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On the density of states for the
periodic Schrodinger operator

Yulia E. Karpeshina(!)

Abstract. An asymptotic formula for the density of states of the polyharmonic periodic
operator (—A)l+V in R*, n>2, l>% is obtained. Special consideration is given to the case of
the Schrodinger equation n=3, [=1, V being a periodic potential, where the second term of the
asymptotic is found.

1. Introduction

We consider the operator
(1) H=(-A)'+V

in Ly(R™), where V is the operator of multiplication by a real periodic potential,
n>2, l>%. Particular attention is paid to the case of the Schrédinger operator
n=3, [=1. For the sake of simplicity, we assume that the potential has orthogonal
periods a1, ..., a,,. However, all the results are also valid for nonorthogonal periods.
Without loss of generality we assume that

@) / V(z)dz =0,
Q
Q=10,a1]x...x[0,a,]. We use the representation of the potential

(3) V(z)= ) vmexpi(n(0),2),
mez"
m=£0
where (-, -) is the inner product in R™ and p,,(0) is a vector of the dual lattice,

(4) ﬁm(()):27r(m1af1,m2a2‘1,...,mna,jl).

(*) Research partially supported by USNSF Grant DMS-9803498.
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The condition on the smoothness of the potential is

(5) VIl = Z [Um|m|” < oo,
mez”
m#0

where

(n—1), when n>3,
(I+1), whenn=2.

(6) u>{

WIN N

It is well known (see e.g. [RS]) that the spectral analysis of H can be reduced to
the study of a family of operators H(¢), ¢€ K, where K is the elementary cell of the
dual lattice,

K =10,2ma; ) x[0,2ma; ") x... x [0, 27a; ).

The vector ¢ is called the quasimomentum. The operator H(t), t€ K, acts in Ly(Q).
It is described by the formula (1) and the quasiperiodic conditions

(7) u(xl, ey Tj—1505, Tjq1,y-ne s .’En) :exp(itjaj)u(:cl, ,CEj,l,O,SL'j_H, ,Jln)

for j=1, 2,...,n. The derivatives with respect to z; must also satisfy the analogous
conditions. The operator H(t), t€ K, has a discrete spectrum A(t) semibounded
from below,

Alt) = G An(8),  An(t) > 00, as n—oo.

The spectrum A of the operator H is the union of the spectra of the operators H (%),
A=Uer At)=Unen sex Mn(t). The functions An(t) are continuous, so A has a
band structure,

00
A= bann ,  bp=mi nilt), B, = n\l}.
nL:JI[ ] min A, () max A ()

Absolute continuity of the spectrum of H was proved by L. E. Thomas [T] (for
more general classes of periodic operators see [BS1], [BS2], [BS3] and [K]). The
eigenfunctions of H(t) and H are simply related. Extending all the eigenfunctions of
the operators H(t) quasiperiodically (see (7)) to R", we obtain the complete system
of eigenfunctions of H. In the case of V=0, the eigenvalues and eigenfunctions of
the corresponding operators Hy(t), t€ K, are naturally indexed by points of Z",
X0 (&) =p2 (1), ¥, (¢, z)=expi(Pi, (), z), mEZ™, here and below Fi, (t)=pm(0)+t,
7m(0) being given by (4), and p7i (t) =P (t)*.
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Let Ny (A, t) be the counting function of eigenvalues, i.e., Ny (A, t) is the number
of eigenvalues A, (¢) of the operator H(t), which are not greater than A,

(8) Ny(\ ) =#H{n: 2 (8) <A} =D x(A=Xa(1),

neN

X(-) being the Heaviside function. In the case V=0, Ny(\,t) is the number of
lattice points 5, (2) in the sphere {z:|z|<AY/?}. Further we will use the notation
A=k?'. The asymptotic of the number of the lattice points in the sphere {z:|z|<k},
when k— o0, depends significantly on ¢ and properties of the lattice. Thus, even
No(k?,t) depends on k and t in a nontrivial way, while the perturbation V makes
this dependence even more sophisticated (see e.g. [B], [C], [Chl, [DT], [Sk1], [Sk2]
and [Y]). The proof of the estimate Ny (k2 t)=w,k™+0 (k") for the case [=1
can be found in [H]|, here w,=w,|K|™!, w,, |K| being the volumes of the unit
sphere and of the cell K, respectively. The proof of the better estimate Ny (k?,t)=
wr k™40 (k"~17") is given in [V].
The density of states Dy (k') is the integral of Ny (k?,t) over all ¢,

) Dy (k) = /K N (K2, 1) dt.

The physical sense of the density of states in the case of the Schrodinger operator
(n=3, 1=1) is the following: Dy (}) is the limit number of the possible energy levels
of a particle in a body in the interval (—oo, A) divided by the volume of the body as
the volume expands to infinity (see e.g. [Z]). M. A. Shubin [S1], [S2], [RSS] gave the
mathematical justification of the passage to the limit for the case of almost periodic
(in particular, periodic) potentials. The perturbation methods applied by M. A.
Shubin provide the asymptotic estimate for the density of states as k—o00,(?)

(10) Dy (K% 1) = Do(k*, )+ O (k" 2,

where, as is well known, Dy (k*)=w, k". B. Helffer and A. Mohamed [HM] improved
this estimate for the case of periodic C*°-potentials and [=1,

(11) Dy (k* t) =w, k" +O(1) +O(k"37),  £>0.

They used advanced methods of microlocal analysis.
This paper has two goals. The first goal is to present a short proof of stronger
estimates for Dy (k?,t) by using perturbation methods. We consider the general

(?) Results for other nonperiodic cases can be found e.g. in [AS], [G], [Ki], [Sa].
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case n>2, I>1 and V satisfying (5) and (6). The following estimate is proved in
Section 2.1,

(12) Dy (K% t) =w, k" +O0(k~ S log k), &=4l-n—1.

