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Hybrid mean value on the difference between
an integer and its inverse modulo ¢

Huaning Liu and Wenpeng Zhang

Abstract. The main purpose of this paper is to study the asymptotic property of one class
of number-theoretic functions and give a sharp hybrid mean-value formula by using the generalized
Bernoulli numbers, Gauss sums and the mean-value theorems of Dirichlet L-functions.

1. Introduction

Let ¢>2 and ¢ be two integers with (c,q)=1. For each integer 1<a<gq with
(a,q)=1, we know that there exists one and only one integer 1<b<q with (b, q)=1
such that ab=c mod ¢. Let

q q
/ ’
M (q, k,c)zz Z (a—Db)k,
a=1 b=
ab=c modlq

aQ

where >."?_| denotes the summation over all a such that (a,¢)=1. In Zhang [5], the
second author used the estimates for Kloosterman sums and trigonometric sums to
obtain a sharp asymptotic formula for M(q, k, ¢), and to prove the following result.

Proposition 1. Let ¢>2 and ¢ be two integers with (c,q)=1. Then for any
positive integer k, we have the asymptotic formula

M(q,k,c) = #(q)q* +0 (47U D/2 42 (¢) log? q),

2k+1)(k+1)

where ¢(q) is the Euler function, and d(q) is the divisor function.
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Tianping Zhang [4] got the following general result.

Proposition 2. Let ¢>2 and ¢ be two integers with (c,q)=1. For any positive
integers k and n>1, let
li

/ /

q a q
M(q,k,c,n) Z ZZ an—b

a1=1 ap,=1 b=1
ai...anb=c mod ¢

Then we have

1

M(%k‘,(%n)zm

0" (@)g*" +O (4728 (g) log ).

The error term in Proposition 1 is the best possible. In fact for k=1, let

M(a,1,¢)= 6@+ 30 [[(1-9)+ Fa,1.0),
plg

where le q denotes the product over all distinct prime divisors of q. The second
author [7] used the properties of Dedekind sums and Cochrane sums to give a sharp
mean-value formula for F'(g, 1, c).

Proposition 3. For any integer ¢>2, we have the asymptotic formula

q

' (p+1)°/p(?+ D)~ 1/p* !
; F(q,1,c)= %‘1%3( )pqq 14+1/p+1/p?

+O( g exp( 21089 )
loglog q

denotes the product over all prime divisors of ¢ with p*|q and p**1iq.

where []

p=|lq

For a general integer k>2, let F(q, k, ¢) denote the error term in M(q, k, ), i.e

M(q,k,c)= o(q)a** +F(q, k,c).

1
(2k+1)(k+1)

In [7], the second author asked us to find whether there exists an asymptotic formula
for the mean value >/ | F?(q, k, c).
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It is interesting that there exists some relation between the error term in
M(q, k, ¢) and Kloosterman sums

q

K(m,n;q)= Zle(mb;nb)

b=1

where e(y)=e?>™ and b is defined by the equation bb=1 mod ¢. Let

/

q
1

Mg, k,c)= —Z Z,a b)2*+E(q, k,c).
¢(q) a=1 b=1

It is obvious that E(q,1,¢)=F(q,1,c) and E(q,k,c)=F(q,k,c)+0(¢*), k>2.

In this paper, we use the generalized Bernoulli numbers, Gauss sums and
the mean-value theorems of Dirichlet L-functions to study the hybrid mean value
Z'q E(q,k,¢)K(c,1;q), and give a sharp asymptotic formula.

Theorem. Let ¢>2 and k>0 be integers, then we have

Ly B e 1:q) = 202k +1 _#
;E(q,k, K (c,1;9) =2q ¢(q)££(1 p(p_1)>

|:2k 2 [n/2] [(2k—n)/2] Cc2m- 1C221lc L(2m—1)1(20-1)!

Z i Z Z (—1)n+m+l(2gr)2m+2

2k—1 [(n—1)/2] [(2k—n—1)/2] C2mez (2m)!(21)!
n

B Z Coi Z Z (_]_)n+M+l(2,n-)2n.L+2l+.2
n=1 m=0 =0

+O(q2k+1+€),

where CI'=nl/m!(n—m)! is the binomial coefficient, € is any fized positive number,
and [y] denotes the greatest integer not larger than y.

