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Nonexistence of Levi-degenerate hypersurfaces
of constant signature in CP”

Alla Sargsyan

Abstract. Let M be a smooth hypersurface of constant signature in CP", n>3. We
prove the regularity for 8, on M in bidegree (0,1). As a consequence, we show that there exists
no smooth hypersurface in CP™, n>3, whose Levi form has at least two zero-eigenvalues.

1. Introduction

The question of nonexistence of smooth Levi-degenerate hypersurfaces in CP"
has attracted a great interest in recent years and takes its origin in the foliation
theory, [4] and [9]. Several nonexistence results were obtained for Levi-flat CR
manifolds. Recall that a CR manifold M is called Levi flat, if there exists a local
foliation of M by complex manifolds, whose dimension coincides with the CR di-
mension of M. In the hypersurface case this is equivalent to vanishing of the Levi
form of M. The nonexistence of real-analytic Levi-flat hypersurfaces in projective
spaces for n>3 was discussed by Lins Neto in [9]. Siu has shown that there does
not exist any C8-smooth Levi-flat hypersurface in CP™ for n>2, [12] and [13]. The
regularity assumption on the hypersurface was relaxed to C* by Iordan for n>2, [8].
The conjecture of Siu on the nonexistence of higher codimensional smooth Levi-flat
CR manifolds in compact symmetric spaces was proved by Brinkschulte in [2]. Cao
and Shaw have proved that there does not exist any Lipschitz Levi-flat hypersurface
in CP™ for n>3, [3]. The case n=2 is still open.

We show that in the more general case of Levi-degenerate manifolds (whose
Levi form does not necessarily vanish) the nonexistence depends essentially on the
signature of the hypersurface. In our paper we use Siu’s idea to reduce the problem
to the regularity of the tangential Cauchy-Riemann operator J, in bidegree (0, 1).
One way to prove the regularity is to derive this from L?-weighted estimates using
the Bochner—Kodaira—Nakano inequality. However there are some obstructions to
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prove the desired estimates in terms of the usual Fubini—Study metric of CP™.
Following Brinkschulte’s arguments [2] we construct a new metric in CP™\ M, which
provides good estimates for the curvature term in the Bochner—Kodaira—Nakano
inequality at points near to the hypersurface. To extend the obtained estimates
over the whole projective space we use Ohsawa’s method of pseudo-Runge pairs.

Theorem 1.1. Let M be a smooth real hypersurface in CP™, n>3, having a
constant signature (q~,q°,q") with ¢°+min{q~,¢*}>2 and ¢°>1.

If fECS(M)NKer dy, then for every k€N there exists u€ C*(M) such that
Opu=f on M.

The above regularity implies our main nonexistence result.

Theorem 1.2. There exists no smooth real hypersurface in CP™, n>3, whose
Levi form has constant signature and satisfies one of the following conditions:

(i) the Levi form has at least two zero eigenvalues;

(ii) the Levi form has at least one zero eigenvalue and two eigenvalues of op-
posite signs.

Acknowledgements. The results of this paper are based on the investigations
of Dr. Judith Brinkschulte and I would like to express my deep gratitude to her for
the guidance throughout the research.

2. Construction of the new metrics

We consider the complex projective space CP™, n>3, with its standard Fubini—
Study metric wps. Let M be a smooth closed real hypersurface in CP" represented
as

M={z€U: p(z) =0},

where p: U—R is a smooth function in an open neighborhood U CCP" of M, and
dp(2)#0 on M. The hypersurface M divides CP" into two sets Q7 and Q~ with
Q NU={2€U:p(2)<0} and Q*NU={z€U: p(z)>0}. We denote by (¢7,¢° ¢")
the signature of M, that means that the Levi form L£,(p) of p has exactly ¢~
negative, ¢° zero and ¢* positive eigenvalues on T}°M at each point z€ M. Clearly,
¢ +q°+qt=n—1. Next, we denote by dys(z) the Fubini distance from a point
2€CP™ to the hypersurface M and by K a compact set in CP"™ that contains all
the points near which d(z) fails to belong to C?.

