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On hypoellipticity of generators of Lévy
processes

Helmut Abels and Ryad Husseini

Abstract. We give a sufficient condition on a Lévy measure p which ensures that the
generator L of the corresponding pure jump Lévy process is (locally) hypoelliptic, i.e., sing supp uC
sing supp Lu for all admissible w. In particular, we assume that ;L|Rd\{0} €C®(R*\{0}). We also
show that this condition is necessary provided that supp u is compact.

1. Introduction

Hypoellipticity of elliptic partial differential operators or, more generally, pseu-
dodifferential operators is one of the classical topics in the theory of partial differ-
ential equations. Briefly, an operator L is called hypoelliptic if the singular support
of u is contained in the singular support of Lu for all v in the domain of L. In par-
ticular, hypoellipticity comprises the C'*°-regularity of functions on their domains
of L-harmonicity where we call u: R?* <R L-harmonic on € if Lu=0 on .

This analytic notion has, if L generates a strong Markov process (X;);>o in an
appropriate way, a probabilistic counterpart. More precisely, a bounded measurable
function u is said to be harmonic on © with respect to (X;);>0 if w(Xinr,) is, for
all z€R?, a local P*-martingale. Here 7 denotes the first exit time of Q and P®
is the probability measure under which the process starts in z, i.e., Xo=z a.s. If
(Xt)¢>0 is a Brownian motion, this yields the mean-value property of classical har-
monic functions. In fact, harmonicity with respect to a reasonable Markov process
can always be defined by a generalized mean-value property, see for example [6].
Functions harmonic in this sense play an important role in the potential theory of
Markov processes. This motivates an increasing interest for example in questions of
regularity of these operators by probabilists. Since, by the theorem of Courrege [7],
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generators of strong Markov processes are pseudodifferential operators with contin-
uous negative definite symbols as described for example in [14] or [8], generally they
do not fit in the framework of classical symbol classes, for example the Héormander
class ST.

Regularity of functions which are harmonic with respect to jump processes has
been an object of intense studies in the last years. Let us mention here for example
(2], [4], [9], [11], [15], [16], [18] and [19]. Most of these papers deal with a-priori
continuity estimates in the broader context of processes with space-dependent jump
measures. They rely on a delicate interplay between lower and upper bounds on the
jump measures, i.e., they deal with fixed order operators where the small jumps are
in principle comparable to those of a rotationally symmetric a-stable Lévy process.
The variable order case is far more difficult as it is for example emphasized by a
counterexample in [1].

In the present paper we concentrate on stochastic processes with stationary and
independent increments, so-called Lévy processes. Their generators are translation-
invariant and map C§°(R?) continuously to C>°(R?). Hence they act as convolution
with a distribution. We show that in this case essentially smoothness away from
the origin and a lower bound on the Lévy measure are enough to yield smoothness
of harmonic functions.

Let us give a precise formulation of our results: Let v be a Lévy measure, i.e., a
nonnegative Borel measure on R? such that v({0})=0 and [, min(1,|h|?) v(dh)<
oco. Moreover, we assume that v is absolutely continuous with respect to the
Lebesgue measure with a density n satisfying the following assumptions:

(A1) neC>=(R*\{0}) and nlga\ p, (o) € H>(R?\ B1(0)).

(A2) There exist 79, c>0 and a€(0,2) so that for all we S4~t={zrcR?:|z|=1}
and 0<r<rq:

(1) / |h-w|*v(dh) > cr® .
|h|<r

(A1) ensures that n is smooth on R?\{0} with all its derivatives square-integrable
away from 0. Note also, that (A2) only assumes a lower bound on the growth of
v near 0. For example, (A2) holds if n(h)>c|h|=%~“ near 0. The generator of the
associated Lévy process L is on CZ(R%) given by

(2) Lu(x):/Rd (u(m—l—h)—u(m)—%&(?) v(dz).