2. Some lemmas

To complete the proof of the theorem, we need the following lemmas.

Lemma 1. Let ¢>2 and n>0 be two integers, then for any non-principal
character x modulo ¢ we have that
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(/2]
1 7 — .
‘ T O O B i x(-D)=1;
n _ m=1
Za x(a) = | =)/

n—_H Z CZTTIB2m+1,an72ma ’Lf X(_l):_la
m=0

where B, . is the generalized Bernoulli number.
Proof. From [3] we can easily get this identity. O

Lemma 2. Let ¢>2 and c be two integers with (c,q)=1, then for any positive
integer k we have

[n/2] [(2k—n)/2] ~2m—1 ~21—1
4q? =2 C2m=102 1 (9 —1)1(20—1)!
FE(q,k,c)=—— n
(g, k,c) #(q) Z E:QC% 2:1 Z (2m)2m+2l(—1)ntm-+
XF#X0 n m
x(—=1)=1
—+o00 +oo )
XZZ 7“27”52[
r=1s=1
k— n—1)/2] [(2k—n—1)/2 m
S oY e, : Z)/ NERZDE camegt | (2m)!(21)
#(q) i —~ 2k (27)2m+20+2 (1 )ntm+
“+oo +oo )
XZZ T2m+152[+1 !
r=1s=1

where G(n,x)=>.2_, x(a)e(an/q) is the Gauss sum, 2t xom(—1)=
summation over all non-principal even characters modulo q, and
notes the summation over all odd characters modulo q.

1 denotes the

Zx(—1)=—l de-

Proof. The generalized Bernoulli numbers can be expressed in terms of Ber-
noulli polynomials as

From Theorem 12.19 of [1] we also have that

n! X e(rx .
Bn(x):—@m)n Z (rn), if0<z<lI.

rT=—00

r#0
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Therefore
(1)  Bpy= nﬂzq: ()] - n! io e(ar/q)] _ nlg"! f G(r,x)
nx =4 X (2mi)n rn o (2mi)n rn
a=1 r=—00 r=—00
r#0 r#0

12:1 b:dl ¢(Q) a=1 b=1
ab=c mod ¢
1 a q 1 , ,
=— (c) x(a)x(b)(a—b)*" - — (a—b)**
¢<q>xmzodq>‘ 22 ¢<q>; 2
1 q q
=30 X)) x(a)x(b)(a—b)*
XF#Xo a=1b=1
Note
q q
(3) > x(a)=0, if x#x0, and Y ax(a)=0, if x(-1)=1.
a=1 a=1
So from Lemma 1 and formulae (1), (2) and (3) we have that
2k—2 q q
Blakd =g 3 X0 X G| S| [ S|
q (X?é))CO ) n=2 a=1 b=1
x(=1)=
1 2k—1 q q
o X T X G S| [Z ]
x(=1)=-1 n=1 a=1 b=1
g 2k—2 [n/2] [(2k—n)/2] c2m= 102211C Lem—1)1(20-1)!
- W X%o nZQ Cay, T; Z (27T)2m+21(_1)n+7n+l
(“1)=1
“+oo +oo )
X;; TQTYLSQZ

S1 (=12 (@kn=1)/2]  ram
_éf’(Q) x(€) Z Cok Z Z (2m)2mA2042(—1)ntm+
n=1

x(—1)=-1

+oo +oo )

X Z Z T2m+152[+1

r=1s=1

This completes the proof. [J
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Lemma 3. Let q be a positive integer, then for any character x modulo q, we
have that

D X(OK (e, 1;9) =7*(%),

c=1

where 7(x)=G(1, x).
Proof. This is Lemma 2 of [8]. O

Lemma 4. For any integer ¢>3, let x be a non-principal character modulo q,
and q* denote the conductor of x with x<x*, where x* is the primitive character
modulo ¢*. If (n,q)>1, we have that

