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Local Gromov—Witten invariants of cubic
surfaces via nef toric degeneration

Yukiko Konishi and Satoshi Minabe

Abstract. We compute local Gromov-Witten invariants of cubic surfaces at all genera.
We use a deformation a of cubic surface to a nef toric surface and the deformation invariance of
Gromov—Witten invariants.

1. Introduction

A del Pezzo surface Sy of degree d, 1<d<9,(!) is a smooth surface(?) whose
anticanonical divisor —Kg, is ample and such that (—Kg,)?=d. For a smooth
projective surface X, the local Gromov-Witten (GW) invariant is a rational number
defined by the integral of a certain class, which is determined by the canonical
divisor Kx, on the moduli stack of stable maps to X, see [4] and [16]. Local GW
invariants of del Pezzo surfaces have been intensively studied in physics in relation
to the non-critical string by various methods: mirror symmetry, Seiberg—Witten
curve technique and so on (see e.g. [22]). In the case of toric del Pezzo surfaces
(i.e. for 6<d<9), a powerful method based on the duality to the Chern—Simons
theory enables us to write down an explicit formula for the generating function at
all genera, see [1], [6], [7] and [14]. The formula was proved in [31] based on the
virtual localization, [11] and [21], together with a formula for Hodge integrals [24].
In a recent interesting work [5], Diaconescu and Florea proposed a closed formula
for the generating function of nontoric del Pezzo surfaces S;, 1<i<5, for all genera
by using the conjectural ruled vertex formalism [8].

(1) In physics literatures, Sy is usually denoted by dPy_4 or Bg_4. Here we follow the
notation used in [26, Section 0]. A brief account of the classification of del Pezzo surfaces can be
found there.

(2) In this article, a surface means an algebraic surface over C.
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Our modest goal is to obtain a formula for the generating function of local
GW invariants of S at all genera. Ss is isomorphic to P? blown-up at 6 points
in a general position and it is also realized as a smooth cubic surface in P3. It
is not toric but has a (unique) smooth nef toric degeneration S{ (a smooth toric
surface with the nef anticanonical divisor which is deformation equivalent to Ss).
Our main idea is to use the deformation invariance of local GW invariants as in [5]
and [30] and reduce the computations to those of S, where we can apply the virtual
localization. Here we remark that our results are limited to S, k=3,4,5, since S
and Sy do not admit nef toric degenerations.

The results of this paper are as follows. We first prove that in the case of
a smooth projective surface with the nef anticanonical divisor, local GW invariants
are equal to ordinary GW invariants of a projective bundle compactification of the
total space of the canonical line bundle (Proposition 2.2). Our proof is based on
the virtual localization with respect to the C*-action in the fiber direction. Then
the deformation invariance of the latter, see [23] and [29], implies that of the former
(Proposition 2.4). Next we introduce the toric surface S and show that it is
the nef toric degeneration of S3 (Proposition 4.1). Then we derive a formula for
the generating function of local GW invariants of Sy by the virtual localization
(Lemma 5.1). Finally we obtain a formula for the generating function of local GW
invariants of S3 via those of S{ by the deformation invariance (Theorem 5.2).

The organization of the paper is as follows. In Section 2, we give a definition
of local GW invariants and show the deformation invariance. In Section 3, we
summarize necessary facts about cubic surfaces Ss. In Section 4, we introduce the
toric surface S9. For completeness, a proof of the deformation equivalence of Ss
and SY is included in Appendices A and B. In Section 5, we give formulas for the
generating functions of local GW invariants of S§ and S3. We have computed the
formula explicitly for € Hz(S3,Z) such that —Kg,-5<6. The results are listed in
Section 6 and Appendix C.
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2. Deformation invariance of local GW invariants

In this article, we call a smooth projective surface X whose anticanonical di-
visor —Kx is nef (i.e. —Kx-[C]>0 for all curves CCX) a nef surface.

Let X be a nef surface and Kx be its canonical divisor. For € Ho(X,Z) and
gE€Z>o, let My o(X,3) (resp. My 1(X,3)) be the moduli stack of stable maps to
X of genus g without marked point (resp. with one marked point) and with the
second homology class 8. Let m: My 1(X,3)—M,0(X,3) be the forgetful map of
the marked point and p: M, ¢.1(X, 8)—X be the evaluation at the marked point.