It acts in the Fourier space as a multiplication operator with the continuous negative-
definite function associated to v by the Lévy—Khinchin formula, cf. (5) below. More-
over, it is of order 2 on certain weighted Sobolev spaces HY>*(R?), see Section 2 for
precise definitions.



On hypoellipticity of generators of Lévy processes 233

We say that L is locally hypoelliptic with respect to H=H~°(R%) or H=
H*(R%), s€R, if for any f€H and a distribution u€ H~°°(R?) such that Lu=f in
R?, and U CR? open we have

flveC>®U) = u|lpeC>=).

The translation invariance of L implies that local hypoellipticity of L on H*°(R9)
for some so€R entails local hypoellipticity on H~>°(R%), cf. Lemma 2.4 below.
Therefore we will sometimes simply call L locally hypoelliptic in this case.

Our main results now reads as follows.

Theorem 1.1. Let v be an absolutely continuous Lévy measure with density n
that satisfies (A1)—(A2). Then the generator of the pure-jump Lévy process L given
by (2) is locally hypoelliptic on H~>(R?).

Moreover, in the case that v is a compactly supported Lévy measure satisfying
(1) it is also necessary that v is smooth on R%\{0}. More precisely, we have the
following result.

Theorem 1.2. Let v be a compactly supported Lévy measure that satisfies (A2).
Assume furthermore that L is locally hypoelliptic on H=>°(R%). Then v is absolutely
continuous with a density which is smooth on R4\ {0}.

Note that a compactly supported Lévy measure with smooth density on R%\ {0}
automatically satisfies (A1). Hence (A1) is also necessary in that case.

We want to finish this section by some examples.

Let a€(0,2) and f: S9! —R* be a smooth function such that the support of
f is not contained in any proper subspace of R%. We set v(dh)=|h|~¢=*f(h/|h|).
Then v satisfies (A1) and (A2) and therefore the generator of the associated sym-
metric a-stable Lévy process is hypoelliptic.

It is also interesting to remark the following: In [3] there is given a counterex-
ample of a Lévy process which does not admit a scale-invariant Harnack inequality.
One can modify this construction in an obvious way such that our results apply.
Hence in this example the related Lévy process still has a hypoelliptic generator.

2. Prerequisites

We start by recalling some basic concepts. Details can be found for example
n [5], [12], [13], [14] and [17).
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We denote by . (R?) the Schwartz space, by 2’ (R?) the space of distributions,
i.e., the topological dual of C§°(R?), by &’(R?) the space of compactly supported
distributions, and by .#’(R%) the space of tempered distributions, i.e., the dual
of #(R%). Moreover, let H*(R?) be the usual L?-Sobolev space of order s€R.
Furthermore, we set H>(R?)=( .z H*(R?) and H~>*(RY)=J, . H*(R?). We
also write .# for the Fourier transform and 4=.%#[u]. Note that by the Paley—
Wiener theorem [10, Theorem 7.3.1] &'(R%)C H~>°(R%).

A function ¢: R?—=C is called negative definite if the matrix (¢(§i)+m*
¢(€i—§j))ﬁjzl is positive definite for each choice of k€N and &1, ..., €R?. Then
¢ satisfies for example ¢(&)=¢(—¢), Re #(§)>¢(0) and the Peetre-type inequality

¢(=
A+le©)D*
(T+[g(m))*

(3) <2PI(1+|g(E—n))"!

Note also the estimate

(4) [6(&)— ()] < 4(1+[o(E—n)]) (1+v/Re ¢(€)).

This follows from the third inequality of Lemma 3.6.21 in [14] which implies

(&) =) < [@(§)—p(n)+o(n—E)+]p(n—E)]
< 2y/Reg(n—E&)v/Re (&) +|d(n—&)|(1+/Re p(€)).

If ¢ is locally bounded we have in addition |¢(£)|<c(1+]£|?). The set of continuous
negative definite functions CN(R?) is a convex cone closed in the topology of uni-
form convergence on compact sets. Each ¢€CN(R?) has the unique Lévy-Khinchin
representation

(5) o(€) :b+A§~£+i§~7+/ (1eih'§+ th-§ ) v(dh).

