Square area integral estimates for subharmonic
functions in NTA domains
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Abstract. In this paper, we prove a good-4 inequality between the nontangential maximal
function and the square area integral of a subharmonic function u in a bounded NTA domain D in
R". We achieve this by showing that a weighted Riesz measure of u is a Carleson measure, with
the Carleson norm bounded by a constant independent of u. As consequences of the good-i in-
equality, we obtain McConnell—Uchiyama’s inequality and an analogue of Murai—Uchiyama’s
inequality for subharmonic functions in D.

1. Introduction

In this paper we shall prove a good-1 inequality between the nontangential
maximal function and the square area integral of a subharmonic function in a
bounded nontangentially accessible (NTA) domain D in R", which leads to two L?
inequalities comparing these two quantities,

Throughout this paper D will denote a bounded NTA domain in R", n=2,
with structure constants M and r, (see [JK] for the definition). For X¢D, we let
8(X) denote the Euclidean distance from X to the boundary éD of D. For Q¢coD
and «>0, define the nontangential region at Q by

(1L.1) L(Q) = {XeD: |X-Qf < (1+2)8(X)}.

For a subset ECOD and >0, the so-called sawtooth region &,(E) over E is
given by

(1.2) Ro(E) = Uger I(Q)-

The surface ball centered at Q¢dD and r=0 is defined by 4(Q, r)=B(Q, r)noD,
where B(Q, r)={X¢R": | X—Q|<r}.

Let O be a fixed point of D, we shall use the notation e for the harmonic measure
of D evaluated at O, that is, for each Borel set EcdD, w(E) is the value at O of
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the solution of the Dirichlet problem with boundary data yg, where xj is the char-
acteristic function of E. It is well-known that the harmonic measure w satisfies the
doubling property ([JK, Lemma 4.9]), that is, there is a constant C depending only
on D and O such that

(1.3) o(4(Q, 2r) = Co(4(Q, 1))

for all. Q€4D and r=0.

We recall that a positive measure ¢ on 9D is said to satisfy the A_ condition
with respect to w, denoted by g€ A_(w), if there exist positive constants 5, ¢, and
¢, such that for any surface ball 4 and any Borel set EcC4,

(o) = =)

(1.4)

A constant is said to be independent in 4 (w) if the constant depends only on the
A_ (o) constants of a, ¢; and ¢,, the dimension 7, and the doubling constant of w
in (1.3) rather than on the measure o itself. We remark that if o€ A4_(w), then it
follows from the doubling property of w and the first inequality of (1.4) with
E=4(Q,r) and 4=4(Q, 2r) that the measure ¢ satisfies the doubling property
as well. The most interesting examples of 4_ (w) measures for us are the surface
measures of the boundaries of some NTA domains, such as planar chord-arc do-
mains, Lipschitz domains and BMO, domains (see [JK]).

For a harmonic function % in D, the area integral 4,4 and the nontangential
maximal function N,h are given by

4@ = [, SXP" VR ax}™,
and )
N, h(Q) = sup {|h(X)|: XeI,(Q)},

respectively. It has been shown in [DJK] (with a different but equivalent definition
of A,h) that, for any measure g€ A_(w), the LP(s)-norms of 4,h and N,h are
equivalent.

If u is a subharmonic function in an NTA domain D, we define the square area
integral of u by

(1.5) Sau(@) = [ rﬂ(g)a(X)Hdpu(X), Q€aD.

where y, is the Riesz measure of u, that is,
du(X) = Au(X)dX,

with the Laplacian Au of » understood in the sense of distributions.
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As usual, the nontangential maximal function for a subharmonic function u in
D is defined as

(1.6) N,u(Q) = esssup {[u(X)l: XeI,(Q)}, Q€dD.

