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Abstract. We define a partition of Z into intervals {I;} and prove the Littlewood-—Paley in-
equality [ fll,=C,I8fll,, 2=p<e. Here f is a function on [0, 27) and Sf=(Z|A_,]’)‘/’,
a ;= Sfan 5 This is a new example of a partition having the Littlewood—Paley property since the
{I,} are not of the type obtained by iterating lacunary partitions finitely many times.

Introduction. In this paper we define a certain partition of the integers into
intervals, and prove that it has the Littlewood—Paley property (1.1). The other
inequality (=) in (1.1) was proved by Rubio de Francia [4] for arbitrary intervals.

All previously known interval partitions satisfying (1.1) were obtained by
iterating lacunary partitions, as far as we are aware [1], [2], [3], [5]. The present
partition cannot be obtained in this way, as was shown in [3]. Briefly, the argu-
ment there was that (finitely) iterated lacunary partitions do not contain arbitrarily
large “trees” of intervals, whereas the present partition is itself an infinite “tree”.

There is, however, a different relationship between lacunarity and the present
partition. This is that the set of lengths of its intervals is a finite union of lacunary
sequences. This fact is not used in our proofs directly, but it suggests a way to gen-
eralize our partition. We discuss this at the end of the paper.
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Definitions and staiement of result. Let E and F be finite nonempty subsets of
Z. Define
I(E) = -
(E) = max |x—yl,
) = min |x—y
(E) = min |x—yl,
XAy

d(E,F) = min lx—y|.
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Fix 2>0 and a sequence A, =1, k=1, 2, ..., and define sets E; by
E, = {0, 1},
Ef = mE +1,,
Eip = {a, b} VE, VES,
using sequences my, L,EN, a;, b,€Z, such that
1 O(EY) = AI(E),
2. d(E,, Ef) = LII(E) + I(E),
3. ay<E,<Ef<b, and
d(a, E), d(EF, b)) = A (B U EY).

(A glance at Fig. 1 shows that all of these conditions can be satisfied very easily.)

1 — - — '
% Ex £ 5 k

Fig. 1. Construction of E; ;.

Define E.=J;_, E;. Clearly EE_, and each E, has a natural binary tree struc-
ture. We can represent this as in Fig. 2, which shows a subtree E of E_, its first
node 4, and its left and right subtrees F and G.

In Fig. 2 and later, we make the convention that names of subsets of E_, such
as E, F, G also denote the collections of intervals between their points. So we think
of 4 as the difference:

4= EN(FUG) = {4, 4, 43},

consisting of the 3 intervals shown in Fig. 2.
Clearly the following properties hold at each node 4:

(E1) 8(G)=A(F),
(E2) I(45)=d(F, G)=A[l(F)+1(G)),
(E3) I(4y), I(4s) = U(FUG).

For consistency, the intervals 4; should be thought of as real intervals [x, »)
with length /(4;)=y—x. If a trigonometric polynomial # is given, 4, F, G, etc.
will also denote partial sums of & in the natural sense (we refer the reader to Fig-
ure 2 again):

2! = Xa ,9’-’
4 = A+ 43+ 44,

F= 'ﬁXF = ZA,eFZJ, G= flc = Za,erl'
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Fig. 2. Tree structure. We define A= {4y, 4s, 4,}.

We also have
F = 24,55,. A],

since in fact the intervals of E_, cover Z, as seen from step 3 of the construction.
For a set of integers A={n;} (where n;<n;,,) and trigonometric polynomial f

define f = fx[,,ﬂ"m) and
SNy = (S
We will simply write S for S;_, so with the notation above we have
S(F) = (Zayee 1412
Theorem 1. If A, <o, then there exist C,>0 such that for all #,
1.n 1#1p = CollS(F)ps 2=p <.

We prove this by taking p=2n, n=1,2,.... For n fixed, we prove (1.1) for
any tree satisfying (E1)—(E3) with a sufficiently large A (depending on n). Then,
a routine diagonal argument followed by norm interpolation proves the theorem.



