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On hypoellipticity of generators of Lévy
processes

Helmut Abels and Ryad Husseini

Abstract. We give a sufficient condition on a Lévy measure μ which ensures that the

generator L of the corresponding pure jump Lévy process is (locally) hypoelliptic, i.e., sing supp u⊆
sing supp Lu for all admissible u. In particular, we assume that μ|

Rd \{0} ∈C∞(Rd \ {0}). We also

show that this condition is necessary provided that supp μ is compact.

1. Introduction

Hypoellipticity of elliptic partial differential operators or, more generally, pseu-
dodifferential operators is one of the classical topics in the theory of partial differ-
ential equations. Briefly, an operator L is called hypoelliptic if the singular support
of u is contained in the singular support of Lu for all u in the domain of L. In par-
ticular, hypoellipticity comprises the C∞-regularity of functions on their domains
of L-harmonicity where we call u : R

d→R L-harmonic on Ω if Lu=0 on Ω.
This analytic notion has, if L generates a strong Markov process (Xt)t≥0 in an

appropriate way, a probabilistic counterpart. More precisely, a bounded measurable
function u is said to be harmonic on Ω with respect to (Xt)t≥0 if u(Xt∧τΩ) is, for
all x∈R

d, a local P
x-martingale. Here τΩ denotes the first exit time of Ω and P

x

is the probability measure under which the process starts in x, i.e., X0=x a.s. If
(Xt)t≥0 is a Brownian motion, this yields the mean-value property of classical har-
monic functions. In fact, harmonicity with respect to a reasonable Markov process
can always be defined by a generalized mean-value property, see for example [6].
Functions harmonic in this sense play an important role in the potential theory of
Markov processes. This motivates an increasing interest for example in questions of
regularity of these operators by probabilists. Since, by the theorem of Courrège [7],

The second author’s research was financed by DFG (German Science Foundation) through
SFB 611.



232 Helmut Abels and Ryad Husseini

generators of strong Markov processes are pseudodifferential operators with contin-
uous negative definite symbols as described for example in [14] or [8], generally they
do not fit in the framework of classical symbol classes, for example the Hörmander
class Sm

1,0.
Regularity of functions which are harmonic with respect to jump processes has

been an object of intense studies in the last years. Let us mention here for example
[2], [4], [9], [11], [15], [16], [18] and [19]. Most of these papers deal with a-priori
continuity estimates in the broader context of processes with space-dependent jump
measures. They rely on a delicate interplay between lower and upper bounds on the
jump measures, i.e., they deal with fixed order operators where the small jumps are
in principle comparable to those of a rotationally symmetric α-stable Lévy process.
The variable order case is far more difficult as it is for example emphasized by a
counterexample in [1].

In the present paper we concentrate on stochastic processes with stationary and
independent increments, so-called Lévy processes. Their generators are translation-
invariant and map C∞

0 (Rd) continuously to C∞(Rd). Hence they act as convolution
with a distribution. We show that in this case essentially smoothness away from
the origin and a lower bound on the Lévy measure are enough to yield smoothness
of harmonic functions.

Let us give a precise formulation of our results: Let ν be a Lévy measure, i.e., a
nonnegative Borel measure on R

d such that ν({0})=0 and
∫

Rd min(1, |h|2) ν(dh)<
∞. Moreover, we assume that ν is absolutely continuous with respect to the
Lebesgue measure with a density n satisfying the following assumptions:

(A1) n∈C∞(Rd \ {0}) and n|Rd \B1(0) ∈H∞(Rd \B1(0)).
(A2) There exist r0, c>0 and α∈(0, 2) so that for all ω ∈Sd−1={x∈R

d :|x|=1}
and 0<r ≤r0:

(1)
∫

|h|≤r

|h·ω|2 ν(dh) ≥ cr2−α.

(A1) ensures that n is smooth on R
d \ {0} with all its derivatives square-integrable

away from 0. Note also, that (A2) only assumes a lower bound on the growth of
ν near 0. For example, (A2) holds if n(h)≥c|h| −d−α near 0. The generator of the
associated Lévy process L is on C2

b (Rd) given by

(2) Lu(x) =
∫

Rd

(

u(x+h)−u(x)− h· ∇u(x)
1+|x|2

)

ν(dx).