Clearly (12) is stronger than (10), as £>2/—n. Comparing (11) and (12) for I=1,
we see that (12) is stronger than (11), the biggest difference being in the case n=2,
O(k~'logk) instead of O(1).

The method admits generalization to the case when V is a differential operator
(see the end of Section 2).

The second goal is to obtain the second term of the asymptotic expansion for
the special case n=3, [=1, V satisfying (5) with »=900 (Section 3). We prove that

(13) Dy (k1) =wsk+dp +O(k ™), (< g5,

where d is a constant which can be expressed as the sum of the integrals of the
densities of states of some one-dimensional Schrodinger operators (Section 4.1). The
number i in the estimate (13) arises for technical reasons and could be improved
by somewhat longer considerations.

2. The general case n>2, I> %

Theorem 1. Let n>2, 1> and V satisfy the conditions (5) and (6). Then,
the density of states of the operator H satisfies the following asymptotic as k— oo,

(14) Dy (k*) = w, k" +O(k~ ¢ logk), €&=4l-n—1.

Let us describe the main steps in the proof of Theorem 1. First, we represent
the operator H(t) in the form

(15) H(t)= Ho(t)+(I— P)V(I~P)+PV(I—P)+(I—P)VP+PVP,

where Hy(t) corresponds to V=0, P=P(k,t) is a finite-dimensional projection, P
being diagonal with respect to the same basis as Hy. We prove that

(16) Ni_pyv—py (k% 1) = No(k* 1),

i.e., the operators Ho(t) and H(t)=Hq(t)+(I—P)V (I—P) have the same number
of eigenvalues which are not greater than k?. The equality (16) holds due to
the special choice of the diagonal projection P. Indeed, H(¢) is a direct sum of



On the density of states for the periodic Schrédinger operator 115

PHy and ({—P)Ho(t)+(I—-P)V(I~P). Thus, (I—P)V(I—P), in fact, perturbs
only (I—P)Hy. We construct P in such a way that (I—P)Hp does not contain
eigenvalues p2 (t) of Hy(t), which are “in danger” to intersect the point A=k% under
the perturbation (I—P)V (I — P). The simplest way would be to choose P: Py, =1,
when |p2(t)— k% |<|[Vl, however it results, eventually, only in the estimate (10)
(see [S1], [S2], [RSS]). So, we will choose P in a somewhat more subtle way. Since
(I—-P)V{(I—P) perturbs only (I —P)Hy, the relation (16) holds.

In the second step, considering that PV (I—P)+(I—-P)VP+PV P is a finite-
dimensional operator, we get

INv (K>, ) =N pyv—py (K2, 1)) < 2#(2),
where #£(t) is the dimension of P(t). Using (16), we obtain

(17) I[Ny (K, ) — No (k% 1)| < 24(t).
In the third part of the proof we use counting arguments to show that
(18) / 40 dt <k Clogk, c=c(|V v, s,
K

here and below amax=max; a;, Gmin=min; a;. Integrating both parts of (17), we
obtain (14).
Let us introduce some notation,

(19) o (2 1) = /PR (1)~ 2llp2 g ()~ 2|, m,qe ",
(20) oD (2,1) :qegii\n{o} |q|”a£§fl)(z,t), meZ”,

v being the parameter in the conditions (5) and (6). We define the diagonal pro-
jection P as
1, if oGk ) <AV,
(21) P =
0, otherwise;
IV ||« being given by (5).
Lemma 1. If P is defined by (21), then

(22) N-pyvir—p) (K%, 1) = No(k*,2).

-2V 0 k%

Figure 1. The contour Cp.



116 Yulia E. Karpeshina

Proof. We consider the contour Cy on the complex plane given by Figure 1.
It is clear that N(;_pyy(;-p) (k?,t) is given by the integral

Nu-ryvu-mE 0 =T § (O b,
Co
if there is no eigenvalue at k*. The existence of the right-hand side follows from
the fact that (H(t)—z) '€S,, p’>n/2l, S being the trace ideal for the number
v, see [RS]. Let us formally expand the resolvent in the perturbation series with
respect to Hy,

@) (T —2) " = (Ho(t)2) '+ (Holt)—2) /A (Ho(t)—2)""/?,
r=1
A=(I-P)(Ho(t)—2)"'?V (Ho(t)—2)"/*(I-P).
To prove the convergence of the series, it is enough to check that
(24) IA(2)l <3, z€Co.

This estimate is obvious on the left-hand side of the contour and on the horizontal
parts. Let us consider the right-hand side. It is easy to see that

JAI< max 3T vl

m ChHyane
Przo gezm {0y Oma (2:2)
Using the definition (21) of P, we get

- vellgl¥ 1
EIEY Jvallal” _

—  AV[l. 4
q€Z™\{0}
Thus, we obtain (24). Note that
~1/2
(25) ||(I—P)(Ho—z)1/2H:< g ’P%(t)_’z') '
Fet,

1t o3V (K2, £)>4||V ||, then, obviously, [p2L(£) —k?|>0. Hence, (I—P)(Ho—z)~ /2
is bounded. Estimate (24) provides convergence of the series for the resolvent on the
contour Cy. Thus, Na(I_P)V(I_p)(k2l,t) is a continuous function of oV, 0<a<1.
Considering that N;_pyy—py(k*,t) and No(k?,t) are integers, we get (22). [

Note that the difference between H (t) and H(t) is a finite dimensional operator
ﬁ(t)—H(t):(I\P)VP+PV(I—P)+PVP. The dimension of this operator is not
greater than 2#(¢), where #(¢) is the dimension of P. According to the general
perturbation theory (see e.g. [Ka))

(26) [Ny (K, t) = Nr—pyvir—py (K2, £)] < 2#(t).
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Lemma 2. The function #(t) satisfies the estimate

(27) /#(t)dmckﬂogk, o= c([Vlja, ¥, G L, ).
K

Proof. Let #(£,t) be the number of points p,,(£) in a measurable set QCR™.
It is easy to see that

[ #ena-v@),
K

where V' is the volume. Let us define Q in R™, as follows,

(28) Q= U Q,
g€Z~\{0}
Qq:{m: “m[Zl;le( ([erﬁq(O)‘m*kZl‘ <F(q)},

where F(q)=(4|q|7”(|V{+)?. By the definition of P, P,,,,=1 if and only if p,,(¢) is
in Q. Hence, #(t)=+#(Q,t). Thus, it suffices to prove the estimate(®)

(29) V(Q)<ck™Slogk, &=4l-n—1.
Let us represent {2, in the form €, =07 UQS, where
(30) Q7 = {z€Qq: |la+5,(0))* =k | > | |=* —k*},
and, correspondingly,
Qs ={zcQy: Hx—kﬁq(O)[zl—kzl' < ‘mlzlfkmi}.