300 Kathryn E. Hare and Ivo Klemes

The p=2n proof uses induction on n, with an induction hypothesis involving
weighted norms which is stronger than (1.1).

We also need finite refinements of the given partitions of the integers. For
A={n;}, call S, an m-refinement of S, if each interval [n;, n;,,) is partitioned
into at most m subintervals, 4" consists of the endpoints of these intervals, and
S$,=8.. Clearly

(1.2) S(F) = VYmS|(F),
and it is well-known [1] that also
(1.3) 1S:(F)lp, = C(p, M [S4(F),, 1 <p<eoo.

Define the degree of a trigonometric polynomial w, denoted degw, to be the
least integer / such that
suppw c [/, 1].

The notation f S denotes the integral over the circle [0,2r) with respect to
standard Lebesgue measure. Qur induction on n occurs in the proof of the following
theorem.

Theorem 2. For each integer n=1, there exist C>0 and méN such that, if
A=3n in (E1)—(E3), then for some m-refinement S, of S we have:

(2.1) [wlF 1 = C [ws,(F)™,

whenever w=0 and F are trigonometric polynomials satisfying
F=2,ced; and degw < (E) = Lr;ierél(dj)

for some subtree E of E., (i.e. suppFc) 4,ee4d))-

Lemmal. Let I,,/,,1,,J,, 1L, ...,Jx, Iy, be adjacent intervals in Z (see
Fig. 3). Let f be a trigonometric polynomial with supp fc LuJuLu.. .0IyUly .1,
and write f=F+4,+F+...+ dy+Fy,,, where F,=fy, , &=fx, .

Let v=0 be a trigonometric polynomial with

deg U < Inkin I(Jk).

Then
@) So- SRR = 2fvlf|2+ 70 fv- ) 14
Ji oo i
——— g - - —
[1 Iz 3 14 Is

Fig. 3. The case N=4.
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Proof.
Jolri= foff = [0 3 (RE+14)
+2Refv'2(E;+1Zk+Aka+Aka+1),
(since all other terms in the expansion of ff are orthogonal to v).
But
Ferr il = elFeal®+ 5 143,
|4 Fl = | R+ 144)%
| i1l = 14l + i1l
for any ¢>0 Therefore,

Solfit= (149 fv Z RSP +(1-2-4) fo 3144

So choosing s=—;— gives
Jolft=3fv3IEE-35 [» 34,2
which gives ().

Proof of Theorem 2. For n=1 write & =%#,+%, where % and %, consist of
alternating 4; (i.e. moving from left to right, every second 4; is 0). These alternating
4; are orthogonal with respect to the weight w, so we have

[wiFE=2[wiFlE+2 [w|FS
=2 [wS(F)+2 [ wS(F)",
=2 [wS(F).

Now take n=2 and assume that theorem 2 is true for all integers y, 1=y=
n—1. Fix a version of E_ satisfying (E1}—(E3) with A=3n. We wish to replace
(E3) by
(E3) 2nl(FUG) = I(4,), I(4,) = nl(FuG).

This involves taking a 2-refinement and then re-defining 4, F, and G: Introduce

points @', b” at a distance of nl(FUG) to the left and right of each F and G respec-
tively, as shown in Fig. 4. When this has been carried out at all (except terminal)

£
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nodes, let E7 consist of all the a’ and b’, with the obvious tree structure, inherited
from E_. For a subtree E’ define

4" = EN(FuG),

and 4;, 4;, 4; analogous to Fig. 2. Properties (E1), (E2), (E3") are easily verified
for the A;, F’, G’. If an m-refinement of § is further 2-refined by using the new
points a, b” then a 2m-refinement of Sg’ is produced. Similarly, if the points a, b
are used to 2-refine an m-refinement of Sg7 then a 2m-refinement of S is produced.
So by (1.2) and the induction hypothesis, we may assume that inequality (2.1) holds
for 1=y=n-—1, with S, replaced by a 2m-refinement of Sg: (and a different con-
stant C). Conversely, the induction step will be established if we can prove that (2.1)
holds for the integer n, with S, replaced by some m-refinement of Sg . This will be
our objective.