This type of (square) area integral was first introduced by McConnell [Mc]
for positive subharmonic functions in the half-space of R", based on the identity
|Vh|2=—;— A(lh|?) for a harmonic function h. He also showed that ||S,ull sgn-1)
is controlled by || N,u|| Lr@n-1) for a limited range of p. Later, Uchiyama [U] proved
the same result for all 0<p< < by using a different argument. A slightly different
proof is given in [K] so that it works for more general differential operators than
the Laplacian (but the underlying domain is still the half-space). In this paper,
we shall generalize this result to the setting of bounded NTA domains. Following
Uchiyama [U}, the main task is to prove the following good-Z inequality:

Theorem, Let D be an NTA domain in R", and @ be the harmonic measure of
D at a fixed point O€D. Then, for any c€A_(w) and O<a<pf<oo, there exist
constants C and ¢, which are independent in A_(w), such that if u is a subharmonic
JSunction in D then

(1.7) o ({Q€dD: S, u(Q) > y2, Nyu(Q) = 4})

= Ce= 70 ({Q€0D: S,,u(Q) > 1}),
Sfor all A=0 and y=1.

We remark that, when u=|h|Z? and h is harmonic, the same inequality was
obtained earlier in [MU] for half-spaces and recently in [BM] for Lipschitz do-
mains.

Once the theorem is established, well-known arguments lead to the following
corollaries. The first one is a generalized McConnell—Uchiyama inequality ([Mc; U)).

Corollary 1. Under the hypothesis of the Theorem, for any O<a, f<o and
O<p=<-o, there exists a constant C, independent in A..(w), such that if u is a sub-
harmonic function in D, then

IS, ullLroy = CIINgtillLr(oy-
Another application of the last theorem is the following analogue of a result of

Murai—Uchiyama {MU] for subharmonic functions in D (see also [K]).

Corollary 2. Under the hypothesis of the Theorem, suppose that O<a<f<oo
and O<p<oco, Then there exist constants C, and C,, independent in A.(w), such
that for any subharmonic function u in D,

S.u(9)

[0 (i 312 (s, u@)p do(@) = CalSttoer-
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Before we prove the Theorem, we notice that, by replacing u by u/2, we may
assume that A=1. In what follows, we fix « and § with O<a<f<<, and for a
subharmonic function u in D we denote

(1.8) E, = {Q€dD: Nyu(Q) = 1}, and &, = &,(E)-

Let G(X) denote the Green function of D with the pole at 0. (We shall use the con-
vention that the Green function is positive and hence superharmonic in D.) We
now introduce a weighted Riesz measure v, on D, which is defined by

(1.9) W)= [ G(X)du,(X)

for each Borel subset W of D.
The key step in the proof of the Theorem is the following:

Main Lemma. Under the hypothesis of the Theorem, the measure v, defined by
(1.9) is a Carleson measure, and furthermore, the Carleson norm ||v | ¢ is bounded
by a constant which is independent of u (but dependent on o, 8, O and D).

We recall that a positive measure v on D is a Carleson measure if

v(BnD) -
w(BAdD) 7

where B is a ball centered at a point in 8D, and |v]c is called the Carleson
norm of v.

In what follows, we shall use letters N, C,c, ... to indicate constants which
are not necessarily the same at each occurrence. We also use the notation ¢, <gq,
to mean that there is a constant ¢>0 such that g;=cg,, if the dependency of
the constant c is clear in the context. By q,2¢q, we mean that ¢, $¢g, and ¢,Sq,.

(1.10) vl = sup

2. Proof of the Main Lemma

We begin the proof by recalling a well-known estimate of the harmonic measure
in terms of the Green function, which we refer to as the Dahlberg-Jerison-Kenig
Comparison Theorem ([JK, Lemma 4.8]). This theorem states that if Q€dD,2r<r,
and |O—Q|=2r then there exists a constant C, depending only on D, such that

(2.1 C'r"w(4(0, 7)) = G(¥) = Cr*-"w(4(Q, ),

for all YéD with §(¥Y)=M"'r and |Y—Q|<r. As before, r, and M are the
structure constants in the definition of the NTA domain D, G is the Green func-
tion of D with pole at O and w is the harmonic measure of D evaluated at the point O.
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The main lemma will be an immediate consequence of the following two lemmas.
The first lemma deals with balls with small radii, while the second one takes care of
large balls.

Lemma 1. Let r be such that O<S5r<min {ry, 6(0)}. Then there is a constant
C, independent of r and u, such that if B=B(Q,,r) for some Q,€0D, and A=BnD,
then

(2.2) v4(B) = Cw(4).