It is easy to see that under the parallel shift z+sz4p,(0) the set € is transformed
into Q<. Thus, V(Q5)=V(Q2~,). Considering (28), we see that

v)<2 > vy
qeZ\{0}

To prove (29), it suffices to obtain the estimate
(31) V() <clg " °k S loghk, 6>0,

(3) We will prove this estimate for I> i, this will be important for generalizations.
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for all g7#0. Let us prove (31). Using (28) and (30), it is easy to see that Q" lies in
the spherical shell

§: {:1:: “mPlikZl’Q < (4|q|*V||V||*)2} — {x: ||ac|—k| §8|q|—uHV”*kf2l+1}.

Let us split S into the spherical shells,

C U Smlk), M =llog24lg V. 1),
m=0

where [-] is the greatest integer function,

(32) S():{SL‘:Hx|~k’<|q’*21/71k—n+1¥§},
S = {x: |q|—2u_1k*n+1—§e(m71) < Hx[—k’ < |q‘~21/71k7n+1,5€m}7

m=1,..., M. Then, V(Q )<Zm o V(27 NSyy). Clearly,

(33)  V(Q,NSo) <V (So)<dclg|™> 'k C<clg"k¢, §=2v+1-n>0.

Let us consider the intersection of a spherical shell S,,,, m>0, with the plane layer
= {w: le+5,(0) P~ o] < |gl(52|V]|.)*ke ™™ }.

We prove that

(34) QNS NS Ny m

Suppose not. Then there is IEQ;ﬂSm, such that ¢ 7, ,,,. From the definitions of
Sm and 1y ,,, we see that

(35) ||$‘27k21 > |qi¥2uflkfn+27§em—1’
(36) ||£E|2—k2| <2‘q|72u71k*n+2_§6m
(37) 295 (0) = |[*] > |al(52[[V[.)*ke ™™

Using (36), (37) and the inequality m<M, it is easy to check that
(38) |l+5 (0)*— 2| > |q[(26][V [[) ke~ ™
Multiplying (35) and (38), we get

||zl = &2| [l g (0)]* = k2| > (Bla] "IV Il k~2142)2.
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This contradicts the fact that €, (see (28)). Thus, (34) holds. Therefore,
(39) V(Q,NSpm) SV(SmNTym).

From the definitions of S and Ty.m it follows that S,,NTy»=0 if |g|>c1k, 1=
50(1+|Vl+), hence it is enough to consider lq|<c1k. Let us check that

(40) V(SmNTym) <clg ™ %k~¢, 6>0.

It is not difficult to estimate the volume of S,,NT, ,,,, as the volume of the inter-
section of a spherical shell with a plane layer.(*) If n>3, then

(41) V(SN Tym) < Cmbmgk™ 2,
Gy, and b, being the widths of S, and Ty, correspondingly,
am, = |q|—2u41k—n+17§em’ bmq < amax(52nv||*)2k€_m'

Thus, V{(SmNTym)) <clg| =271k ~¢. We see that (40) holds for =2v+1—n, n>3.
If n=2 and 0<|g|< 3k, we can use the estimate (41). However, the estimate (41)
is not valid when |g|~k. For 2k>|q|>1k we use the estimate: V(SpuNTym)<
Can/bmgk <ck™¢|g|=?~1e™/2. Taking into account that m<M, M=~(2l+v)logk,
we get

(42) V(ST ) < ck™6730/ 2 < 067270 5 =3u/2—]—1.
Using (41) for |q| < 3k and (42) for |q|> 1k, we get (40) in the case n=2. Considering
(33), (39), (40) and summarizing the estimates (40) over m, we get

M
V(Q7) <SV(80)+ Y V(SmNTym) < (M+1)]ql ™ k™€ <clg| ™ °k Clog k.

m=1
Thus, we have obtained (31). [

Proof of Theorem 1. By definition, Dy (k?')= [, Ny (k*,t) dt. Using Lemmas
1 and 2, and estimate (26), we obtain

1Dv(k25)~DO(k25)152/ #(t)dt<ck Cloghk. O
K

(*) Lemma 2.3 in [K], e.g., gives the estimates for the measures of the intersections of the
sphere |z|=Fk with the spherical layers Ty m, depending on g and the width of Ty m. Integrating
the estimates over the radius of the sphere we get the estimates for V(SmNTy,m).
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The method can be easily generalized to cover the case of V being the differ-
ential expression

3] 83 — 1

4 V= ad i< — =

) JGZN"< > ( 8:6-1 (91‘-1 (x))7 o= 2’
7<jo

where No={0,1,2,... }; i=(1, -+, Jn), J15 -, Jn€No, j=41+...+Jn. The conditions
on smoothness of the coefficients al(z) are

(44) ladlle= D lad] [ml"*7/% <o,

meZ”
m#£0

where al, are Fourier coefficients of aJ, v is a parameter satisfying (6). We also
assume that

(45) /Q al(z) dz =0.

Theorem 2. Let n>2, l>%, j0<21—% and V satisfy the conditions (44) and
(45). Then, the density of states of the operator H satisfies the following asymptotic
as k— o0,

(46) Dy (k) =w, k" +O(k ¥ logk), €£=4l-n—1.