Definition 2.1. For g€Zx>¢ and € Hy(X,Z) such that fﬁ c1(Kx)<0, the local
Gromov-Witten invariant N, g(Kx) of X with genus g and the second homology
class (3 is

Ngﬂ(KX):/_ Ctop(Rlﬂ-*M*KX))
[Mg,o0(X,B)]""

where cgop denotes the top Chern class which is of degree (1—g)(dim X —3)—
fﬁ c1(Kx). (This is equal to the virtual dimension of M, (X, 3).)(*)

Let P(Kx@®Ox) be the projectivization of the total space of the vector bundle
Kx®Ox (here the canonical divisor Ky and the structure sheaf Ox are regarded as
line bundles). This is a P!-bundle over X. Let t: X —P(Kx®Ox) be the inclusion
as the zero section of Kx CP(Kx®Ox). We define the (ordinary) GW invariant
Ng..s(P(Kx®0x)) of P(Kx®Ox) of genus g and the second homology class .3
by

Ny s(P(Kx®0x)) = / 1.
[Mg,o0(P(Kx®Ox),08)]vi"

We note that the deformation invariance is established for this ordinary GW invari-
ant in [23] and [29].

Proposition 2.2. Let X be a nef surface, 1: X -P(Kx®Ox) be the inclusion
as the zero section of Kx. For g€Z>o and B€H2(X,Z) such that fﬁ c1(Kx)<O0,

Ng,ﬁ(KX) = Ng,L*B(P(KX@Ox)).

Consider the natural C*-action on P(Kx@®Ox) as the scalar multiplication in
the P!-fiber direction. The action induces an action on M, o(P(Kx®Ox), t./3) by
moving the image curves of stable maps. First we show the following lemma.

(3) The condition J5c1(Kx)<0 and the nef condition on X imply that HO(C, f*Kx)=0 for
(f,C)eMg,0(X, B).
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Lemma 2.3. Let X be a nef surface, 1: X -P(Kx®Ox) be the inclusion
as the zero section of Kx. Let B€H3(X,7Z) be a class satisfying fﬁ c1(Kx)<O0.
If a stable map (f,C)EM 40(P(Kx®Ox),t.3), where C is a connected curve of
genus g and f: C—=P(Kx®Ox) is a morphism such that [f(C)]|=t.0, is fized by
the C*-action, then the image f(C) is contained in the zero section 1(X).

Proof. Denote the P!-fibration P(Kx®Ox)—X by p, and let P=[p~1(a)]€
Hy(P(Kx®0Ox),Z) be the class of the fiber P!, where a€ X is any point. Let
1> X —=P(Kx®Ox) be the inclusion as the zero section of Ox (the section at the
infinity of the P*-bundle compactification of Kx). Note that for any a€ Ha(X,Z),
we have

(2.1) Pa=ta— (/a cl(KX))P.

Let y€ H(P(Kx®0Ox),Z). If a stable map (f,C)eM 4 o(P(Kx®Ox),7) is
fixed by the C*-action, then the image of an irreducible component C; of C must
be either one of these: (i) f(C;)Cu(X), (i) f(Ci)Cr>=(X) or (iii) f(C;)=p~(as),
a;€X, and C;=P'. So assume that the irreducible components Ci,...,C) of C
are of type (i) with [f(C;)]=p;€H2(X,Z), that Cii1,...,C, are of type (ii) with
[f(C))]=B;€H2(X,Z), and that Cy41,...,Cs are of type (iii) with f: C;—p~'(a;)
being the d;-fold coverings. Then [f(C)]=" is equivalent to

k r s r s r

szb*ﬁrf' Z 1 Bi+ Z diPZZb*ﬂi+< Z d;— Z / C1(KX))P.
i=1 i=k+1 i=r+1 i=1 i=r+1 i=k+17Pi
Now take y=t.0 with f€ H3(X,Z) satistying fﬁ c1(Kx)<0 and solve the above
equation. The assumption that X is nef implies that the coefficient of P in the last
line is always nonnegative. Therefore it is zero if and only if there is no irreducible
components of type (iii) and | 5, ¢1(Kx)=0 for those of type (ii). Then connected-
ness of the domain curve C implies that either f(C)Cu(X) or f(C)Ct>*(X). For
the latter case, f[f(c)] ¢1(Kx)=0 and this contradicts the assumption fﬁ c1(Kx)<0.
Thus f(C)Cu(X). O

Proof of Proposition 2.2. By Lemma 2.3, the C*-fixed point set is isomorphic
to M,.0(X, ). Then, by the virtual localization [11],

Ng,L*B(P(KX@OX)):/ ec- (R'mop* Kx).