Proof. First we recall that there exists a so-called regularized distance func-
tion §*¢%~ (D) such that

(2.3) ¢ 8(X) = 85 (X) = ¢, (X)),
and
(2.4) V6 (X)| = C,, [V6*(X)| = —<2

x)’

for all X€D, where the constants ¢,, ¢,, C; and C, depend only on the dimension 7.
(See Theorem 6.2 of [S].)

Now, for ¢>0, let D,={X¢D: 6(X)>¢} and Q,={X€¢D: 6*(X)>¢}. Then,
by (2.3), we have D, cQ,cD,,, so that the family {€Q,: ¢>0} of subdomains
of D increases to D as &\0. Clearly,

vo(B) = lim G (X) du,(X).

ex0 Y #,NBNY,

Hence, to complete the proof it is enough to show that

f aunBng, G(X) du,(X) = Caw(4),
for some constant C independent of r,  and e.

We next observe that if X¢#,~nB then S(X)=|X—Ql<r and |X-0Ol=
(14+a)6(X) for some Q€E,, so that

1@~ Qo = [X~Q|+|X~-Q| < 2+)r.

Let us denote by A*=B(Q,, (2+a)r)ndD and D,=D\D,. Then the last fact
implies that #,AnBCR,(E,n4%)D,.

We now fix ¢>0 and take a number 7=0 (which is independent of &) suffi-
ciently small so that

7T = min {_1__ _ﬁ_.__:“_.}
= 2c, " 2¢c, }°
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We then have
B(X, ©6*(X)) C R(zspye(E,n4*) for XeR(E,N4%),
B(X,16* (X)) N R pye(E,n4*) = @ for XeD\Zy(E, N 4%),
B(X,*(X)) c D, for XeD,,
B(X,©*(X))nD, =@ for XeD,,
B(X,10*(X)) c Q, for XeQ,
B(X,10*(X))nQy =@ for XeD\Q,,

where the constants r’, r”, ¢ and ¢&” are given by

v 1+et

FV=(+c1)r, r T—er
2

b
" __ cl(CZ—I—T) P

g =c(c;l—1)e = .
1( 2 ) K Cz(cl—1+,r)

Let @€%; (R") be such that ¢(X)=¢(X]), spt(p)c{X€R": |X[<I1}, and
its integral over R” is equal to 1. Here %;°(D) is the space of smooth functions com-
pactly supported in D and spt () is the support of the function ¢. We now define
the function @ as

X-Y
¢(X) = fW (‘[6*(X))_"(P (W] (IY; X€D9
where the subset W of D is given by
W= .@(1+ﬁ)/2(E“ N A*) @) Brl @] Qer .

The function @ turns out to be a smoothing of the characteristic function of the set
RAE,NA)D,nQ, (which contains #,nBNQ,). Indeed, P<¥; (R") satisfies the
properties that ®(X)=1 if X€# (E,n4")nD,nQ,, and

spt(®) € Rp(E,n4*)"D,.nQ,. c D.
Moreover, by using (2.4), a straightforward computation shows that

1 1

(2.5) IVo(X)| < X lAP(X) 5 ok

for all X¢D.
We next note that, by the implicit function theorem, if # is a regular value of 6*
(that is, V6*(X) =0 for all X¢D with 6*(X)=n), then 9Q,={XcD: 6*(X)=n} is
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smooth. According to Sard’s theorem (see [F]), almost all values of a smooth func-
tion are regular, so we are able to choose a number 5 with O<n=¢" such that ,
is a smooth subdomain of D.

Let {#;} be a non-increasing sequence of ¥> subharmonic functions which
converges to u (see [HK]). Moreover, it was essentially shown in Chapter 3 of [HK]
that the sequence (or a subsequence of it, if necessary) {u,} of Riesz measures of
u; converges vaguely to the Riesz measure p, of ¥ on D, i.e.,

lim [ f(X)du,(X) = [ f(X)du,(X)

for all f€%,(D). Since u=1 on %,(E,), by choosing i sufficiently large, we may
assume that ;=2 on %,4(E,) for all i.

