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0. Introduction

Let (D) (p=1) be the Banach space of all measurable functions f on the
open unit disk D={z€C: |z]<1} such that

©.1) Wl = {f 1/ @I dA@}"" <o,

where dA4 is the normalized Lebesgue area measure. Let 47 be the subspace of
L?(D) consisting of analytic functions. The AP are usually called the Bergman
spaces.

Definition. We say that a subset 4 of the disk D is a zero-set for the space A”
if there exists a nonzero function f¢ 4 such that f|,=0.

The purpose of this paper twofold. First we introduce a Blaschke type product
whose factors have an extremal property in A% similar to the extremal property
enjoyed by the classical Blaschke factors for the Hardy spaces H”. It will be shown
that our Blaschke type products converge for all AP-zero sets, and they are con-
tractive divisors of zeros for 42, In the second part of the paper we apply these
Blaschke type products (or rather their modification) to obtain a result concerning
probabilistic characterization of AP-zero sets. The probabilistic approach to the
study of A4P-zero sets was apparently initiated by Emile LeBlanc [B] who obtained
the following result:

Theorem ([B]). Let {r,}:>, be a sequence in (0, 1) that satisfies the condition:

. L—r ) te 1
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©2 hr?_’soup log 1/¢e = 2p

Then for almost all independent choices of {0,)>, the set {r,e®~}., is an A’-
zero set,
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The proof of this theorem was based on a Blaschke type product introduced
by C. Horowitz in [Hor]. It will be shown that our Blaschke type product is more
effective and allows us to sharpen the result of E. LeBlanc to its natural limits:

Theorem 1. Let 1=p=2 and {r,};, be a sequence in (0,1) satisfying the
condition

. _.(1=r) 1
03 2r,.<1 2( n —.
©.3) lxr?_'soup log 1/e = )4

Then for almost all independent choices of {0,)_, the set {r,e®r}> | is an AP-zero set.
The constant 1/p is sharp.

In order to see how this result is related to the condition (0.2) we prove the
following

Proposition 0.4. Lez {d,} be a sequence of positive numbers, and let

d1+z
0.5 [ p— X 2—"
©.3) 71 11r£1»50up logl/e °’
(06) Yo = limsu M

P logloglje ”
Then y,=y,=ey,.

Proof. Consider the function m(x)=2, . d. 1t follows from (0.6) that for
every y>7y,
m(x) < yloglog 1/x

for all sufficiently small x. Hence we have
1 1
D ditt = —fox”dm(x) = efo x*~m(x)dx
= ayf:xz‘lloglog I/xdx+c = eyf: e "logtdt+c

= yf:e‘slog(s/s)dt—}—c =vylogle+e,

where c¢ is some constant which depends only on m and y. We conclude that y,=7y.
Since y can be chosen arbitrarily close to 7,, we have y,=y,.
Now let y=7y, and £=>0 be sufficiently small. It follows from (0.5) that

1
-1 ;o=
efo x*"m(x)dx = yloglje+c
for some ¢>0. The function m(x) is decreasing, hence for every O<a<1 we get

af:x‘"lm(x) dx > m(a)a*
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and m{a)=vya—*log 1/e+c. We can now choose e¢=(log 1/a)~! and this gives the
inequality y,=ey. |}

The proposition above shows that E. LeBlanc’s condition (0.2) is essentially
the double-logarithmic growth of the function

(07) (p(l‘) = 2r,,<r(l—rn)

and the gap between logarithmic and double-logarithmic conditions cannot be over-
come with the help of a Horowitz type product.

Theorem 1 (in a slightly stronger form) will be proved in Section 2. In Section 3
a similar result is established for the case p>2; however, in this case we are unable
to obtain a sharp constant. Section 3 also contains some open problems and other
discussions.

Acknowledgement. The author is grateful to professor B. Korenblum for stim-
ulating discussions and for his attention to this work.

1. A Blaschke-type product

Some notations and definitions. Symbols C and D will stand for the complex
plane and the open unit disk in C. T=dD={z€C: |z|=1} is the unit circle. Let
dA(z) be the area measure on D normalized so that the area of D is 1:

dA(z) = %dxdy = %rdrd@.

For 1=p=os, HP” will denote the classical Hardy space and 4?(D) (or simply A4F)
the Bergman space of functions analytic in D with the norm

111y = { [, 1/ @I dA@}T <.

