutation c€S,. Hence (fos)ij=s,(;)+¥;
on U; and thus

Yo s (YU = > (fos)ijy - (fos)i - (YN,

1< <. <jp<r 1<ji <. <jp<r

which proves the claim. [

To be able to prove the next theorem, which will be essential for defining Chern
classes, we first need some generalizations of our previous definitions:

Definition 2.4. (Infinite tropical cycle) We define an infinite tropical polyhedral
complex to be a tropical polyhedral complex according to [AR1, Definition 5.4] but
we do not require the set of polyhedra X to be finite. In particular, all open fans
F, still have to be open tropical fans according to [AR1, Definition 5.3]. Then an
infinite tropical cycle is an infinite tropical polyhedral complex modulo refinements
analogous to [AR1, Definition 5.12].

Remark 2.5. Definition 2.4 implies that an infinite tropical polyhedral complex
is locally finite, i.e. there are only finitely many polyhedra adjacent to any single
polyhedron. We can therefore think of infinite tropical cycles to be infinitely many
ordinary tropical fans glued together.

Definition 2.6. (Infinite rational functions and infinite Cartier divisors) Let
C be an infinite tropical cycle and let U be an open set in |C|. As in [ARI,
Definition 6.1] an infinite rational function on U is a continuous function ¢: U—R
such that there exists a representative (((X,|X|, {ms}oex),wx),{Ms}sex) of C,
which may now be an infinite tropical polyhedral complex, such that for each face
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o€X the map pom, ! is locally integer affine linear (where defined). Analogously
it is possible to define infinite reqular invertible functions on U.

A representative of an infinite Cartier divisor on C' is a set {(U;,y;)|i€1},
where {U;}; is an open covering of |C| and ¢; is an infinite rational function on U;.
An infinite Cartier divisor on C' is a representative of an infinite Cartier divisor
modulo the equivalence relation given in [AR1, Definition 6.1].

Remark 2.7. Using these basic definitions it is possible to generalize many
other concepts to the infinite case. In particular, as our infinite objects are locally
finite, it is possible to perform intersection theory as before.

Definition 2.8. (Tropical vector bundles on infinite cycles) Let X be an infinite
tropical cycle. A tropical vector bundle over X of rank r is an infinite tropical
cycle F together with a morphism 7: F— X such that properties (a)—(d) given in
Definition 1.6 are fulfilled with the difference that the open covering {U;}; of X
may now be infinite.

Now we are ready to prove the following announced theorem.

Theorem 2.9. Let w: FF—X be a vector bundle of rank r and s1,82: X —F
be two bounded rational sections. Then sgk) Y and sgk) Y are rationally equivalent,
i.e.

(507 ¥] = [s{" V] € A.(X)
for all subcycles Y € Z;(X).

Proof. Let p: | X|—|X| be the universal covering space of |X|. We can locally
equip |)? | with the tropical structure inherited form X and obtain an infinite tropical
cycle X according to Definition 2.4. Moreover, pulling back F' along p, we obtain
a tropical vector bundle p*F on X according to Definition 2.8. As X is simply
connected we can conclude by Lemma 1.25 that p* F=L;®...® L, for some infinite
tropical line bundles L, ..., L, on X. Hence, the bounded rational sections p*s;
and p*sy correspond to r infinite tropical Cartier divisors as in Definition 2.6 each,
which we will denote by ¢1, ..., @, and 1, ..., 1%, respectively. By Lemma 1.22 we
can conclude that for all i these Cartier divisors differ by bounded infinite rational
functions only, i.e. @; —;=h; for some bounded infinite rational function h; on X.
In particular,

< > Pi i — Y wjl---wjk>')~f=ﬁ~§2-~-5k~)~(

1<j1<...<jp<r 1<j1<...<jp<r
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with a bounded infinite rational function h and infinite Cartier divisors &;. Then we
can define a rational function h, which is then also bounded, and Cartier divisors
& on X as follows: Let UC|X| and UC|X| be open subsets such that plg: U—U
is bijective with inverse map p’:U— U. Then we locally define h|U::(p’)*iL\5 and
§i|U::(p’)*§i|[7. Note that h and &; are well-defined as the Cartier divisors ¢; and

1; are the same on every possible set U—U. As we locally have

GO (T e ()00

1<j1<...<jp<r

and
(Sék)~Y)ﬂU=p*< Z "/}jl"'wjk'<pl)*(YﬂU)>
1<1<...<jrp<r
we conclude that
(s sy =h-&..6-Y,

which proves the claim. 0O
Now we are ready to give a definition of Chern classes.