Set Wy=spt (V®)uspt (AP). Apply Green’s theorem on @, for each u; to
obtain

S apna, EX) () = [ 9X)GX) Au(X) dX
= f o A(@(X) G(X))u;(X) dX + {zero boundary terms}
= ]f9 D(X)AG(X)u;(X) dX|+jW0 [A®(X)| G(X)u;(X)dX
+2f IVOX)| IVG(X)| u(X)dX

GX)

s VGl 4

S R 150

In the above we have used @(0)=0 and (2.5). Therefore, since My, converges to p,
vaguely on D and G(X) is bounded and continuous on the compact set £Z,NnBNQ,,
it can easily be seen that
G(X) VG(X)|

. —d
@8) [, npna, XA 5 [, Sz dX+ [, == dX,
by taking the limit as i—o (see also the proof of Lemma 2 below).

To estimate the right hand side of the last inequality, let x>0 be a fixed num-
ber such that
. |1 2a

2.7 x§m1n{7,———a+3}.

Let D=J;., I, be a Whitney decomposition of D so that {,} is a family of dyadic
cubes in R" with disjoint interiors and

(2.8) M I(Iy) = dist(,, OD) = —i—i(lk),
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where /(J,) is the side length of the cube . Let Z, be the ceater of the cube I,
re=xVn 1), B,=B(Z,, r,), and B} = B(Z,, 2r,). Let Z,£D be such that |Z,— Z,| =
3(Zy), and A,=A(Z,, r).

Let J={keN: InW,=@}. Then for each k¢J, we have 8(Z)=r,, and,
by Harnack’s inequality, G(X)=~G(Z,) for X€B;. Thus, for the first term on

the right hand side of (2.6), the Dahlberg-Jerison-Kenig Comparison Theorem
gives that

ka 66(%2 dX = r"k—2G(Zk) = w(Ak).

For the second term, it is well-known (see [M]) that, for the harmonic function
G(X) on B}, we have

1
2 2
[  VGOOPAX 5 — jB: G(X)?dX.

This inequality together with Schwarz’s inequality gives

[ IVG(X)l _ B
B

3 (S(X) rk (ka IVG(X)(de)I/Z

sreve(f " G(X)rdx )"

= 1172 G(Zy) = w(dy).

We now claim the following: under the notation above, there exist constants ¢
and C, which are independent of », r and ¢, such that

(2.9) kel Yae = Clago,er)-

Assuming that (2.9) holds, it then follows from Fubini’s theorem and the doubling
property of w that

G(X) IVG(X))
Saonna, 6 WX) S Sies {fu a(()()2 ax+f, 3(X) dX}

S [,p Zhes 1@ de(Q)

< @ (4(Q,, cr)) S o(4).

The lemma is therefore established, once we prove (2.9).



Square area integral estimates for subharmonic functions in NTA domains 353

Proof of (2.9). We first notice that WycW,uW,uUW;, where
Wi = (Rp(E, 0 A" )\RAE, N 4*)) 5Pt (D),
W = ((Dr\D,) nspt (P)\W;,
Ws = ((Q\R.) Nspt (P))\(H; U ).

A close look at the definitions shows that there is a constant ¢ such that 4, <
4(Qy, cr) for all k€J. Now, for each Q€A(Qy, cr), let Jo={kcJ: Qc4,}. We
observe that, if J;, is a subfamily of J, with the property that there are constants ¢’
and ¢” such that ¢’9=0d(Z,)=c"¢ for all k€Jy and some constant @>0 (which
may depend on Q), then

’

Z;—Zil = 2+%)c"e, n=

c
2+ % 9,

for all j, k€J,. This fact implies that the cardinality of J, is not greater than some
integer N, which depends only on the constants ¢/, ¢” and x, but is independent of

Q and o.
We now consider two cases:

Case I. If Q€E,nA(Q,, cr), then, for k€J, and X€I,, we have by (2.8)
and (2.7) that
|X— 0l = |X—Z,| +1Z, - Z,} +1Z,~ Q|

=1+ 0(Z) 1y = 34+ 8(X)

= [1+%)5(X) = (1 +0)3(X).