[Mg,o0(X,B)]""

Here ec- is the equivariant Euler class. (In the equation below [11, (24)], the non-
trivial contribution comes only from the factor e(BZ"); e(B5") does not contribute
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because fﬁ c1(Kx)<0.) Since the left-hand side is independent of the weight, so is
the right-hand side and we can replace it with the nonequivariant integral. [J

Proposition 2.4. Let X be a nef surface and X' be a nef surface which is
deformation equivalent to X. Let B€H2(X,Z) be a class satisfying fﬁ a(Kx)<
0 and B'€Ho(X',Z) be the class corresponding to [ under a deformation. Then
Ng}ﬁ(Kx):Ngwgl(KXI) fOT‘ gEZZo.

Proof. Since the surfaces X and X’ are deformation equivalent, P(Kx®Ox)
and P(Kx'®Ox/) are also deformation equivalent. Let t: X -P(Kx®Ox) and
V' X'P(Kx@Ox/) be the inclusions as the zero sections of Ky and Kx/, re-
spectively.

We have

Ny p(Kx)=Ng..3(P(Kx®Ox))= Ny, p(P(Kx ©Ox:)) = Ng 5 (Kx).

The middle equality follows from the deformation invariance of ordinary GW invari-
ants [23], [29]. The first and the third equalities follow from Proposition 2.2. O

3. Cubic surfaces S3

Here we summarize some facts on cubic surfaces, see e.g. [12, Section V 4] for
details.

Let S3 be a cubic surface. S3 is realized as a blowing up m: S3—P? at six
points in a general position. Let eq,...,es be the classes of the exceptional curves
of m and let [ be the class of a line in P2 pulled back by 7. Then [, ey, ..., eg form
a basis of Pic(S3). Their intersections are

1221, e2=-1

7 ’

l-e;=0, and e;-e;=0if ¢ #7.

Let h be the class of the hyperplane section of P2. Then we have
6
h=-Kg,=31-) e
i=1

It is a classical fact that S5 contains exactly twenty-seven lines which are given
as follows:

€ i=1,..,6, l—e;j—e;, 1<i<j<6, and 21-Y e;, j=1,...,6.
i#]
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Each one of these is an exceptional curve of the first kind. These twenty-seven
lines are the minimal generators of the Mori cone (the cone generated by effective
divisors on X modulo numerical equivalence) (cf. [26, (0.6)]).

It is well-known that the Weyl group Wg, of type Eg acts on Pic(S3) as sym-
metries of configurations of twenty seven lines. Its generators are given as follows.

Sit € €41, 1§i§5,
s¢g: e1—1l—eg—e3, eg—l—ej—e3, ez——l—ej—ey, [—>2l—e;j—eg—e3.

It is known [9, Section 4] that Wg, coincides with the group of automorphisms of
Pic(S3) which preserve the intersection form, the canonical class, and the semigroup
of effective classes.

Hereafter we identify Pic(S3) with H?(Ss,Z)~H(Ss,Z).

Lemma 3.1. N, 5(Ks,)=Ny 5 (Ks;) for weWg;.
Proof. See e.g. [13, Section 2.4]. O

4. Nef toric surfaces deformation equivalent to S3, S; and Sy

Let S, S? and S? be the nef toric surfaces whose fans are given in Figure 4.1.
Here the nine one-dimensional cones of S9 are generated by

’1112(1,0), UQZ(O,l), U3=(—1,2),
’U4=(—1,1), U5:(—1,0), U6=(—1,—1),
v7=(0,-1), wvs=(1,-1), wo=(2,-1).