Definition 2.10. (Chern classes) Let m: F—X be a vector bundle of rank r
admitting bounded rational sections. For ke{l,...,r} we define the k-th Chern
class of F' to be the endomorphism

er(F): Au(X) — Au(X),
[Y]— [s® Y],

where A, (X)=@, Ai(X) and s: X —F is any bounded rational section. Note that
the map ¢ (F) is well defined by Lemma 2.2 and independent of the choice of the
rational section s by Theorem 2.9. Moreover, we define co(F): A, (X)— A, (X) to be
the identity map and ¢, (F): A.(X)— A.(X) to be the zero map for all k¢{0,...,7}.
To stress the character of an intersection product of ¢ (F') we usually write ¢ (F)-Y
instead of ¢ (F)(Y) for Y €A, (X).

As announced at the beginning of this section we finish this section with proving
some basic properties of Chern classes.

Theorem 2.11. (Properties of Chern classes) Let m: F—X and n': F'—=X
be vector bundles of rank r and r’, respectively, admitting bounded rational sections.
Moreover, let f:Y — X be a morphism of tropical cycles. Then the following holds:
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(a) ¢;(F)=0 for all i¢{0,...,rank(F)};

(b) &:(F)-(c; (F')-Zx)=c; (F')-(ci(F)- Zx) for all Zx € A,(X);

() fulci(f*F)-Zy)=ci(F)- fu(Zy) for all Zy € A.(Y);

(@) ei(f*F)-f*(Zx)=f"(c:(F)-Zx) for all Zx € A.(X) if X andY are smooth
varieties;

(e) c(FOF )= ci(F)-c;(F);
(f) e1(F)-Zx=D(F)-Zx for all Zx € A.(X) if r=rank(F)=1, where D(F') is
the Cartier divisor class associated with F'.

Proof. Properties (a) and (e) follow immediately from Definition 2.10, prop-
erty (b) follows from the fact that the intersection product is commutative and
property (f) follows from Remark 1.23.

(¢) The projection formula implies that

Foleil £ F)-Zy) = £ ([(F7) - 2y]) =[O f Zv] = ei(F)- f 2y,

where s is any bounded rational section of F.
(d) Applying [A, Theorem 3.2(c) and (f)] we obtain that

G(f F) - Zx =[(f*s) D f*Zx]=[f* (s Zx)| = f*[s") - Zx] = f*(c:(F)- Zx),

where s is again any bounded rational section of F. [

Remark 2.12. In “classical” algebraic geometry even the following, general-
ized version of property (e) is true: Let 0—F'— F—F"”—0 be an exact sequence
of vector bundles, then ¢, (F)=>_,, ;_; ci(F")-¢;(F"). In the tropical world it is
not entirely clear what an exact sequence of tropical vector bundles should be.
Nevertheless, in some sense the “classical” statement is true in tropical geome-
try as well: Let m: F1—X and me: Fo—X be tropical vector bundles of rank
r1 and 7o, respectively, and let Uy, ...,Us be an open covering of X such that all
requirements of Definition 1.6 are fulfilled for F} and F, simultaneously. More-
over, let f: F1—F5 be an injective morphism of tropical vector bundles such that
(@20 fo (B ) 1) (U; xR™)=U; % (€, ..., e;,, )r for all 4, i.e. such that the image of
Fy under f is a subbundle F’ of Fy (cf. Definition 1.14). Then we conclude by
Remark 1.15 that F5 is decomposable into Fo=F'@®F" for some other subbundle
F" of Fy. Hence we conclude by Theorem 2.11 that cx(F2)=>",, ;. ci(F")¢;(F").

3. Vector bundles on an elliptic curve

In this section we will give a complete classification of all vector bundles on an
elliptic curve up to isomorphism. One characteristic to distinguish different bundles
will be the following result.
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Definition 3.1. (Degree of a vector bundle) Let X:=X5 be the curve from
[AR1, Example 5.5] and let 7: F—X be a vector bundle of rank r. We define the
degree of F to be the number

deg(F) :=deg(c1(F)-X).

Remark 3.2. Note that Lemma 2.3 implies that isomorphic vector bundles on
X have the same Chern classes and hence have the same degree.