Proof. The proof is analogous to that of Theorem 1. We define the diagonal
projection P as

1, if agl’j) (K%79,1) < b;)|ad||« at least for one j, j < jo,

0, otherwise,

(47)  Ppm = {

where
(21,7) k'2l_j )= mi v+3/2,(21—3) k2l7j t
O T (K1) jemin g g 7 (R, 0),
o$279) being given by (19), by =476} and by=Gumax/@min+3. To prove (22) it is
enough to prove (24), which provide convergence of the series (23), V being given
by (43). Obviously, Al <> ; |A9Y||, where AW are the matrices

— a(j) ﬁ;]n(t) +ﬁ}]n+q(t)

’ if Py = m—+q,m+q = 0,
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ﬁ;jn(t) = (p]n}”? ap%ln)v

and AY =0 otherwise. It is easy to see that

m-+tq,m
L iy o o )
B3, () 453, 1o (D] < (2bo) P2 (D)o o ()72,
The last inequality yields

la$| |q}?72
(2bo) o2ty T (K27, 1)

1AV < max D

m
Prum =0 g€Z7\{0}

Using the definition of P, we get ||AW||<277=2, and therefore, || A|| <. This gives
us convergence of the series for the resolvent and relation (22).

Let #(t) be the dimension of P. By the definition of P, P, =1 if and only if
ﬁm(t)er:Uj Q(21—j, k, F;(g)), 2 being given by (28), F}(Q):(bjlqryij/zllaj”*)?
We proved (29) for any [>%, hence it works for 21— j, j<jo<2l—3. Substituting
2l—j in the estimate (29), we get V(o) <ck~*T2 " log k. Therefore, [, #(t)<

ck~t%% log k. Theorem 2 is proved.

The estimate (46) is easy to get, but it is not always optimal for such a class
of operators. For a example the case [=j=1 (the magnetic Schrédinger operator)
was considered by A. Mohamed, [M], where he proved a stronger estimate Dy (k?)=
wnk™+O(k™"~2+¢), using microlocal analysis.

3. The Schrodinger operator in R3
3.1. The main results

First, we consider the case of a trigonometric polynomial,

(48) Viz)= Z U €xp (P (0),2),  Ro < o0.

mEZ3
0<|m|<Ro

Before formulating the main theorems let us represent V(z) as a sum of potentials
Vg, each changing only in one direction. To do that, we start with the definition
of a set I'(Ry): let us consider meZ?, 0<|m|<Rp. In this set some of the m are
scalar multiples of others. Let us keep from every family of the scalar multiples
only a minimal representative, i.e., a representative having minimal length. We
denote by I'(Ry) the union of these minimal representatives. In other words, each
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meZ3, 0<|m|< Ry can be uniquely represented in the form m=rq, where r€Z\ {0},
g€T(Rp). It is easy to see that

(49) V=YV,

q€T(Ro)

where V, depends only on (z, py(0)),

Vo= Z Upq exp i1 (Pg(0), z).
rcZ
0<|rq|<Rq

We consider the operators H,=Hg+V,. Let 6§Dy, (k*)=Dy, (k*)— Do (k?), and

(50) dy(K*)= > Dy, (¥°).

q€(Ro)

Theorem 3. If V is a trigonometric polynomial (48), then the density of
states of operator H satisfies the following asymptotic formula as k— o0,

(51) Dy (k?) = wsk®+dy (k) +O0(k™°),

where (> 15, and dy (k?), given by (50), satisfies the estimate

(52) v (B <cl[VIL(+IVIL),  ¢=c(tmax; @min)-

Estimate (52) is uniform in Ry when ||V||, stays finite, while O(k~¢) is not
uniform (for details, see the proof of the theorem in Section 3.5). The asymptotic
formula uniform in Rg we will be given in Theorem 5.

We are going to show that dy is close to a constant d and obtain a formula.
for d¥. First, we consider H,=—A+V,. Let us direct z; along p,(0) (the density of
states Dy, is invariant with respect to this operation [S1], [S2], [RSS]). Obviously,
by separation of variables, the spectral study of Hy can be reduced to that of the
one-dimensional periodic Schrodinger operator

d2

1) _ 1
(53) H(S )——E%-qu( )(.1'1),

Vq(l)(xl): Z Upq exp irpq(0)1,
reZ
0<|rg|<Ro
pq(0) =174 (0)].
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Let ov, (k?) be the integral density of states of Hq(l), and dov,=gv, —0o. It is easy
to show (Section 3.3) that

(54) 0Dy, ffr/k dov, (y) dy,
dov,(y) satisfying the estimate

[, (9)] <co(Ve)y™™/?
for \/y >10(|V;lp; *(0), here and below
(55) co(Vy) = cllVgll(ag iy + 1 Valle),

c being an absolute constant, i.e., it does not depend on y, V,, a1, a2 or as. There-
fore,

66) oDy [ dm ] <V k10107 0)
Using the definition (50} of dy, we will get

(57) |dy —dv| <co(V)E,

where

(58) =3 [ sevta

Note that dJ is a constant with respect to k*. We will show that
(59) Jdp| <V L (LIV]])s €= c(amax, @min)-
The next theorem follows from Theorem 3 and relations (57) and (59).

Theorem 4. The density of states of operator H satisfies the following as-
ymptotic formula as k— oo,

(60) Dy (k*) =wsk*+d0+0(k™%),
where dy is the constant given by (58), d¥ satisfies estimate (59) and (> 155 -

If V satisfies (5) with »=900, then we can pass to the limit in the definitions
of dv(;fQ) and d2, as Rg— 00,

dy(k?) = Z 6Dy, (k%) and dy = Z / Sov, (y) dy,

g€l (o) g€l (00

where I'(oco)=limp,_, o I'(FKo) :URO:1 ['(Rp).
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Theorem 5. If V satisfies (5) with v=900, then relations (51), (52), (59)
and (60) hold, where |O(k~¢)|<c1k ¢, C>1fé0, ci=c1(lVl+, Gmax> @min ) -

Theorems 3-5 are in correspondence with the result of G. Eskin, J. Ralston, E.
Trubowitz {ERT'1], [ERT2], [ERT3] that isospectral potentials must have the same
directional components Vj.

