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1. Introduction

In this paper we investigate the continuity at a given point x, of the solution
u of a nonlinear elliptic variational inequality with a double obstacle constraint of
the form ¥, =w=4,. The partial differential operators associated with our obstacle
problem are quasi-linear and include operators with only L= coefficients. The
obstacles in this context are to be regarded as quite general and irregular. In par-
ticular, they may be discontinuous. Since the partial differential operators associated
with our problem may have only L™ coefficients, we can expect at most Holder
continuity for the regularity of our solution. Indeed, we show that if both obstacles
are locally Holder continuous, then the solution is also locally Holder continuous.
We also show that if the obstacles are not continuous, but satisfy a Wiener-type
regularity condition, the solution is still continuous. This work extends that of
[MZ1] in which a similar investigation was undertaken for the case of a single
obstacle. This work also extends the recent paper of [DMV] which is devoted to the
double obstacle problem for linear operators with bounded measurable coefficients.
Because their work involves linear operators, they are able to employ potential
theoretic techniques to obtain many of their estimates. These techniques are not
available for us in our context of nonlinear operators.

Since the one-obstacle problem is a special case of the two-obstacle problem,
one cannot expect better results in this latter case. On the other hand, the two-
obstacle problem is so similar to the unilateral case, that one would anticipate
virtually identical results. However, we have not been able to achieve this with the
general structure we consider. One significant difference between the single and
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double-obstacle problem is that in the former case, the solution to the obstacle
problem turns out to be a supersolution of the corresponding differential equation
whereas this is no longer true in the double obstacle situation. This does not allow
the use of the weak Harnack inequality for supersolutions, which was a critical
tool in the analysis of the unilateral problem. If we impose more conditions on the
structure of our nonlinear problem, then we show that the solution does become a
supersolution of the corresponding equation and in this case we obtain results that
run parallel to the single obstacle problem. The conditions imposed on the structure
are general enough to include the case of linear operators.

Let 4 and B denote, respectively, vector and scalar valued Borel functions
defined on QX R!'XR" satisfying the following structure conditions for fixed n=
p=>1, u=0, and v=0:

|A(x, z, B)] = p|hP~ +pulz|P~+v
(1.1) h-A(x, z, b)) = |h|P—plz|]?—v
|1B(x, z, h)| = p|h|P~ 1+ p|z[P~ 24V

for a.e. x€Q and all z€R?, heR".

The obstacles y, and Y, are defined to be real-valued functions defined on Q
with ¥, =y,. Inaddition, we assume that i/, is bounded above and that , is bounded
below. A bounded function u€ W'?(Q) is said to be a solution of the double obstacle
problem iIf y,=u=i, and

(1.2) fﬂA(x, u, Vu) -V(pa‘x-i-an(x, u, Viy)edx =0
for all @cW»?(Q) such that Y, =u+q@=y,.

Although we have made the assumption that 1<p<n, it can be shown with-
out too much difficulty that virtually all of the results below are valid in case p=n.

2. Preliminaries

Throughout the paper, we will utilize properties of the following classes of
functions introduced in [MZ1] which are similar but not quite as general as the
De Giorgi classes discussed in [LU]. If GCR® is an open set, C>0 and A=0,
we let

S%G, p,C, 4)

denote the set of all nonnegative functions v€W'?(G) such that
@D [ Fe@-knGxrd = C [ (- hx)?+ V()P dx

+C(k?+2) f PO n(x)Pdx
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for all k=0 and all nonnegative Lipschitz functions # on R" with compact support
in G. Here ¢ stands for either + or —.

The next two lemmas reveal the relationship between the solution u of the
double obstacle problem and the classes S*(G, p, C, ).

Lemma 2.1. Let u be a solution of (1.2) and let dy=0. If |d|=d,, then there
exist constants C=0 and A=0 such that

Q) If d=y, in G Q, then (u—d)*e¢S*(G, p,C, 2)
() If dsy, in GCQ, then (u—d)~€S*(G, p,C, A).