— n * — * * q
X ((n,q))x (q*(ZL7q))M(q*(%7q))¢(Q)¢ I(W%)T(X ) 4= (n ;1);
G(n,x) = . . @
’ T )

where p(n) is the Mobius function, and q1 is the largest divisor of q that has the
same prime factors as q*.
If (n,q)=1, then we have that

60 = 0" (2 ) (2 )70

Proof. See [2]. O

Lemma 5. Let ¢ and r be integers with ¢>2 and (r,q)=1, and let x be
a Dirichlet character modulo q. Then we have the identities

*

> oxm= > n(3)e@

x mod ¢ dl(q,r—1)
and
q
=S,
()= ndo (5
dlq
where Z; mod g denotes the summation over all primitive characters mod q, and

J(q) denotes the number of primitive characters mod q.

Proof. This is Lemma 3 of [6]. O
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Lemma 6. Let g=uv, where (u,v)=1, u is a square, and v is a square-free
number. Then for any real numbers s,t>1, we have that

W Swap 3o 57 LB 5 )LL)

d|v ti|v/d ta|v/d x mod ud
x(=1)=1

ZQ¢22((]) H(l_ 1 >+O(q2+s);

plla p(p=1)

S N M e D DR COT I e

d|v tilv/d ta|v/d x mod ud
x(=1)=-1

_ Q¢2 (q) 1 2+4¢
C2 H<1 p(p—1)>+0(q ;
rliq
Proof. We only prove (II), since we can deduce (I) similarly. We suppose
that ¢>s without loss of generality. Let Ua(n)zzdln d*. For any non-principal
character xy modulo ud, and parameter N >q, applying Abel’s identity gives that

Lm):m@ / Sy ia X(n) ") 4y

ns s+1

n=1

:iy( )vo <\/_logud>.

ns NG
n=1
For (a,q)=1, from Lemma 5 et that
* 1 * 1 * 1 *
Y. xl@=5 > (U=x(-x(@)=5 > xla)-5 > x(-a)
x mod ¢q x mod g x mod g x mod g
x(=1)=-1
3 2 (-3 X u(g)e
wl(qva 1) wl(q7a+1)

Then we have that

Z“d Z Z o(t1)o tstt (t1)p(t2) Z* At L DL D)

d|v ti|v/d ta|v/d x mod ud
( 1)=—1
P(t1)¢ (t1)u(tz)
= d
=D wd > > mt
d|v ti|v/d ta|v/d
N o N o 7/2+4¢
. X(n) <~ x(m) q
tit O
x Z X( 1 2) ns mt + Ns
x mod ud n=1 m=1

x(—1)=-1
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P(t1)¢ (t1)p(tz)
_Z Ud Z Z t tt
d|v tilv/d t2|v/d
N? o'sft(n) . q7/2+6
x> —— > y(tltg)y(n)JrO( e >
n=1 x mod ud
x(=1)=-1
(t)p(t2)

1 (t1)
=g twd? 3, > = tStt

d|v ti|v/d ta|v/d

X f Lt(n) Z )M(Z—d)fb(w)

ns
n=1 w|(ud,titan—1

(n,ud)=1
1 P(t1)p(t2)p(tr)p(t2)
EPSDIDYD tStt
d|v ti|v/d ta|v/d
N2
os—t(n) ud ileas
3 S (ero(
w|(ud,titan+1)

n=1

(n,ud)=1
d
:%Z(“d)Q Z#(%)fi)(w) S % ¢(t1)¢(tit)i(t1)ﬂ(t2)
d|v wlud ti|v/d ta|v/d 2
N2
US—t(n)_l 2 (u_d)
X 2}1 (o) 2;(ud) wzu:dﬂ " d(w)
(n,ud)=
t1tan=1 m d
St)d(tInt)ults) o= oaeln) (g7
PP ty z_: (trt2m)* O< N® >
tilv/d ta|v/d (717L71)1=1
t1t2’ﬂ£71 mod w
_ 1 2
=5 %(ud) J(ud)
, bt ) [(vN/d)?=1)/w] Ne
O(Swip Yot Yo 30 Ay )
=1

d|v wlud ti|v/d ta|v/d

[(vN/d)*+1) /w] Ne )

o(Suar o T 3 MR STty

d|v wlud ti|v/d ta|v/d

q7/2+s
+o( - )
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ud)Q 2 o e q7/2+€
dzl:d d)+0(¢°N )+0( N
q9*(q) < 1 ) 2 <q7/ 2te >
= 1— +0(?N%)+0 .
2 H p(p—1) (N7 N