It acts in the Fourier space as a multiplication operator with the continuous negative-
definite function associated to ν by the Lévy–Khinchin formula, cf. (5) below. More-
over, it is of order 2 on certain weighted Sobolev spaces Hψ,s(Rd), see Section 2 for
precise definitions.
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We say that L is locally hypoelliptic with respect to H=H− ∞(Rd) or H=
Hs(Rd), s∈R, if for any f ∈H and a distribution u∈H− ∞(Rd) such that Lu=f in
R

d, and U ⊂R
d open we have

f |U ∈ C∞(U) =⇒ u|U ∈ C∞(U).

The translation invariance of L implies that local hypoellipticity of L on Hs0(Rd)
for some s0 ∈R entails local hypoellipticity on H− ∞(Rd), cf. Lemma 2.4 below.
Therefore we will sometimes simply call L locally hypoelliptic in this case.

Our main results now reads as follows.

Theorem 1.1. Let ν be an absolutely continuous Lévy measure with density n

that satisfies (A1)–(A2). Then the generator of the pure-jump Lévy process L given
by (2) is locally hypoelliptic on H− ∞(Rd).

Moreover, in the case that ν is a compactly supported Lévy measure satisfying
(1) it is also necessary that ν is smooth on R

d \ {0}. More precisely, we have the
following result.

Theorem 1.2. Let ν be a compactly supported Lévy measure that satisfies (A2).
Assume furthermore that L is locally hypoelliptic on H− ∞(Rd). Then ν is absolutely
continuous with a density which is smooth on R

d \ {0}.

Note that a compactly supported Lévy measure with smooth density on R
d \ {0}

automatically satisfies (A1). Hence (A1) is also necessary in that case.
We want to finish this section by some examples.
Let α∈(0, 2) and f : Sd−1→R

+ be a smooth function such that the support of
f is not contained in any proper subspace of R

d. We set ν(dh)=|h| −d−αf(h/|h|).
Then ν satisfies (A1) and (A2) and therefore the generator of the associated sym-
metric α-stable Lévy process is hypoelliptic.

It is also interesting to remark the following: In [3] there is given a counterex-
ample of a Lévy process which does not admit a scale-invariant Harnack inequality.
One can modify this construction in an obvious way such that our results apply.
Hence in this example the related Lévy process still has a hypoelliptic generator.

2. Prerequisites

We start by recalling some basic concepts. Details can be found for example
in [5], [12], [13], [14] and [17].
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We denote by S (Rd) the Schwartz space, by D ′(Rd) the space of distributions,
i.e., the topological dual of C∞

0 (Rd), by E ′(Rd) the space of compactly supported
distributions, and by S ′(Rd) the space of tempered distributions, i.e., the dual
of S (Rd). Moreover, let Hs(Rd) be the usual L2-Sobolev space of order s∈R.
Furthermore, we set H∞(Rd)=

⋂
s∈R

Hs(Rd) and H− ∞(Rd)=
⋃

s∈R
Hs(Rd). We

also write F for the Fourier transform and û=F [u]. Note that by the Paley–
Wiener theorem [10, Theorem 7.3.1] E ′(Rd)⊂H− ∞(Rd).

A function φ : R
d→C is called negative definite if the matrix (φ(ξi)+φ(ξj)−

φ(ξi −ξj))k
i,j=1 is positive definite for each choice of k ∈N and ξ1, ..., ξk ∈R

d. Then
φ satisfies for example φ(ξ)=φ(−ξ), Re φ(ξ)≥φ(0) and the Peetre-type inequality

(3)
(1+|φ(ξ)|)s

(1+|φ(η)|)s
≤ 2|s|(1+|φ(ξ −η)|)|s|.

Note also the estimate

(4) |φ(ξ)−φ(η)| ≤ 4(1+|φ(ξ −η)|)
(
1+

√
Re φ(ξ)

)
.

This follows from the third inequality of Lemma 3.6.21 in [14] which implies

|φ(ξ)−φ(η)| ≤ |φ(ξ)−φ(η)+φ(η −ξ)|+|φ(η −ξ)|

≤ 2
√

Re φ(η −ξ)
√

Re φ(ξ)+|φ(η −ξ)|
(
1+

√
Re φ(ξ)

)
.

