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On the relative homology of g-Runge pairs

Mihnea Coltoiu

0. Introduction

Let X be a Stein space of dimension n and Y CX a Runge open subset, i.e.
Y is a Stein open subset and the restriction map T'(X,0)—T(Y,O) has a dense
image. It was shown in [4] that in this case the pair (X,Y) satisfies the following
topological conditions: the relative homology group H;(X,Y;Z) vanishes if i>n
and H,(X,Y;Z) is torsion free (when X has isolated singularities this result was
already proved in [2]). Moreover, if Y =0, then H, (X;Z) is free.

These results have been generalized in [7], [15] to g-complete spaces. Namely
one has that if X is a ¢g-complete space and Y C X is a ¢-Runge open subset then the
relative homology group H;(X,Y;Z) vanishes if i>n+qg—1 and Hp - 1(X,Y;Z)
is torsion free. If Y=0 then H,,, 1(X;Z) is free (note that, with our definitions,
1-complete corresponds to Stein spaces).

In fact, for Y=0 Hamm [11] proved a stronger result: if X is a g-complete
space then X has the homotopy type of a CW complex of dimension <n4-¢—1.

In [3] I raised the following question.

Problem 1. Let X be a Stein space of dimension n and Y CX a Runge open
subset. Does it follow that the relative homology group H,(X,Y;Z) is free?

A counterexample to this problem seems to be unknown. A more general
question was raised in [15].

Problem 2. Let X be a g-complete space of dimension n and Y C X a ¢g-Runge
open subset. Does it follow that the relative homology group H,,4q-1(X,Y;Z) is
free?

The aim of this paper is to provide a counterexample to Problem 2. More
precisely we prove the following theorem.

Theorem 1. For all integers q and n with 2<q<n, and for every countable
abelian torsion free group G, there exist a q-complete manifold X of dimension n
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and a q-Runge open subset Y CX such that Hy . 1(X,Y;Z)=G.

As an application of this result we study, in Section 3, n-Runge pairs (X,Y)
with Y C X of dimension n. It is known [5] that in this case for a given complex
space of pure dimension n with no compact irreducible components, the condition
on YCX to be n-Runge has a purely topological characterization, namely it is
equivalent to each of the following assumptions:

(a) X\Y has no compact irreducible components;

(b) the map Hoy—1(Y;Z)— Hy,_1(X;Z) is injective;

(¢) the map Ha,—1(Y;C)— Hay,1(X; C) is injective;

(d) the map H?"1(X;C)—H?""1(Y;C) is surjective.

So it is natural to agk if it is also equivalent to

(e) the map H?" Y(X;Z)—~ H?*" (Y, Z) is surjective.

It is easy to see that (e) implies each of the conditions (a), (b), (¢) and (d). On
the other hand it is proved in Corollary 1 that (e) is not equivalent to the above
conditions. More precisely one has the following result.

Corollary 1. For every integer n>2 there exists an n-Runge pair (X,Y) of
n-dimensional manifolds such that the restriction map H*"~1(X;Z)—H*" (Y Z)
15 mot surjective.

1. Preliminaries

Let DCC™ be an open subset and peC>®(D,R). The function ¢ is called
g-convex if its Levi form L(yp) has at least n—q+1 positive (>0) eigenvalues at
any point of D. Using local embeddings this definition can be easily extended to
complex spaces [1].

A complex space X is called g-convex if there exists a C* function ¢: X R
which is ¢g-convex outside a compact subset K C X and such that ¢ is an exhaustion
on X, ie. {p<c}&€X for every ceR. If K may be taken as the empty set then
X is called ¢g-complete. When g=1 this means, by Grauert’s solution to the Levi
problem ([8], [12]), that X is a Stein space.

Every g-complete space satisfies the following cohomological condition [1]: for
every F€Coh(X) one has H* (X, F)=0 if i>q; g-complete spaces satisfy also the
topological condition H;(X;Z)=0if i>n+q—1 and Hnyq 1(X; Z) is free ([7], [15]).
In fact one has the stronger result [11] that every g-complete space X of dimension
n has the homotopy type of a CW complex of dimension <n-+g—1.