Now taking N =[¢*/?], we immediately get that

Sy 35y HMERIE)L S s 0L

d‘ tl\v/d t2|v/d

x mod ud
x(—=1)=-1

_ Q¢22(Q) H(l_ 1 >+O(q2+5). 0

plla p(p=1)

3. Proof of the theorem

In this section, we complete the proof of the theorem. For integers ¢>2 and
k>1, by Lemmas 2 and 3 we have that

q
S Blg ko) K (e 1)
c=1

— [n/2] [(2k—n)/2] ~om—1~21—1
4g** 2 N Cpm O (2m—1)!(21-1)!
= T4(X C3
¢(q) XZ;O ( )nz::z 7; Z (27‘-)2m+2l(_1)n+m+l
x(=1)=1
+oo +oo )
XZZ r2m82l
r=1s=1
n—1)/2] [(2k—n—1)/2 m
_4q2k Z ng:lc [( Z:)/ 1 [( Z )/2] C2 CQk n( )!(21)!
o(q) e — 2k (27)2m+20+2(—1 )n+met
+oo +oo )
X Z Z 7«2m+1 82l+1 :
r=1s=1

Let g=uv, where (u,v)=1, u is a square, and v is a square-free number. Let ¢*
denote the conductor of x with y< x*, then
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if and only if ¢*=wud, where d|v. So from Lemmas 4 and 6 and the above we have
that

/

> E(q,k,0)K(c, 1;9)

c=1

G X (e

d\u x mod ud
x(—1)=1

2k—2 [n/2] [(2k—n)/2] sz 12l-1

. Z i Z Z oh_n(2m—1)!(21—1)!

(2m)2m+2l (=1 )ntmet

{Z xv/dtl v/dtl) (@) (x )L(2m,i)}

yy? t1me(q/t1)
X(v/dt2)p(v/dta)p(q)T(x)L(21,X)
L;d t3'¢(q/t2) ]

S Y w(Ge()rm

d\u x mod ud
x(=1)=-1

2k—1 [(n—=1)/2] [(2k—n—1)/2]

CEm ey, (2m)\(21)!
XZC& Z Z n Oy (2m)1(21)

(27)2m 42142 (—1)n+m+l

m=0 =0

x(v/dt1)p(v/dtr)d(q)T(x) L(2m+1,%)
{;d 27 (g /1) ]

x(v/dta)p(v/dt2)d(q)T(x)L(21+1,%)
Lzzv;d tglﬂ ?(q/t2) }
2 2k—2 [n/2] [(2k—n) /2]

C2m=102i7 1 (2m—1)1(21—1)!
SEDNCODS

(2m)2m+2 (=1 )ntmtl

XZUCZ Z Z (btl t2mt2l) ult) Z* X(t1t2)L(2m, ) L(21,X)

dlv ti|v/d ta|v/d x mod ud

x(—1)=1
2" 2k—1 [(n=1)/2] [(2k—n—1)/2] C2mc2l (2m)!(21)!

ZC% Z Z (27)2m+20+2 (1 )ntmt

XZ Ud Z Z (b O t2m+1t2l+)1 ultz) Z* X(t1t2)L(2m+1,%)L(21+1,%)

dlv ti|v/d ta|v/d

x mod ud

x(=1)=-1
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=2¢"""o(g) [ | (1 —ﬁ)

plla

k— n/2] [(2k—n)/2 m— —
) r 2 [n/2] [( )/2] c2m 102227171(27”_1)!(%_1)!

712::2 i mz::l ; (—1)ntmtl(27)2m+21

2k—1 [(n=1)/2] [(2k—n—=1)/2]  ~om ~2i
m Cn C2k—n(2m)!(21)! 2k+1+
DAY ) (—1)nFm+l (27)2m+2rt2 +0(q °)-
n=1 m=0 =0

This completes the proof of the theorem.
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