We will start our considerations with the case of a trigonometric polynomial.
We want to be able to extend proofs to the case of a smooth potential. For this

reason the only estimate for Ry, which we will use below, is Ro<k®/®, 6< T(lTs‘

3.2. The spectra of the operators H,

The purpose of this section is to show that eigenvalues A%, (t) of Hy(t) can be
represented in the form AL (£)=p2 (t)+AA,(t)mm, where the shift AAy(t)ymm of
p2(t) under the perturbation V, admits the estimate (72).

Let us consider the matrix of H,(t) in {3, I3 being the space of square-summable
sequences with indices in Z3. We associate with each i in Z? the diagonal projection
Plin i3,

0, otherwise.

(61) (PF)m={

Obviously, Pf=P{ if p;(0)—7;(0)=1p,(0), [€Z. It is clear that there exists a mini-
mal subset Jy of Z3 such that

(62) S pi=TI

icJ?

Note that (V4)rn=0 if p,-(0)—p,(0)#1p,(0), l€Z, because V; depends only on
(x,7,(0)). This at once gives us that P!V, P!=P!V,=V, P!, and, therefore,

(63) PIH,(t)P{ = P Hy(t) = Hy(t) P}
Considering relations (62) and (63) we get Hq(t)=_,c 0 P{Hq(t)P{.

We establish an isometric isomorphism between P{I3 and 13, I3 being the space
of square-summable sequences with indices in Z. Denote by 8,,, meZ3, the ele-
ment of {3 given by the formula {6, }n=0mn, and by §}, l€Z, the analogous ele-
ment of I3 given by the formula {4} }, =8, dmn, dir being the Kronecker symbols.
To construct an isometric isomorphism we represent p;(t), i€J?, in the form of a

q 2
linear combination of F,(0) and a vector in the orthogonal complement of g,(0),
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13}(15):7’1-(27r)‘1ﬁ'q(0)+d?, T ER, T;=7,(t,q), (dﬂ;?(t),ﬁq(O))za Thus, if §,, € P{i3,
then p,,(t) is uniquely representable in the form

(64) P () = d2(t) + (s +270) (2m) 15, (0), 1€Z,
where it can be assumed without loss of generality that 0<7;<2m. From this,

1, if () = d4 () + (7270 (21) 15, (0), L€ Z,

0, otherwise.

) (P

An isomorphism between P{I3 and [} is now established in the natural way with
the help of the formula (64), 6,,<+8}, 3, € P13, 6} €13, and it follows from (64) that

))pa(0) 7],

(66) L=1(0m (1), 94(0))pq (0
), 93 (0))pg(0) ™% —2l,

(67) 7i =27 (Pm (t
-] being the greatest integer function. It is easy to verify that the operator P! H, P}

is equivalent to the operator Hy (7;)+|d?(¢)|?1; here the operator H(7;) is given by
the matrix

(68) Hi(T:)ip = (1;+2nl)? a; 61p+'ul s LPEZ, ag= (27r)pq(0)

This is the matrix representation of the periodic Schrédinger operator (53) on the
real axis. Each operator H:(7), 7€[0,27), has a discrete spectrum. It is well known
that its eigenvalues A;(7) can be enumerated by integers in such a way that

(69) |)\l(7)~(27rl+7')2a;2\ < co(Vy)lpy(0) 2,

when Ipg(0)>10{V,|lp; ' (0), co(V,) being given by (55). The functions A;(r) are
piecewise continuous. Let AA/(7;) be the shift of the eigenvalue under the pertur-
bation, AN/ (7;) =X](7:) — (1:+27l)%a, 2. The spectrum of the operator PH,P{ can
be represented in the form
(N (1) +1d1 ()P ez = {AN () + (7 +270) (2m) " (0)> +1d (1) hiez
(70) {ANL ()0 b
= {A)‘?(m) (Tm)+p3n (t)}m:émEPiqlg;

here 7, can be computed from the formula

(1) T = 27 (Pm (1), Pa (0))pg (0) 2 — 27 [(Fin (1), 54 (0))p4 (0) 77,
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and, as it is easily seen, 7,,, coincides with 7; for all m such that 6m€Piql§, and I(m)
is given by the formula (66). The spectrum A,4(t) of the operator I, is the union
of the spectra of the operators P H,(t)P/,

Aq(t> = U {A)‘?(m) (Tm)‘i'p?n (t>}m:6mePfl§ = {A)‘?(m)(Tm)"‘p?n (t)}mez3'
ieJ?
Introducing the diagonal matrix AA,(t) of shifts of the eigenvalues, AAg(t)mm=
A)\?(m) (Tm), we get that the diagonal matrix A,(t) of eigenvalues of the operator
H,(t) is Ho(t)+AA,(t). Using (66) and (69), we obtain
(72) | ARG () mm] < co(Vo) | (Fm (£), 54 (0) 72,

when |(Pin(t), 54(0))]>10[|Vg ||, where co(V;) is given by (55).