Let the fan of the toric del Pezzo surface Sg be given in Figure 4.1 and let py, po
and ps be the torus fixed points of Sg corresponding to the two-dimensional cones
generated by (vs,v7), (vs,v1) and (ve,vy). S9 (resp. SY and S?) is obtained by
blowing up Sg at p1, p2 and p3 (vesp. p1, p2, and p;). SP contains (—2)-curves and
its anticanonical divisor is nef but not ample.

U3

U2

Vg

Vs U1 > >

U6

U7 Us Vg

Figure 4.1. S9—59—52— 5.
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Proposition 4.1. SY, k=3,4,5, is deformation equivalent to Sy.

A proof will be given in Appendix A (see Proposition A.2).
Now let us explain the geometry of the nef toric surface S. The torus-invariant
divisors C;, 1<:<9, corresponding to v; have the intersections:

~1 i=3,6,9,

4.1 Ci-Ciy1=1, Ci-Cj=0, j#£i,ixl, C?=
(4.1) i =07 {—2 i=1,2,4,5,7,8,

and the canonical divisor K 59 is rationally equivalent to —C7—...—Cy. The Mori
cone is generated by Ci, ..., Cy [27, Proposition 2.26].
Note that Pic(S9)=Pic(S3) and an isomorphism is given by

Cli—)€2—65, Cg’—)l—62—€3—€6, Cgi—>66,
(4.2) C4'—)€3—66, C5 '—)l—61—€3—€4, Cﬁi—>64,

C7'—)€1—64, Cg’—)l—61—€2—€5, Cgi—>65.

This is explained as follows. First, in Sg, we regard the torus-invariant divisors Cj,
C} and C% corresponding to vy, v4 and vy as the exceptional curves of blowing up
of P? and identify them with ez, e3 and e;. The torus-invariant divisors C%, C%
and C§ corresponding to ve, vs and vg are identified with the proper transforms
l—egs—e3, [—e1—e3 and [—ej—eg of lines in P2. Then in SY, C3, Cs and Cy are
exceptional curves of the blowup at p3, p1 and p2 and we identify them with eg, ey
and e5. For i=1,2,4,5,7,8, C; is the proper transform of C]. (This identification
can be seen from the construction of a deformation in the proof of Proposition A.2.)
From here on, we identify Pic(S9) with H?(SY,Z)~H,(S3,7Z).

Theorem 4.2. For geZ>o and € H3(Ss3,Z) such that Kg,-5<0,
Nyp(Ks;) = Ng,pr(Ksg),
where (3'€ Hy(SY,7Z) is the class corresponding to 3 by (4.2).
Proof. This follows from Propositions 2.4 and 4.1. O

Remark 4.3. The statements similar to Theorem 4.2 hold for S4 and Ss: local
GW invariants of Sy and S5 are the same as those of S and SY. Their generating
functions also have expressions analogous to the formula for S5 (which will be stated
in Theorem 5.2). Local GW invariants of Sy and S5 appear among those of S3 with
a natural identification of second homology classes Hy(Ss3,Z)=H2(S4,Z)®Zes=
HQ(S5,Z)@Z€5EBZ€6. See [20, §6]
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5. A formula for the generating function of local GW invariants of S3

5.1. First we consider the generating function of local GW invariants of S with
BeH2(SY,7Z) such that Kgo-3<0. Take a basis ci,...,c7 of H(SY,7) and let
X1, ..., X7 be associated formal variables. For f=ajci+...4+arcr€ H2(SY,7Z), de-
note X{*...X97 by XP. We write the generating function as

Fgo = Z ZNgﬁ(ng))\Qg*zXﬁ'

BEH(89,2) 920
Kg0-8<0
3

Let t;=X[C] 1<i<9, and s;=C? (see (4.1)). Define Zsy by

ZSO HZ |u \ V—1)As;x V")/QWVi’Vi_H(ex/jl)\).