To simplify notation we return to the original prime-free notation, and assume
(E3’) instead of (E3). The upper bound in (E3’) is used below for (3.2) and (3.3)
in Lemma 4. To begin the proof of (2.1), write # =%, +%,, where &, and %, con-
sist of alternate levels of E, as shown in Fig. 5.

@ /A\A
A/\A A/\AB

vl /N

A A AL A A A
JT=ZA:‘}1_=ZA

Fig. 5. The splitting & =% ,+ .

Without loss of generality, we assume that F=%, or F=%,. We then have
the property that for every node 4 with subnodes 4y, dg:

(2.2) A = O or A‘: = AG = O-
Now for every (non-terminal) 4 define P, by
|F+ 4+ G|* = |[F|* +|G|* + B,.
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Iterating this equation, we obtain
23 \Z1™ = 2 seeFas

if for the terminal 4 we set P,=|4|*.
For the non-terminal 4 we have

2.4) P = SKFAGFIT,

where K=K(a, b, ¢, a, B,7), and the sum is over integers a,b,c, o, f,y=0 with
a+b+c=a+f+y=n, ata<2n, c+y<2n
Lemma 3.
|[wP)| = C, [w(3.1)+B.2D+(3.3)+(34)
where (3.1)—(3.4) denote the following terms

3.1 |FI*|G|™, for integers x,y=1, x+y=n,
(3.2 |F™-2|4)3,

(3.3) 1GI™-*)4),

(3.4 14

Proof. This is clear for the terminal 4 since then P,=|4|**=(3.4). For non-
terminal A we have the following 3 types of terms in (2.4).

1. Suppose b+f=0. Then a+az=1 and c+y=1. Suppose a-+a=1 with
say a=1, «=0, Then we have the term

[wFG"'G" = [w(GGy~*(FG) = 0

since deg w+(n—1)I(G)<d(F, G) by (E2). Thecase a=0, a=1 is just the complex
conjugate, Similarly, if ¢+y=1 with c¢=1, y=0 we have

JwF*GF" = [w(FFy—*(GF) =0
and the conjugate ¢=0, y=1. We can therefore assume a+a=2, c+y=2, and so
[F“A”G”F'“Z”G’l — lF[a+chlc+y

is majorized by type (3.1) terms. This is clear if a+a is even, because then c+y
is also even, If it is odd, so is c+y, and we substitute |F||G|=|F|*+|G|?, noting
that g+a=3, ¢c+y=3 in this case.

2. Suppose b+p=1. Suppose a+a=0. Then we have (b=1, $=0)
[waG—1G" = [w(GGYy*(G4) =0,
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or its conjugate (b=0, B=1). To see that it is 0 consider (2.2). If 4=0 it is clear.
Otherwise 4;=0, so that, for the polynomials, we have

G = E+AG+G1 = E+Gls

where F, and G, denote the left and right subtrees of G, as polynomials. In terms of
the trees we state this as
G=Hhv Gl s
and therefore
I(G) = I(FuGy),

d(G, 4) = d(FLuG,, 4).
Now by (E3’),
d(Fv Gy, 4) = nl(Fu Gy,

soclearly deg w+(n—1)I(G)<d(G, 4), which implies that the polynomial w(GG)"™*
is orthogonal to the polynomial (G4).
Suppose ¢+7y=0. Then similarly we have

[wF=*4F" = [w(FFy-*(F4) = 0,
or its conjugate.
We can therefore assume a+a=p=1 and c+y=g=1. Then

|[F*A*G°F* 4 G’| = |F|?|G|?|4],

and either p is odd and q is even or vice versa, since p+qg+1=2n. Say p=2r+1 is
odd and g=2y is even. Then