It was proved by Matsumoto [10], that if Q is a weakly q-convez set in CP™,
1<g<n, then the Levi form of —logdys has at least q+1 positive eigenvalues in
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Q\ K. Note that the set Q2 is weakly (¢°+¢*)-convex, while the set QF is weakly
(¢°+q~)-convex. Hence there exists a constant C'>0 such that the Levi form
i00(—log drr(2)) has at least ¢°+¢*+1 positive eigenvalues in Q~\ K, which are
not less than C, and the corresponding observation holds for O\ K.

In what follows we consider the problem in 27, unless otherwise indicated.
Let us denote by v; <72 <...<7, the eigenvalues of i90(—logdys(z)) with respect
to wpg. As

i09(—log 611 (2)) = —éa&nﬁ 6%65]%/\551\4,
M

there exists a positive constant N such that

N
71 S S’-Yq* S 7677
M
(1) N <Yg=41 < oo SV 4405

N
Sor <Yg+q°+1 S-S Tn
M

at points 2~ near M. By considering a larger compact set K if necessary, we can
assume that these inequalities are valid in the whole domain Q™ \ K. Furthermore,
it follows from Lemma 2.1 in [1], that for each fixed zo€ M there is a neighborhood
U., CCP™ of z5 and a smooth extension T}, of T*YM on U,, such that

M(2):=i0d6p |7, = M~ (2) M () MT(2), 2€U,,,

and the eigenvalues of M~ (z) are the ¢~ smallest eigenvalues of M(z) while the
eigenvalues of M™*(z) are the ¢* biggest. Since the Levi form £,(p) has exactly
q° zero eigenvalues on THM at each point z€ M, it follows that M°(2)=0 for all
z€MNU,,. Hence there exists a positive number N’ such that the eigenvalues of
MO (z) satisfy

Vg-+1 S e SV g0 S N’

near M.

We show below that in order to derive good L2-estimates one needs to control
the sum of some eigenvalues of i09(—log ds). Tt follows from (1) that the negative
eigenvalues of z'a@_(—log dpr) with respect to wrg are not bounded from below and
hence one cannot control the above mentioned sum in terms of wrg. Thus we need
to construct a new Hermitian metric.

Let us choose a smooth positive function §€ C*° (R, R) such that

—ny for y<—N,
O(v)=¢ N for 0<y< N/,
~ for y>N'+1.
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We consider a new Hermitian metric wy; defined by the Hermitian endomorphism
0(Aups(2)), where A, (z) is the Hermitian endomorphism associated with the
Hermitian form i09(—log ds) with respect to wrs. The eigenvalues o, (2):=0(7,(z))
of 0(Aups(2)) satisty

o1(2) = n|mn(2)], S Oq- (2) :nhq_(z)'»
04-+1(2) =N, ey Og—4q0(2) =N,
Og=+¢0+1(2) = Yg=+q041(2), o) on(2) =T (2)

on 7\ K. For the eigenvalues \,(z) of i09(—log dys) with respect to wys we have

v - <q~
A (z) = Y (2) 1/n  for V_qi,
ou(z) | >1 for v>q~,
and hence
qg 1 _
(2) )\1+“.+)\T21_;ZE for all r > ¢~ +1.

The corresponding observations yield an analogous estimate in the weakly (¢ +¢~)-
convex domain QF for r>¢*+1.

It follows from the construction that wp; is comparable with the Fubini—Study
metric, i.e. there are positive constants a and b such that

awps < war < b8y wrs.

Moreover, the metric wys, constructed in such a way, is complete and Owps is
bounded with respect to wys (see [1]).
All the above considerations lead us to the following result.