Proof. (i) Let 0=n=1 be a cut-off function and let v=(u—d)*. For k=0,
let w=(v—k)* and o= —wnP. Then
ut+o =u=,
and
u+@ = u—(u—d)* =min(u,d) = ¢,
in G and ¢ is thus admissible in (1.2). Since

Vo =—VwyP—pwn?~1Vn
it follows that

@2 S om gy (V1P = plul? = )P dx

=P [ oy @IVHP Tl ) WP = V| dx

+f{u>d+k} (u|VulP~2+ plulP~1 4+ v)wnP dx.
Applying Young’s inequality, we obtain
(2.3) f{mm \VulPrPdx = C f - (|l +v)nP dx

FC [ arg WO+ VD dxtp [l 49) w(P ™ Vil +17) dx.
Since u=>d+k implies u=w+d-+k we have
(lul?+v)n? = ((uw+ pdy+ pk)? +v)n?

and thus the first integral on the right side of (2.3) is bounded by
(24) Cof g WP+ I)nPdx where 2, = Ay (dp, V).

Also, the inequality
(e lulP=r+v)w(n®+n?=1 V)
= P~ 2w =2 Vgl P Vil gl =P+ P
= C(|uf?+vPE=D +wP)nP+C (|ulPn? +w? Vy[P) + C (P + WP [Vn?,
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together with the fact

(ululP+vP(@=D)pp = Cy(WP+kP+A)nP where 1y = Ay(do, V),

implies the estimate

2.5 Cof, oW @IV dx+CokP+ 1) [ nPdx

for the last integral of (2.3). The estimates (2.4) and (2.5) yield
[Ivwlprpdx = C [ wP P+ |Vn|P)dx +C (kP + 2) f gy T

with A=A(d,, v). This proves (i).
The proof of (ii) is similar. Write v=(u—d)~ and w=(v—k)*. Then
¢ =wn?
is admissible for the (1.2) Proceeding as in (i) we obtain the desired result. O

Lemma 2.2, With the same hypotheses as Lemma 2.1 and with v=(u—d)", there
exists a constant C=C(u, v, p, n, |ull . ;) such that

‘ )
14 — \|p—1,p-1 -1
f e IVolPnPdx = C( ; f a2 [Ve|?~1nP=1dx + 1"

for every B(xy,2r)cG and every nonnegative cut-off function whose support is
contained in B(x,, 2r).

Proof. Consider the proof of the case v=(u—d)*. Let n be a cut-off func-
tion such that #=1 on B(x, r) and whose support is contained in B(x, 2r). The
desired result follows from a standard application of Young’s inequality in (2.2).
The proof in case v=(u—~d)~ is similar. O

Lemma 2.3, Let u be a solution of (1.2) and let dy=0. If d=d,, then there exist
constants C=>0 and 1=0 such that if M=supg (u—d)*, then

() d= ¥, in G implies M—(u—d)*€S~(G,p,C, 4)
and

(i) d=v, in G implies M—(u—d)~€S~(G, p,C, 2).

Proof. It will be sufficient to establish (i), the proof of (ii) being similar. Let
v=M—(u—d)* and let # be a cut-off function. Fix k=0 with k=M. With

w=(@-k)"
and
@ =—wn?
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we have
¢, =min(u,d) = u—(u—d)y*t = u—(k—v)

=sSuto=u=sy,

in G, whence ¢ is an admissible test function for (1.2). Thus, proceeding as in
Lemma 2.1, we obtain

(2.6) [\VwiPrrdx = C [ we(n?+ Vn|P)dx+C (kP + 1) [ o) nPdx

where A=A(d,, v). This proves the necessary estimate for the case k=M. If k=
supg v=M, then
(w—k)" =k—-v=Ck-M)+@@-M)"

and (2.6) holds with w=(v— M)~ and k replaced by M. This implies that (2.6) holds
with w=(v—k)~ since k—M is nonnegative. [J

The following results established in [MZ1] will be needed.
Theorem 2.4, Let re(0, 1], x,€R", and v€S*(B(x,,r), p,C, 4). Define

w(y) = r7o(ry+xo)
for all y¢B(0,1). Then
weS*(B(0, 1), p, C, A).