T. Ohsawa [13] has proved the following theorem: a complex space X of di-
mension n is n-complete if and only if X has no compact irreducible components of
dimension 7 (when X is smooth this was already shown in [10]).
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If X is a complex space, an open subset Y C X is said to be g-Runge if for every
compact subset K CY there exists a g-convex exhaustion function ¢: X —R (which
may depend on K) such that K C{p<0}€Y.

It follows from this definition that X is assumed to be g-complete. When g=1
we get the classical definition of Runge domains, i.e. Y is Runge in X if and only if
Y is Stein and the restriction map I'(X, O)—=T(Y, O) has a dense image.

If YCX is g-Runge then the restriction map HY }(X, F)—H? (Y, F) has a
dense image for every F €Coh(X) ([1]). Pairs that are g-Runge pairs also satisfy the
topological condition H;(X,Y;Z)=0if i>n+qg—1 and H,yq—1(X,Y; Z) is torsion
free ([7], [15]).

For n-Runge pairs of complex spaces of dimension n one has the following
characterization [5].

Let X be a complex space of pure dimension n with no compact irreducible
components and Y C X an open subset. Then the following conditions are equiva-
lent:

(1) Y is n-Runge in X;

(2) the restriction map H™ (X, F)—>H"" (Y, F) has a dense image for every
FeCoh(X);

(3) the restriction map H" (X, Q")—H" }(Y,Q") has a dense image, where
Q™ denotes the canonical sheaf of X.

They are also equivalent to each of the topological conditions (a), (b), (¢) and
(d) stated in the introduction.

If X is a topological space we denote by B;(X) its Betti groups, i.e. B;(X) is
the quotient of H,(X;Z) (the Z-homology of X) by its torsion subgroup.

Let us recall the following result due to Pontrjagin [14].

Theorem 2. Let G be a countable abelian torsion free group. Then there exists
a compact connected subset K CR3 such that B (R*\K)=G.

Remark 1. In fact it is shown in [14] that K may be taken to be a curve, but
we shall not need this fact.

2. Proof of the main results
In order to prove Theorem 1 we need some lemmas.

Lemma 1. Let X be a real orientable manifold of dimension m and ACX
a closed connected subset. Then the relative homology group Hpy—1(X, X\A;Z) is
torsion free.

For a proof of this lemma see [6, p. 260, Corollary 3.5].
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From this we deduce the following corollary.

Corollary 2. Let FCR? be a closed connected subset. Then H,(R3\F;Z) is
torsion free, and therefore Hy(R*\F;Z)=B;{(R*\F).

Proof. From the exact sequence for homology corresponding to the inclusion
R3\FCR? we get

0=Ho(R* Z) — Hy(R* R\ F;Z) — H,(R*\F;Z) — H;(R?Z)=0.
Therefore Hy(R3\F;Z) is isomorphic to Ho(R3, R3\F; Z) which is torsion free by
Lemma 1.

Lemma 2. Let KCR? be a non-empty compact connected subset and PEK

any point. Then there is a natural isomorphism

Hy(R3\{P},R*\K;Z) % Hy(R* R3\K; Z).

Proof. We consider the triad R*\KCR3\{P}CR? and the associated exact
sequence for homology (see [9, p. 59])

.. —> Hs(R3 RA\K; Z) -5 H3(R3, R3\{P}; Z) — Ho(R*\{P},R*\K; Z)
—5 Ho(R3 R\ K; Z) — Ho(R3, RN\ {P};Z) =0.

By Alexander’s duality in R?

H3(R3,R3\K,Z) = H'(K;Z) =7,
H3(R®, R*\{P};2)=H ({P};Z)=Z,

where ' denotes Cech cohomology. It follows that 3 is an isomorphism, therefore
« is also an isomorphism, as desired.

