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An inversion formula for the
attenuated X-ray transformation

Roman G. Novikov

Abstract. The problem of inversion of the attenuated X-ray transformation is solved by an
explicit formula. Several subsequent results are also given.

1. Introduction

Consider some real-valued sufficiently regular function ¢ on R¢ sufficiently
rapidly vanishing at infinity. We say also that a is an attenuation coeflicient. Con-
sider the attenuated X-ray transformation P, defined by the formula

(1.1) Paf(x,ﬁ):/ exp(—Da(z+56,0)) f(z+s8)ds, zcR?% §e8?,
R

for any real-valued sufficiently regular function f on R¢ sufficiently rapidly vanishing
at infinity, where Da is the divergent beam transform of a, i.e.

(1.2) Da(a:,ﬁ):/()+oo a(z+s0)ds, xzcR? HcS? L
In addition,

(1.3) P, f(x,0) =P, f(mgzx,0), zecR% eS8
where

g is the orthogonal projector of R? on the subspace

(-4 Xg={zcR%|26=0}.

Due to (1.3), P,f on R%x S9! is uniquely determined by P,f on TS%!, where

(1.5) TS ={(z,0)|zcR?, 6#eS? ! and 26 =0}.
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We interpret 7'S? ! as the set of all oriented straight lines in R%. If v=(z,0)€
7841, then y={ycR%|ly=x+tf and tcR} (up to orientation) and 6 gives the
orientation of .

As a basic problem, we consider the problem of finding f|y, where Y is a two-
dimensional plane in R, d>2, from P,f lrst(yy, where TSY(Y) is the set of all
oriented straight lines lying in Y, under the condition that aly is known. For this
problem the case when d>3 is reduced to the case when d=2.

This problem comes from the emission tomography (see [Na]). In the emis-
sion tomography setting, f is the density of emitters, a is the linear attenuation
coefficient of the medium, P, f(v), y=(z,0)€TS?"', is the measured emission in-
tensity in the direction # at a detecior at +oo on v (at a detector on the connected
component of v\(supp fUsupp a) containing +oco on 7 for compactly supported f
and a).

We carry out the basic considerations of Section 2 assuming that

(1.6) a, f €C*TE(RYR)  for some o €]0,1] and £ >0,
where

(L.7) Cc? (R, C)={ue C(R,C) | |ullyo <+o0},

(1.8a) [ull e = max(llullo,e, lull,), p#0,
(18b) HU“O,U =

sup (1+]z])7|u(x)],
z€R4

o lulz+y)—u(=)]
|y~

(1.8¢) lullyo = sup (1+]z]) , K#D,

zyeR?
0<]y|<1

where 1€(0,1[ and o>0.
In addition, we extend the final results of Section 2 to the case when

(1.9) a, f€ LME(RYR)  for some € >0,

where

LR, C)={ue L*(R", C) | jjullo,, < +oo},

(1.10) ‘
l[uflo,s = esssup,ega(14]a])” fu(x)l, 0=0.

Our main result is Theorem 2.1 stating that, under the assumptions (1.6) for d=2,

and under the condition that a is known, the transform P, f on T'S! uniquely de-

termines f on R? by the explicit formulas (2.12). We obtain Theorem 2.1 using
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techniques of [MZ], [FN] and [N2]. Theorem 2.1 implies Corollary 2.5 stating that,
under the assumptions (1.6) for d>2, and under the condition that g is known, the
transform P, f on M(S) uniquely determines f on R? by the scheme (2.68) (where
M(S), defined by (2.67) for some great circle S in S?~!, is a d-dimensional sub-
manifold of 784! for d>2 and M(S)=TS"' for d=2). In addition, Theorem 2.1
and Corollary 2.5 remain valid under the assumptions (1.9) in place of (1.6) accord-
ing to our Remark 2.6. Note also that, under the assumptions (1.9) and d=2, the
formula (2.12) splits up into (2.20a—c) and (2.19), (2.20b—c). Actually, the formulas
(2.20a—c) are our inversion formula for the transformation P, for d=2, the formulas
(2.19) and (2.20b—c) are new necessary range conditions for P, for d=2. In Sec-
tion 3 we give several subsequent results concerning finding f from P, f, under the
condition that a is known, for d>2, and concerning the range characterization for
P, for d=2.

To our knowledge, the aforementioned results of Theorem 2.1 and Corollary 2.5
are completely new even on the level of pure uniqueness (without an inversion
method) under the assumptions that a and f are real-valued functions of the
Schwartz class on R? in place of (1.6). The work [ABK] comes rather close to the
proof of the uniqueness results (without the inversion formulas (2.12) and (2.68))
contained in our Theorem 2.1 and Corollary 2.5, at least, under the assumptions
that

(1.11) a, f € CF°(RY. R)

(the space of real-valued infinitely smooth compactly supported functions on R?) in
place of (1.6). In addition, the question whether the two-dimensional transformation
P, is injective (even being restricted to C$°(R% R) and for acCg°(R? R)) was
known as an open problem for a long time see, e.g., [Na.