This is proved by a straightforward change of variables.
Theorem 2.5. If »€S°(B(0, 1), p, C, 2), then
v+2A¥7¢ S¢(B(0, 1), p, 2C, 0).
From these two results, one easily concludes the following.
Corollary 2.6. If v€S*(B(x,,r),p,C, ) then
v+ 2217 r¢ S¢(B(xq, 1), p, 2C, 0).

Finally we also recall the weak Harnack inequalities established in [MZ1] for
functions in the classes S* and S-. They play a central role in this paper.

Theorem 2.7. Let pc(1,n), C=0 and y¢(0, p]. There exists a constant C’'=
C’(n,p, C,y) such that for x,€R", 6€(0, 1), r€(0, 1), A=0, and

vES*+(B(x4, 1), p, C, 2)
we have
1y
=C'(1-0)* (x)"d. Allp
B(nggr) v ( 6) [{“f‘;(xo’ 2] v (X) x} + r]
where E=nly.
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Theorem 2.8. Let pc(l,n), 6€(0,1) and C=0. There exist positive constants
C’, C”, and y€(0, 1) depending only on n, p, ¢ and C such that for x,€R", r¢(0, 1),
A=0, and
v€S~(B(x,, 1), p, C, A)
with v=0, we have

1/y
i ’ s _C” )
Jnf o= C { f, o V9 axy" —craver,
Corollary 2.9. -Let u be a bounded solution of (1.2).

() If d=y, in GcQ, then (u—d)* is upper semicontinuous in.G.
(i) If d=y, in GcQ, then (u—d)~ is upper semicontinuous in G.

Proof. This follows immediately from Lemmas 2.3 and 2.8. Indeed, for the
first part of the corollary, we have u(r)—(u—d)*¢S~(G,p,C, 1) where u(r)=
SUpg, .,y (U—d)*, x,€G, and r sufficiently small. Hence,

p-peD = C{f, W) -@-dy s —C s,

Since u is bounded, this implies that

f;,(xw') [w(r)—(u—d)*]dx -0 as r—0.

Thus, it follows that (u—d)* has a Lebesgue point at each point of G and that
the value of (u—d)* is equal to its upper limit at each point of G, which implies
upper semicontinuity. A similar argument holds for the second part. O

Remark 2.10. Theorems 2.7 and 2.8 are counterparts to the well-known weak
Harnack inequalities for sub and super solutions of equations in divergence form
[GT, Chapter §]. While sub and super solutions are elements of the classes S+
and S, the greater generality of these classes do not yield results with the same
precision as with sub and super solutions. For example, the exponent y in Theorem 2.8
can be taken as any positive number less than n(p—1)/(n—p) in the case of a weak
supersolution (see [T]) whereas no such bound is available to functions in the class
S-. A similar phenomenon was encountered in [DT] where weak Harnack inequalities
were established for quasiminima, but where the exponent in the weak Harnack
inequality for super quasiminima is not quite as strong as for supersolution of
elliptic equations. This slight difference will be a factor in some of our results below.
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3. Regularity properties of the solution

In this section we will initiate a study of the regularity of the solution to (1.2).
For this we will introduce the following notation. We let |E| denote the Lebesgue
measure of a set EC R", We will also need a more refined method of measuring sets.

Definition 3.1. For 1<p<n, the p-capacity of a compact set KCR" is de-
fined as

¥p(K) = inf { fR" |Vol? dx}

where the infimum is taken over all functions v€Cg*(R") such that »=1 on K.
The definition of y, can be extended to all sets by standard methods.