3.3. The densities of states of the operators H,
Lemma 3. The functions § Dy, (k?) admit representation (54), estimate (36)

and

(73) |6 Dv, (K)| <cllVoll« 1+ 1[Vell+), e =c(amax; Gmin)-

Proof. Let us calculate qu(kQ) in terms of the density of states of the corre-
sponding one-dimensional Schrodinger operator (53). By rotating the coordinates,
we direct z1 along p,(0). It does not change the density of states, [S1], [S2], [RSS].
By separation of variables, we get

oo p2m
=27 Z / / x(k* —0* X, (t1))ododty,
0 Jo

n1EN

where Ap, (t1) are Bloch eigenvalues of the operator (53). Changing the variable
y=k?— 0%, we get (54). The regular perturbation theory arguments give

1
NS = 11Vall) < N () < NP (y+ 14,
where N‘(/i) is the counting function (8) of the operator (53}, [V, is the norm of V

in the class of bounded operators in Ly(0,p; ' (0)), [Vyll<|[Vqll+. Considering (69)
it is easy to get a more precise estimate for large y,

NP y—eo(Vy™) < NP () < NP (y+eo (V) ™),
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when /4 >10||V,|lp;*(0). Taking into account that No(y)=,/y and integrating the
last estimates, we get [ov, (4)|< [V |5+ Vyl) /2 and [Sov, (1)] <co(Vyy*/2.(%)
Using the second estimate, we get (56). Using (54) and combining both estimates,
we get (73). O

Lemma 4. IfV is a trigonometric polynomial with Ry<k®, 0<§< <=, then

the function dy (k?), defined by (50), satisfies the estimates (52) and

105 ’

(74) |dv —dy| <co(VIE™,  c#e(V),

d being the constant given by (58).
Corollary. FEstimate (59) holds.

Proof. Summing (73) and (56) over all ¢ and taking into account that

(75) SVl <iviE, i=1, 2,

we obtain (52) and (74). O

Let us introduce the notation

(76) OB (1), k) = x(k? —p7, (8) = ARG (D)) ~x(k* ~ D (1)),

(77) P(Vy, k% M) = /K > Sxq (P (t), k) dt.

Z3
|(Bm (0),55(0)) <M
|07, () — k2| <[ Vq |

It turns out that P(V,, k% M) is a good approximation for 6Dy, (k?) as M —oo.

Lemma 5. If M>8ma_! ps(0)+10||V,|, then the following estimate holds,

(78) 10Dy, (k*) = P(Vg, k*, M)| < co(Vy)pg H(O)M ™.

Proof. By definition, 6Dy, (k*)= [, 6Ny, (k?,t) dt, where

SNv, ()= 6xq(Bm(t

meZz3

5) The complete asymptotic expansion of py for VEC™ is given in [SS].
g
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Let us break the area of summation and, correspondingly, the sum into two parts,
SNy, (k?,t) =21+,

S1(M, k,t) = > Sxq(Bom (), k),
mezZ®
[(Bm (0), 55 (0N |<M
EQ(M’kﬂt): Z 5Xq(ﬁm(t)7k)'
mezs
[(Pm (0),5¢(0))|>M

Thus,

(79) 6DVq(k2):/ Zldt+/ Yo dt.
K K

We first consider ¥1. Note that |AAg(¢)mm|<||Vy| and, therefore, taking (76)
into account, we see that

(80) 5X(ﬁm(t)7 k) =0, when IkQ 4p72n (t)l > ”Vq”

Using notation (77), we easily obtain
(81) / $1(M, k,t)dt = P(V,, k*, M).
K

Let us next consider ¥g. Taking (72) into account, we get
(82) Sx(Bm(t), k) =0, when [k*—p7, (£)] > co (Vo) |(Bim (1), 72 (0)) 77,

and, therefore,

2y = Z 6Xq(ﬁm(t)¢ k)
meZ?
[(7m (0),54(0))|=>M
|62 —pZ, (£)} <co (Vo) |(Bm ()54 (0))] 2

Considering that [0x4|<1 and |(t, 54(0))| <3 M, we obtain [So(M, k, )| <#(Quq,1),
where Q;,CRS3,

Dg(M) = {z: | 2]* = k2| < co(Vo)l (2, 5y (0))] 2, [(2,5,(0)| = 3M}.
It is easy to show that V(Q1,(M))<co(Vy)p, ' (0)M~". Thus,
(83) /K (X2(M, k, 1) dt < /K #(g, 1) dt = V (g (M) < co(Vo)p, ' (0)M .

Using (79), (81) and (83), we obtain (78). [



On the density of states for the periodic Schridinger operator 129

3.4. The auxiliary operator H )

Our considerations are based on the expansion of the resolvent in a perturbation
series. In [K] it was proved that in the case of the Schrédinger operator in R?
the perturbation series converges not with respect to the free operator Hy(t), but
with respect to some auxiliary operator H(t). Let us describe this operator for a
trigonometric polynomial (48) with Ry <k%/8, 0<5<T=5'

We consider the following sets in Z3,

NEP)= J k'),

g€l (Ro)
(k%) ={m: |(5m(0),7,(0))| < k'/°},
(k)= U Toq',
q,9' €T(Ro)
g7#q’
(84) Tyy :Hq(kl/B)ﬂHq’(kg/E))

={m: |(Fn(0), B (0))] <K%, |(Fa(0), By (0))] < K*/°}.

We define the diagonal projection P, and the auxiliary operator H as follows

., if m eI, (kY/S)\T(k),
(85) (PQ)mm:{(l) othmerewise(' )\ ( )
(86) Ht)=Ho(t)+ Y PV,Py.

q€T(Ro)

It is clear that H(t) has a block structure. Each block Hy(t)P,+P,V,P, is the
“piece” of H,(t) corresponding to mecIl,(k1/*)\T(k). From the definition of T'(k)
it follows that the blocks do not intersect. Because each block is big enough, it is
easy to show that its eigenvalues j\m(t) are close to the corresponding ones of H,,
namely, (see e.g. [K])

(87) An(8) = P5(D)+ AN (B + Olco (Vo) /%), i m € Ty (KV/° = MyNT (k)
(88) Am(t) =3 (8) + Al (8)mm+O(co(Vy)k™ /%),

i m € I, (61/%)\ (IL, (/% — M, UT (F)),
M, ~10Rop,(0). Thus, the eigenvalues A (t) of H(t) can be enumerated by indices
mEZ3, Ay (t) satisfies (87) or (88) if mell, (kY/%)\T(k) for some g, and A, ()=

p2,(t) otherwise.
Let Dy (k?) be the density of states for the operator H(t).
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Lemma 6. When k/°>8ra_} p,(0)+10|V,|, the following relations hold,