Concerning known uniqueness, nonuniqueness and other results for generalized
Radon transformations, of which P, is an example, see [M], [BG], [MQ)], [Na], [F],
[BQJ, [S], [B], [KLM], [ABK] and references given there. To our knowledge, the
strongest local uniqueness result given in the literature for the two-dimensional
transformation P, was obtained in [F]. (Local uniqueness means that every point
2 has a neighbourhood U, so that no non-trivial f supported in U, lies in the
kernel of P,.) It is indicated also in [F] that P,f=0 on 7'S%"! implies f=0 on
R? for d>3, under the assumptions (1.11). (Note, however, that the problem of
finding f on R? from P,f on TS?! under the condition that « is known, is
strongly overdetermined for d>3 (i.e. dimTS% 1=2d—2>d for d>3).) In [F], the
proofs of the aforementioned results of [F] contain no inversion methods for the
transformation P, for known a. In [ABK] an inversion method is developed for the
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two-dimensional attenuated X-ray transformation P, for the case when a is a real-
valued twice differentiable compactly supported function on R? and P, is restricted
to the space of real-valued sufficiently regular compactly supported functions f
on R2. The inversion method of [ABK] is based on a Cauchy type formula for
generalized A-analytic [>-valued functions. Our inversion method based on the
explicit formula (2.12) is drastically simpler than the inversion method of [ABK].

In the literature (see [TM], [Na], [AK], [P]) the theory of the transformation
P, defined by (1.1) is well developed for the case when f is supported in € and a
is constant in §2, where Q is an open convex bounded domain in R¢. For this case
our Theorem 2.1 complemented by Remark 2.6 gives a new inversion formula.

Acknowledgements. We thank D. V. Finch, P. Kuchment and G. Uhlmann for
informing us in June 2000 (after receiving the preprint [N3] of the present work)
about the work [ABK]. We thank P. Kuchment and L. Kunyansky for informing us
on July 10, 2000 that L. Kunyansky successfully implemented our inversion formula
(2.12) numerically. This work of L. Kunyansky is presented in detail in [K].

2. Inverse scattering for the attenuated X-ray equation

Counsider the equation
(2.1) 00,0 (x,0)+a(x)(z,0) = f(z), zecRY 6841,

where 6 is a spectral parameter, 8,=(9/9z1,...,0/0z4), 08;0:2?:1 6;0/0x; and
where a and f satisty (1.6). ‘

For any §€S%~! consider the real-valued continuous solution 1" (-,8) of (2.1)
specified by

(2.2) lim ot (z+s60,6)=0 for x€R™
S—>—0C
For any 6€S%! such a solution exists and is unique. In the emission tomography
setting, " (z,#) is the emission intensity through the point z in the direction 6,
where a is the linear attenuation coefficient of the medium and f is the density of
emitters. We say that equation (2.1) is the attenuated X-ray equation.
The following formula holds:

(2.3) Y™ (x,0) =exp(—Da(z, —9))/0 exp(Da(xz+1t0, —0)) f(z+16) dt,

— 00

z€R?, €S ! where Da is defined by (1.2).
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Note that for any §cS?! the factor
(2.4) ¢*(-,0) =exp(—Da(-,—0))
of the right-hand side of (2.3) is the real-valued continuous solution of the equation
(2.5) 00, p(z,0) +a(z)p(z,0)=0, zcR? #cS¥ 1
specified by

(2.6) lim " (z+s8,60)=1 for xR

S§——00

The following formula holds:
(2.7) P.f(z,0)= lim % (z+s0,0), zcR? 68
s——+00

where P, f is defined by (1.1).
We say that P, f is the relative scattering matrix for the equation (2.1), where
a is considered as a background parameter and f is considered as a perturbation.
Under the assumptions (1.6), the functions o™, ¥ and P, f have, in particular,
the properties

(2.8) ¢t vt P f e CRIXSTLRY,
(2.9a) " (z,0)—1] <exp(ci(e, 0, 2)[lallo,4e) — 1,
(2.9b) [T (z+y,0)—¢" (x,0)] < (exp(2c1(e, 0, 7)l|alla,142) —1)[y|*,

5/2 alo .
(2.90) 17 )l < exp( 1 etee ).
5/2
(2.100) o0y < exp IR ey 0, ) o

/2|, )

2106) [0 (a+y.6) - (o )] < exp IR Ny e )l
/ a 1+e

(2:112) 1Puf .00 <exp (EL ) o e o e
/ a 1+

(2.110) [Puf(z+y.0)~ Puf(e,6)] < 4exp(%)03<5, oDl et selyl®,

where ¢, (¢, 8, ) is given by (A.8), c3(e, s) is given by (A.13), 7y is defined by (1.4},
z,y€RY, Jy|<1 and #€8%. We obtain (2.8)—(2.11) using Lemmas A.1, A.2, A4
and the formulas (2.3), (2.4) and (2.7).
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For d>2 we consider the problem of finding f|y, where Y is a two-dimensional
plane in R%, from P, f I7s1(vy, where TS'(Y') is the set of all oriented straight lines
lying in Y, under the condition that a]y is known. We say that this problem is an
inverse scattering problem for the equation (2.1). For this problem the case when
d>3 is reduced to the case when d=2. Further, for the latter case we obtain the
following result.