For basic facts about spaces H? and 4° see [Dur], [Zhu].
A%(D) is a Hilbert space with the scalar product

(f8) = [, /(De(2)dA(2).
K,(z)=(1—22z)"2 is the reproducing kernel of A2 so that for every A€D and f€A*
(f, K = f(4).
It is easy to see that | K,[l,=(1—|A|»).

Let d;=1—|A|> and define the function s,(z)=d>K,(2).
For a fixed €D we consider the following problem:

(1.1 sup {Rf(0): fe4% | fl, = 1. f(%) = O}.
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The solution to an analogous problem for the spaces H? (for every p, 1=p=-<)is
the Blaschke factor

MI A—z
1-1z °

For the space 42 the extremal function exists and is given in the following

B;(2) = —

Proposition 1.2. Le £, be the solution to the extremal problem (1.1). Then

£1(0)fi(2) = 1-dFK,(2).
Proof. Let geA® and g(A4)=0. The function

o(t) = R(fi+1g Difi+ 18l

must have its maximum at ¢#=0. This implies that R{g, 1)=f,(0)R(g, f;). Since
-g can be multiplied by any constant we conclude that the function 1-£;(0)f; is
orthogonal to the space A3 ={h€A% h(4)=0} and hence is equal to cK, with
some constant ¢€C. This constant can be determined from the condition

S()=0. |

The function f; can be written in any of the following forms:

(1.3) £ = 1—;%2—’
ra-2 (25 )
- |z| VZ-IP W(l—lz)z
Vz T @R B
At 2=0 it is natural to define f; by continuity:
fo@) =¥2z

We proceed now to the contractive properties of f;.

Definition. Let A% ={fc A% f(A)=0}. A function fcA; is said to be a con-
tractive (or A-contractive) divisor for the space A2 if || f],=1 and for every g€ 43,
we have g/f in A% and

lglflle = liglle-

Proposition 1.4. For every AcD the function f, defined by (1.3) is a contractive
divisor for the space A%. Moreover, for every gcA?

Ill di

(1.5) 172812 = N8+ f (1 -2 K (218 (D) dA(2).
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Remarks. 1. The fact that f; is a contractive divisor follows immediately from
(1.5) and the simple observation that | f,[l,=1.

2. Equality (1.5) is an analog of formula (1) [Car] for functions with the finite
Dirichlet integral. It is a special case of the formula obtained by H. Hedenmalm
(cf. Corollary 4.2 [Hed]).

Proof. We begin with the following:
(1-d} | fagl} = (1 -d}Kg, (1-d}K;)g)
= (I=d})lgli+d} [ {a21K.(2)*— 2RK, (2) + 1} |g(2)]* dA(2).

The expression in braces can be represented as a linear combination of moduli of
analytic functions:

iK1 = 20K, +1 = K — 112 = 2|22 K, + A K
and it is easy to check that the last expression is equal to
7 12441 =122 K ()1}
Now we can apply Green’s formula to obtain (1.5).

Given any function f€ 42 with the zero set A,={1€D: f(1)=0} we can divide
this function successively by the factors {f;};¢ 4, without increasing the norm of f.
Moreover, since for every A42-zero set A

Zrea(1=1A)? <eo,
(this follows from (2.3) below), the product [J;c. fi converges. We have thus
proved the following result:

Theorem 1.6. Every non-zero function fcA* admits a factorization
(1.7 f = BF

where F¢c A%, F has no zeros in D, ||F|y=| fll;, and B=]] f, is a Blaschke-type
product whose zeros coincide with those of f. |}

This factorization (as well as that of C. Horowitz [Hor] and B. Korenblum
[Kor2]) is not quite satisfactory because we can hardly control the A2-norm of
the Blaschke-type product. Nevertheless this product admits good probabilistic
estimates, and under some assumptions it turns out to be almost surely in A42.

On the other hand the factorization discovered recently by Hikan Hedenmalm
[Hed] features both factors B and F belonging to A42. It is interesting to note that
Hedenmalm’s Blaschke-type factor is the solution (for an arbitrary set A4) to the
extremal problem sup {Rf(0): || fll.=1, fl,=0}, which corresponds to the situa-
tion for H? and the classical Blaschke product.
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2. Random zero sets

For the definition of a random set we will use the probability space Q=]]" Q,,
where £, is the interval [0, 2n) for each n. A, is the o-field of Lebesgue measurable
sets and P, is the (normalized) Lebesgue measure. An element of Q is denoted by
w=(8,,0,, ...) where 0=0,<2r for all n. {6,,6,,...} is a sequence of random
independent variables defined on .