IFIP1G1214] = IFI*1GI*|4] |F|
= |F|**2|G|? + |[F [ |G|* |4]?
= |F|*+2|G|¥ + |F|*~2|41*+ |G|~ |4}%,
which are of type (3.1), (3.2), (3.3) respectively.
3. Suppose b+f=>1. Then
|FeA*GeF* AP G| = |F|?|G|?|4|"*?
for p,q,r=0, p+q+r=2n—2. This is at most
[FI*=2141 + G|~ *|4]* + 4] 2|4,
which are of type (3.2), (3.3) and (3.4).
Lemma 4. If t, is any of the terms (3.1)—(3.4), then

ZAeEfW’A
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is majorized by the sum of
(4.1 C [wIF=S,(F)

over integers 0=x=n—1, x+y=n. Here S, is some m-refinement with m depending
only on n, and C is a constant depending only on n.

Proof.
(3.4) 1,=|4|*". Recall that 4=4,+4,+4; as in Fig. 2. So
2aceldP = C 3 celd))® = C(Za,ce ) = CS(F).

S is of course a 1-refinement of S. We will use several different refinements below,
so the S, in (4.1) can simply be defined as their common refinement, by inequal-
ity (1.2).

(3-2) ty= |FI*"=2|4)* = 3IF1*~2(14:)° + |4l* + |4s]).
D, Y
A F 8
Fig. 6.

Consider Fig. 6 as the N=2 case of Lemma 1. Here F=A4+4,+F+4;,+B
with A4 defined as everything left of 4,, and B everything right of 4;. By (E3), we
can partition 4,, 4,, 45 into 10n or fewer intervals § with

degw 4 (n—2)I(F) + 1(6) < I(4,).

So if v=w|F|*[5]2, then
degv<I(4;5) < I(4,).

For each 8, Lemma 1 gives
SwIFE=2161 = [o|F|* = fo(41"+1FP+ 1B
=2 [0 F 2470 [v(14,2+|44l?)
=2 [0]F1P+70 [oS(F )"

Substituting v and using the inequality " 2b=ea" '+c(e)b"~' taking a=|F|?
b=|F1? or S(%)? and ¢ small, it follows that

fwlFlzn—zwlz = C‘/’W(!flz""2+8(f)2"—2)lé!z.
Summing the latter over A¢E and the 10n §’s we obtain
e [wty = C [w(F|P-24 S(F)P-%) Sy (F)
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where S, is the refinement determined by the &°s. The latter is clearly majorized
by 2 terms of type (4.1).
(3.3) t,=(G|*%|4|®. This is similar to the previous term and will be omitted.
(3.1) 1,=|F*|G|”, x, y=1, x+y=n.
Let w=w]F|*. Then by property (El),
degw = degw +xI(F) < 6(G).

Since 1=y=n—1, the induction hypothesis gives [ W|G[¥=C [ WwS,(G)* for
some S, depending on y.
Write §,(G) in terms of intervals 5¢G,

Sl(G)2 = Zaec [0]2.

ZAGE |F|2NS1(G)2y = ZA&E |Flzx Zal,....a,.ec |51|2 ]5,[2
= Zal,...,a,eslaﬂz |5y|2 anal,...,a, |F|zx~

Here 4y, ..., 3, E means intervals of the refinement S, (which is defined on all of
E_) lying in E. Fix such é,, ..., d,. Then G34,, ..., 6, means all subtrees G con-
taining {dy, ..., d,}. These G must be of the form

we have

G, DGy>...0 Gy oy, ..., 0}

Let F, AD F,, 49, ... Fy, 4™ be the corresponding F’s and nodes 4. Recall
that each 4 has 3 intervals
4= {Ah 4, Aa}

as in Fig. 2. From this we deduce Fig. 7.
In Fig. 7 the H, are by definition the spaces between 4P and A¥*+V. We also
define 4 to be everything left of 4", and B everything right of 4™, so that

F=A+AP LR+ AP+ Hi+ ... + AV + Fy+ 4" + B.