Theorem 2.1. Suppose that a and f satisfy (1.6) for d=2. Then, under the
condition that a is known, P, f on T'S! uniquely determines f on R? by the formulas

(2.122)  flz)=—— <5%—i5%2) /S o(z,6)(6, +i65) d6,

dn

(2.12b)  @(z,0) =exp(—D_ga(x))m(z0,0),

L i
(2.12¢) m(s,@):%exp(—M>H+ exp(%)Pafgf(S)

2%
1 H_Pjla(s) H,Pja\ |
fl iatiall bt SV < o el il el 1 =
+ 5 exp( 57 H_exp 5 w0l (5),

where Dy, Pi-, Py, Hy and exp(£(2i)~'Hx P a) are the operators such that

(2.13) Deu(z) = /0 T 8yt

(2.14) Pilhu(s) = /R (56 +10) dt,

(2.15) Plyu(s) = /R exp(— Dya(s0* +16))u(s0++t0) dt
= Pu(s61,6),

(2.16) Hiv(s):% /R Sig)_tdt,

(217 exp (i%;ﬂ%(s) —exp (iH*—P;?*(i'))@(s),

where u and v are test functions, r=(x1,z2)ER>, 0=(61,02)€S, 61 =(—05,61),
s€R and df is the standard element of arc length on S*.

Remark 2.2. If =0 in (2.12), then the formulas (2.12) turn into the formulas
(4.6) of [N1] which are similar to the formula (1.12) of [FN].

Remark 2.3. Under the conditions (1.6) and d=2, the formulas (2.12) imply
that

(2.18) Rep(x,0)=0, Rem(s,8)=0,
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d o}
(219) —827—1/51 Im¢($,9)91d9+5£/81 Imgo(x,@)@z d6—0,
(2.200) F@)= - -i/ T o (z, )0 d0+i/ T (, 0)6, 6
’ N 4 8{E1 s1 LSS > 81’2 g1 TP ! ’
(2.20b) Im(z,0) =exp(—D_ga(z)) Imm(z6=, 6),
i
(2.20c) Imm(s,0)=—Re (exp (—%)
7

H_Pja
X (c+H++cH_)exp< %e )P&%ﬁ(s))
for any real ¢, and c¢_ such that c, +c_=1, where z€R?, #cS! and s€R.

Remark 2.4. Under the conditions (1.6) and d=2, the formulas (2.12) and
(2.18)—(2.20) are valid pointwise.

Proof of Theorem 2.1. Consider the equation

(2.21) 00,9 (x, 0)+a(z)(x,0) = f(z), xzcR?2 e,
where
(2.22) L={0cC?|0*=0?403 =1}.

The equation (2.21) is the equation (2.1) for d=2 with complexified 6.
For any §€¥\S! we consider the complex-valued continuous solution (-, 8)
of (2.21) specified by

(2.23) Yz, 8) =0, as|z|— oo.

For any €Y \S! such a solution exists and is unique.
The following formula holds:

(2.24) (x,0) :/Rz R(z,y,0)f(y)dy, zeR? 0&X\S!,
where
(2.25) R(z,y,0) =exp(—Goa(z))G(x~y,0) exp(Goal(y)),

sgn m @y —
1 oo Bliehint o ma)
(2.27a) Gy is the convolution operator with the function G(-,8),
(2.27b) Goalz) = G(z—y, Na(y) dy.

R2
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Note that for any 0€X\S! the factor

(2.28) (-, 0) =exp(=Goa(-))

on the right-hand side of (2.25) is the complex-valued continuous solution of the
equation

(2.29) 00, 0(x,0)+a(zx)p(x,0) =0, xeR? X,
specified by
(2.30) olz,0) =1, as|z|—o0.

Note also that for any §€3\S* the function G(-,#6) is the complex-valued solution
continuous outside of zero of the equation

(2.31) 00,G(z,0)=6(z), z€R? HeX,
specified by
(2.32) G(z,0)—0, as|z|—o0.

The function ¥ (-, #) is not defined for #€S?, in general. For §€S* we consider the
functions ¥4 (-, 6) defined by the formula

(2.33) Yi(z, )= lirgJr Y(z,w(£r)) for any x € R?,
T

where

(2.34)

w(T) =0V 14+72 +ir0, TER, 0=(01,02) €S, V1+72 >0, 0+ =(—02,61).
Note that
(2.35) w(t)eX\St for T € R\{0}.