For every countable set A={4,};>, <D define a random set A4, as a map
Q2P where for every w¢Q the set A, is obtained by a rotation of each point
A€ 4 through the angle 6,:

2.1) Ao = {(An€n}is-
We denote by A, the intersection of the set A with the disk D,={z: |z|=r}:
A, = {A€A: A =1}
and define the following functions:
@(r) = Zica (112D,

r

1(r) = Zica, log I
Po(r) = Zaea, (1 =14,
2.2) n(r) = card A,.
It is well-known that any A4P-zero set A satisfies the condition
2.3) DicadilogT17t1/d; <o

for all >0 (see [Hor]). From now on we restrict our considerations to the sets 4
which satisfy (2.3). We need the following technical result.

Lemma 2.4. Let AcD be a discrete set satisfying condition (2.3). Then

(2.5) 20— (r)=0() as r—~1,
(2.6) o (N+(A=—n(H—er)=01) as r—~1,
2.7 n(r) =f0'5112_(Lt), re0,1) and n(r) = -;”—E’)r—.

Proof. (2.5) and (2.7) are direct consequences of the definition (2.2). The ex-
pression in (2.6) is equal to

2a, (log /1A —1+1A))+n(r)(logr—1+r).
The first term is bounded by the finite sum > (1—|4|)%. The second term is
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O((1—-r)?n(r)) and hence O((1—r)¢(r)). The function ¢(r) admits the following
estimate

1
1—r

1
o(r) = logi*® 24, (1=14]) log="~* (T—Tir] '

We conclude that (1—r)e(r)=0(1) as r—1, and (2.6) is thus proved. J]

We proceed now to the construction of the Blaschke-type product. For every
26D and s=1 define

1__ A 2\s
(2.8) b (z) = 1_'((_1?‘}[!4—))?'

When s=1, this is equal to
b (z) = B,(0)B;(2),

where B, is the classical Blaschke factor. For s=2 the function b coinscides with
12(0) f,(2), where f; is the extremal function described in Section 1.

For every set AcD and every function s=s(1) we can define an infinite
product

2.9) Y = [T1cabE™.
Suppose that the functions s satisfies
(2.10) Zaeadi® <oo.

Then the product (2.9) represents a function holomorphic in D whose zeros are
precisely on A.

These Blaschke type products Bffl are instrumental in proving the following
result which is somewhat more general then Theorem 1:

Theorem 2.11. Let 1=p=2 and A={A,)7, be a discrete subset of the unit
disk D that satisfies the condition

1 (r) o 1 oo
(2.12) foe"" log® ——dr <

—r

for some 6>1. Then for almost all independent choices of {0}, the set A,=
{1,€""} is an AP-zero set.

Corollary 2.13 (see Theorem 1). If 1=p=2 and

: Zrk<1-c(1 —rk) _1_
lxrgx_.soup log 1/e = ¥4

bl

then for almost all w€Q the set {r,e® ), is an AP-zero set.
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Proof of Theorem 2.11. Consider the Banach space LP(Q, A7) of all AP-valued
measurable functions on Q with the norm

2.14) 1flla.s = ([, 17@) do)*™.

Let A be a subset of D that satisfies (2.12), and A, be the random set defined by
(2.1). Our aim is to construct a sequence s={s,} so that the product

(2.15) B(A’l(Z) = [In21 [] _( 1 _?"C z) "]

(where {,=e'%) converges to a holomorphic function in D, which belongs to the
space L?(Q, A7). When this is done, the conclusion of the theorem will follow
because the finiteness of the norm (2.14) for the product (2.15) implies that for
almost all w€Q the function B§) belongs to A4”. Hence for these o’s the set A4, is
an AP-zero set. °

Define a function g on D by

(2.16) g@) = [, 1B @) do.
We can apply Fubini’s theorem to obtain
(2.17) 1BENE.» = f,8() dA).

Our goal is to established that ge L1(D).
Lemma 2.18. Let O<p=2, i¢D, and s=1. Then

1 pon . r2s—1) d ]’”2

1 —_ ) ( roi®)| P [ A
@19) o [P0 d0 = (14— e
Proof. The function b'® defined by (2.8) has the following Taylor expansion:

(2.20) bO(2) = 1-ds z;oin(!%s;—)(zzy.