’Lly’

Here each v%, 1<i<9, runs over the set of partitions and v'°=p! is assumed. For

partitions pu=(p1, po, ...) and v= (11, va,...),

Wi (@) = 5u(@)su (@) €QUGY), |l =, () =Y pa(pi—2i+1),

i>1 i>1

where ¢ttP=(g"i~F1/2);51, ¢°=(qg7"*1/?);>1 and s, denotes the Schur function.
Define Z(_5)(t) by

Z(_o(t) =exp —Zl ZSinj—)\ 72tj
=2  j 2 '
jz1
Lemma 5.1.
Zgo
[lici a7 Z—2)(ti)Z(—2)(tiv1) Z(—2)(titi+1)

exp(Fap) =

Proof. Recall that S§ has a canonical T'=(C*)?-action determined by its fan.
Let Kgg:—cl —...—Cy be a T-invariant divisor. For any f€ H2(S9,Z) and g€Z>o,
define Ngﬁ(Sg ) by the following equivariant integral:

1 * 7T
NT (50)=/ erlBmpKsy) 1
9813 [ngo(sg%g)T]vir GT(ROW*M*K;%) eT(Norm)

Here M, 45,0059, 8)T is the fixed point set of the induced T-action, er denotes the
equivariant Euler class and Norm is the virtual normal bundle determined by the
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obstruction theory [11, (23) and (24)]. Note that Ngﬁ(sg):o if there is no effective
divisors of the form ), ., o a;[Ci], a;€Z>o, which are rationally equivalent to 3,
because M, (S, 8)T is empty.

Consider the exponential of the generating function for all classes

(5.1) exp|: S D NS XA.

BEH2(S3,2) 920

Carrying out the localization calculation in the same way as [31](*) and using the
formula for Hodge integrals [24, Theorem 1], we see that (5.1) is equal to Zgo.

Next we have to subtract the contributions coming from the classes 8 which
do not satisfy the inequality K 59 £5<0. Note that such effective classes are of the
forms a[C1]+b[C2], a[C4]+b[C5] or a[C7]+b[Cs], a,bEZ>o. Therefore

(5.2) exp[ > D NS(S9)N 2Xﬁ}

BEH2(SS,Z) 920

2g—2,a4b
B eXP|: Z Z g,a[Cs ]+b[C7+1](53)/\ AR
i=1,4,7 a,b€Z>0 g>0
The i=1 factor is easily obtained by setting t3=t4=...=t9=0 in (5.1). It is equal

to

Zgolty=ta=...=ty=0 = Z(—2)(t1) Z(~2)(t2) Z(—2)(t1t2).

The i=4, 7 factors are similar. Dividing (5.1) by (5.2), we obtain that

exp[ Z SO N29-2 P
ﬁeHz(Sg,Z)QZO
ng-ﬁ<0
Zsé)

C Tliciar Z—2)(t) Z—2) (tiv1) Z(—2) (titi1)

By the virtual localization [11], NZB(S??):Ngﬁ(Sg) for  such that Kgo-5<0. Thus
we complete our proof. [J

() The contribution to Ng (S9) from a fixed locus turns out to be completely the same

as [31, (13) and (16)]. Thus the summation over genera, second homology classes and fixed loci
proceeds in the same manner.
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5.2. Next we study the generating function of local GW invariants of S3. Let
Q=(Q1,...,Qs, Q7) be a set of formal variables and denote Q' Q5>...Q3" by QF for
B=aie1+...+ages+arl€ Ho(Ss3,Z). Define

Fa= Y > Nyp(Ks)XN972Q°, deZx,
BEH2(S3,2) 9E€ZL>o
—Ksy-B=d
and FS:; ::Zd21 Fd.
Theorem 5.2. With the following identification of the parameters
(53) tl = QeQ_esa t2 = Ql_eQ_es_eGa t3 = QGG’
t4 = Q€3—€6’ t5 = Ql_el_es_e4a t6 = Qe4a
tr = Qel—e4 tg = Ql—el—eg—es tg= Qes

we have

exp(Fs,) =exp(Fso).

Proof. This follows from Theorem 4.2 and Lemma 5.1. The identification (5.3)
is determined by (4.2). O

Remark 5.3. In [5], Diaconescu and Florea obtained a formula for Fg, which
is different from ours ((3.14) for k=5 in [5]). It would be an interesting problem to
show that these two formulas are equivalent.

Define m(f) for f€ Hy(Ss3,Z) by

_ 1 w(B)
Hoewa o =g = <"

U}EWEG

m(f3)

By Lemma 3.1, Fy should be written in terms of these numbers. Fy up to d=6 are
shown in Appendix C.