The following formula holds:

(2.36) Y1 (z,0) :/ Ri(z,v,0)f(y)dy, xz€R? 0€S’,
R2

where

(2.37) Ri (SL’, Y, 9) - exp(—Gi,ga(ac))Gi (SL’~y, 9) exp(GLga(y)),

(2.38) Ga(x,0) = £l

2ri(fLzFi0sgn (0x))’
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G4 ¢ are the convolution operators with the generalized functions Gi(-,8),

(239 Graale) = [ | Gelo—y,B)alw)dy

The following formulas are valid:

(2.408) Goilz,0)= miTw)—i—é(OLx)er(ﬁx),
(2.40b) Gyi(z,0)= miTw) —5(6x) x4 (—61),
(2.41a) G+ pu(x) :D_gu(x)iziiHinu(GJ‘x),
(2.41D) e pulz) = —Dgu(x)i%HJ;u(aix),
where
(2.42) o (s) :{ 1 for s>0,

0 for s <0,

Dy, PGL, H are defined by (2.13), (2.14) and (2.16), respectively, u is a test function,
z€R? and 9S8,

The fact that the limits in (2.33) exist and that the formulas (2.36) and (2.37)
are valid follows from (2.24), (2.25), (A.25), (A.31), (A.32), (2.41), (A.15), (A.16),
(A.19), (A.24) and the formula

Gty (exp(Guny@) f) = G 6(exp(Gx 90) )+ (Cu(ir) — Gx0)(exp(Gu(znya) f)
+G+,0((exp((Goy(ar) —Gx0)a)—1) exp(G pa) f).

Using (2.41a), (A.31), (A.33), (A.15), (A.16), (A.19), (A.24) and (A.6) we
obtain, in particular, that

(2.43) vy €EC(R?x S8, C),
(2.44) Y (z, ) satisfy (2.21) for z€R?, €S,
(2.45) lim Va2 +50,0) =mi(612,0),
8§ — 0
where

HiPéLa(Gl:c)

1
L —
(2.46) my (6-x,0) —:t% exp(:F 5

)HiPol exp(Gy ga) f(0+x)
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for zcR? and ¢S, exp(G4+ ga) denotes the operator such that
(2.47) exp(Gy ga)u(r) = exp(Gy pa(z))u(z), x€R?,
and u is a test function. In addition,

Hy Pjta(s)

1
(2.48a) ma(s,8)= :tz, exp (:;: 2

>H1P9’L9(3),

where, using (2.41b),
g9(z) =exp(G pa()) f(x)

2.48b La(6te
(2.48D) :exp<iH;P9q(9 )

5 )exp(—Dga(m))f(x), seR, S, xeR%

In addition, using (2.48) and the definitions (2.14), (2.15) and (2.17) we obtain that

J—Cl
219 At =on( =TT Y pip),

1 H.Pla(s H-Pia
(2.50) mi(s,e):j:égexp(;f—éZ—L))Hiexp(i%)Pigf(s),

sc€R, 68!, zeR?.
The following formula holds:

(2.51) Vi (z,0)—y_(z,0)=p(z,0), xcR? 08,

where ¢ is given by (2.12b—c).
To obtain (2.51) we use that if ¢ is defined by the left-hand side of (2.51), then,
by virtue of (2.43)—(2.45) and (2.50),

(2.52) peC(R*x8* Q)
(2.53) @(z,0) satisfies (2.29) for x € R? 0 e8!,
(254)  lim p(z+50,0)=m, (6 x,0)—m_(6*2,0)=m(0+z,0), reR?, 68,

where m is given by (2.12c), and that the properties (2.52)—(2.54) imply (2.12b).
The Riemann surface ¥ defined by (2.22) admits the following parametrization
by AeC\{0}:

XB)=01+i6, for 0=1(6,,62) €%,
(2.55) 61()\)=%</\+§), 92()\)::2%()\—%) for e C\{0}.
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In the variable X the circle S? takes the form
(2.56) T={xeC|]N\=1}L

Using (2.24), (2.33), (2.55) and Lemma A.7 we obtain that for any z€R? the
following formulas hold:

(2.57) %w(x, 6(A\)=0 for Ae (C\{OP\T

(i.e. ¥(z,0(N)) is a holomorphic function in Ae(C\{0})\T),

(2.58) w(x,ﬁ()\)):in(x)—Fo(;), as A — 00,
(2.59) Y(xz,0(N) =AC f(x)+o(A), as A—0,
(2.60) Bz, OON(120))) = = (2, O(N)) for NET,

where C and C are the operators such that

1 uly) dy

(2.61) Cu(z) = 7T/l?{2 (y14iys) — (@1 +ize)’
~ .1 uly) dy

won TEN Y !

where x=(71,22)€R?, y=(y1,92)€R? and u is a test function. In addition, note
that for G given by (2.26) the following formula holds:

(2.63) Gz, 0(\)) = Qmﬁfﬁ;ﬁ‘i D cR2, A (C\{OD\T,
where
(2.64) Z2=x1+1xs, Z=x1—1iT2.