A’ :) N A{;) A(‘l) A(:)— Aﬂ') o A‘;,
A £ H, A Hy A G,
“
v
L s
Y —>
G

4

Fig. 7. The N=3 case. Lengths are not to scale.
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We note that
1(4]) = I(40) = 1(4P) > ... > 1(4§M) = A(Gy),

IR) <IB) <..<l(Fy) = —i—I(AgN)),

by properties (E1), (E2), (E3").
Setting

v=wl&*. .. [6,F(Z_, IR
we have
degv = degw +yI(Gy) + (x — 1) I(Fy) < 1(4).

So by Lemma 1,

JwIsi® 18,1 30 IR = [wldil2... 18, (3 B2
= [v SR = [v(1412+ SR+ 3 1HP+1B)
=2 [olZP+70 [0 3 (14P1+ 14§12
=2[v|Z+70 [oS(&F).
Substituting v it follows that
j w2 16,2 S |EI¥ = ¢ f w812 18, (11 + S(F)™).
Summing over &, ..., 6,€E, the result is
Zace [WIFI® |G = ¢ [wS(F)P(1F 1+ S(F)P),

and this again reduces to (4.1) type terms.
This completes the proof of Lemma 4.

Completion of proof of Theorem 2. Combining Lemmas 3 and 4, we have proved
SwIFI = e 302 [wIF s, (F)2-.
Again using inequalities of the form
a b’ = ea"+c(e)b"
(x+y=n, x=n—1) for small £¢=0, we obtain (2.1).
Proof of Theorem 1. Taking w=1 in Theorem 2 and using (1.3) gives
[F |2 = €n IS(F)zn
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whenever /,=3n in the construction of E_. If 4, —~< then /,=3n eventually.

Let S, be the square function of the tree whose non-terminal nodes coincide with

those of E_ above the first level where /2=3n in (E1)—(E3), and whose terminal

nodes are the intervals containing the left and right subtrees below this level. Then
”f“h = Cy ”Sn(‘g’-)ﬂ‘ln = C,’, ”S(F)”Zn

since S is a certain m,-refinement of S,. By interpolation, we obtain (1.1) for all
2=p<oo,

Further Remarks.

1. The proof of (1.1) also works when S is a classical lacunary square function;
4;=[nj, nj 1 )u(—n;,,, —n;], where n;,,/n;=2>1. In fact it becomes much
simpler, since the terms |F{**|G|® of Lemma 3 do not arise. One just iterates
the equation

|Fj+1|2" = |Fj+Aj|2" = |F:i|2"+PAj-

2. In paper [3] we defined sets E_ without using the g, and b, of the present paper,
i.e. just by
Eir = E(VEL.

It turns out that the present E_ is a “lacunary” refinement of the former, and
therefore both satisfy (1.1), by the classical vector-valued Littlewood—Paley in-
equality.

3. In Theorem 1, it probably suffices if 2,=4 for some A=0. This would require
more splitting of & and a more detailed iteration expansion than in Lemma 3.
Our purpose here was just to show the existence of some version of E_, satis-
fying (1.1).

4. One generalization of E_, is the following: We observe that if we rearrange the
intervals of E_ in order of increasing length, we obtain a classical lacunary
partition (by properties (E1)—(E3)). So a natural conjecture is that any partition
which is a rearrangement of a lacunary partition has the Littlewood—Paley
property. A proof of this conjecture may be possible along the lines of the
present paper. Such a rearrangement has a natural binary tree structure,
obtained by always choosing the longest interval as the node. However
property (El) does not hold in general. This probably means that the terms
[FI*|G|” of Lemma 3 must be estimated directly (without the induction hypo-
thesis) by further expansion.

5. It would be very nice to find a less computational proof of Theorem 1.
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