As already advertised in Example 1.12 vector bundles on the elliptic curve X
can be described by a single transition function. We will prove this fact in the
following lemma.

Lemma 3.3. Again, let X:=X5 be the curve from [AR1, Example 5.5] and
let m: F— X be a vector bundle of rank r. Then F is isomorphic to a vector bundle
7' F'—= X that admits an open covering Uy, ...,U; and transition maps M;; such
that at most one transition map is non-trivial.

Proof. Let Uy,...,Us be the open covering with transition maps M;; for F
according to Definition 1.6. We may assume that all the sets U; are connected and
that for all ¢ and j the intersections U;NU; are connected as well. Moreover, we
may assume that the sets U; are numbered consecutively as shown in the figure.
For simplicity of notation we will consider our indices modulo s.

X S
Uy s

Uz \yg’/\\\ Uy

I

We can write every map M; ;11, i=1,..., s, as
1 r
M’i,iJrl(x) = D(@z(',i)Jrl’ sy SD’E,’L‘LI)(‘T")QAULH»I = Dl(x)Qpl

for some regular invertible functions @EﬁlleO*(UiﬁUiH) and some permutations
0i.i+1€Syr. We will show that we can successively replace all the transition maps
M; ;41 but one by the constant map M{7i+1: U,NU;3+1—G(r), x—E, and the re-
sulting vector bundle F’ is isomorphic to F: Choose jo€{2,...,s}. Note that if
we are given a regular invertible function ¢ €O*(U;NU;) there is a unique regular
invertible function o€ O*(U;) such that @|y,nu, =. As they are regular invertible
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functions, too, we can extend in exactly the same way the finite entries of the matrix
D, along the chain Uj,_1,Uj,—2, ..., Uit1 to any set U;y; for i€{2,...,jo—1}. By
abuse of notation we will denote this continuation of D;, as well by D,,. Now, we
take U/:=U; for all i=1, ..., s and

Pj, ©Djy () O M; i1 (x) 0Dy, (x) PO Pt if i€{2, .., jo—1},

Jo

M/ =
z,z+1($) {Mi,i+1(‘r)7 lfle{jo-i-l,,s}

Moreover, we set M{,(z):=Pj, © Dj, (v)© D1 (x)© Py and M} ; . (z):=E. To check
that the vector bundle F’ we obtain from this gluing data is isomorphic to F we
apply Lemma 1.18: We set

. L Djo(l')Qij ifie{?,...,jo},
Ei(x):= { L, otherwise,

and get that

(DjOQPjo)G(DlG)Pl) = (DjOGPj()@Dl@Pl)@Ea
(D}, ®Pj,)©(Dy 0 Py) = (D, ©Pj, © D20 PO D; ' O P ) O (Dj, © Py ),

EQ(DjOQPjU) = EQ(Djo ®Pjo)'
This finishes our proof. [

To classify all vector bundles on our elliptic curve X we now give a non-
redundant parametrization of all indecomposable vector bundles on X. Arbitrary
vector bundles are then just direct sums of these building blocks.

Theorem 3.4. (Vector bundles on elliptic curves) Let X:=X5 be the curve
from [AR1, Example 5.5]. Then the set of indecomposable vector bundles of rank r
and degree d is in bijection with ged(r,d)- X, i.e. with points of the curve X stretched
to ged(r, d) times the original length.

Remark 3.5. Note that the claim of Theorem 3.4 coincides with the equivalent
result in “classical” algebraic geometry (see [At, Theorem 7]).

To prove the theorem we need the following lemmas.
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Lemma 3.6. Let m: FF— X be an indecomposable vector bundle of rank r with
open covering Uy, ...,Us and transition maps M;; according to Definition 1.6. If

Mis(z)=D(p1, ...y r)(2) © Ag

for some regular invertible functions 1, ...,0.€O*(U1NUs2) and a permutation
oS, and M;;(x)=FE for all {i,j}#{1,2}, then there exists an isomorphic vector
bundle w: F'— X with open covering Uy, ...,Us and transition maps Mi’j according
to Definition 1.6 such that

Miy(z) = D(¢, ... ¢ ) () O A12...)
for some regular invertible functions @i, ..., ¢, €O*(U1NU2) and M;(x)=E for all
{i,53#{1,2}.