The properties (2.57)—(2.60) imply that

Cf (@)= — = [ (0 (2, 000) — b (2. 0(\))) dA

(2.65) : |
:_ﬁ/sl(“’*(x’9)—¢—(w,9))(01+262)de.
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The formulas (2.65), (2.51) and the formula

] o\ ~
(2.66) %(a—m—ia—xz>6’f(x):f(x), r€R?,

imply the formula (2.12a). O

Let S be a great circle in S, X(S) be the linear span of S in R?, X1(S) be
the orthogonal complement of X(S) in R%, and

(2.67) M(S)={y=(z,0)eTS**|6cS}.

Note that dim M(S)=d for d>2 and M(S)=TS! for d=2.
Theorem 2.1 implies the following corollary.

Corollary 2.5. Suppose that a and f satisfy (1.6), where d>2. Then, under
the condition that a is known, P,f on M(S) uniquely determines f on R by the
following scheme

(2.12)
for each two-dimensional plane 'Y of the form
(2.68b) Y =X(9)+y, yeX*(9),

where TS*(Y') is the set of all oriented straight lines lying in Y.

Note that

(2.69) MS) = |J 1SY(X(S)+y)
yeXL(S)

Remark 2.6. Theorem 2.1, Remark 2.3 and Corollary 2.5 remain valid un-
der the assumptions (1.9) (in place of (1.6)). In this case the formulas (2.12¢c)
and (2.20c) are valid in LP(R,C) for any #€S!, where max(1,e~1)<p<+oo; the
formulas (2.12a), (2.19) and (2.20a) are valid in the sense of distribution the-
ory; and the scheme (2.68) is valid for almost any Y of the form (2.68b). Note
also that Theorem 2.1 and Corollary 2.5 remain valid under the assumption that
a, feC* (R4, C) for some a€]0,1] and >0 (in place of (1.6)). In this case the
formulas (2.12) are valid pointwise.
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3. Subsequent results (added in October 2000)

The main results of this section are Propositions 3.1, 3.4, 3.5, 3.9, Corollary 3.3
and Remark 3.8. For d=2, Proposition 3.1 relates holomorphic moments of a func-
tion f and the attenuated X-ray transform P, f by formula (3.2). For d>2, Corol-
lary 3.3 relates, in particular, the classical Radon transform (along two-dimensional
planes) Rs 4f and the attenuated X-ray transform FP,f by means of the formula
(3.2) with n=0. For d=2, in Proposition 3.4 we deal with the reconstruction of f
from P, f on a subset of TS!, under the condition that a is (completely) known.
For d=2, in Proposition 3.5 we give new necessary conditions on P, f; these con-
ditions can be considered as a generalization of the well-known symmetry (3.16)
for the classical X-ray transform Pf. In Remark 3.8 we relax the assumptions of
Propositions 3.1, 3.4, 3.5 and Corollary 3.3. For d=2, in Proposition 3.9 we give, in
particular, sufficient conditions for a function ¢ on TS' in order to be in the range
of P, defined on C*'*¢(R% R), £€]0,1], for acC$*(R?,R). We plan to develop
Proposition 3.9 in a subsequent paper.

Proposition 3.1. Let

(3.1) a€ C**(R* R), feC%/(R*R)
for some a€]0,1], £,>0 and e5>1. Then
(3.2)
+2i Py
/ (x1tiz2)" f(z)de = s (01 £i602)" / s™ exp (i%(’—,a(s—)> P, f(s)dsdb
R2 27 g1 R 21 ’
Jor any n€NU{0} such that n<ep—1.
Proof. Consider the functions
(3.3) I,(6) :/ (—0221+0,22)" exp(Gya(x)) f(x)dz for 6 € T\S?,
R?2
Y 1
(3.4) Iy ()= Tli%l+ In(w(x7)) for €S-,
where w(7) is given by (2.34) and where neNU{0}, n<e,—1.
The following formula holds:
Lin(6)= / (0F )" exp(G oy galw)) f(¢) do
R
' Pia(6+
(3.5) =/ (6+z)" exp(—Dga(w):l:—Hje—ﬁg—x)>f(m) dx
R2

L
:/ S"exp<iM)P;—9f(s) ds,
R 2 ’

where §=(61,02)€S* and 6+ =(—0,,6,).
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The fact that (under the conditions of Proposition 3.1) the limits in (3.4) exist
and the formula (3.5) is valid follows from (A.25), (A.31), (A.32), (2.41b) and (2.15).
Using (3.3), (3.4), (2.55) and Lemma A.7 we obtain that

0

(3.6) ﬁln(ﬁ(/\))zo for A e (C\{O}\T,

(3.7) In(H()\)):)\”(%)n /Rz(xl—ixg)"f(x) dz+o(A™), as A — oo,

(3.8) IMG(A))z%(—%)n/ (x1+ize)" f(z)dz+0o(A™"), as A—0,
R2

(3.9) L,(6(N(1£0))) =1L ,(0(N)) for AeT.