Proposition 2.1. There exists a Hermitian metric wy on CP™\ M with the
following properties:

(i) there exists T>0 such that the eigenvalues A1 <...<\, of i09(—log dps) with
respect to wyy satisfy

)\1+...+)\T>T
on CP™"\K for all r>min{q™,q"}+1;

(ii) there are positive constants a and b such that awps gwMgb(S;waS;
(iii) there is a positive constant C' such that |Owps|w,, <C.
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3. L2-existence in CP™\ M

We emphasize that (2) holds only outside the exceptional set K C CP™\ M.
In this section we construct a special family of complete Hermitian metrics, which
allow us to extend the estimates over the whole CP™\ M. First, let us recall some
definitions from the theory of pseudo-Runge pairs, [11].

Let X be an n-dimensional complex manifold and E be a holomorphic vector
bundle over X. Let X; and X5 be two open subsets of X.

The pair (X1, X5) is called a pseudo-Runge pair at bidegree (p,q) with respect
to E if X1CX5 and there exists a complete Hermitian metric wg on X; and a
Hermitian metric ¢ along the fibers of E|x,, a sequence of complete Hermitian
metrics {wg}ren on X5 and a sequence of Hermitian metrics {pg }ren along the
fibers of E|x,, such that the following properties are satisfied:

(a) wk, pr and their derivatives converge respectively to wg, ¢o and to their
derivatives uniformly on each compact subset of X7;

(b) there exist a compact subset K CX and a constant Cy>0 such that the
basic estimate

3) T scl(|5f|zk,wk+||a‘;f|2k,wk+ [ 1, dek)

holds for any compactly supported feCps, 4+1(X3,E) and any k>1. Here the sub-
indices mean that we use the metrics hy and wg, and 5,: denotes the adjoint with
respect to the metrics wy and @y, (the more precise definition of the adjoint operator
will be given below);

(c) there is a constant Cy such that

HU|X1 ||h07w0 < CQHUHhkaWk

for any compactly supported veCpS (X2, E), j=1,2.
Let us fix some a>0 that is less than the distance between M and K. We
set Xo:={2€CP™:dist(z, M)>a}. Our goal is to show that (X,,CP"\M) is a

pseudo-Runge pair at bidegree (n,q) for ¢>max{q~,¢"}+1.

Proposition 3.1. There exists a complete Hermitian metric wg, a weight func-
tion wg on X, a sequence of complete Hermitian metrics {wg tren and a sequence
of weight functions {otren on CP™\ M, satisfying the following conditions:

(i) wg, ¢ and their derivatives converge respectively to wo, o and to their
derivatives uniformly on each compact subset of X;

(i) wp <wpy1<wo and pr <1< for all keN;
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(iil) there exists a positive constant T (independent of k) such that the eigen-
values \f <...<\F of i00(—log dy) with respect to wy, satisfy
k k
AT+ A>T

on CP™"\(MUK) for all r>max{q ,q" }+1;
(iv) there exists a positive constant A (independent of k) such that the eigen-
values k¥ <...<ck of 100y, with respect to wy, satisfy

Nt > — A12|0w].,

on CP™\ M for all r>max{q™,q"}+1;
(v) there are positive constants a and b such that

bw b
awrs <wp, < QFS and a<et < -
s O
for all keN.
Proof. Let us set :=—loga. For every k€N we can choose a smooth increas-

ing function x(¢t)eC>(R) satisfying

1
T BH1/k—t’

and such that (x},)?(t)<x3(t) on R. Let us set

Xk (t) te (=00,

W ;:WMJer(flochM)&dM/\@_dM
and
—log dn(2)
(4) or(z):= l/ Xk(t) dt,
inf(—log dar(2))

where [€N is large enough. Then the metrics {wg }ren are complete on CP™\ M,
and on each compact subset of X, the sequences {wi}ren, {¢k}ren and their
derivatives converge uniformly to the complete metric

wo 1= LUM—I-(ﬁ—‘rlOg 6M)_286M/\a_(5]\/[,
B l B l
" B+logdy  B—inf(—logda)

and their derivatives, respectively. Thus the properties (i), (ii) and (v) of Proposi-
tion 3.1 are verified.