The p-capacity is a capacity in the sense of Brelot—Choquet and enjoys the
following properties that will be needed later, cf. [AH]. If g<p then

3.1 7,(E) = Cly,(E)]*=9/~P)  for every E < B(0,1)
yp(B(x, )] = Cr*=? for every ball B(x, 7).

Since we are concerned with point-wise regularity, we will consider a fixed
point x,€Q throughout the remainder of the paper. Let

Y1(r) = p-sup ¢, Y1 (r) = p-infy,

B(xg, 7)) B(xg, 1)
(3.2 Tl =TmBa() ¥ (%) = lim Y (1)
(B, r) = Emllﬂfo,r) Y1 V(B 1) = E,nsl;:z,r) Y1

Here p-sup and p-inf are the essential supremum and infimum in the sense of p-
capacity. Similar notation will be used for v, and the solution u.

Theorem 3.2. Let u be a solution of (1.2) and assume ,(xo)=Wz(x;) where
%€ Q. Then u possesses a Lebesgue point at x,.

Proof. Let
u(r) = sup {u—y, (N,

B(xg, 7
v(x) = p(N)—[ux)—y1(N]*.

Lemma 2.3 implies that €S~ (B(x,, 1), p, C, 2) and therefore we conclude from
Theorem 2.8 that

{‘f.B(an RGO ENG) i ¢ dx}m —C')r=C inf v

B(xp.7/2)

= Clp()=a(r/2)+9,()] = Cla(r)~i(r/2)]-



90 Tero Kilpeldinen and William P. Ziemer

Observe that the right-side tends to 0 as r—0. Thus,

tim{ £, , [~ =) T} = 0

0

and since « is bounded, we obtain the same conclusion with y=1. Now let u(x,)=
lim,,q u(r) and assume that p(x,)=0. Then we have

ll-.n;l [Il(xo)—(u (x)=¥1(x0))* ] dx = 0.

. B(xp,7)
Now write

S [0 = (4D~ Fa(x0)* ] dx
—_ -1 —_—
= 1B, 17 [ oy WG+ T () — ()] dx
IB(xm Nnfu < WI(XO)}l .
1B (xq, )|
Notice that both terms on the right tend to 0 as r—~0 and since we are assuming
p(x)>=0, we have

+p(xo)

B DA < a0
fing Bro; P =0

Since u is bounded, it now follows that
fim £, 1n00)+ ()~ u(x)ldx =0
r— X0 7.

if u(xy)=0, our desired conclusion. In case u(x,)=0, then we have

ess lim sup u(x) = ¥, (x,)-
In this situation, let ’
v(x) = A —(u(x)— ()~
where A(r)=sup8(w) (u-gz(r))". Then as above, we find that u possesses a
Lebesgue point at x, if lim,.q A(r)=A(x,)=0. If A(x,)=0, we have

ess lim inf u(x) = Y5 (xo)-

This, along with the case pu(x,)=0 and the assumption %(xo)éyz(xo) implies
that the essential limit of u at x, exists and therefore u possesses a Lebesgue point
there. O

This result immediately leads to our first conclusion on regularity.

Corollary 3.3. If u is a solution of (1.2) and Y (xp)= u(xo)=yYs(xo), then uis
continuous at x,.
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Proof. By the previous result, note that » has a Lebesgue point at x, and there-
fore the theorem has meaning. If d>u(x,), then d=>y, in a neighborhood of x,.
Moreover, by Corollary 2.9, v=(u—d)* is upper semicontinuous at x, and z(x,)=0.
It follows that

lim sup u(x) = lim sup»(x)+d = d.

X+ Xg x~—+Xg

Now let d—u(x;) to obtain that u is upper semicontinuous at x,. A dual argu-
ment shows that u is also lower semicontinuous at x,, thus establishing the desired
conclusion. 3

Now we have shown that u has a Lebesgue point under the assumption ¥, (x,)=
¥s(xp), we wish to use this result to prove more, namely, that  is finely continuous
at x,. For this purpose, we will need the following result.