Rd 1+|h|?
Here, b>0, A is a positive definite matrix, y€R? and v is a Lévy measure, i.e., a
nonnegative Borel measure on R? with v({0})=0 and [5,(1A|R[?) v(dh)<ooc.

By the theorem of Schénberg [5, Theorem 7.8], the elements ¢€CN(R?) satis-
fying ¢(0)=0 are in one-to-one correspondence with Lévy processes (X;)¢>o. More
precisely, the Fourier transform of the distribution of X; in R? is given by e *¢(&)
on the other hand the generator of (X;);>¢ is the pseudodifferential operator with

symbol —¢(¢),

—B(D)u(r) = — Fera [BE)UE)] = — / e EB(E)(E) e,

R4

where d¢=(2r)"4d¢. If A=b=~=0, then Lu=—¢(D,)u, where Lu is as in (2).
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An important example for continuous negative definite functions are the func-
tions £—€]%, where € (0,2]. The corresponding Lévy processes are the rotation-
ally invariant a-stable Lévy processes for a€(0,2) and in particular a Brownian
motion for a=2.

In our framework it is useful to introduce weighted (or anisotropic) Sobolev
spaces tailored on the operators we consider here. We fix a continuous negative
definite reference function ¢: RY—C which satisfies lim¢|_,o [10(£)|=00 and set

HY*(RY) = {u e L*(RY) : [[ully,s := |1+ |9 () )*/ 2| 2ty < 00}
Define also for an open set QCR?,

HYH Q) ={u: Q — R:xue H"(RY) for all x € C5°(Q)}

loc

and HP (Q)=H"*(Q). We have H*(R?)=HI*5(R) and H*(RY)C HY»*(R?) due
to [1(s)|<C(1+[£]?). Note also, that HY-*(R?)*=HY:~%(R?): u is in HY>*(R?) if
and only if (u,v) 2 <c|[v||y,—s for all ve HY:~5(R9).

Let ¢ CN(R?) satisfy the following conditions:

(S1) There exists 51 >0 such that |¢(&)| <z (1+]10(€)]).

(S2) There exist s, 79>0 such that |¢p(£)|>se|(£)] if |€]>7o.

Then, by (S1), ¢(D,) maps HY:*+2(R%) continuously to HY»*(R%).

Theorem 2.1. Let ¢ satisfy (S1) and (S2). Let t€R and fe HY*(RY). If
u€H=>(R?) is a solution of ¢(D,)u=f in ' (R?), then uc HV*+2(R%).

Proof. Without loss of generality we may assume f € L2(R%). Then ¢u e L?(R?),
acLy (R?), and limjg| o |¢(€)|=00 imply (14]|¢|)a€L?*(R?). Thus (S2) implies

loc
the statement of the theorem. 0O

Moreover, the commutator [¢(D,),x] of ¢(D,) and the multiplication with
YE€CF(RY) acts with order 1 in HY'~>(R%), i.e.:

Lemma 2.2. Let ¢ satisfy (S1) and (S2), t€R and x€CF(RY). Then for all
u€ HY*+H(R?) we have

||[¢(DCE)7X}UHL’¢) S C|‘U||t+17w’

where C' is independent of u.

Proof. Let u,v€.(R%). Then on one hand we have

F([6(D) A ) (€) = /

R

, X(E=n)(9(&)—a(n))u(n) dn.
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By the theorem of Plancherel, (S1), (4) and (3) we estimate:
6D o)zl < [[ | IREm =001 a1 dnde

<c / / RE—m) (1 [E—nI) 1+ [(E))Y2 [a(n)] |6(6)] dn de
R2d

o [ s (0

X (L[ () ) D2 a(n) [ (14 [9(€)) 2 [0(€)| dn dg
< C//de \Q(g_n)|(1+|€_n|2)(\t|+3)/2(1+|w(n)|)(t+1)/2m(n”

X (L[ ()2 [0(€)] dn dé
< CJA+IER) DR 1, ey Nl e alloll g~

< Cllullye+llolly, -

The assertion now follows by continuity and the characterization of H¥-*(R?) as
dual of H¥—5(R%). O

A direct application of this commutator estimate yields local regularity of the
following type.