¥o:
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Let A¥<...<)\¥ be the eigenvalues of i90(—log dys) with respect to the met-
ric wi. By the minimax principle we have )\’fLZAn_l and )\’f:)\l, ~-~,)\7]§_1:)\n—1
and we get the inequality in (iii).

The eigenvalues of

100y, = lx(—1og 80r)00(—1og Sr) +1x} (—log dar)0log Spr Alog dar
with respect to wps are not less than the eigenvalues
Ixi(—log dpr) A1, -y Ixk(—log dar) \p,

of Ixx(—log&ar)00(—logdyr) with respect to wys and hence for the eigenvalues
c’fg...gc’; of 88_g0k with respect to wy we have

N4 > (—log dar)T

for some 7>0 and all r>max{q~,q"}+1.
It follows from the construction of wj, that

| 0wk |y, = |0wnr =Xk (—10g G0r)DDrr NOG 11 .,

< C’_|_|855]\/I‘UJM |Xka§M|Xk(—log6M)6_6M/\B5M

(5) < C1+Cav/xi(—logdnr)

for some C; and Cs independent of k. Choosing [ large enough we obtain (iv).
Proposition 3.1 is proved. [

Given a domain QCCP", we denote by L§7q(Q,N, k), NeZ, k=0,1, ..., the
Hilbert space of (p, ¢)-forms f on £ with the norm

T / P, 6N e+ dV, < +oc.

For each k we denote by 9 ;,k the Hilbert space adjoint of d with respect to the
corresponding global inner product ((-,-))n , of the space Liq(Q, N, k). Here we
say that feDom 5;171@ if and only if 5;171@ f, defined in the sense of distribution
theory, belongs to Lg_’q(Q, N, k).

Taking into account (ii) from Proposition 3.1 and the monotonicity of | f|2_dV,,,
(with respect to wy) for p=n we obtain

|f|°2Jk+1 dek‘Fl < |f|u2Jk dek
for every k€N. Therefore

L2 (CP™\M,N,k)C L% (CP"\M, N, k+1)
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and
Il lIvo U flRegs €Ly o(CP"\M, N, k)
for every keN.

Thus, in order to show that (X,, CP™\ M) is a pseudo-Runge pair at bidegree
(n,q) it only remains to prove the basic estimate (3). First note that the curvature
of the metric

5%(3*% — ¢~ (=Nlogdnm+er)
is equal to —NAdlog dps +0dpy,. In view of the Bochner-Kodaira-Nakano inequal-
ity [6], we have

UL IRk 103k f 13r0) = NUOT AN Pt ((F et ) f P

=5l I s+ 17 f IR+ I FI s+ 17 F 1)

for all smooth compactly supported (n,¢)-forms f in CP™\ M. Here 1, =[Aj, Owy]
is the torsion operator defined by the torsion form dwj, and the adjoint operator Ay
of the left multiplication by wy.

The completeness of the metrics wy yields the extension of this result to every
f€Dom dy xNDom 8_;,’,6 by the density of compactly supported forms. Hence it is
enough to prove the basic estimate only for compactly supported forms in CP™\ M.

It follows from (iii) and (iv) in Proposition 3.1 that there is a constant A’>0
independent of k such that

(6) SUOL IR+ flRv ) = (PN = AN f 1 R
for all smooth (n, g)-forms f, g>max{q™,¢"}+1, with compact support in CP™\
(MUK).

In order to get an estimate for forms supported on CP"™\ M we consider com-
pact sets Ky and Ky with K C K3 CK3CX,, and a smooth function x on CP"\ M
satisfying

|0 on Ky,
o { 1 outside Ks.