This implies that I,cI,(Q)c®,(E,n4*), namely, I, only intersects with W, and
Ws. Thus, if k€J, then either §(Z,)=r or §(Z,)=e, and hence (2.9) holds at Q,
by the observation above.

Case II. For Q€A(Qy, cr)\(E,n4%), let o(Q)=d(Q, E,nA%). If k€J, so
that LinW,# @, then there is X€I;(P) for some P€E,n4* and hence

0(Q) = Q- P| = Q- Z|+|Z— Z +1Z,~ X| +|X— P|
= 1 +8(Z) + e+ (1+5)5(X)
= 1 (1+B)QR+2)+2(1+1)8(Z,).

On the other hand, since E,nA4* is closed, thereis a P€E,n4* suchthat |Q—P|=
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2(Q). We then take X€I\I,(P) and find that
8(Z) = 0(X)+re = (1+0) L [X=P|+r,
= (140 (X = Zl +|Z~ Zil +12:— Q1+ 12— P+
= (14+0) (e +8(Z) + e+ (@) + 14
= (1+9)70(Q) +3 (21 +2) 7 (1 +%) + %) 8(Zy).
This yields that
2(Q) = + (1 +0)(2— %) —2(1+%)) §(Zy)-

Therefore, if k€J,y, then either 8(Z)=¢(Q) or (Z)=r, and so (2.9) holds
at Q. This concludes the proof of (2.9) and hence the lemma is proved.

Lemma 2. There exists a constant C, which is independent of u, such that
v, (D)=C.

Proof. We first claim that, if r>0 is a fixed number, then
(2.10) / anp, GX) du,(X) = C,

for a constant C which is independent of u, where D,={X¢D: §(X)>r} as in
the last lemma.

This claim can be proved in the same way as the last one, but is somewhat
simpler.

Let {,} be the family of dyadic Whitney cubes of D, which satisfies (2.8) with

® = min{-g, 32(—(2133-;—0%}

We denote by B, and B} the balls corresponding to I, as in the last lemma, and
r, the radius of B,.

Since D, is compact, there are at most N cubes in the family which touch D,.
Let J={kcN: I,n®,nD, @}. Then r<r,, #,0D,CUyes B, and

Ukes B © #4(E,) c {XeD: u(X) = 1}.
Now fix k€J, and let ¢, £%;(R") with the properties that ¢,=1 on By,

spt (¢ )= By, and

C C
[Voul = —r—l, 49, = '—22—,
k Tk
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with some constants C; and C, depending only on the dimension n. Let {u;} be a
non-increasing sequence of ¥ subharmonic functions as in the last lemma, so that
{u;} converges to u and M., converges to u, vaguely on D. As before, we may assume
that #,;=2 on B} for all i.

Itis well-known that G is integrable over D, furthermore, the argument in [GW]
shows that its gradient VG is also integrable over D (as D is a bounded domain).
Thus, for each fixed i and k we are able to apply Green’s theorem to get that

5, 6@, (0 = [ o) G(X) Aui(X)dX
= f " A(@u(X)G(X)) ui(X) dX + {zero boundary terms}
=[[,, AP GX U () aX |+ [ 180 (X)) GOX) (X)X

+2 [, Vo (X)| IVG(X)] u,(X) dX

C C,
= (pk(O)ui(O)—i——'%fDG(X)deLZfD IVG(X)| dX

§2+§§2‘+'€1— = Cy,
r r

Unlike the last lemma, we cannot simply take the limit as i— <o, since G(X)
might not be a bounded continuous function on B,. This difficulty can be over-
come as follows. For each positive integer m, we let

G (X) = ¢,(X)min {m, G(X)}, X¢€D.
where ¢,, is a function in %,(R") such that 0=¢,=1, ¢,=1 on the ball concentric

with B, but having the radius of (I—1/m) times the radius of B, and ¢,=0 out-
side B,. Then, G,£%,(D) and

[,OnX)du(X) = [, G, (X) = Co
for every m. As p, converges to y, vaguely on D, we have
J 5 OnX) Ay (X) = Tim [ G(X) dp (X) = Co.