Using this expansion we can easily compute the integral (2.19) when p=2:

1 - Tr+9)Y . o
s 10 Geoan = (1 —dpr+ 3, ap (LD e
Since I'*(n+s)=I'(n+1)I'(n+2s—1), we have
res-1 d

1657 (r2)fs = 1+

Ty A-1ps==°
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which completes the proof of (2.19) in the case p=2. To obtain (2.19) for pc(0, 2)
one has to use the inequality || fllgo={flig:- 0

Proposition 2.22. The function h(s)=I(2s—1)/I'*(s) has the following prop-
erties: (a) h(1)=1; (b) #(1)=0; (c) h”(l):-’;—’; (@) h(s)=1+2(s—1)* for 1=s=2.

Proof. This follows from the basic properties of the I'-function. [

Proposition 2.23. Let r€(0, 1), =0, and ry<1 satisfy

(224) 1—"1 = (l—r) log_l—'T-l-T.

Then for every |A|lz=r, and sz=1
(2.25) d¥E(1—|A12r3)t=% = cd; log=1—*(1/d,)
with some constant c independent of A and r.
Proof. Condition (2.24) and [A|=r, imply that
dy=2(1-r) =2(1-r)log = 1j(1 —r).
The last inequality is equivalent to
(2.26) d,(1—r)~' = ¢ log !¢ (1/d})

with some ¢, >0.
We can also deduce from (2.24) that for |A|=>r

(2.27) (A—=1A2r)t = (1 —n)~L
Combining (2.26) and (2.27) we obtain

d;(1=1A2r) 1 = clog~t~*1/d;.
Now (2.25) follows from this and the condition 2s—1=1. |

We are now ready to complete the proof of Theorem 2.11. Fix a positive e<o—1.
For every 4,64 we choose s, as the root of the equation

(2.28) din = d, log '~*1/d,,
or

_ loglog(l/d,,)
(229) Sy = l+(1+6‘)-——16—é-(—1/dT.

First, note that condition (2.12) implies the convergence of the series

(2.30) S dylog=1"*(1/d;) <<
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for every positive ¢. Indeed, this sum is equal to
./'1 log‘l“qu)(r).
0 1—r

Integration by parts and an application of Holder’s inequality then lead to (2.30).
Combining (2.30) and (2.28) we see that the product (2.15) converges for every
wEQ.
The independence of {6,};>, implies
S o 1 2x S
S BL@do = 17, 5= [ " b5, ()1 d6,.

Lemma 2.18 and the inequality 1+x=exp (x) result in the following estimate for
the function g in (2.16):

(2.31) g(2) = exp (£ S, h(s,) i (1= 21Pro)=2)

For a fixed r=|z| we split the sum in (2.31) into two parts: the sum over |i|=r,
and the sum over |i|<r,. Let r; be defined as in Proposition 2.23. The sum over
JA|=r, is bounded by the finite sum

(2.32) ¢ >\yzrn dilog™17%(1/d;) = const.
(Here we used (2.25) and (2.30)). For the sum over [i]<r, (ie. A€ An) we have
(2.33) 2> 4, h(s,)d,, = 2 4, d,+2 4, (h (s)—1)d,,

= @a(r)+2 3 (s,— 1)*d;, = 20(r) +c,

where the first inequality follows from Proposition 2.22 and the last one follows
from (2.5), (2.29) and (2.30). Combining (2.32) and (2.33) we obtain

g(z) = cexp(po(r)),

where r; depends on r=|z| as in (2.24). Using (2.12) and the change of variable
r=r,(r) we obtain

dr < oo,

ng(z) dA(z) = cf: exp (po(r))dr = cfo1 exp (po(r)) log® T

Hence B belongs to the space L?(2, A7) and the proof of Theorem 2.11 is com-
plete. The sharpness of this result will be discussed in Section 3.
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3. Concluding remarks and conjectures

3.1. First we discuss how far the condition in Theorem 2.11 is from being
necessary. Let A be an AP-zero set, i.e. there exists a nonzero function f€A° with
f14=0. Without loss of generality we can assume f(0)>0. Jensen’s formula and
Holder’s inequality give (see [Hor])

1 T : ef
(3.1) SO exp (pos(r) = - f 7| f(re 1P 40 2L M3 f, 1)
(for the definition of ¢, see (2.2)). For all functions f¢4” we have

2f1rME(f, r)dr = | fIE <o,
wMy(fn = ALk

ME(f,r)=o((1—r)"1).