6. Gopakumar—Vafa invariants

Let n%(KS3), gE€ZL>o, SE€Hy(Ss,Z), be numbers defined by

g K 29—2
Fs, = Z Z Z @ (2 sin %) QM.

BEH2(S3,Z) g€L>0 k>1

nj(Ks,) are called Gopakumar—Vafa invariants [10]. They are listed in Table 6.1.
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Table 6.1. Gopakumar—Vafa invariants n%(Kss).

d B | #O(B) | genus | g 0 1 2 3 4 5
1 e6 27 0 1
2 —e1+! 27 0 —2
3 l 72 0 3
—e1—eax—e3—eq—e5—eg+3l 1 1 27 —4
4 —e;—ea+21 216 0 —4
—e1—ezx—e3—eq—es5+3l 27 1 —32 5
5 —e1+21 432 0 5
—e1—ea—e3—eq+3l 216 1 35 —6
—2e1—ex—e3—eq—e5—eg+4l 27 2 205 —68 7
6 —2e1—ea+3l 432 0 —6
2l 72 0 —6
—e1—ezx—e3+3l 720 1 —36 7
—2e1—eo2—e3—eq—es+4l 270 2 —198 72 —8
—e1—eax—e3—eq—e5—eg+4l 72 3 —936 498 —108 9
—2e1 —2eg—2e3—2eq4 —2e5—2e+61 1 4 —3780 2636 —846 141 -—10

Remark 6.1. (a) Gopakumar—Vafa invariants nj(Ks,) of Ss are integers. More-
over, for each 3, ’I’L%(Kss) is equal to zero for all but a finite number of g. This
follows from the same statement for the toric surface S (see [28] and [19]).

(b) One could observe that nj(Ks,) in Table 6.1 are zero if g is larger than
the genus §-(8+ Ks,)/2+1 of a nonsingular curve which belongs to 3.

(c) The results are in agreement with the previous results in [4, Table 7,
X3(1,1,1,1)], [22, Table 1, n=6] and [25, Table 3] obtained by the B-model calcu-
lation of mirror symmetry. Also compare with [15, Table 7].

A. Nef toric surfaces and their deformations

The following classification is given in the preprint version of [3] (see also [4,
Table 1]).

Lemma A.1. There are exactly 16 nef toric surfaces, whose fans are shown
in Figure A.1.

We will refer to the nef toric surfaces using the numbers shown in the frames
in Figure A.1.

Proof. The minimal nef toric surfaces are P?, P! x P! and the Hirzebruch sur-
face Fy, which are nos. 1, 2, and 4, respectively. Nef toric surfaces are obtained
from them by blowing up at torus-fixed points successively. By the nef condition,
we must blow-up at torus-fixed points which is not on a torus-fixed (—2)-curve. All
possible patterns of blowing-ups are listed in Figure A.1. Note that nos. 13, 15
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BN

Figure A.1. Classification of nef toric surfaces. The arrows indicate blow-downs. The numbers in
the frames are reference numbers. Note that Sg, SQ and Sg introduced in Section 4 are nos. 16,
14, and 12, respectively.

and 16 can no longer be blown-up to nef toric surfaces, since all of their torus-fixed
points are on a torus-fixed (—2)-curve. This completes the classification. O

Proposition A.2. A nef toric surface has a smooth versal deformation family

of dimension h*(©), where © is the sheaf of germs of holomorphic vector fields,

whose general member is a del Pezzo surface of degree c3.

h'(©) and ¢? are given in Table A.1.

Table A.1. Eight deformation types and hl(©)(=—(7c2—5cz)/6+h°(0)+h%(0)).

Deformation type || I II | III v A% VI VII VIII
no. 1| 3| 2 4| 5 6| 7 8 9 10|11 12| 13 14 15| 16
c? 9| 8| 8 7 6 5 4 3
c2 3| 4| 4 5 6 7 8 9
—(7c2 —5c¢2)/6 —-8|—6|—6 —4 -2 0 2 4
ho(©) 8| 6| 6 7| 4 5| 2 4 3 5|3 2|3 2 2| 2
h2(©) ol o o 0|l 00| 00O 0|0 O}oO 0] 0
hl(©) o ol o 1| 0o 1| 0 2 1 3|3 2|5 4 41| 6

Proof. Note that h?(©)=0 for any smooth compact toric surface (Corol-
lary B.2). This implies smoothness of a versal deformation family [18].