Theorem 3.4. Let p>1 and C=>0. There exist constants C’'=C’(n, p,C) and
a<p such that if v€S—(G,p,C,0) with v(x)=0 for almost all xcG, then
Jo PP IVe@IPn(xp dx = € [ o(0)P = [n(x)?+[Vn(x)/?]dx
Sor every B=a and every nonnegative Lipschitz function n with compact support in G.

Proof. Since v+41€S-(G, p,C,0) whenever ¢>0, we may assume that v is
bounded away from 0 on G. Observe also that (2.1) holds whenever n€W;“?(G).
Let T=0, y=0 and set

vp(x) = inf {T, v(x)}
nr(x) = vr(x)"n(x).
Now replace 5 by 5 in (2.1). This yields

Jo Wo—lPognPdx =C, [ (0—k) P[5 1P+ 97087 [VerlPn?

R VPl CoRP f L opnPdx

where C,=C,(C,p). Let f=p and multiply both sides of the previous inequality
by k~?*~#-1 and integrate with respect to k over (0, =) to obtain

___—2C1 —p—pY—B[,.p7 P —p+pY PP 4PY P
= —p+py+f fG v (28 1P +yPor? + P3| Vor| PP + o5 |Vl 1dx.

By letting T and observing that

)

py+B p 1o )
= =14—
—p+py+ B ~p+py+B Y
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we obtain

1
fG v~ B|V|PyPdx = 2C, (1 +7) fG P~ B[P +|Vn|Pldx

1
— -8
+2C, (1 + y] v [, o7 IVolPnPdx.

A suitable choice of y now yields the required inequality under our assumption of
B=p. However, it is possible to make a suitable choice of y under a slightly weaker
constraint on f. For a certain range of g less than p, we need y=>0 such that

(.3) 0< Oy +B) _

e
py+B—p

for arbitrary ¢=0. Clearly, such a y exists, say y,, in case f=p. Under the assump-
tion that f<p, there exists y, such that

py2t+B DY:+P &
3.49) (28] 3 = (2222 gpr = 2.
Now let y,=min (y,,y;) and place an additional constraint on § by requiring
B—p 1
P 2

Then, py,+f—p=0 and because of (3.4), it is easy to see that (3.3) is satisfied. O

We now proceed to prove continuity of u at points x, where the obstacles 1,
and y, possess some regularity. The amount of regularity required is given by the
following definition.

Definition 3.5. A point x, is said to be an upper (p, n)-Wiener point for v, if
there exists a set E; such that

1( 9,[EinB(x, DIV dr

3.5) S ( X ] &
and

lig}.inf% (x) = 1 (x0)-

x€E,

Similarly, x, is said to be a lower (p, n)-Wiener point for y, if there exists a set E,
satisfying the same condition as (3.5) and such that

liglf}olp Ya(x) = !2(xo)~
x€E,y

A set E, satisfying (3.5) is said to be not thin at x,.
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Remark 3.6. In the usual definition of the Wiener integral for nonlinear prob-
lems, the exponent 1/n is replaced by 1/(p—1), cf. [MA], [GZ). As suggested in
Remark 2.10, we are forced to work with a slightly weaker Wiener condition because
of the greater generality of the classes S* and S—. This will manifest itself in

our main result below where a crucial role is played by the weak Harnack inequality,
Theorem 2.8.

Theorem 3.7. Let x,c¢Q be both an upper (p, y)-Wiener point for ¥, and a
lower (p, y)-Wiener point for j, where 1]y is the exponent that appears in Theorem 2.8.
If Y1 (x)=ya(x,), then a weak solution u of (1.2) is continuous at x,.

Proof. Recall Theorem 3.2 which states that u of (1.2) is defined at x,. If
(3.6) Yr(x0) = u(xo) = Y(xo)

then u is continuous at x, by Corollary 3.3. Thus, it will be sufficient to prove (3.6).
In fact, it is sufficient to prove

(EN)) Y1(x0) = u(xo).