Let us apply the inequality (6) to xf. There are some positive constants A” and
Ny, such that for all N> Ny and all k€N the inequality

(7) LI < NOFI3 x+ 108 s 3 u +NA" [ | fI2 68 dVi,
K.

holds for all those smooth (n,q)-forms f, ¢>max{q,¢"}+1, that are compactly
supported in CP™\ M.
Thus the basic estimate is proved. Together with Proposition 3.1 this implies
that (X,, CP™\ M) is a pseudo-Runge pair at bidegree (n,q), ¢>max{q~,q¢"}+1.
The next lemma follows from the definition of pseudo-Runge pairs.
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Lemma 3.2. There are integers Ny, ko and a positive constant C such that
for any feLvaq(CP"\M, N, k), N>Ngy, k>ko with ¢>max{q~,q"}+1, satisfying

flx. L Ker dnKer 87;%
the following inequality holds:

(8) £ 1%k < CUBS IR+ 1 f e k)-

Proof. Assume that the assertion is false. Then there exists a sequence fi€
L%,q(CPn\Mv N, k) satisfying

= 1 =% 1 = g
[fellne=1, [0fkllng < 10N kfullvg <3 and  filx, L KerdNKerdy .

Ea
Since || fr|x., |n.0<||frlln k=1, there exists a subsequence, which we again denote

by fk, which converges weakly to some f in Lf,,’q (Xa, N,0) such that fr— f strongly
on a common exceptional set Ko of the basic estimate (7). As

fxlx. L KerdnKer 5;70,

we have f1KerdnKer d ;,,0 by weak L2-convergence. Moreover, we also have that
Ofpy—0f and 5;/',kfk —>3_;’0f weakly and hence 5f=5;’0f:0. Thus f=0.
On the other hand, by the strong convergence on Ky we have

[N av, = i [ 65N v,
K> k—o0 Ko

> T (1l 0 o~ 1, i)
> lim L<1—3>
k—oo N A k2
L
 NA"

Therefore f##0 and we obtain a contradiction. O

Observe that f|x, 1 Ker dnKer 8_;,70 for every fea_L%’qfl(CP"\M, N, k) and
therefore (8) implies
dL? ,_1(CP™\M, N, k)

9) =Kerdn{feL? (CP"\M,N,k): f|x, LKerdnKerdy }.

This yields the following result.
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Proposition 3.3. For every N> Ny there exists an integer ko such that for

any k>ko and each ngLfLyq_l(CP”\M, N, k), ¢g>max{q,q*}+1, there exists

uel? , [ (CP"\M,N,k) such that du=f and

n,qg—1

lullnve < Clf N k-

The next proposition gives the dual version of Proposition 3.3. We denote by
L(Q)’q(CP"\M, —N,—k), keN, the Hilbert space of all (0, ¢)-forms v on CP™\ M
with the norm

||u||2—N,—k ::/ \ |u|wk51T/[N€£pk dek < +00.
CP"*"\M

Proposition 3.4. For every N > Ny there exists an integer ko such that for any
k>ko and each feL§ ,(CP™\M,—N,—k)NKer 9, with ¢<min{q~,q¢"}+¢° and
flx., =0, there exists ueLaq_l(CP"\M, —N, —k) such that Qu=f.

Proof. We consider g=#nfeL?, ,(CP"\M,N,k), where

tn g AVIT*(CP™\ M) — A"~ 9T*(CP™\ M)

is the conjugate-linear operator defined by
/ u/\jiNykv:«u,v»N’k.
CP™"\ M

Then we have geKer 5;% and g|x., =0. Hence g|x, | Ker 9nKer 5;,’0.
Next we consider the linear form

Lyt Ly n_q(CP™\ M, N, k) — C,
o — (g, O Nk

To see that L, is well defined we consider p€L? (CP™\ M, N, k)NnKer d. Since

n,n—q

gl x. LKer dnKer dy , we may also assume that
¢|x. L KerdnKer 5;10,

and hence, taking into account that ¢*+¢°=n—(¢¥+1), we conclude from Propo-
sition 3.3 that there exists 1€ L2 (CP™\ M, N, k) satisfying 9¢p=¢. Then for

n,n—q—1

geKer 8_;,’k we have

(g, @) nk = (9, O) Wk = (I gs ) =0.
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Now let peL?,  (CP"\M,N,k)NDomd. Then by Proposition 3.3 there

n,n—q

exists peL?,,_,(CP™\M, N, k) such that 0p=0¢ and ||@||Nk<C||0¢| nk. This
implies that L, is continuous in L?*-norm and its norm is <C||g||nx=C|f|-n,—&-