(89) Dy (k%) = Do(k?)+dy (k) + f (k),
|F(B)] <RSIV LA+ VILDE2,  e=c(amax, Gmin)-

Proof. By definition, Dy (k®)=Jx ﬁv(kQ, t) dt, where

Nyt 0= 3 x(k=An®))-

meZs

Considering (76) it is easy to see that ﬁv(kQ,t):No(kz,t)+0'1 +0o9+03, where

g O1q,

q€T'(Ro)

014 = > IXq(Prm (1) k),

meTly (kL/5)\T (k)

O = Z Z 5X:1(ﬁm(t)vk)>

g€ (Ro) mell, (k1/5— M )\T (k)

o3 = Z Z (SX:] (P (1), k),

g€l (Ro) mely(k1/5)\ (4 (k1/5—M,)UT(k))
XgBrn (1), k) = x(k* = A (£)) —x (K =P (1) = AAg (D) rm)-

We represent o14(t) in the form o,=0%,—07,, where

/q - Z 5XQ(ﬁm(t)v k)’ Ojllq = Z 6Xq( 2 (t)’ k)

01
m€lly (k1/5) melly (kY/5)NT (k)

Considering (77) and (80), we see that [, of,(t) di= P(V k2,k1/5). To estimate
o'y, let us note that IT JEYNT (K )CUy 'eT(Ro).q' £q Laa'» Taq being given by (84).
Again, taking into account (80) and the inequalities |§x,|<1, |(t,P,(0))|<k/®, we
get |07yl <7234, 1), where Q3,= Uq'eF(Ro),q';éq Qqor,

Qg = {z: [F* =[] <IVoll, |(,7,(0))] < 2k'/°, |(z, 5y (0))] < 2k%/°}.

Thus, | [, o7, (t) dt| <V (Qs34) <cR3||V,llpg (0)~1£~1/5, and, hence,

'/ O1g(0) di =P (Vy, K%, k%) | <R3 Valk™°.
K
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Summarizing this estimate over ¢ and using (78), (50) and (75), we obtain

%0) ‘/K"ldt—dv(k2><cRSHVHAHnvnok*”f’, = c{amars ).

Considering estimate {(87) and the definition of Xg» We get

|ora| < #(Q4, 8),
Q4 = U Q4q7
qEF(RD)

Qug(k?, co(Vk /%, 2kY%) = {z € R®:[k? —|z]> ~ Ay ()] < co(V,)k ™25,

(2, 5, ()] < 2k},
the function A4(z) being defined by the two relations z=p,,(t) (a unique repre-
sentation) and Ag(z)=AAy(¢)mm. In the next lemma we will prove that V (Q4) <
co(Vg)pa(0)~1k~1/%. Therefore, V/(Qu)<co(V)R3k™1/®. This gives us | [, o2(t) dt|<
S #(Q, )=V (Qu) <eo(V)RIL/5.  Similarly, considering (88), we prove that
|[x o3 dt|<co(V)R3k™1/5. Using the formulae for the integrals of oy, i=1, 2, 3,
we get (89). O

Lemma 7. If L1, Lo=o0(k), then the volume of the set

01)  Qu(W, Ly, Lo) = {z € R : [~ e’ = A, (&) < L1, |(, 5,(0))] < Lo}

satisfies the estimate
(92) V(Qq) <epg(0) ' Ly Lo,

¢ being independent of k, Ly and L.

Proof. Let us introduce cylindrical coordinates (z, o, ?), with z being directed
along p,(0). Using the fact that AA,(z) depends only on z, AAy(z)=p(z), we
get the representation Qu,={(z, 0,9):|0%—0|<cL1, |2|<Lapy(0)~'}, where gi=
k?—2%—p(z). From this we easily obtain (92). [

3.5. Proof of the main results

First, we prove that there is a rich subset B;(k) of K, such that Ny (k% ¢)=
Ny (k?,t) for all t in B;(k) and k big enough (Lemma 9). The set K\ By (k) has an
asymptotically zero measure, as k—00, and

|Ny (%, 8)— Ny (k2 t)| < #(Q, 1), if te K\By(k),
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where the step-function #(Qq, ¢) satisfies the estimate [i\ 5 #(Qo,t) di< cR2k9,
6< 13z (Lemma 10). Combining Lemmas 6, 9 and 10, we get Theorem 3. Theorem 4
follows from Theorem 3 and Lemma 4. Passing to the limit as Rq—o00, we obtain
Theorem 5. Lemma 8 describes the properties of the set By (k).

Let us consider the set o=Q;UQ'UMUT], where Q; is the spherical shell
N ={||z[2—k?|<k 179}, ' is defined by (28) with

Fq — k7457

M = U Q4q(k2’k71/5757k_1/5)7
g€l (Ro)

= |J Q.
4,9’ €T (Ry)

Qgg = {22 |[z2~ k2| <kV/571% (2, 5, (0))] < kY, [(z,5,(0))] < &%/},

4, being given by formula (91). Obviously, V(2;)<ck™?. Reasoning like in
Lemma 2, we get V(Q)<R3k~ % logk. Using Lemma 7, we get V(M)<RZk°.
It is easy to show (see e.g. [K]) that V(Qqy ) <cRops(0)~'py (0)" k192 and, there-
fore, V(T1) <V (T1)<cR5k—1%°. Adding the above estimates and taking into account
that Ro<k®/8, we get V() <cR2E % and, therefore,

(93) /#%w«%wﬂcqmm%m
K

This estimate means that #({q,¢) differs from zero only on the set with a volume
of order R3k~°.
Let By (k,d,V)={te K:#(Q, t)=0}.