Since the other inequality in (3.6) will follow by a dual argument. Let
v=(u—d)~ where d-<{;(x;) = u(x,)-

Since d<y,(2r) for all small r=0, note that

v€S* (B(x,, 21), p, C, A).
Also, let
m(r) = sup (u—d)-
Xgs F)
w = m(2r)—v€S~(B(x,, 2r), p, C, A)
A = {u=>d}.

If E, is a set which is not thin at x, and has the property that
lim inf Y, (x) = ¥1(xo),
X*Xg

x€E,
then since u=vy, q.e. we have
3.8) EinB(xy, 1) € AnB(x,y, 1)
for all small r>0. Let 5 be a cut-off function supported in B(x,, 2r) such that
n=1 on B(x,,r). Then,

m(2r)?y,[AnB(x,, 1)) =

B(Xos 2r)

[V(nw)[Pdx

=C( fmxm [Vw|?n?+w? [V|? dx) .
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Now let w=w+2AY?r and refer to Corollary 2.6 to find that

W' €S~ (B(xg, 2r), p, C, 0).
Thus, we obtain

(S oy VWP Hwo IV dx) = (f, V'[P P +wP| V| dx)

- 1 F1p—1,,p— n— n—
=C[7fB(xo'2r)IVw [P=tpP~tdx+r Pf;(xo,zr) wPdx+F 1]

(by Lemma 2.2)
=c(+f s (1 (W) PIP| Y [Jo=1 ()P =217 dx + 1(7)

where B<p is obtained from Theorem 3.4 and

=r—rf PR S
=C (% (fB(xm 2r) (W')“ﬂ IVw'lP r]P dx)(p_l)/p (fB(xo» 2r) (w,)ﬂ(P—l) dx)llp + I(r))

= C (2 ([ ny, WPl +1VP1a) PP (f R ax) P 1()
(by Theorem 3.4)

=C [% pe-0/p (f;( - w)r—*# dx](ﬂ—l)/P L i [f;( " (w)p-D dx]m’-*-l(r)]
Xgr 28 X5
sclrlf wrra P (f, wrea) s 10)

=Cpr? [[ f; 020 (w)r-# dx](p_lw [ f; 020 wy dx]llp+ JR wP dx+r"‘1]

(with B(p—1)>y and from the fact that w’ is bounded)

= —-P Y4 P -1
=Cr (f;z(x.,,zr)(w) dx—}-fB(xo’m wPdx+r? ]
-p : Y : -1
= o (Ginf, W+ Gind w177
(using the fact that w is bounded and from Theorem 2.8)

= Cr?[(m2r—m(r)+2A447r) +r*1]

(since inf w is <1 for small r).

B(xq,r,
That is,
(39) m@2nP (M‘;_(j‘“—”)]) = C[m@r)—m(r)+ 247 for 0=<r=<1,
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which implies

n—p

[ m@nyr (M’%’_’)]J L

Referring to (3.8), we obtain

JENB(xe, 1Y d JANB(x,, NI d
=f;(}’ NB(x, r)]) _r§f:(y NB(x,, 1 ) dr

e r roF r

it follows that m(r)—~0 as r—0. Thisimplies that lim,., u(r)=d; thatis, u(x)=d.
Recall that this is proved for any d=<y,(x,). Thus, we have that

u(xy) = li_[‘gf;(x 9 u(x)dx = u(xe) = Yi(xp). O

Remark 3.8. 1t is easily seen that the hypothesis xﬁl(xo)éyz(xo) is necessary
for a solution to be continuous at x,. Indeed, since u=y, q.c. and u=y, q.e., it
follows

U1(x) = mf p-supy, = mf p-sup u = u(xg)

r>0 B(xgs F) r=0 B(xp, 1)

= sup p-inf u = sup p-inf ¥, = 1112(x0)

r>0 B(xgr) r>0 B(xq.r)