Hence there exists v L2 (CP"\M, N, k) with ||v||n & <C| f||-n,—r such that

n,n—q-+1
(v, 00) Nk = (g, )Nk
for pcL?2  _ (CP™\M,N,k)NDoma, i.e. 5;7kv:g. Setting u=fy",v we obtain

n,n—q

ueld ,_(CP"\M,-N, —k) with du=f. O

4. Regularity of d; in bidegree (0,1)

Let us first recall some definitions related to foliation theory. Let M be a CR
submanifold in CP”™ given locally by a defining function p: U —R*, UC CP", with
Op1N..NOpr#0 on MNU.

A smooth local foliation of M is a family of pairwise disjoint complex sub-
manifolds of M, all of the same dimension, which exhaust an open subset M NU and
varies smoothly with a multivariate real parameter. The existence and uniqueness
of such a foliation depends on the geometric properties of the hypersurface. As we
know, any Levi-flat CR manifold M is locally foliated by complex submanifolds.
Furthermore, for each z€ M, the space T}°M is the complex tangent space at z of
the leaf of the foliation that passes through z. This result can be extended to the
more general class of Levi-degenerate manifolds as follows.

First, we extend the Levi form to a bilinear map
L.p: (THOMeTI M)x (THOMaT M) — %
T, "MaT, M
by setting

1
‘Czp(XZa }/;) = %WZ[X7 Y]Z7

where 7, is the projection
T.M®C
T MeT M

and X, YeTYOM T M are vector field extensions of the vectors X, and Y,. For
z€M let

T, T,MQC—

NYM:={veT}'M: L. p(u,v) =0 for each uc T M}.

N1OM is called the Levi null set of M at z€ M. In the case when the dimension of
N1OM is independent of ze M, N"M =], ., N}°M forms a subbundle of T\
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Moreover, under this constant rank assumption on NOM there is a unique smooth
foliation of MNU by complex manifolds such that the complex tangent space to the
leaf passing through z€ M is NYOM (see [7]).

Now we return to the main problem. Our manifold M is assumed to be a
hypersurface of constant signature, i.e. the number ¢° of zero eigenvalues of its Levi
form is constant at each point of M. Let us assume ¢°>1. Hence dimc N, M =¢°
for each z€ M and the hypersurface M can be foliated by ¢°-dimensional complex
manifolds.

Proof of Theorem 1.1. As before we denote by 2~ and 2 two open sets that
are obtained by the intersection of CP™ with M. In order to solve the d,-problem
on M we consider the O-closed extensions of the (0,1)-form f to Q= and QF and
then use the L2-solvability for 0 in each of these domains.

As f is a CR form on the smooth hypersurface M, one can find a smooth
extension f €C3q(CP™) of f with support in some tubular neighborhood of M,
such that df vanishes to infinite order along M (cf. [5]). We can assume Jf|x, =0.
The assumption ¢°+min{q~,¢*}>2 implies that Proposition 3.4 can be applied
to the (0,2)-form df and hence there exists a solution ¢~ , respectively ¢*, of the
equation dg=0 f in the domain Q7 respectively in Q*, that satisfy

(10) / 19% 12,007 @Vigs <400, N>1.
O+

Without loss of generality we can assume that these solutions are minimal,
ie. 8iNgi:0. Here we denote by (’9:\, the Hilbert space adjoint of 0 with re-
spect to the global inner product of the space of all functions u with

2 2 —N
P = [l 8 Vi < 4ox.
CP"\M
Then there exist positive constants K, t and T such that

— 2
lg* 12,0 < Ku(l103/° 097 3206 1103/ g% 5. 02) forall seN.