The properties (3.6)—(3.9) imply that

o ,
(+5) / (21 iza)" f(2) do = 5— | N 14,(B(N)) dA
2 R2 21 T
(3.10) |
=57 [ (OFi0:)" Ln(0) d0

The formula (3.2) follows from (3.10) and (3.5). O

Remark 3.2. If the conditions (3.1) are valid, then the formulas (3.5)—(3.9)
imply also that

1
(3.11) /S (01+i62)™ /R 5™ exp (iy@zﬁiﬁ@> Pyof(s)dsdd=0,

for any n€INU{0} and meN such that n<m and n<ey—1. For the case when a
and f are real-valued functions of the Schwartz class on R?, the formula (3.11) (in
slightly different form) was given previously in Theorem 6.2 of [Na| as necessary
conditions on the range of the attenuated Radon transformation.

Let H, 4 denote the set of all p-dimensional planes in R¢, d>p. Consider the
Radon transformation R g4 defined by the formula

(3.12) RQ@f(Y):/ flx) dz, YcHyqg, d>2,
Y

for any real-valued sufficiently regular function f on R? sufficiently rapidly vanishing
at infinity, where dz is the standard element of area on Y.
Proposition 3.1 implies the following corollary.



An inversion formula for the attenuated X-ray transformation 159

Corollary 3.3. Suppose that
(3.13) acCo e (RER), fec*r(RYR), d>2,

for some a€l0,1], ¢,>0 and ey>1. Then for any Y €Hy 4, under the condition
that aly is known, one can find Ry af(Y') from Py f|rg: vy by means of (3.2) with
n=0. In addition, for d>3 under the condition that a|x 1s known, one can find f|x
from PafI'TSQ(X) for any X €Hs 4, using (3.2) with n=0 and the classical Radon
inversion formula for the transformation Rys. (Here TSPY(h) is the set of all
oriented straight lines lying in heMp 4.)

Proposition 3.4. Let
a € C*'T(RER)  for some a€]0,1] and £ >0,

(3.14) e Cy(R%R)

(Co(R2,R) being the space of real-valued continuous compactly supported functions
on R2). Let © be a subset of St of positive length. Then, under the condition that
a 1s known, Pafef(s) given for all (0, 8)€O xR uniquely determines f.

Proof. Consider the functions I,,, I , defined by (3.3) and (3.4), where ne
NU{0}. Under the conditions (3.14), the functions [,, and I , are well-defined by
(3.3) and (3.4), and the formulas (3.5)-(3.9) hold for any ne NU{0}.

The proposition follows from the following statements {being valid under the
assumptions (3.14)):

(1) Under the condition that a is known, the transform P, f(s) given for all
(0,s)€© xR uniquely determines It ,(6) for all §€© and neNU{0} by (3.5).

(2) The function I;,(-) on © uniquely determines this function on S* via
analytic continuation according to (3.6)—(3.9) for any j€{+, —} and ne NU{0}.

(3) Under the condition that a is known, the sequence I o, I; 1, I; 2, ..., uniquely
determines P;"f(-) on R by means of (3.5) and the inverse moment problem for
any je{+,—} and §eS*.

(4) Under the condition that a is known, the transform P&%Q f(s) given for all
(6,s)€S! xR uniquely determines f by (2.12). O

Proposition 3.5. Under the assumptions (1.6) and d=2, the following for-
mula holds:

(3.15) / Im(z,0)dd=0 for any x € R?,
Sl

where Im p(x, 0) is given by (2.20b—c).

Remark 3.6. We consider the formulas (3.15), (2.20b—c) as necessary conditions
on the attenuated X-ray transform P, f(s), #€S!, s€R. The necessary conditions
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(3.15), (2.20b—c) differ from Natterer’s necessary conditions (3.11): under the as-
sumptions (1.6) and d=2, the integral over S! xR in (3.11) can diverge for n>¢—1
(i.e. even for n=0 if £¢<1), whereas the formulas (3.15), (2.20b—c) are completely
well-defined. For the case when a=0, the necessary conditions (3.15), (2.20b—c) are
a corollary of the following well-known property

(3.16) Pi f(s) =P f(-s), 6€S! scR.

For this case the property (3.16) implies the formula Im ¢{z,)=—Im @{z, —0),
zeR?, §S!, implying (3.15).

Remark 3.7. Using that ¢ of Theorem 2.1 and Remark 2.3 satisfies (2.29),
6€8S!, the formula (2.19) can be rewritten as

(3.17) a(m)/ Imp(2,0)dd=0, z€R?
sl

The formula (3.15) strengthens (3.17) for those z where a(x)=0.
Proof of Proposition 3.5. The properties (2.57)—(2.60) imply that