Lemma 8. IfteB;(k,0,V), then
(94) |p2, () =K% > k=%  for allmeZ™,

95 min |p? () —k2||p2, . () =K% >k~ for allmeZ™,
et m mtq

q
0<|g|<Ro
(96) k2 —pZ ()= AN ()| > kY270 for all m €T, (k'/®) and q € T(Ry),
(97) k2 —p2 ()| > kY7190 for all me T(k).
Proof. Let us prove (94). Suppose it does not hold. This means that p,(t)€

4 CQy, therefore #(Qp,t)>1, i.e., t¢ By, which contradicts the hypothesis of the
lemma. Conditions (95)—-(97) can be proved analogously. [J
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Lemma 9. If t€ B1(k,8,V), then for sufficiently large k, that is k%/8>Rg+
MAXy, [Upn |+ (Cmaxs Gmin),

(98) Ny (K%, t) = Ny (K2, 0).

Proof. To construct the convergent series for the resolvent we take the un-
perturbed operator to be not Hy(t) but H(t) defined by formulae (85) and (86).
It is convenient to reduce H(t) to diagonal form, H(t)—»UH®U*=Hy+AA(2),
U=U(t), and then to consider the operator H(t) in this representation, UH (t)U*=
Ho+AA(t)+B, where B=UWU*, W=V =3 er(ry) PaVePs We expand the re-
solvent of UH(t)U* in the formal series

U(H(t)—2)'U* = (Ho+AA(t)—2)?

(99) +§(H0+Aﬁ<t>—z>*1/2A§(Ho+AA<t>—z)—l/Q,

r=1

A1 (z,t) = (Ho(t)+ AA(t) —2) "2 B(t) (Ho(t) + AA(t) —2) /2.

Lemma 4.14 in [K] proves that under conditions (94)—(97) and max,, |v,,|<k%/8,
k6/8>c(amax, Gmin ), Ro<k%/8, the following estimates hold,

(100) AL (K%, 0)| <K%, | A3(K2, 1) < k—1/3+218,

The estimates (100) provides the convergence of the series (99} for z€Cy. The series
converges in the trace class since (Ho+AA(t)—2) !
This means that the number of eigenvalues inside the contour is a continuous fune-
tion of B, 0<a <1, i.e., the relation (98) holds. O

is a Sturm-Liouville operator.

Lemma 10. Ifte K\ By, then for sufficiently large k, k%/® > Ry+max,, |v,|+
¢(@max, @min ), the following estimate holds,

(101) [Ny (K2, ) — Ny (K%, £)] < 24:(Qq, 1).

Proof. Let t€ K\ B;. Then there is a positive number of different indices m
such that pi,(t)€Qq. Let us introduce the diagonal projection P’ with elements
equal to 1 for such m,

mm

(102) P! _{ 1, 1f]3’m(t)€(20,
0, otherwise.
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Let us consider the operator H'(t)=Hg(t)+AA(t)-+(I —P')B(I—P’). This means
that in the matrix of the operator UHU* = Hy(t)+AA(t)+ B we replace all columns
and rows, corresponding to m such that 7,,(f) €€, by zeros with the exception of
the diagonal elements, i.e., we delete from B all columns and rows, which can
break convergence of the perturbation series for the resolvent. Let N{,(k?,t) be the
number of eigenvalues for H’(t). Considering as in Lemma 4.14 [K], we show that

the perturbation series converges and
(103) Ny (K%, 1) = N, (K2, 1).

Note that the difference between UH (¢)U* and H'(t) is a finite dimensional op-
erator UH(t)U*—H'(t)=(I—P')BP'+P'B(I—P')+P’'BP. The dimension of this
operator is not greater than 24 (0, ). According to the general perturbation the-
ory (see e.g. [Ka]), [Ny (k?,t)— N{ (k% t)| <2#(Q0,t). Combining the last estimate
with (103), we get (101). [J

Proof of Theorem 3. Clearly,
Dy (k?) :/ Ny (k2 1) dt+/ Ny (k2 1) dt.
Bi1(k) K\B1
Using Lemmas 9 and 10, and estimate (93), we obtain
|Dy (k?) - Dy (k%) <2 #(Q, 1) dt =2V (Q) <R3k 0.
K\B;

Considering (89), we get
(104) | Dy (k%)= Do(k?) +dv (k)| < cRgk™ >+ R3[|V [ (1+ | VIl )k,
¢=¢{@max, Gmin ). Note that the only restriction on § is %~215>0 (see (100)), there- v
fore (51) holds. The estimate (52) is proved in Lemma 4. O

Proof of Theorem 4. 1t follows immediately from Theorem 2 and Lemma 4. O

Proof of Theorem 5. Suppose V satisfies (5) with ¥=900. Let V; be a trigono-

metric polynomial with Ry=k%/8, § ST=5’ which is the truncation of the Fourier

series of V. Theorems 3 and 4 hold for V. Clearly, ||V —Vo||<||[V|+Ry". Taking
into account (73), it is not difficult to show that |dy —dy, |[<cRy “ [V« (1+([V[«)-
Using this estimate and (52) for dy,, we get (52) for dy.

Obviously, Ny, (k2 — ||V —=Voll,t) <Ny (k?,1) <Ny, (k2 + ||V — V||, t). Integrating
these inequalities and taking into account the above estimate for ||V —14]|, we get

|Dy — Dy, | < 1272||V || Ry “ k.
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Using (104) for V; we get

| Dy — Do —dy,| < 127%||V ||« Ry Vk+cREk ™ +cR3|| V|| (1+ ||V |.)k /5.

From this estimate and the above estimate for |dy —dy, |, we obtain | Dy — Dy —dy | <
c1k™3/4 §< 2 hence |Dy—Dg—dy|<cik™¢, ¢> 50 cr=c1(IV ]+, Gmax; @min)-

1052

Similarly, we get |Dy —Do—dQ|<c1k™¢. [

|AS]
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