Since the sequence {G,} of positive continuous functions on D is increasing to G
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on By, by the monotone convergence theorem we have
[ 6(X)du(X) = lim [ Gn(X)du,(X)= Co.
B, Mmoo v D

(In fact, a much stronger result is irue, for details see [H], p. 114.)
Finally, summing over k¢J, we obtain that

S, G0 (X) = Sies f, G(X)duu(X) = NC, = C.

This proves the claim.

Now, we choose the number r to be such that 0<10r<min {r;, 6(0)}. We
can then cover the set D\ D, by finitely many balls {B;: 1=j=N} of the form
B;=B(Q;, 2r) with Q;€0D. Therefore, it follows from (2.2) and (2.10) that

V(D) =fauG(X)dy,,(X)
= 2B +f,  GX)du(X)
5 ), o(B;n0D)+15 1.

This completes the proof of the lemma.

3. Some results about BMO functions on 3D

In order to prove the Theorem, we need to use BMO functions on ¢D. This
section is devoted to generalizing some well-known results of BMO functions on
R" to special types of spaces of homogeneous type (dD, d, w), where D is the NTA
domain we are working with, d is the Euclidean distance in R", and w is the har-
monic measure of D ‘evaluated at a fixed point O€D. (The argument will work
for the general case.) For the definition of spaces of homogeneous type we refer
to [JK] or [ST]. In this section, by a constant C depending on D we mean that the
constant C depends on the triple (0D, d, ).

The following covering lemma of Vitali-type is not difficult to prove on its
own, but we refer to [ST] for a proof in the general setting of spaces of homogen-
ous type.

Lemma A. There exists a positive constant N, depending only on D, such that
if #={4(Q,r)} is a family of surface balls of @D (with bounded radii) then there
is a pairwise disjoint, countable subfamily {4(Q;,r;)} of & such that each surface
ball A(Q,r) in & is contained in one of the surface balls A(Q,, Nr)).
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By using the last lemma, a well-known argument shows that the Hardy—Little-
wood maximal function with respect to o for fc LMw),
1
M, f(Q = swp - [ 1/(P) do(P),  Q€0D,
is weak-LY(w).

We next recall some more notation. For f¢ L1(w), let

11y = sup inf ——= [ 1£(Q)—al de(Q),

(A)

where 4 is a surface ball of 9D, and set

I/ lemo = 11 fllray + I f 1l
The John—Nirenberg class of functions on 9D is defined by
BMO () = {f¢L*(®): || flsmo <}-
It is easy to see that if f€BMO (w), then

3.1 171, = sypzs [, 1@~ £l do(@) = 211,

where

1
fa= gy [ S @ do(@)

is the average of f over 4.

The most important result we need from the general theory of spaces of ho-
mogeneous type is the so-called John—Nirenberg inequality, which we state for
BMO functions on dD. A more general statement and a proof of it can be found
in [ST).

Theorem B. There exist positive constants C and c, which depend only on D,
such that for every fEBMO (w), every surface ball 4, and every =0,

(3.2) o({Qed: 1£(Q)—fil »f})<C“’(“>e"p[uf1 ]

We note that the John—Nirenberg inequality (3.2) is also valid if the harmonic
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measure w replaced by a measure ¢€A_(w), which can easily be seen from the
second inequality of (1.4).

The next proposition is a consequence of the John—Nirenberg inequality. This
result was observed in the case of half-spaces by Murai and Uchiyama [MU], and
our proof is on the same line as theirs.

Proposition 1. Let oc A, (), then there exist positive constants C and ¢, in-
dependent in A {(w), such that if fEBMO (w) with | fllgmo=1, then

(3.3 o({QedD: | f(Q)] = v}) = Ce~a({Q€D: | f(Q) = 1})
Jor ali y=1.
Proof. For y=1, let F={Q¢dD: |/(Q)|=7}. Since |flpwm=1, oE)=4.

The weak-L'(w) estimate for the Hardy—Littlewood maximal function M, f of f
implies that the set of points of density of F,

w(4(Q, 1) F,) _ 1}
w(4(Q, r)) ’

F, = {QEF:,: 1i\n}’
has full w-measure in F, i.e., o(F\F,;)=0. Thus, for each QcF, we have
0 <sup{reR: o(4(Q, NN E) > w(4(Q, )} <.