= lim ¥(x :i - . - %
as) O—i;ow O =535 [ 0200 -0 (@60
o [ 0 0

The formula (3.15) follows from (3.18), (2.51) and (2.20b—c). O

Remark 3.8. Proposition 3.1, the formula (3.11) and the formulas (3.5)-(3.9)
for the fanctions I, and Iy, defined by (3.3) and (3.4) remain valid under the
assumptions
(3.19) ~aeL®'(R%4R), fe LT /(RYR) for some g, >0 and e; > 1,
d=2, in place of (3.1). Corollary 3.3 remains valid under the assumptions (3.19),
d>2, in place of (3.13) for the only Y € H; 4 for d=2, for almost any Y €Hs 4 for d>3,
for the only X €Hs 4 for d=3, and for almost any X €3 4 for d>4. Proposition 3.4
remains valid under the assumptions
a€ L1 (R? R) for some g, >0,
fs € L°(R* R) for some & >0,
where fs(z)=€’l*lf(z), z€R?, in place of (3.14). Proposition 3.5 remains valid
under the assumptions (1.9) in place of (1.6) for (3.15) being valid, say, in L' (R?, R)
and (2.20c) being valid as in Remark 2.6. Note also that, under the assumption
that a, feC*T=(R?, C) for some a€]0, 1] and £>0, the following formula holds

/ @(x,0)d for any z € R?,
S1

(3.20)

where ¢ is given by (2.12b—c).
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Proposition 3.9. (I) Suppose that a and f satisfy (1.11) for d=2. Then
(3.21) g€ CFP(RxSHR), where g(s,0) = Piyf(s), s€R, 08

and the conditions (3.15), (2.20b—c) are valid.
(I1) Suppose that

(3.22a) a€C (R R),
(3.22b) geCF (R xS R)

and that the conditions (3.15), (2.20b—c) for g are valid, i.e.

1 gl
/exp(—D_ga(x))Re<exp<_M>
s! 21
1
(323) X(H++H_)6XP<H—£9 a/)gg(glgj)) d0:0, 'TERQ,

where go denotes the function on R such that go(s)=g(s,8), s€eR. Then there is a
function f such that

(3.24) 9(s,0) =P f(s), SER, HeS,
(3.25) fEC™TERER) for any € €]0, 1],
where

(3.26) C7(R%,R)={f|f€CO7(RL,R) for j = (ji,j2) € (NU{0})%}, >0,
ij(:r) — M@Z

s, T€ R2.
Ox1' 0

Remark 3.10. Proposition 3.9 is a result on the range characterization for the
two-dimensional attenuated X-ray transformation P,. In part I we deal with nec-
essary conditions, and in part II we deal with suflicient conditions.

Remark 3.11. For the case when a=0, part II of Proposition 3.9 is also valid
with

(3.27) g(s,0)=g(—s,—0), scR, 68!,

in place of (3.23). To our knowledge, even the latter result was not given explicitly
in the literature.
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Remark 3.12. As a corollary of Proposition 3.9 and Theorem 2.1, under the
assumption that a€ C§°(R?, R), one can give a range characterization for P, defined
on C¥(R2, R)={fcC5*(R?,R)|supp fCD}, where D is a compact in R?, just
complementing the necessary conditions for g of part I of Proposition 3.9 or, which
is the same, the sufficient conditions for g of part II of Proposition 3.9 by the
condition that f constructed from g by means of (2.20) is identically zero on R*\D.

Remark 3.13. Part I of Proposition 3.9 follows from Proposition 3.5 and well-
known facts. We plan to give the proof of part II of Proposition 3.9 in a subsequent
paper.

Appendix: Estimates for operators

We present, first, some estimates for the operators Dy, Fy and PQL. Here Dy
and Py are defined by

(A1) Dou(z) = /0 T uat0) dt,
(A.2) Ppulz)= | ul(z+10)dt,
R

where z€R4, €S9~! and u is a test function; Pg- is defined by (2.14). We use g
defined by (1.4) and x, defined by (2.42).

Lemma A.1. Let

(A.3) ue C¥ITE(RY, C),
(A.4) [ullo,i+e <Un,
(A.5) lull1ve < U2,
where 0<a<1 and £>0. Then
(A.6) |D_pu{x)| <c1(e, 0,2)Un,
(A7) |D_pu(z+y)—D_gu(z)| < (e, 0, 2)Uz]y|,
(14¢)/2
(A8) 01(570,‘%) d‘_&zf 2 (1+X+(6x>> ER)
e(V2 +|moz|— Oz X, (—0x))

(A.9) |D_gu()—~D_gu()| < ea(e, B, |z U 0617,

(3+8)/2 -
(A.10) cale, B, r) 22 2 - <3Z—Zﬂ+3‘26/%£)

for z,yeRY, |yI<1, 0,0'cSI 1, |0-0'|<1, 0<B<e, f<a and U=max(Uy,Us).
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Lemma A.2. Under the assumptions of Lemma A1, the following estimates
hold:

(A.11) |Pou(z)| < es(e, 8, |mox|) Uy,

(A.12) | Pou(z+y) — Pou(x)| < c3(e, 0, |moz])Ualy|®,
9(3+¢)/2

A.13 c3(e, s d:ef~———5,

( ) 3( ) 6(\/§+|8|)

(A.14) | Pyu(z) — Poru(x)| < 2¢5(e, B, |z U0—6'|°,

in addition, for d=2,

(A.15) [Pe u(s)| < ese, s)Un,
(A.16) |Piru(s+68)— Piru(s)| < cs(e, s)Ua 6],
(A.17) | Py u(s) - Pe/U(S)I ca(e, BYUI0-0')°,
d_ 9(5+e)/2 35_213 -2—5
(A.18) cqle, B) = . < 5 +3<\/§>>,

where z,yeR?, |y|<1, 0,6/€S4 1 |0—-¢'|<1, 0<fB<e, f<a, U=max(Uy,U,),
s,0€R and |§]|<1.