4. Modulus of continuity

Inequality (3.9) is fundamental in establishing the continuity of the solution.
However, it is not strong enough to establish a meaningful bound on the modulus
of continuity. For this purpose, one might employ a substitute for y,. The capacity
needed is y, where

p(n—p)

= n—
7 Y

where 7 is the number that appears in Theorem 2.8. Referring to (3.1) it is easily seen
that (3.9) becomes

?q [A nB(xO ] r_)]

¥/p
pr=r ] = C[mQ@2r)—m(r)+2447r)) for O<r<1

4.1 m(Q2r) [
That is,

1
42) m(2r) [V—'I%f‘”')]] pé Clm@r)—m(r)+2)14%r] for 0<r<1.

Now that we have (4.2), it follows immediately from [GZ, Theorem 2.7] that m(r)
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satisfies the following growth condition:

m(r) = C,exp [—sz; A(t)%) for every s=r/2
where

A() = (')’q[Elf;fgxoa t)]]llp .
From this it would be possible to obtain a modulus of continuity. The difficulty with
this argument is that in the definition of the number ¢, we have no estimate for the
number y and therefore ¢ might be negative.

In order to obtain a modulus of continuity under the general structure (1.1),
we require the following assumptions on the sets E; and E, that appear in Defini-
tion 3.5:

EnB(xo, Il _

4.3 im i
3 M 1B Ge

and

4.4) liminf JE2NBGo, O

=0 [B(xo, )

Theorem 4.1. If u is a solution of (1.2), E,, E, respectively satisfy (4.3) and (4.4),
and W, (xo)=VY5(x,), then u is continuous at x, and its modulus of continuity is esti-
mated by -

o(r) = C[r+M,(n)+M,(r)]

My(r) = sup (T 060) ¥ (Br, 1, Yalx)—¥a(29))
My(r) = sup (Jz(Ez ,r)— fz (xo)s ¥1 (21— (xo))-

Proof. We know from Theorem 3.2 that u is defined at x, and that (4.3) im-
plies ¥ (x))=u(x,). Likewise, (4.4) implies that u(x,)=y,(x,). Hence, by Theo-
rem 3.7 it follows that u is continuous at x,. If

¥ (%) < u(xo) < _‘pz(xo)y

where

then u is a solution of the associated equation in a neighborhood of x, and is there-
fore Holder continuous there. This establishes part of our conclusion.
Next we assume

4.5) ¥1(x,) = u(x,) < ?z(xo)

and consider the function w defined in the proof of Theorem 3.7 with d=d(r)=
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Y1 (Ey, r)—r where _lkl(En")=iﬂf3(xo,,)nE| ¥,. Because of assumption (4.5), note
that d(r)<y,(r) and that E;nB(x,, r)CANB(x,, r) for all small r>0. Then, the
functions » and w introduced in Theorem 3.7 belong to the classes S+ and S~
respectively and by Theorem 2.8

|ExnB(xo, DI)" L
m(r) I;(xofr)lr ) = [fn(xo.r) (w() dx]

=C inf w+C'APr = Clm(r)—m(r/2)+C'27 1]
X T

Because of (4.3), this implies
m(r) = C”[m(r)—m(r/2)+C’ AMP¢]

for all small r>0. This implies
m(r)=Cr*

for some O<a<1 and for all small r=0, cf. [GT, Lemma 8.23]. Now

u(xe)—u(r) = m(r)+y,(x))— Y1 (Ey, r) +r
so that

4.6) a(r) = u(xy)—u(r) = %(xo)—fl(En n+Cre.