Versal deformation families of nef toric surfaces are constructed inductively as
follows. Let m: S—S be one of the blowing-ups in Figure A.1. Let P€S be the
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center of the blowing-up 7 which is the intersection of two torus-fixed curves C
and Cs (see Figure A.2). By comparing Table A.1 with Figure A.1, we have

h'(S,0), if C>—1, and C3>—1,
(A1) h1(S,0)={ RL(S,0)+1, if C2=—1, and C2>—1,
hL(S,©)+2, if C2=C2=—1.

Since smooth rational curves on complex surfaces with self-intersection >—1 are
stable under small deformations [17, example on p. 86] (see also [2, Chapter IV,
Proposition (3.1)]), a complete deformation family of S can be found as a simul-
taneous blowing-up of a complete deformation family of S. Furthermore, by (A.1),
we can find a versal deformation family of S as follows. First, we consider a versal
deformation family S of S on which C; and Cy deform holomorphically. If both C;
and C5 have self-intersection >—1, simultaneous blowing up of S at P gives a versal
deformation family of S which is of dimension h!(S,©). If C2=—1 and C2>—1, we
move the center P in the Cy direction (see Figure A.2) and blow S up simultaneously
to get a versal deformation family of S which is of dimension ht(S,0)+1. If C?=
C2=—1, we move the center P in the whole direction and blow S up simultaneously
to get a versal deformation family of S which is of dimension h! (S,0)+2.

Cy ‘\
Cl Cl \

P P

Cy

Figure A.2. The center P of a blowing-up (C7 and C2 are torus-fixed curves) and its moving. The
left is the case with szfl and 022 >0 and the right is the case with Cf:CQ:fl.

Thus we can find versal deformation families of nef toric surfaces inductively.
It is easy to see that their general members are del Pezzo surfaces. [

B. Unobstructedness

Let X be a smooth compact toric surface, D:=D;+...4+D, be the sum of
all torus invariant divisors Di, ..., D,, and ©(—log D) be the sheaf of germs of
holomorphic vector fields with logarithmic zeros along D.

Lemma B.1. H%(X,0(—logD))=0.
Proof. Since O(—log D)=0®zN (cf. [27, Proposition 3.1]), where N is the

2-dimensional lattice such that the fan of X sits in N®R. H?*(X,0(—logD))=
H?(X,0@zN)=H?*(X,000)=0, as H%(X,0)=0 (cf. [27, Corollary 2.8]). O
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Corollary B.2. H?(X,0)=0.

Proof. From the exact sequence (cf. [27, Theorem 3.12])

0—O(— 1ogD)—>@—>@o

i=1

and Lemma B.1, we have H?(X,0)=0. O

D _>07

C. Fy4,1<d<6
Let b[k]:=(2sin(k)/2))2.

1
Fy = mm(es),

1 —2
Fy= mm(Zeg)—i— mm(—el—l—l),

1 3 27
F5= Sb—[g]m(i’)eg)—i— mm(l)—i— (—4—|— m) m(—e;—eas—e3—es—es—eg+3l),

—4
m(—e; —ea+20)

Fy= il

1 -2
mm(éleg)—f— T[Z]m(_%ﬁ—%)—'—

+ (54‘;[—31)]2)m(—61—€2—63—64—65+3l)
Fs= Lm(566)—|—im(—el+21)+ (—6+£)m(—el —eg—eg—eq+3l)
5b[5] b[1] b[1]
205
+ <7b[1]—68+—>m(—261—62—63—64—65—€6+4l),

b[1]
1 2 3 6

—|—<7 ) er— 62—63+3l>

8
+< 8b[1]+72— 1]) (—2e1—eg—e3—eq—e5+4l)
936
+{ 9b[1 —108b +498—m m(—e;—ea—eg—es—es—eg+4l)

i <%< 4+_> — 1061 +141b[2]2—846()[1]_1-2636_17[_%0)
X

m(—2e; —2ea—2e3—2e4—2e5—2e6+61).
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