Theorem 2.3. Let ¢ satisfy (S1) and (S2). If x€C§°(R?), teR, feL?(RY),
with x f € HY*(R?), and ue HY*+1(R) solves ¢(D)u=f, then xyuc HV*+2(R%).

Unfortunately, we cannot expect to iterate this result without additional as-
sumptions as is illustrated by Theorem 1.2.

We finish this section by showing that the notion of local hypoellipticity with
respect to H*(R?) is independent of s€R.

Lemma 2.4. Let so€R. If L is locally hypoelliptic with respect to H*°(R%),
then L is locally hypoelliptic with respect to H—>°(R?).

Proof. Let L be locally hypoelliptic with respect to H*°(R?). In order to
prove that L is locally hypoelliptic with respect to H*(R%), s€R, let fe H*(R?),
ue.'(R?) with Lu=f and UCR? open be such that f|y€C>(U). Then f'=
(D)%~ fe H*(R?), where (¢)=(1+|¢|?)}/? and (D,)* denotes the pseudodiffer-
ential operator with symbol (£)*. Moreover, Lu'=f" with «'=(D,)* %y since L
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commutes with (D,)*~*. Since (§)®*€S]% *(R*xR%), (D,)*~* is pseudolocal,
i.e., singsupp f'=singsupp(D,)*°~* f Csing supp f, cf. e.g. [10, Theorem 18.1.16].
Hence f’|y€C*(U) and therefore v'|y€C>®(U) due to the local hypoellipticity
with respect to H*0(R?). Finally, since (D, )*~* is pseudolocal too,

sing supp u = sing supp(D,,)*~*°u’ C sing supp u'.

Thus u|y €C>°(U). This shows that L is locally hypoelliptic with respect to H*®(R9)
for any s€R. Hence L is locally hypoelliptic with respect to H~>°(R%). O

3. Proof of Theorem 1.1

Let 1 be the continuous negative definite function associated by (5) to the
pure-jump Lévy process with Lévy measure v and let L be its generator. The real
part of ¢ is

(© Rev(©) = | (1=cos(h-€)) vidh).

Lemma 3.1. Assume (A2). Then there ezists some ¢>0 such that 1+ (&)|>
clél®.

Proof. Usmg (A2) and the inequality 1—cosz>x2/4 for |z|<1, we estimate
for all [£]>(2r) !

()] > Reh(€) > / (1—cos(h-€)) w(dh)
[h|<(2]€])—1
>f—'2/ helel e am) 2 clgle. O
[h|<(21€])~

4

Therefore for all s>0 the anisotropic Sobolev space HY+*(R?) is continuously
embedded into H**/?(R%).

Observe that by (A2) the asymptotic behavior of [¢(§)| as || —oo remains
unchanged if one cuts off the large jumps of the Lévy process in the following sense:
Fix for >0 a function p,€C§°(Ba,(0)) with 0<p, <1 and p,=1 on B,(0). Then
1 can be decomposed as =1y 1ong +¥r short, Where

wr,long(f) = /Rd(l_eih{)(l_pr(h» V(dh’)v

B e, i€ e [ P=pe(h)
@[’r,short(f)_/]Rd(l +1—|—|h|2) r(h) v(dh)+i& ha 11|02

v(dh).
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Because 1. 1ong is bounded, Lemma 3.1 implies that 1), short satisfies (S1) and (S2).
Note also that the operator associated to 9, short is 2r-local in the sense that