If φ is locally bounded we have in addition |φ(ξ)| ≤c(1+|ξ|2). The set of continuous
negative definite functions CN(Rd) is a convex cone closed in the topology of uni-
form convergence on compact sets. Each φ∈CN(Rd) has the unique Lévy–Khinchin
representation

(5) φ(ξ) = b+Aξ ·ξ+iξ ·γ+
∫

Rd

(

1−eih·ξ+
ih·ξ

1+|h|2

)

ν(dh).

Here, b≥0, A is a positive definite matrix, γ ∈R
d and ν is a Lévy measure, i.e., a

nonnegative Borel measure on R
d with ν({0})=0 and

∫
Rd(1∧ |h|2) ν(dh)<∞.

By the theorem of Schönberg [5, Theorem 7.8], the elements φ∈CN(Rd) satis-
fying φ(0)=0 are in one-to-one correspondence with Lévy processes (Xt)t≥0. More
precisely, the Fourier transform of the distribution of Xt in R

d is given by e−tφ(ξ),
on the other hand the generator of (Xt)t≥0 is the pseudodifferential operator with
symbol −φ(ξ),

−φ(Dx)u(x) = −Fξ �→x[φ(ξ)û(ξ)] = −
∫

Rd

eix·ξφ(ξ)û(ξ) d̄ ξ,

where d̄ ξ=(2π)−d dξ. If A=b=γ=0, then Lu=−φ(Dx)u, where Lu is as in (2).
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An important example for continuous negative definite functions are the func-
tions ξ 
→|ξ|α, where α∈(0, 2]. The corresponding Lévy processes are the rotation-
ally invariant α-stable Lévy processes for α∈(0, 2) and in particular a Brownian
motion for α=2.

In our framework it is useful to introduce weighted (or anisotropic) Sobolev
spaces tailored on the operators we consider here. We fix a continuous negative
definite reference function ψ : R

d→C which satisfies lim|ξ|→∞ |ψ(ξ)|=∞ and set

Hψ,s(Rd) = {u ∈ L2(Rd) : ‖u‖ψ,s := ‖(1+|ψ( · )|)s/2û‖L2(Rd) < ∞}.

Define also for an open set Ω⊂R
d,

Hψ,s
loc (Ω) = {u : Ω → R : χu ∈ Hψ,s(Rd) for all χ ∈ C∞

0 (Ω)}

and Hs
loc(Ω)=H

|ξ|2,s
loc (Ω). We have Hs(Rd)=H |ξ|2,s(Rd) and Hs(Rd)⊂Hψ,s(Rd) due

to |ψ(s)| ≤C(1+|ξ|2). Note also, that Hψ,s(Rd)∗ ∼=Hψ,−s(Rd): u is in Hψ,s(Rd) if
and only if (u, v)L2 ≤c‖v‖ψ,−s for all v ∈Hψ,−s(Rd).

Let φ∈CN(Rd) satisfy the following conditions:
(S1) There exists ˇ1>0 such that |φ(ξ)| ≤ˇ1(1+|ψ(ξ)|).
(S2) There exist ˇ2, r0>0 such that |φ(ξ)| ≥ˇ2|ψ(ξ)| if |ξ| ≥r0.
Then, by (S1), φ(Dx) maps Hψ,s+2(Rd) continuously to Hψ,s(Rd).

Theorem 2.1. Let φ satisfy (S1) and (S2). Let t∈R and f ∈Hψ,t(Rd). If
u∈H− ∞(Rd) is a solution of φ(Dx)u=f in S ′(Rd), then u∈Hψ,t+2(Rd).

Proof. Without loss of generality we may assume f ∈L2(Rd). Then φû∈L2(Rd),
û∈L2

loc(R
d), and lim|ξ|→∞ |φ(ξ)|=∞ imply (1+|φ|)û∈L2(Rd). Thus (S2) implies

the statement of the theorem. �

Moreover, the commutator [φ(Dx), χ] of φ(Dx) and the multiplication with
χ∈C∞

0 (Rd) acts with order 1 in Hψ,− ∞(Rd), i.e.:

Lemma 2.2. Let φ satisfy (S1) and (S2), t∈R and χ∈C∞
0 (Rd). Then for all

u∈Hψ,t+1(Rd) we have

‖[φ(Dx), χ]u‖t,ψ ≤ C‖u‖t+1,ψ,

where C is independent of u.