Lemmas A.1 and A.2 follow from Lemmas A.1, and A.2, of [N2], respectively.
Remark A.3. Let ueC%™*(R? C), where ¢>0. Then

[D—6ulloo <2R sup u(z)+cs(e, B)jullo.,

|z|<R

1P ulloo <2R sup u(w)+es(e, R)|ulloe
Jz|<R

(A.19)

where 08! and R>0.
Lemma A.4. Let ucC%?(R%, C) and veC*T(R?,C), where 0<a<l, >0
and 7>0. Then uwwveC’ (R, C) and

(A.20) [uvllo,otr <llufloollvlior
(A.21) wvll e < 2D ] o o 0] -

This lemma is elementary.
We present now some estimates for the operators H.. defined by (2.16).
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Lemma A.5. Let veC**(R,C), where 0<a<1 and >0. Let Hiv(s) be
defined by (2.16) for scRUC+, where Cy={scC|xtIms>0}. Then

(A.22) %Hiv(s)zo forseCy

and the following estimates hold:

vl
|H:tv § |§05 a)&_,g/ T oNeT
(=l e Lse

[v]loe 18]

(A.23) I
[Ho(s+0) ~ Hyv(s)| S eslas,€) g i

where cs(a,e,€’) is a positive constant, for s,s+5cRUCL, |§|<1 and 0<e'<
min(1, €);

2 a 2, (T [[vllo,
(A24)  [Hevloo< — ol oh +(1+—7;1n(ﬁ))11u||0,0+c6(s,ﬂ)r—55,

where cg(e, 8) s a positive constant, for 0<h<1, r>1 and 0<F<min(l,¢).

The formulas (A.22) and (A.23) are given in Lemma 1.3 of [Fa|. The estimates
(A.24) follow from the estimate (A.80) of [N2].

We now present estimates for the operators Gy and G4 ¢ defined by (2.27a)
and (2.39).

Lemma A.6. Let ucC*'*¢(R2 C), where 0<a<1 and £>0. Then
(A.25) Goxnu(x) = G+ pu(x), as 7—0+,

uniformly in u and x for ||ul|a1+e<A and |z|<R, where A, R, o and € are fized
and w(t) is defined by (2.34).

(To prove (A.25), we decompose u into the sum u(-)=uy g1, ()+us91,("),
where

u1914(y) =x(0Ty—0"z)uly),
Uz p10(y) = (1—x (0 y—6"2))u(y),
L, ls| <1,
x(s)=1 2—1s|, 1<][s]<2,
0, |s| > 2.
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The proof of (A.25) with ug g1, in place of v is rather elementary. To prove
(A.25) with uy g1, in place of u, we take p=~60y, g=0=1y as the variables of inte-
gration instead of y=(y1,y2), we integrate, first, with respect to ¢ and use the
estimates (A.23).)

In the next lemma we use §(A)=(61(\)}, f2()\}) of (2.55).

Lemma A.7. (1) Let ueC%'™¢(R? C), where £>0. Then
(A.26) GonyueCP(R?,C), 0<f<1, 0<e <min(e, 1), N#£1L

and, in particular,

4 |A

(A.27) [Goryulloo < gﬁ”uno,us, Al <1,
4

(A.28) [Goyu—ACulloo < g(l—lkl2)l>\l3llullo,1+sa Al <1,
4 1

A2 L €3 )

( 9) ||G9()\)u||0,0_ E(l—|A’_2)|AIHUHO71+ |>\|>1
4 1

1_
(A.30) HGQ(A)U—XCU |)\|>1,

P
oo S 2 o e

where A€(C\{OP\T and the operators C and C are defined by (2.61) and (2.62).

(2) Let uyeC%'*+¢(R2,C) for some £>0 and any A (C\{ON)\T". Let ||urllo, 14
be bounded in A on each compact of (C\{O})\T'. Let uxr(z) be a holomorphic func-
tion in Ae(C\{O}\T for any zeR*. Then Gyyua(x) is a holomorphic function
in A€(C\{O}\T for any xreR2.

Lemma A.8. Let ucC*'*¢(R? C), where 0<a<1 and £>0. Then

(Agl) ”Gi,GuHa,O§C7(O"5)HUHQ,1+83 Gesla
(A.32) 1Gotlla < crl,&)llullase, BETS,
(A.33)

(G pu() — Gs,ru(@)] < (s, B)(1+[2])7 12 (1 [Log [—6'][) [0 -0'),

0,0'cSt, xcR?, 0<p<e, B<a, where cz(a,e) and cs(w, €, ) are positive constants.

Lemmas A.6-A.8 are obtained in [N2].
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