If N is sufficiently large then by the Sobolev embedding theorem g* €C¥,(Q2*). As
g~ and g* vanish to infinite order along M, they can be patched together to form a
solution ge C§  (CP™). Let us set F::fngC’(]il(CP”). Then F =0 on CP™\ M.
We show that this is true in the whole CP".

Let p(z) be the local defining function for M. This means that dp#0 on M
and MNU={zeU:p(z)=0} for some open set UCCP™. We have to check that
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(OF,0)=(F,d"¢)=0 for any peCg9(U) with compact support. For e>0 let us
consider a smooth function . with

_{1 on {zeU:6p(2)>e},
Ve = 0 on{zeU:dy(z)<e/2},

such that |dv.|<C/e for some positive constant C. Then (F,d (p1.))=0 for any
©eC9 (U) with compact support. Since p?0t.—0 in L2-norm on U as e—0, we
also have

P20 (phe) = p*pd p+(p, p2Iip.) — p?d "

in L?-norm on U as ¢—0. Let ﬁ:p*m+4F, and thus F is L? on U. Taking N>6
we obtain

=%

(F,0" (o) = (pV~OF, p*0 " (p1.)) — (0N OF, p*0 ) = (F, 9" p)

as e—0, and hence F is a d-closed form on U.

Since the Dolbeault cohomology group of the projective space vanishes in bi-
degree (0, 1), there exists U€C*(CP™) with OU=F on CP™.

Next we show that the restriction u:=U|y; € CF(M) solves the equation dyu= f
on M. Indeed, if (Opu— f)(20)#0 for some zo€ M, then (dyu— f)(20)#0 in a small
neighborhood V, of zp in the leaf of the Levi foliation passing through zy,. Hence
there exists a constant C'>0 such that

OU —f>=1g]*>C inV,,.

This contradicts (10). O

5. Nonexistence result

In this section we give the proof of the main result of this paper.

Proof of Theorem 1.2. Let M be as in the previous section and let Nj/}?cpn
be the holomorphic normal line bundle of M. N Ib}?cpn can be identified with the
quotient bundle T1°(CP")/T1%M and can be endowed with the Hermitian metric
induced from the standard Fubini-Study metric of CP™. Since the line bundle
N J{/}?Cpn is trivial on M, the (1,1)-curvature form ©y of that metric is d-exact
on M, i.e. On=df as a function on A2(THOM@T*1 M). Here 6 is a smooth 1-form
on the holomorphic leaves of the foliation of M, and it can be represented as

9:01,0+90,17 QI,OZW,
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where 10 is a function on T1:°M and %! is a function on 7' M. After comparing
the degrees of the forms we conclude that 9,6%!=0. The regularity theorem of the
previous section implies that there exists a smooth function u on M with 9,u=6%".
Hence

On= 8_1,61’0—#81)90’1 = 8b8_b¢,

where ¥:=u—1u is a smooth function on M.

Since 1) is smooth, it achieves its maximum at some point po€ M. Let z1, ..., 240
be the local holomorphic coordinates at py of the holomorphic leaf through py of
the foliation of M, such that 0/0z1, ...,0/0z, are mutually orthogonal unit tangent
vectors of CP™ of type (1,0) at pg. Then

q° ¢ 0%y
o~ (5535 -
; "0z Z 87;] 0z
On the other hand, if e is the unit tangent vector of CP" of type (1,0) at po,
which is orthogonal to T19M, then

ii_@5566>@ 9 93,
Nz 0z ) — 9z 0% Teen\ 0z, 0z, ) )

Here we used the fact that the curvature of the vector bundle is dominated by that
of its quotient bundle.

It is well known that the Fubini—Study metric of the complex projective space
has a positive holomorphic bisectional curvature. This is equivalent to the Griffiths
positivity of the holomorphic tangent bundle T*°(CP™). Hence

- o 0
Z<@T1,U(cpn) (8_2;], 8_%) €, €> >0

and
qo 2
9"y
— 0z 62'3

at the point pg. This contradicts the fact that ¢ has a maximum at py. [
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