Thus, inequality (3.1) implies the two (generally speaking, not equivalent) necessary
conditions for AP-zero sets:
(1) The L?-type condition

(-2 [ exp (pos(r)) dr <o
(2) The L~-type condition
(3.3) exp (po1(r)) = o((1—r)7).

Lemma 2.4 shows that if the set A satisfies the following growth condition for
the function n(r)=card (4,):

34 n(r) = O( ! ),

1—r

then the function ¢, in (3.2) and (3.3) can be replaced by the function ¢. In this
case the necessary condition (3.2) differs from the probabilistic condition (2.12) in
Theorem 2.11 by a logarithmic factor. In particular we see that the constant 1/p
in Theorem 1 is sharp, i.e. cannot be replaced by any larger one.

Conjecture 1. Let A be a discrete subset of the disk D that satisfies (3.2) and
(3.3). Then for almost all w€Q the set A, is an AP-zero set.

The Zero-One law guarantees that for every set A either A4, is almost surely
(a.s.) an AP-zero set, or for almost all weQ the set 4, is a set of uniqueness (i.e.
not a zero set) for A4P. If Conjecture 1 is true, we have the following refinement of
the Zero-One law:
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Conjecture 2. The following alternative holds: Either A, is almost surely an
AP-zero set, or A, is never an AP-zero set,
In order to justify this conjecture we prove its analog for the class 4™~ =
Up>o0 47 of all functions analytic in D, satisfying the growth condition
If@| = Cs(1=|z)="r  (z€D, ny = 0).
This class was studied in detail in [Korl].
Theorem 3.5. Let A={A};,c, be a discrete subset of the disk D. The following

alternative holds: Either A, is an A~ =-zero set for almost all w€Q, or A, is never
an A~ *-zero set.

Proof. If for an w€Q the set A, is an A~ >-zero set, then

(3.5) aea, (1—14]) = Clog

1—r

with some C=0 (see (3.1.4) in [Korl], or it can be deduced from (3.1)). We can
split the set 4 into the union of at most m=[2C]+2 disjoint sets: A=[J;_, A*
so that for every k the set A*={u} satisfies

. O lul<1—e (1 —=nl) l
I‘T»Soup log 1/e =72

Corollary 2.13 asserts that the random Blaschke type product B« (z) with zeros
on Aj is in 4* for almost all weQ™®. The product B, =]JJ", B4 defined on
Q=JT 9® will be in 4*™ for almost all w€Q, hence A4, is almost surely an 4~>-
zero set. ||

Note that Theorem 3.5, in particular, implies that (3.5) completely charac-
terizes the moduli of A~ >-zero sets, a result first established in [Korl].

3.2. It is possible to rewrite formulas (3.2), (3.3), and (2.12) in terms of the

sequence
s 1
tn = H k=1 r_k,

where {r,}= . is the nondecreasing rearrangement of the set {[A|: A€ 4}.

Theorem 3.6. Let A be a discrete subset of D. Define the sequence {t,} as above.
Then

1) If A is an AP-zero set, then

(X)) t, = O(n'?),

7
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2) If 1=p=2 and 3 ¥ (r,—r,.,) log" <oo with some o>1, then the

— r"
random set A, is almost surely an AP-zero set.

Proof. (3.7) was proved in [Hor]. The integral in (3.2) is comparable to the sum

t"P r"l'P

n2

2

Lemma 2 ([Kah], p. 151) says that this series converges if and only if
w P
S <o,
which proves (3.8).
The second part of the theorem can be derived directly from Theorem 2.11 if
the integral in (2.12) is replaced by the infinite sum. [

3.3. The proof of Theorem 2.11 and Corollary 2.13 can be extended with minor
changes to the case O<p<1. Unfortunately the author was unable to obtain a
sharp result for the case p=>2. The following result establishes the right rate of
growth for the function ¢(r), but the constant is not sharp.

Theorem 3.9. Let p>2 and A={A,};, be a discrete subset of the unit disk
D such that

H 2|1,.|<1—e(1 —Ilnl) 1-2p
(3.10) hr?»soup Tog (1/2) <2 3

Then the random set A, is almost surely an AP-zero set.