Let N be the constant in Lemma A. By a stopping time argument, for each
Q¢F3, we can choose a number ro=>0 so that

(3.4) w(dgnE) = 5 o(4y),
(3.5) w(dy N F) = 5 o(d}),
where

Ao = 4(Q,rg), and A4j = A(Q, Nrp).

Applying Lemma A to the covering {4,}¢ I3 of F,, there are countably many
surface balls 4 =g, J=1, 2, ..., in this covering, which are pairwise disjoint,

such that F,c Ui, 4], where Aj=4% , or in other words,

3.6) F,c U;‘;l 47, w-ae..
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Now, (3.1) and (3.5) give that

) = 55/, 1@ do@)]

1
o (If s, [ @ Q)+ [,

)

!

| /(@) do(Q))

;ﬂ(aD\Fa)
1

0(d}nF) | 3 o(4]n@D\R)

el =@ R

= 2| flly+5 sl +3,
so that, by using | f|, =1, we get [fax}=10. It follows that if y>10 then
{Qe4}: 1f(Q = v} < {Qed}: |/(Q)—ful = v— 10}

Hence by (3.6) and the John—Nirenberg inequality (3.2) with the measure o€ 4, (w),
we obtain

o({QedD: | f(Q) = v)) = 27, 0({Qe4]: LA =1})
= 37,0 ({04 1f(@)—fus] > 7—10))
= Ceme0=1 3= 5(4)
=Ce= 37 a(d))
=Ce™ 3% 0(4;nF,)
= Ce=“7g(Fy),

where we have used the doubling property of o, (3.4) and the fact that {4,} are pair-
wise disjoint. To finish the proof, we choose a bigger constant C, if necessary, so
that Ce™3¢=1,

As an analogue to the balayage of a Carleson measure on a haif-space (see [G]),
the following proposition links BMO functions on 9D and Carleson measures
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on D. We shall use the following notation: For fixed @, P¢dD and X¢D, let
lo,p(X) = min {|X—Ql, |X— P[},
and let X » be one of the points of Q and P such that |X—X, pl=1p p(X).

Proposition 2. Ler K(X, Q) be a continuous function on DXOD which sat-
isfies the following condition: There exist positive constants C,, C, and & such that

3.7 esgsup [ 1K(X, Q)] do(Q) = Cy,
and

C |Q—~ P[y*
3.8 K(X, Q)-K(X, P)| = 2 ,
8) KX, 9) . P)i w(A(XQ'p,IQ’p(X))) (IQ,P(X))

Jor all Q, PcoD and XeD with Iy p(X)=>|Q—P|.

Assume that v is a Carleson measure, then the function Kv on 9D defined by
(3.9) Kv(Q) = [ K(X, Q)dv(X), Q€dD

is in BMO (D) with |Kv|gmo=C |[Vllc for some constant C which depends only
on C,, C,, & and D.

Proof. To see that Kv€ L(w), we apply Fubini’s theorem and condition (3.7)
to obtain that

[ K@ do(Q) = [ [ KX, Q)1 dex(Q) dv(X) S Ve,

since w(@D)=1.
Now let A=A(P,r) be a fixed surface ball in 9D, and let B;=B(P,2'r)
and 4;=B;ndD, j=0,1,2,.... Then Fubini’s theorem and (3.7) again give that

[, KX, ) dv(X)| do(@) 5 ¥(BY) 5 I¥lcor(d),

where the doubling property of w has been used. Next, for X€B;,,\B;, j=1, and
Q€ 4, the condition (3.8) implies that

S 4 |f B, N\, (K(X, Q) - K(X, P)) dv(X)l do(Q)

V(B_H. ) ”v"C
< mﬁw(d) P _21(;__13‘0’(4)
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The last inequality is because w(4;,,) Sw(d;-;), which follows from the doubling
property of w. Summing on j, we obtain that

1
—w(Z)'f K@) ~a,l do(Q) S [vile,
where the number a, is given by
a, = fD\B K(X, P)dv(X).