Proof. As F' is indecomposable o must by a single cycle. Hence there exists g€
S, such that gop~t=(12...r). We will apply Lemma 1.18 to show that we can replace
Mia(x) by Miy(2):=A,0D(x)©A,1 ©A(12..r) without changing the isomorphism
class of F': We set E;(z):=A, for all z and all 7 and obtain
AQG(D(x)QAU) = (A.l_)@D(z)GAQ*1 QA(IQ.."I‘))QAI_H

A,0E=E0A,,

A, OE=E0A,.
This proves the claim. [
Lemma 3.7. Let w: F—X be a vector bundle of rank r with open covering
Ui, ...,Us and transition maps M;; according to Definition 1.6. Moreover, let all

sets U; be connected, let for all i and j the intersections U;NU; be connected as
well, and let the sets U; be numbered consecutively. If

Miz(x) = D(p1, -y 0r) () O A(12...m)

for some regular invertible functions @1, ..., o, € O*(U1NUs) and M;;(x)=E for all
{i,j}#{1,2}, then there exists an isomorphic vector bundle w: F'—X with open
covering Uy, ...,Us and transition maps Mi’j according to Definition 1.6 such that

M{2($) :D((pl707 ) 0)(‘1:)@14(127")

for some regular invertible function ¢’ € O*(UyNUs) and M;j(x)=E for all {i,j}#
{1,2}.
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Proof. We apply Lemma 1.18. For i=1,...,r let a; be the slope of y; and let L
be the (lattice) length of our curve X. For i=2, ..., we set 51-::Z;=i(j—i+1).aj.
Moreover, we define ¢’ :=¢@;+...+,.—dL. Note that if we are given a regular
invertible function ¢ €O*(U;NU;) there is a unique regular invertible function e
O*(U;) such that @ u;nu; =¢- Hence we can extend our regular invertible functions
Y1, ..., pr along the chain Us,Us,...,Us,U; to any of the sets Uy, ...,Us;. Note that
on U;NU; the extension of ¢; to Us and the extension of ; to U; differ exactly by
a; L. We use these continuations to define the maps E; as

EZ(LL') = D(¢2+...+@T—52L7 @3+...+@T—53L, ey (ZT—(STL, 0),

where for entries of £; the map @; denotes the continuation of ¢; to U;. Hence we
obtain on U;NUs:

Ey®Mis = D(@a+...4+@p =02 L, ..., 0r =0, L, 0) O (D(1, ..., 07) ©A(12...r))
= D(p2+...+¢r—=02L, ..., 0, =6, L,0)O(D(p1, .., pr) ©A(12...r))
= D(p1+...+@r—02L, po+...+@r—03L, .., pr_1+90r =L, 0r) © A12...r)
and
M{,0FE = (D(p1+...4+¢r—02L,0,...,00©A(12..)
OD(Pa+...+@p—0L, ..., 3, —6,L,0)
= (D(¢1+...4+¢,—02L,0,....,0)0A12._1))
OD(py+...4pp—03L, ..., 0, —6,_1L,0)
= D(Q1+.ct@r—02L, P2+ ..t @r—03L, ooy 0r_1+ 0, =0, L, 0r) ©A(12._ .-

The other conditions are trivially fulfilled as FE;
This proves the claim. [

U;NU; 41 :Ei+1 UiNUit1 for all Z7£].

Lemma 3.8. Letm:F—X and m:F'— X be vector bundles of rank r and degree
d with open covering Ui, ...,Us and transition maps M;; respectively M{j according
to Definition 1.6. Moreover, let all sets U; be connected, let for all i and j the inter-
sections U;NU; be connected as well, and let the sets U; be numbered consecutively.

If
Ml?(x) = D(@a o,.., 0) (x>®A(12r) and M{2('r> = D((,O—l—CL, 0,..., O)(‘T)QA(12T’)

for some regular invertible function @€ O*(U1NUs) and the (lattice) length L of
our curve X, and M;;(x)=M;(x)=E for all {i,j}#{1,2}, then F' and F' are
isomorphic if and only if ¢ is an integer multiple of ged(r, d).
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Proof. By Lemma 1.18, F and F’ are isomorphic if and only if for all i=
1, ..., s there exists a map E;: U;—G(r) such that for all ¢ the equation E;;1(z)®
Mi,iJ’,l(m):M{7i+1(.’L‘)®Ei($) holds for all z€U;NU;41. As M; ;41 is trivial for all
i#1 these equations imply that E;|v,nv,,, =Fit1|v,nv,,, for all i#1. Hence F
and F’ are isomorphic if and only if there exist a permutation 7€S, and regular
invertible functions 11, ..., 1, €O*(U1NUs) with continuations V1, ...,y to all sets