SUPP Y short (D )t C Ba, (supp u) = {x € RY : dist(x, supp u) < 2r}.
For the following we also assume that v(dh)=n(h)dh and the density n satis-
fies (A1). The key step in our argument is the following regularity result.
Lemma 3.2. Let QCR? be open. If feL2(RY) with floe HY(Q) and ue

loc
HY Y (RY) with ulge HYTH(Q) solve ¢(Dy)u=f in 7' (RY), then ulqe HY T2 (Q).
Proof. Let x1€C5°(Q). We fix 7>0 such that 4r<dist(R?\,suppx1) and
choose a cut-off function x2€C§°(Q2) with x2=1 on Ba,(suppx1). If ¥rshore and
Yrlong are as above, then xou solves

wr,short(Dm)(XTu) = f_wr,long(Dz)u_wr,short(Dx)((]-_XZ)U) - f in y/(Rd);

where f is in L2(R%). By (A1), %1ong(Dx)u is the sum of a convolution of u
with (1—p,)n€ H>(R%)—which is smooth—and a constant multiple of u. Since
supp(1—x2)uCR4\ By,.(supp x1) the support of Yy short (D) (1 —x2)u) is contained
in R¥\suppy;. Hence leeH‘/’vt(Rd) and Theorem 2.3 yields yixou=xjue
Hw’t+2(Rd). 0

Proof of Theorem 1.1. Because of Lemma 2.4 it is sufficient to prove that L
is locally hypoelliptic with respect to L?(R%). To this end let QCR? and let ue
H~=>(R%) be a solution of (D, )u=f in .#'(R%) with f€ L?(R%) and f|o€C>(Q).
Since flo€ H:>(Q), iterating Lemma 3.2 implies ue H":™° (). By Lemma 3.1 we

loc

have uwe H () and therefore, by Sobolev embedding, ueC*(2). O

4. Proof of Theorem 1.2

The proof of Theorem 1.2 is based on the results of Chapter 16 in [10], which
will be summarized below. Let us first fix some notation: If E is a set, then ch F
denotes its convex hull. The supporting function of a convex, compact subset £ CR?
is given by

Hg(x)=sup z-y,
yeE

where Hgy=—o00 by definition. This gives a one-to-one correspondence between con-
vex compact subsets and the set H of convex, subadditive, positively homogeneous
functions. For each ue€&’(R?) we denote by H(u)CH the same set as defined in
[10, Definition 16.3.2]. We omit the precise definition at this point since it is a bit
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involved and not needed for our purposes. In the following we will only use some
of the properties of H(u), which we now summarize.

Theorem 4.1. Let uc€& (RY) and let H be the supporting function of
chsingsuppu. Then

H(z)= sup h(x).
heH(u)

The latter theorem coincides with [10, Theorem 16.3.4].

Theorem 4.2. Let uc&’(RY) and heH(u). Then there is some we&' (RN
CO(R?) satisfying sing suppw={0} such that h is the supporting function of

chsing supp uxw.

The statement of the theorem is just the first statement of [10, Theorem 16.3.13]
with the only difference that the statement is formulated with we&’(R?) only. That
indeed there is some we & (RY)NCY(RY) with the stated properties is shown in the
proof of [10, Theorem 16.3.13].

Finally, we note that w is called invertible if —oo¢H(u), cf. [10, Defini-
tion 16.3.12]. The following condition for u not to be invertible will be used several
times.

Theorem 4.3. Let uc&'(R%). Then the following statements are equivalent:

(1) —coeH(u);

(2) For every x€R? there is some weC?(R?)\C(R?) such that sing supp w=
{z} and pxweC>(R?);

(3) There is some weE'(R?) such that pxweC>®(RY) but w¢ C>=(R?).

The latter theorem coincides with [10, Theorem 16.3.9].

Theorem 4.4. Let uc&'(R%). Then the following statements are equivalent:
(1) ueD'(R?Y) and pxucC>=(R?) implies ue C=(R?);
(2) p is hypoelliptic in the sense of [10], i.e., u is invertible and

[Tm (|
log [(]

(3) There is some E€E'(RY) such that Expu—0€C™(R?) and singsupp E=
— sing supp p.