Hence, [|Kv|, S[vlc. The conclusion of the proposition follows from the above
two estimates.
A glance at the proof shows that condition (3.7) can be replaced by

(3.10) /o [K¥ (@l de(Q) = Cilc,

for some positive constant C,.

4. Proof of the Theorem

We first notice that the Dahlberg-Jerison-Kenig Comparison Theorem implies
4.1 s(X)"w(4(X, §(X)) < G(X)

for all X¢D. We shall use this inequality and the doubling property of @ and ¢
over and over again, and so we will feel free to use these facts without mentioning
them.

We now put

6 = min{2a, a;ﬁ}’

Y(X) = max {0, 1 -|X|}.
and define the kernel function K on DXdD by

X-Q J S(X )"
05(X)) G(X) °

42) xx, 0 =y XeD, QeaD.

Clearly, K is a continuous function on DXJD. Now, for the given subharmonic
function u, let v, be the measure defined by (1.9). By the Main Lemma, v, is a Carleson
measure with |v,[lc=C for some constant C independent of u. Let Kv, be the func-
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tion on 9D defined by (3.9), i.e.,

@3 K@ = [, ¥ () SO0 dun(X), QedD.

We now claim that the kernel function K satisfies the conditions (3.10) and
(3.8), and hence by Proposition 2, Kv,6BMO (@) with [[Kv[gmo=lv.lc=C. We
shall keep the notation used in Proposition 2 and denote

Fy(X) = {Q€dD: XcI(Q)}.

It is easy to see that [p(X)cA(X, (2+60)6(X)) for XeD. Then, by (4.3) and
Lemma 2, we have

[y @1 0@ = [, 5007~ [, ¥ (5 4o (@) (X)
= [, 6 [ 1r,0(Q) dex(Q) duu(X)
s [, 50" 0 (4(X, 6(X)) du(X)
s [, 60 du(X) = Iile-

Hence the condition (3.10) holds.
To check the condition (3.8), let X¢D and Q, PcdD. We need to consider
three cases:

Case I. |X—Q|=>06(X) and |X—P|>05(X). In this case we have K(X, Q)=
K(X, P)=0, so there is nothing to show.

Case IlI{a). |X—Q|<06(X) and |X— P|>06(X). Inthiscase lp p(X)=|X—0I
and X, p=0. As K(X, P)=0, we have

X— 5 X 2—n
IK(X, Q)—K(X, P)| = K(X, Q) = (‘ ‘leé(A(’Z)l) (G(zY)
1 X—P—-1X-0|

S e@dX ) =0

1 |Q— P
w(A(Q 1X-QD) |X-01°
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where we have used the fact that
4(Q, 1X—-Ql) < A(X, (1+26)5(X)),
which follows easily from the triangle inequality.

Case II(b). | X—Q|=05(X) and |X—P|<65(X). This is similar to the
last case.

Case III. |X—Q|<05(X), |X—P|<05(X). By interchanging the roles of @ and
P, we may assume that |X—Q|=|X—P|. In this case, lp p(X)=|X—Q| and
YQ, p=Q, and the same reason as in Case I1(a) gives that

X—P| |X—0lf 5(X)*"

KX 9= KX Pl = g5t ~ 50 | 6@

1 | X—P|—|X-0|
S s(x))  1X-0l

1 |Q— P
w(4(Q, 1X-09D) IX-01°

s

Therefore, condition (3.8) has been verified, and thus the claim is proved.
We next observe that, if X¢D then

W(-%—(:YQS-) = 1—% = min {%, —g%} for Qel(X),

and

We deduce from this and (4.3) that

S,u(Q) =

7 a Kv,(Q) for Q€E,,

and

Kv,(Q) = Su(Q) for Q¢aD.
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Thus, by Proposition I, for ¢€ 4. (w),

o ({Q€dD: S,u(Q) > v, Nyu(Q) = 1})
o ({Q€E,: S;u(Q) = 7})

l

60—«

=0 ({anD: Kv,(Q) = 0 y})

= Ce‘”o({QE("D! Kv,(Q) = 1})

= Ce~ "¢ ({Q€ID: S,,u(Q) > 1}).

This concludes the proof of the theorem.
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