Ui, ...,Us along the chain Uy, Us, ..., U, Uy such that
(D@1, ... ¥r) © A ) O(D(,0,...,0) O A,)
= (D(p+cL,0,..,0)0A4,) (D)1, ... 1, ) O A;)

holds on UyNU,. In particular, the last equation implies that A, ©A,=A,O A,
and hence 7=0" for some k€Z. Thus F and F’ are isomorphic if and only if there
exist k€Z and 1, ...,¢, as above such that

D(d’}la "'71/;k71;k+1 +90a QLk+27 "'7/‘;7‘)®A0’k+1 :D(SD+CL+1/;T7 1;17 "'7/(;7‘71>®Aa'k+1'

Let «; be the slope of ¥;. Then on U;NUs the continuation of ¥; to Us and the
continuation of ; to U; differ exactly by «;L. Hence we obtain the system of
equations

101 = §0+CL+¢JT+OWL7
Yo =11 +on L,

Vi =Yp_1+og_1L,
Ypr1te=vrtailL,

Vi+2 = Yry1 + o1 L,

wr = wr—l +ay_1L.
In particular, we can conclude that a3 =...=ay and agy1=...=a,. Hence F and F’
are isomorphic if and only if there exist a1, «, and k€Z such that

—c=(r—k)-ar+k-a;y and o« =—-d+a,,
or equivalently if and only if there exist a,. and k€Z with
—c=ra,—k-d.

This finishes the proof. [
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Proof of Theorem 3.4. Let m: F—X and 7: F'— X be indecomposable vector
bundles of rank r and degree d. We may assume by Remark 1.9 that F and F”’
fulfill Definition 1.6 with the same open covering Uy, ...,Us and transition maps
M;; respectively Mz/j Again, we may assume that all sets U; are connected, that
for all 4 and j the intersections U;NU; are connected as well, and that the sets U;
are numbered consecutively. Moreover, by Lemma 3.3 we may assume that Mo
and Mj, are the only non-trivial transition maps. Applying Lemmas 3.6 and 3.7
consecutively we can furthermore assume that Miz(z)=D(p,0,...,0)(x)©Ax2.
and Mi,(z)=D(¢',0,...,0)(x) ® A2, ry. As F and F' are vector bundles of degree d
the affine linear maps ¢ and ¢’ both must have slope —d. Hence we have ¢’ =¢+cL,
where c€R and L is the (lattice) length of the curve X. Thus F and F' are
isomorphic if and only if ¢ is an integer multiple of ged(r, d) by Lemma 3.8. O

References

[A] ALLERMANN, L., Tropical intersection products on smooth varieties, Preprint, 2009.
arXiv:0904.2693.

[AR1] ALLERMANN, L. and RAu, J., First steps in tropical intersection theory, Math. Z.
264 (2010), 633-670.

[AR2] ALLERMANN, L. and RAuU, J., Tropical rational equivalence, Preprint, 2008. arXiv:
0811.2860.

[At] ATrvaH, M. F., Vector bundles over an elliptic curve, Proc. Lond. Math. Soc. 37
(1957), 414-452.

[GKM] GATHMANN, A., KERBER, M. and MARKWIG, H., Tropical fans and the moduli
spaces of tropical curves, Compositio Math. 145 (2009), 173-195.

[T] TorcHIANI, C., Line Bundles on Tropical Varieties, Diploma thesis, Technische Uni-
versitat Kaiserslautern, Kaiserslautern, 2010.

Lars Allermann

Fachbereich Mathematik

Technische Universitat Kaiserslautern
Postfach 3049

DE-67653 Kaiserslautern

Germany
allerman@mathematik.uni-kl.de

Received April 26, 2010
in revised form October 1, 2010
published online June 9, 2011


http://arxiv.org/abs/arXiv:0904.2693
http://arxiv.org/abs/arXiv:0811.2860
http://arxiv.org/abs/arXiv:0811.2860
mailto:allerman@mathematik.uni-kl.de

	Chern classes of tropical vector bundles
	Abstract
	Tropical vector bundles
	Chern classes
	Vector bundles on an elliptic curve
	References