Proof. Let u, v ∈S (Rd). Then on one hand we have

F ([φ(D), χ]u)(ξ) =
∫

Rd

χ̂(ξ −η)(φ(ξ)−φ(η))û(η) dη.
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By the theorem of Plancherel, (S1), (4) and (3) we estimate:

|(φ(Dx), χ]u, v)L2(Ω)| ≤
∫∫

R2d

|χ̂(ξ −η)| |φ(ξ)−φ(η)| |û(η)| |v̂(ξ)| dη dξ

≤ C

∫∫

R2d

|χ̂(ξ −η)|(1+|ξ −η|2)(1+|ψ(ξ)|)1/2 |û(η)| |v̂(ξ)| dη dξ

= C

∫∫

R2d

|χ̂(ξ −η)|(1+|ξ −η|2)
(

1+|ψ(ξ)|
1+|ψ(η)|

)(t+1)/2

×(1+|ψ(η)|)(t+1)/2|û(η)|(1+|ψ(ξ)|)−t/2|v̂(ξ)| dη dξ

≤ C

∫∫

R2d

|χ̂(ξ −η)|(1+|ξ −η|2)(|t|+3)/2(1+|ψ(η)|)(t+1)/2|û(η)|

×(1+|ψ(ξ)|)−t/2|v̂(ξ)| dη dξ

≤ C‖(1+|ξ|2)(|t|+3)/2χ̂(ξ)‖L1(Rd)‖u‖ψ,t+1‖v‖ψ,−t

≤ C‖u‖ψ,t+1‖v‖ψ,−t.

The assertion now follows by continuity and the characterization of Hψ,s(Rd) as
dual of Hψ,−s(Rd). �

A direct application of this commutator estimate yields local regularity of the
following type.

Theorem 2.3. Let φ satisfy (S1) and (S2). If χ∈C∞
0 (Rd), t∈R, f ∈L2(Rd),

with χf ∈Hψ,t(Rd), and u∈Hψ,t+1(Rd) solves φ(D)u=f , then χu∈Hψ,t+2(Rd).

Unfortunately, we cannot expect to iterate this result without additional as-
sumptions as is illustrated by Theorem 1.2.

We finish this section by showing that the notion of local hypoellipticity with
respect to Hs(Rd) is independent of s∈R.

Lemma 2.4. Let s0 ∈R. If L is locally hypoelliptic with respect to Hs0(Rd),
then L is locally hypoelliptic with respect to H− ∞(Rd).

Proof. Let L be locally hypoelliptic with respect to Hs0(Rd). In order to
prove that L is locally hypoelliptic with respect to Hs(Rd), s∈R, let f ∈Hs(Rd),
u∈S ′(Rd) with Lu=f and U ⊂R

d open be such that f |U ∈C∞(U). Then f ′ =
〈Dx〉s0−sf ∈Hs(Rd), where 〈ξ〉=(1+|ξ|2)1/2 and 〈Dx〉s denotes the pseudodiffer-
ential operator with symbol 〈ξ〉s. Moreover, Lu′ =f ′ with u′ =〈Dx〉s0−su since L
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commutes with 〈Dx〉s0−s. Since 〈ξ〉s0−s ∈Ss0−s
1,0 (Rd ×R

d), 〈Dx〉s0−s is pseudolocal,
i.e., sing supp f ′ =sing supp〈Dx〉s0−sf ⊆sing supp f , cf. e.g. [10, Theorem 18.1.16].
Hence f ′ |U ∈C∞(U) and therefore u′ |U ∈C∞(U) due to the local hypoellipticity
with respect to Hs0(Rd). Finally, since 〈Dx〉s−s0 is pseudolocal too,

sing supp u =sing supp〈Dx〉s−s0u′ ⊆ sing supp u′.

Thus u|U ∈C∞(U). This shows that L is locally hypoelliptic with respect to Hs(Rd)
for any s∈R. Hence L is locally hypoelliptic with respect to H− ∞(Rd). �

3. Proof of Theorem 1.1

Let ψ be the continuous negative definite function associated by (5) to the
pure-jump Lévy process with Lévy measure ν and let L be its generator. The real
part of ψ is

(6) Re ψ(ξ) =
∫

Rd

(1−cos(h·ξ)) ν(dh).