Lemma 3. For every integer n>2 and for every countable abelian torsion free
group G there exists an n-Runge pair (X,Y) with Y CX being complex manifolds
of dimension n such that Ha,_1(X,Y;Z)=G.

Proof. By Theorem 2 and Corollary 2 there exists a compact connected subset
KCR? such that H;(R3\K;Z)=G. We may assume that the origin 0c K. We
identify C*=R?" and we consider R*CR?" given by R3={(z;, 79, ..., T2,) CR?"|
Ty=25=...=T2,=0}. We define X=C"\{0} and Y=C"\K and we shall prove
that (X,Y) has the required properties. Clearly X and Y are n-complete since
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they are non-compact. On the other hand X\Y=K\{0} has no compact con-
nected components, therefore (X,Y) is an n-Runge pair. It remains to show that
Hy, 1(X,Y;Z)=G. By Alexander’s duahty in R?™\{0}, which contains K\{0} as
a closed subset, we get Ho,1(X,Y;Z)=H (K\{O} Z) where H. denotes the Cech
cohomology groups with compact supports (see [6]). On the other hand K\{0} is
a closed subset of R3\{0} and using Alexander’s duality in R3*\{0} we get sim-
ilarly that I\‘ji(K\{O}, Z)=H,(R*\{0},R3\K;Z) (we used here the fact that the
Cech cohomology groups with compact supports of a closed subset ACE, with E
a euclidean neighbourhood retract, depends only on A (see [6])).

By Lemma 2 we have that Ho(R3\{0},R*\K;Z)=H>(R* R3\K;Z) and ex-
actly as in Corollary 2, we get Ho(R? R3\K;Z)=H,(R3\K;Z). Tt follows that
H,, 1(X,Y;Z)=G which proves our lemma.

Lemma 4. Let (X,Y) with Y CX be a q-Runge pair and W be a p-complete
space. Then (X xW,Y xW) is a (p+q—1)-Runge pair.

Proof. Let KCY xW be a compact subset. We have to find f: X xW >R
a (p+g—1)-convex exhaustion function such that K C{f<0}€Y xW. We choose
compact subsets K3 CY and Ky CW such that KCK; x Ky. Since (X,Y) is a ¢-
Runge pair there exists a g-convex exhaustion function ¢: X >R with K; C{p<0} &
Y. Let also ¥: W —R be a p-convex exhaustion function. We choose £>0 suffi-
ciently small such that ¢(z)+e exp(ip{w)) <0 for every z€ Ky, we K3 and we define
flz,w)=p(zx)+ecexp(p(w)). Clearly f is a (p+g—1)-convex exhaustion function
on X xW and KCK xKyC{f<0}&€Y xW. Thus Lemma 4 is completely proved.

Let us recall now the Kiinneth formula in the relative case (see [9, p. 231}). Let
Xo, W be topological spaces and Yy C X a subset. Then we have the exact sequence

m
0— P Hy(Xo, Y0; Z)® Hpy (W5 Z) — Hy(Xo x W, Yo x W3 Z)
p—O

— EB Tor(Hy(Xo, Yo;Z), Hyp iy 1(W;Z)) — 0.
In particular, if the homology of W is free, we have

m
Ho(Xo x W, Yo x W3 Z) 2 D) H,(Xo, Yo, Z)® Hpn (W3 Z).
r P

p=0

We can now prove Theorem 1.



50 Mihnea Coltoiu

The proof of Theorem 1. If ¢=n>2 then the statement of Theorem 1 fol-
lows from Lemma 3. Therefore we may assume that 2<g<n. We define W=
(CT1\{0})x(C*)"=9=1. Then W is a (¢— 1)-complete manifold of dimension n—2.
Let (Xg,Ys) be a 2-Runge pair, with ¥5C Xy being 2-dimensional manifolds such
that Hz(Xq,Yy; Z)=G (which exists by Lemma 3).