Proof. The key point in the proof of Theorem 2.11 was the estimate for a single
Blaschke-type factor b{ obtained in Lemma 2.18. For the case p>2 we need the
following estimate:

Lemma 3.11. Let p=2, 2¢D, and s=1. Then
(12) o [T (e dD = 14+ pdg+ 202 dP(L-
Proof. First consider the case p=2n with n an integer. Define the function
q(e®) = — (1= |APPy(1 - Are’®)~,
so that b?=1+¢ and the integral in (3.12) can be written as

(3.13) A+ A+ = 3 o CrCald", a)a.
It is easy to see that (1, ¢)g.=(q, 1)g.=d}.
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For each k=1 we have the following Taylor expansion for ¢*:

@) = (- 37, e ey

Hence for k, /=1 the scalar product of ¢* and ¢' in H? admits the estimate

w I(m+ks)F(m+Is)
k Al || = JSKk+D 2m
Ke @hml = a3+0 200, T

Since

I(m+ks)I' (m+1Is) = F(m+(k+Ds—1)T(m+1),
we obtain

—1

(3.14) qu, ql>H=| = hk,l(s) di(k+l) Zoo F(m+(k+l)s ) Mrlzm

m=0 "Il ((k+1)s—1)
= Ry 1 (5) d5EHD (1 — |ArR)r—&+Ds,
where k()= ((k+1)s— )T (ks)I (Is)). Combining (3.13) and (3.14) we sce that
1 +qI% = 1+2nds + 35 ,_| CXCLRy (5) d5®+D (1 —|ar|)t- s,
It is not hard to see that
3 L CEClhy(s) = 242

for all s sufficiently close to 1. On the other hand, d,(1—|ir|)"1=1 for all r<]1.
Hence we conclude that

I1+ql3 = 1+ 2nds +24~2d3(1 = |r|?)'—,

and the proof of the lemma is thus complete for the case p=2n.
For an arbitrary p we take n=[p/2]+1, apply the previous case, and use the
inequality 1691 o =16 5. B

In order to complete the proof of Theorem 3.9 we mimic the pattern of the
proof of Theorem 2.11. We will omit the details here. [}

3.4. The Blaschke-type product which appeared in the factorization (1.7) of a
function f€ 42 is a special case of a more general construction (2.9), with s(1)=2.
The following theorem describes the probabilistic properties of this product; it can
be proved in the same way as Theorem 2.11:

Theorem 3.15, Let fc4? and A={AeD: f(4)=0}. Then the random product
(3.16) BAw(Z) = HA,.EA flneia,,(z)

belongs almost surely to the space (), <; AP
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If

. 2p<a-(=14) 1
lim sup log 1/ =7

then the product (3.16) belongs almost surely to A2 (cf. Corollary 2.13).

3.5. Finally we consider a generalization of Theorem 2.11 to a wide collection
of spaces.

Let k(r) (0=r<1) be a nondecreasing function satisfying the following con-
ditions:

(3.17) (1) k() >+ as r—1,
(3.18) @ (=Pk() >0 as r—1,
(3.19) 3) f:k(t)dtzo((l——r)k(r)) as r— 1.

Define A® as a set of all holomorphic in D functions satisfying
(3.20) log|f(2)| = a,;k(|z|)+ by,

where constants a, and b, depend on f. A% will denote those functions in A®
whose constant a, in (3.20) can be chosen arbitrarily small: fe€ A if for every
e>0 there exists C,>0 such that

log|f(2)| = ek(|2])+C,.

When k(r)=log(1/(1—r)), the space 4A® coincides with A== discussed above
(see Theorem 3.5).

Theorem 3.21. Let k(r) satisfy conditions (3.17)—(3.19).
D If A={A},cD isan A®-zero set, then

: 2]1"|<r(1_|ln|) - -
(3.22) hr:l_»slup 0] =c

2) If ACD satisfies (3.22), then for almost all independent choices of {0,}r.., the
set A,={A,e"} is an AY-zero set.

Both statements remain true if we replace A% by A{ and the constant ¢ in
(3.22) by 0.

Outline of the proof. The first statement follows easily from Jensen’s inequality
and condition (3.20). To prove the second statement in the case k(r)=(1—r)"%,
O<a<]1, one replaces the sequence {s,} in (2.29) by s,=1+a+(1+¢)/log (l/dzn)
and then repeats arguments of the proof of Theorem 2.11. The detailed proof for
the general spaces A%’ will appear elsewhere. [
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