Lemma 3.1. Assume (A2). Then there exists some c>0 such that 1+|ψ(ξ)| ≥
c|ξ|α.

Proof. Using (A2) and the inequality 1−cosx≥x2/4 for |x| ≤ 1
2 , we estimate

for all |ξ| ≥(2r1)−1,

|ψ(ξ)| ≥ Re ψ(ξ) ≥
∫

|h|≤(2|ξ|)−1
(1−cos(h·ξ)) ν(dh)

≥ |ξ|2
4

∫

|h|≤(2|ξ|)−1

∣
∣h· |ξ| −1ξ

∣
∣2 ν(dh) ≥ c|ξ|α. �

Therefore for all s>0 the anisotropic Sobolev space Hψ,s(Rd) is continuously
embedded into Hαs/2(Rd).

Observe that by (A2) the asymptotic behavior of |ψ(ξ)| as |ξ|→∞ remains
unchanged if one cuts off the large jumps of the Lévy process in the following sense:
Fix for r>0 a function ρr ∈C∞

0 (B2r(0)) with 0≤ρr ≤1 and ρr ≡1 on Br(0). Then
ψ can be decomposed as ψ=ψr,long+ψr,short, where

ψr,long(ξ) =
∫

Rd

(1−eih·ξ)(1−ρr(h)) ν(dh),

ψr,short(ξ) =
∫

Rd

(

1−eih·ξ+
ih·ξ

1+|h|2

)

ρr(h) ν(dh)+iξ ·
∫

Rd

h(1−ρr(h))
1+|h|2 ν(dh).
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Because ψr,long is bounded, Lemma 3.1 implies that ψr,short satisfies (S1) and (S2).
Note also that the operator associated to ψr,short is 2r-local in the sense that

supp ψr,short(Dx)u ⊂ B2r(supp u) = {x ∈ R
d : dist(x, supp u) < 2r}.

For the following we also assume that ν(dh)=n(h) dh and the density n satis-
fies (A1). The key step in our argument is the following regularity result.

Lemma 3.2. Let Ω⊂R
d be open. If f ∈L2(Rd) with f |Ω ∈Hψ,t

loc (Ω) and u∈
Hψ,1(Rd) with u|Ω ∈Hψ,t+1

loc (Ω) solve ψ(Dx)u=f in S ′(Rd), then u|Ω ∈Hψ,t+2
loc (Ω).

Proof. Let χ1 ∈C∞
0 (Ω). We fix r>0 such that 4r<dist(Rd \Ω, supp χ1) and

choose a cut-off function χ2 ∈C∞
0 (Ω) with χ2 ≡1 on B4r(supp χ1). If ψr,short and

ψr,long are as above, then χ2u solves

ψr,short(Dx)(χ2u) = f −ψr,long(Dx)u−ψr,short(Dx)((1−χ2)u) = f̃ in S ′(Rd),

where f̃ is in L2(Rd). By (A1), ψr,long(Dx)u is the sum of a convolution of u

with (1−ρr)n∈H∞(Rd)—which is smooth—and a constant multiple of u. Since
supp(1−χ2)u⊆R

d \B4r(supp χ1) the support of ψr,short(Dx)((1−χ2)u) is contained
in R

d \supp χ1. Hence χ1f̃ ∈Hψ,t(Rd) and Theorem 2.3 yields χ1χ2u=χ1u∈
Hψ,t+2(Rd). �

Proof of Theorem 1.1. Because of Lemma 2.4 it is sufficient to prove that L

is locally hypoelliptic with respect to L2(Rd). To this end let Ω⊂R
d and let u∈

H− ∞(Rd) be a solution of ψ(Dx)u=f in S ′(Rd) with f ∈L2(Rd) and f |Ω ∈C∞(Ω).
Since f |Ω ∈Hψ,∞

loc (Ω), iterating Lemma 3.2 implies u∈Hψ,∞
loc (Ω). By Lemma 3.1 we

have u∈H∞
loc(Ω) and therefore, by Sobolev embedding, u∈C∞(Ω). �

4. Proof of Theorem 1.2

The proof of Theorem 1.2 is based on the results of Chapter 16 in [10], which
will be summarized below. Let us first fix some notation: If E is a set, then chE

denotes its convex hull. The supporting function of a convex, compact subset E ⊂R
d

is given by
HE(x) = sup

y∈E
x·y,

where H∅ ≡ −∞ by definition. This gives a one-to-one correspondence between con-
vex compact subsets and the set H of convex, subadditive, positively homogeneous
functions. For each u∈E ′(Rd) we denote by H(u)⊂ H the same set as defined in
[10, Definition 16.3.2]. We omit the precise definition at this point since it is a bit
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involved and not needed for our purposes. In the following we will only use some
of the properties of H(u), which we now summarize.