By Lemma 4 (XoxW,YyxW) is a g-Runge pair of n-dimensional manifolds.
We have only to verify H,, 4 1(XoxW, Yy xW;Z)=G. First we study the homology
of W. We have
W) e oz) - s )= 2, Wj=00rj=20-3,

0, otherwise.

Since
Z, ifj=0, 1,
H;(C"Z)= .

0, otherwise,

it follows that
i 0, ifj>i,
@ ez ={ ;07
Z, if j=1.

From (1) and (2) and the Kiinneth formula we get
Hyiq-a(W;Z) = [Ho(CT\{0}; Z)® Hypsg—a ((C)" 71 Z))]
®[Haq—3(CY 1\ {0}; Z)© Hpg 1 ((C)" 971 )]
=(ZR0)P(ZRZ)=Z,
Hyiq-3(W3Z) = [Ho(C*\{0}; Z) @ Hpiq5((C*)" ™71 2))]
®[Hzq—3(CT \{0}; 2)® Hye g (C*)" 171 Z)]
=(Z®0)®(Z®0) =0,
Hpiq2(W;Z) = [Ho(CT\{0}; Z)® Hpy g-2((C*)" 4 Z))]
®[Hag—3(CT\{0}; Z) @ Hpg 1 ((C*)" 171 Z)]
— (ZR0)B(ZR0) = 0.

Since clearly the homology of W is free and H;(Xo,Yy; Z)=0 if j¢{1,2,3} it
follows by Kiinneth’s formula in the relative case that

3
Hppqo1 (Xox W, Yo x W3 Z) = D) Hi(Xo, Yo; Z)® Hn i1 (W; Z)
i=1
= [H1(Xo, Yo; Z)®0)&[Ha(Xo, Yo; Z) 20]
®[H3(Xo,Y0; Z)RZ]
=GRZ=0G.

The proof of Theorem 1 is complete.
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3. Some remarks concerning n-Runge pairs of n-dimensional manifolds

If (X,Y) is a ¢-Runge pair of n-dimensional manifolds (or more general of
n-dimensional complex spaces) then it is known ([7], [15]) that the natural map
Hyrg 1 (Y;Z)— Hyrq—1(X;Z) is injective. So it is natural to ask if the restriction
map H"t9 Y X;Z)—H""9 1(Y;Z) is surjective. We shall prove that the answer
is no, at least when ¢>2. More precisely one has the following result.

Theorem 3. For all integers q and n with 2<q<n there exists a q-Runge pair
(X,Y) of n-dimensional manifolds such that the restriction map H*" 9~ Y(X;Z)—
H™" =YY, Z) is not surjective.

Proof. We consider the exact sequence for cohomology corresponding to the
inclusion Y C X,

e — H" Y X 2) > HYP N Y Z) — HM (X, Y Z)
— H"M (X Z) — ... .

Since X is assumed to be g-complete it follows that H""(X;Z)=0, therefore
the surjectivity of the map H™ 9 1(X;Z)—H" 97 1(Y;Z) is equivalent to the van-
ishing of the relative cohomology group H*t4(X,Y;Z). From the exact sequence
([6, p. 153]),

0 — Ext(Hprq-1(X,Y;Z);Z) — H" (X, Y; Z)
— Hom(H,1 (X, Y;Z);Z) — 0
Il
0
we have only to obtain our (X,Y") with Ext(H, 4 1(X,Y;Z); Z)#0.

To do this we choose any countable abelian torsion free group G such that
Ext(G;Z)#0 (e.g. we may take G=Q the additive group of rational numbers).
By Theorem 1 there exists a g-Runge pair (X,Y") with Y CX being n-dimensional

complex manifolds such that H,1,—1(X,Y;Z)=G. As remarked above (X,Y) is
the required pair satisfying the conditions of Theorem 3.

Corollary 1 is now a direct consequence of Theorem 3.

Acknowledgement. The author would like to thank the referee for his helpful
suggestions and remarks.
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