— 00, as |¢| = o0, on{¢€CT:(¢)=0};
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Proof. The theorem follows directly from the equivalent conditions (i), (ii),
and (v) of [10, Theorem 16.6.5], where we note that hypoellipticity is defined in
Definition 16.6.4 of [10]. O

Note the following: If v is a Lévy measure, then the associated operator
L: C§°(RY)— C°°(R?) is linear, translation invariant and continuous and can there-
fore be written as a convolution with a distribution p€2’'(R?), cf. [10, Theo-
rem 4.2.1]. Moreover, for u€ C§°(R?) and z¢supp u it follows that

_ h-Vu(z)
1+]z|?

Lu(z) :/ (u(x—l—h)—u(x) > v(dh) :/ u(z+h)v(dh) =Dx*u,

Rd Rd
where 7 denotes the reflection of v, ie., (7,¢):=—(v, ) and @(z)=p(—z) for all
0eCs®(RY). Thus p and 7 agree on R?\ {0}. As a consequence supp jt=— supp v is
compact and sing supp p\ {0} =—sing supp v\ {0}. The following proposition relates
local hypoellipticity for L as we have defined it above and to hypoellipticity of p in
the sense of Hérmander, cf. Theorem 4.4.

Proposition 4.5. Let L be a Lévy operator that is locally hypoelliptic and
satisfies (A2). Then for any u€D'(RY) and f€C>®(R?) such that Lu=f we have
u€C>(RY).

Proof. Let M >0 be such that supp uCBjy(0). In order to show that ue
C>°(R?) it is sufficient to show that u|p, ) €C*>(Bg(0)) for any R>0. Therefore
let R>0 be arbitrary and let n€ C5°(R?) be such that =1 on Bry(0). Then

Lu(z) = pxu(z) = px(nu)(xz) for all z € Br(0),

where nue&’(R?). Now there is some s€R such that nue H*(R?). Thus L(nu)=f"¢€
H*~2(R?) since [¢(£)| <C(1+|€])? for every continuous negative definite function ).
Moreover, f'|g,0)=Lu|Bg0)=Ff|Br0)EC™(BR(0)), which implies that nu|z, )€
C*>°(Bg(0)) because of the local hypoellipticity of L. Since R>0 was arbitrary we
obtain u€C*(RY). O

Proof of Theorem 1.2. First of all, because of Proposition 4.5, the first state-
ment of Theorem 4.4 is true. Therefore there is a parametrix €&’ (R?) such that

k=FExp—0cC>®RY) and singsupp F = — singsupp j.

Here even k€C$°(RY) since E and p have compact support. As g is in turn a
parametrix for E, E is also hypoelliptic due to Theorem 4.4 again. In particular
this implies that E is invertible, i.e., —co¢ H(E).



On hypoellipticity of generators of Lévy processes 241

Next we show that H(E)={0}. To this end let he H(E). By Theorem 4.2 there
is some we&” (RY)NCH(RY) with singsuppw={0} such that h is the supporting
function of chsingsupp Exw. In particular, we L?(R). Next let

vi=F e @),

where 7€ C>(R?) such that n(¢)=1 for |¢|>p+1 and n(£)=0 for [¢|<p, where p is
as in (S2). Then ve H¥2(R?) and

Lv=f+k', where k' € C>®(R?).

Now, if u=Exw, then p*(u—v)=kxw—k'€C5(RY). Therefore u—ve H>*(R?) and
therefore u€ H¥>2(R?). Because convolution with z is by assumption locally hypoel-
liptic, we have

sing supp E'xw C sing supp p* E*xw = sing supp(w+k+w) = sing supp w = {0}.

As noted above —co¢H(E), and therefore h cannot be the supporting function
of @. We conclude that chsing supp Exw={0} which implies h=0. This shows
that H(E)={0}.
Thus the supporting function of chsing supp F is H () =supjep(g) h(z)=0 and
finally
{0} =chsing supp F =sing supp E = —sing supp .

This completes the proof. [
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