Theorem 4.1. Let u∈ E ′(Rd) and let H be the supporting function of
ch sing supp u. Then

H(x) = sup
h∈H(u)

h(x).

The latter theorem coincides with [10, Theorem 16.3.4].

Theorem 4.2. Let u∈ E ′(Rd) and h∈ H(u). Then there is some w ∈ E ′(Rd)∩
C0(Rd) satisfying sing supp w={0} such that h is the supporting function of

ch sing supp u∗w.

The statement of the theorem is just the first statement of [10, Theorem 16.3.13]
with the only difference that the statement is formulated with w ∈ E ′(Rd) only. That
indeed there is some w ∈ E ′(Rd)∩C0(Rd) with the stated properties is shown in the
proof of [10, Theorem 16.3.13].

Finally, we note that u is called invertible if −∞ /∈ H(u), cf. [10, Defini-
tion 16.3.12]. The following condition for u not to be invertible will be used several
times.

Theorem 4.3. Let μ∈ E ′(Rd). Then the following statements are equivalent :
(1) −∞ ∈ H(μ);
(2) For every x∈R

d there is some w ∈C0(Rd)\C1(Rd) such that sing supp w=
{x} and μ∗w ∈C∞(Rd);

(3) There is some w ∈ E ′(Rd) such that μ∗w ∈C∞(Rd) but w /∈C∞(Rd).

The latter theorem coincides with [10, Theorem 16.3.9].

Theorem 4.4. Let μ∈ E ′(Rd). Then the following statements are equivalent :
(1) u∈ D ′(Rd) and μ∗u∈C∞(Rd) implies u∈C∞(Rd);
(2) μ is hypoelliptic in the sense of [10], i.e., μ is invertible and

|Im ζ|
log |ζ| → ∞, as |ζ| → ∞, on {ζ ∈ C

d : μ̂(ζ)= 0};

(3) There is some E ∈ E ′(Rd) such that E ∗μ−δ ∈C∞(Rd) and sing supp E=
− sing supp μ.
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Proof. The theorem follows directly from the equivalent conditions (i), (ii),
and (v) of [10, Theorem 16.6.5], where we note that hypoellipticity is defined in
Definition 16.6.4 of [10]. �

Note the following: If ν is a Lévy measure, then the associated operator
L : C∞

0 (Rd)→C∞(Rd) is linear, translation invariant and continuous and can there-
fore be written as a convolution with a distribution μ∈D ′(Rd), cf. [10, Theo-
rem 4.2.1]. Moreover, for u∈C∞

0 (Rd) and x /∈supp u it follows that

Lu(x) =
∫

Rd

(

u(x+h)−u(x)− h· ∇u(x)
1+|x|2

)

ν(dh) =
∫

Rd

u(x+h) ν(dh) = ν̃ ∗u,

where ν̃ denotes the reflection of ν, i.e., 〈ν̃, ϕ〉:=−〈ν, ϕ̃〉 and ϕ̃(x)=ϕ(−x) for all
ϕ∈C∞

0 (Rd). Thus μ and ν̃ agree on R
d \ {0}. As a consequence supp μ=− supp ν is

compact and sing supp μ\ {0}=− sing supp ν \ {0}. The following proposition relates
local hypoellipticity for L as we have defined it above and to hypoellipticity of μ in
the sense of Hörmander, cf. Theorem 4.4.

Proposition 4.5. Let L be a Lévy operator that is locally hypoelliptic and
satisfies (A2). Then for any u∈ D ′(Rd) and f ∈C∞(Rd) such that Lu=f we have
u∈C∞(Rd).

