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A note on records in a random sequence
Lars Holst

Abstract. In an infinite sequence of independent identically distributed continuous ran-

dom variables we study the number of strings of two subsequent records interrupted by a given

number of non-records. By embedding in a marked Poisson process we prove that these counts

are independent and Poisson distributed. Also the distribution of the number of uninterrupted

strings of records is considered.

1. Introduction

The records in a given sequence of numbers are the elements in the sequence
with values strictly larger than all previous ones. The literature on different aspects
of records is extensive, see for example [3] and [15] and the numerous references
therein.

In this paper we consider the record model where the sequence of numbers
is generated by independent identically distributed continuous random variables.
Set Ik=1 if the kth element in the sequence is a record, set otherwise Ik=0. By
symmetry the random variable Ik has the Bernoulli distribution

P (Ik =1)=1−P (Ik =0)=
1
k

,

and the record indicators I1, I2, ... are independent. From the Borel–Cantelli lemma,
independence, and the divergence of the harmonic series

∞∑

k=1

P (Ik =1)=
∞∑

k=1

1
k

=+∞

it follows that with probability one infinitely many records occur. Note that the
number of records grows very slowly in this model as the expected number of records
in the first n trials is

∑n
k=1 1/k. We will study how the rather few records occur

among the many non-records.



352 Lars Holst

In Section 2 we derive the distribution of the number of strings where two
subsequent records are interrupted by a given number of non-records. The number
of strings consisting only of records is studied in Section 3.

2. Counts of non-records between records

The number of double records, that is two records immediately after each other,
can be written

M1 =
∞∑

k=1

IkIk+1,

and, more generally, the number of strings with two subsequent records interrupted
by d−1 non-records is

Md =
∞∑

k=1

Ik(1−Ik+1)...(1−Ik+d−1)Ik+d.

As

E(Md) =
∞∑

k=1

1
k

k

k+1
...

k+d−2
k+d−1

1
k+d

=
∞∑

k=1

(
1

k+d−1
− 1

k+d

)
=

1
d

the Borel–Cantelli lemma shows that Md is finite with probability one.

Theorem 2.1. The counts M1, M2, ... are independent Poisson random vari-
ables with expectations E(Md)=1/d, d=1, 2, ... .

Proof. Any continuous distribution can be used in the model we consider. Let
the random sequence be given by Z1, Z2, ... , where the Zk’s are independent expo-
nential random variables all with mean 1, that is for, k=1, 2, ... ,

P (Zk >x) = e−x, x> 0.

Conditional on the first record value T1=Z1, the number of Zk’s until the
second record, L1, has the geometric distribution

P (L1 = � | T1)= (1−e−T1)�−1e−T1 , � =1, 2, ... .

For the second record value T2=Z1+L1 the lack of memory property of the expo-
nential distribution shows that the excess T2 −T1 is exponential with mean 1 and
independent of T1 and L1.
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Given the second record value T2, the waiting time L2 until the third record
has

P (L2 = � | T2)= (1−e−T2)�−1e−T2 , � =1, 2, ... .

The excess T3 −T2=Z1+L1+L2 −Z1+L1 is exponential with mean 1 and independent
of the past. Analogously we introduce the random variables L3, T4, L4, T5 etc.

The sequence 0<T1<T2<T3<... is a marked Poisson process Π with intensity 1,
where Tk is marked with the geometric random variable Lk. Consequences of this
are, that the d-marked Tk’s is a Poisson process Πd with intensity

λd(t)= (1−e−t)d−1e−t, t > 0,

and that the processes Π1, Π2, ... are independent, see [13, Section 5.2]. The total
number of points in Πd is Poisson with mean

∫ ∞
0

λd(t) dt=1/d.
The double records occur at the points marked 1, that is Π1. Hence the number

of double records M1 is Poisson with mean 1. Similarly, Md, the number of points
in Πd, has a Poisson distribution with mean 1/d. As Π1, Π2, ... are independent the
counts M1, M2, ... are also independent. �

Hahlin [6] derived the distribution of M1. In a number of papers M1 and related
random variables have been studied by different methods, see for example [4], [7],
[8], [12], [14] and [16], and the references in these papers. The random variables
M1, M2, ... also occur in connection with random permutations and Ewens Sampling
Formula, see [1], [2] and [5]. To our knowledge the embedding approach used above
is new. More general cases using embedding are considered in [9] and [11].

3. Strings of records

With probability one infinitely many records occur, but only finitely many
double records. Hence most of the records are isolated from each other. How many
strings of uninterrupted subsequent records occur? That is, what is the distribution
of

N =
∞∑

k=1

IkIk+1(1−Ik+2).

Clearly N is at most equal to the number of double records, and

E(N) =
∞∑

k=1

1
k

1
k+1

k+1
k+2

=
3
4
.
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As the number of double records is Poisson with mean 1 we have

P (N =0)=P (M1 =0)= e−1 =0.3679... .

To illustrate how the embedding above can be used we will calculate P (N=1).
We have

P (N =1)=
∞∑

n=1

P (N =1, M1 =n) =P (M1 =1)+
∞∑

n=2

P (N =1, M1 =n).

Recall that the points of the double records Π1 occur with intensity e−t and the
points in Π2 ∪Π3 ∪... with intensity 1−e−t. Conditional on that n>1 double records
have occurred and at the positions t1<t2<...<tn, the probability that none of the
points in Π2 ∪Π3 ∪... occur in the interval (t1, tn) is

exp
(

−
∫ tn

t1

(1−e−t) dt

)
= e−tn+t1 exp(e−t1 −e−tn).

As M1 is Poisson with mean 1 we get for n>1 the unconditional probability

P (N =1, M1 =n)

=
∫

...

∫
I(0 <t1 < ... < tn)e−

Pn
j=1 tj e−1e−tn+t1 exp(e−t1 −e−tn) dt1...dtn.

Changing variables uj =e−tj gives

P (N =1, M1 =n) =
1
e

∫
...

∫
I(0 <un < ... <u1 < 1)

un

u1
eu1−un du1...dun

=
1
e

∫ 1

0

∫ 1

0

I(0 <un <u1 < 1)
(u1 −un)n−2

(n−2)!
un

u1
eu1−un du1 dun

=
1
e

∫ 1

0

∫ 1

0

vn−2

(n−2)!
(1−v)un−1euv du dv.

Hence
∞∑

n=2

P (N =1, M1 =n) =
1
e

∫ 1

0

∫ 1

0

(1−v)ueuv
∞∑

n=2

(uv)n−2

(n−2)!
du dv

=
1
e

∫ 1

0

∫ 1

0

(1−v)ue2uv du dv

=
1
e

∞∑

�=0

1
�!

∫ 1

0

∫ 1

0

(1−v)u(2uv)� du dv

=
1
e

∞∑

�=0

2�

�!

(
1

�+1
− 1

�+2

)
1

�+2
.
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As P (M1=1)=e−1 we have shown that

P (N =1)=
1
e

(
1+

∞∑

�=0

2�

(�+2)!(�+2)

)
=0.5227... .

By similar, but more involved calculations, one can obtain

P (N =2)=0.1012... , P (N =3)=0.0078... and P (N =4)=0.0003... .

Further results on consecutive records can be found in [3] and [10].
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1. Arratia, R., Barbour, A. D. and Tavaré, S., Poisson process approximations for
the Ewens sampling formula, Ann. Appl. Probab. 2 (1992), 519–535.

2. Arratia, R., Barbour, A. D. and Tavaré, S., Logarithmic Combinatorial Struc-
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