Proof. Let M>0 be such that supp μ⊆BM (0). In order to show that u∈
C∞(Rd) it is sufficient to show that u|BR(0) ∈C∞(BR(0)) for any R>0. Therefore
let R>0 be arbitrary and let η ∈C∞

0 (Rd) be such that η ≡1 on BR+M (0). Then

Lu(x) =μ∗u(x) =μ∗(ηu)(x) for all x ∈ BR(0),

where ηu∈ E ′(Rd). Now there is some s∈R such that ηu∈Hs(Rd). Thus L(ηu)=f ′ ∈
Hs−2(Rd) since |ψ(ξ)| ≤C(1+|ξ|)2 for every continuous negative definite function ψ.
Moreover, f ′ |BR(0)=Lu|BR(0)=f |BR(0) ∈C∞(BR(0)), which implies that ηu|BR(0) ∈
C∞(BR(0)) because of the local hypoellipticity of L. Since R>0 was arbitrary we
obtain u∈C∞(Rd). �

Proof of Theorem 1.2. First of all, because of Proposition 4.5, the first state-
ment of Theorem 4.4 is true. Therefore there is a parametrix E ∈E ′(Rd) such that

k =E ∗μ−δ ∈ C∞(Rd) and sing supp E = − sing supp μ.

Here even k ∈C∞
0 (Rd) since E and μ have compact support. As μ is in turn a

parametrix for E, E is also hypoelliptic due to Theorem 4.4 again. In particular
this implies that E is invertible, i.e., −∞ /∈ H(E).
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Next we show that H(E)={0}. To this end let h∈ H(E). By Theorem 4.2 there
is some w ∈E ′(Rd)∩C0(Rd) with sing supp w={0} such that h is the supporting
function of ch sing supp E ∗w. In particular, w ∈L2(Rd). Next let

v :=F −1[η(ξ)ψ(ξ)−1f̂(ξ)],

where η ∈C∞(Rd) such that η(ξ)=1 for |ξ| ≥ρ+1 and η(ξ)=0 for |ξ| ≤ρ, where ρ is
as in (S2). Then v ∈Hψ,2(Rd) and

Lv = f+k′, where k′ ∈ C∞(Rd).

Now, if u=E ∗w, then μ∗(u−v)=k ∗w −k′ ∈C∞
0 (Rd). Therefore u−v ∈H∞(Rd) and

therefore u∈Hψ,2(Rd). Because convolution with μ is by assumption locally hypoel-
liptic, we have

sing supp E ∗w ⊆ sing supp μ∗E ∗w =sing supp(w+k ∗w) = sing supp w = {0}.

As noted above −∞ /∈ H(E), and therefore h cannot be the supporting function
of ∅. We conclude that ch sing supp E ∗w={0} which implies h≡0. This shows
that H(E)={0}.

Thus the supporting function of ch sing supp E is H(x)=suph∈H(E) h(x)=0 and
finally

{0} =ch sing supp E =sing supp E = −sing supp μ.

This completes the proof. �

References

1. Barlow, M. T., Bass, R. F., Chen, Z.-Q. and Kassmann, M., Non-local Dirichlet
forms and symmetric jump processes, Trans. Amer. Math. Soc. 361 (2009),
1963–1999.
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17. Sato, K., Lévy Processes and Infinitely Divisible Distributions, Cambridge University
Press, Cambridge, 1999.

18. Schilling, R. and Uemura, T., On the Feller property of Dirichlet forms generated
by pseudo differential operators, Tohoku Math. J. 59 (2007), 401–422.

19. Sztonyk, P., Regularity of harmonic functions for anisotropic Laplacian, to appear in
Math. Nachr.

Helmut Abels
Max Planck Institute for Mathematics in
the Sciences
Inselstrasse 22–26
DE-04103 Leipzig
Germany
abels@mis.mpg.de

Ryad Husseini
Institute for Applied Mathematics
University of Bonn
Poppelsdorfer Allee 82
DE-53115 Bonn
Germany
ryad@uni-bonn.de

Received August 18, 2008
published online June 3, 2009

mailto:abels@mis.mpg.de
mailto:ryad@uni-bonn.de

	On hypoellipticity of generators of Lévy processes
	Abstract
	Introduction
	Prerequisites
	Proof of Theorem 1.1
	Proof of Theorem 1.2
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200037000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