This provides an estimate for the lower oscillation of # under assumption (4.5):
We now proceed to obtain an estimate for the lower oscillation in case

¥1(xo) = u(xe) = Ya(xo)-
The proof in this situation proceeds exactly as the one above except that now we take
d(r) = inf (Y1 (Ey, 1), Ya(D} =1 < Yo ()

which will ensure that the functions v and w are in the appropriate classes and that
E,nB(xy, rYC AnB(x,, r). We then obtain

u(xo)—u(r) =¥, (x) + m@r)—d(r) = C[r+M,(r)].
This shows that under assumption (4.3)
o(r) = C[r+M,(n)]
for all small r=0. A dual argument establishes
@(r) = a(r)—u(xy) = Clr+M,(r)]
under the assumption (4.4). 0O



98 Tero Kilpelidinen and William P.'Ziemer

Corollary 4.2, If u is a solution of (1.2) and both s, and i, are locally Hélder
continuous with Y, =y, on Q, then u is locally Hélder continuous on Q.

In order to obtain stronger results, we modify the structure (1.1) of 4 and B
as follows so that in addition, we require

A(x,u,h)-h=0
4.7) A(x,1u,0) =0
B(x,u,0) =0

whenever u€R' and heR".
Although this structure is more restrictive, it nevertheless includes a wide class
of interesting equations. For example, the p-Laplacean

~div(|Vu]P~*Vu) = 0,

and the uniformly elliptic linear equations

Lu= —Z:_i:l (@9 (x)ug,)s,
considered in [DMV] where a¢L>. Also, the equations
—divA(x,Vu) =0

with A(x, h)-h=h|?, associated with a nonlinear potential theory [HKM] satisfy
these assumptions.
The key lemma which results from these extra assumptions is the following.

Lemma 4.3. Suppose that A and B satisfy (1.1) and (4.7). Then
(i) If d=y, in G, then v=max (u,d) is a subsolution of (1.2) in G, that is

fA(x, v, Vo) - Vo +B(x, v, Vo)pdx = 0.
for every nonnegative test function ¢.
Gi) If d=vy, in G, then w=min (u,d) is a supersolution of (1.2) in G.
Proof. Let ¢cCy(G), p=0. Fix ¢>0 and write

n (o, 257
7 =—emin|p, ——|.
Then u+n=u=y, and

(u—d)+

u+n = U—f—— = min (u, d) = .
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Thus, » is admissible for (1.2) and it follows that

OEEfGA(x, U, Vu)‘Vmin((p,gl—:s—-—

-H-:fG B(x, u, Vu) min ((p, Q—}W—] dx

A(x, u, Vu)-Vudx+£f A(x, u, Vu)- Vo dx

f(xEG:(u—d)*éup} {(x€G:(u—d)* >ep)

— +
-H:fGB(x, #, Vi) min ((p, (u—ei)——] dx.

Thus, assumption (4.7) implies

fcn{(u_d)+ o) A(x,v, Vv)-Vodx

3 u
+fcn((u—a)+ ~0) B(x, v, V) min ((P, u—a)"

Now with ¢—~0 we obtain

A(x, v, Vv)-qudx+f B(x,v, Vt)odx =0

fGﬂ{(u—d)+>0) GN{(u—d)*+=>0}

and, since by assumption (4.7), we have A(x,v,V&)=0 and B(x, v, Vi)=0 in
the set
Gnf{(u—d)t =0} =Gn{v =0}

we have
fG A(x, v, Vv)-V(pdx+fG B(x,v,Vo)pdx =0
as desired.
The proof of (ii) is similar with # defined this time as
n:gmin[q)’ﬁl—Td);]_ O

Theorem 4.4. Ifu is a solution (1.2) with structure (1.1) and (4.7), x, is a point that
satisfies Definition 3.5 with n=p—1, and ,(xo)=y,(x,), then u is continuous at
Xy and its modulus of continuity for all small r>0 and all s<r[2 is given by

o@=C [exp (—C’f:s A, (D) é)ﬁ-exp (—C’f; A,(D) —dt-t—]—le(r)-l-Mz(r)]

where
1(p-1)
Ai — (lyp[EimB(xoa t)]] i — 1, 2

nee

and where M (r), i=1,2 are as in Theorem 4.1.
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Proof. We proceed as in the proof of Theorem 4.1 and thus first prove

(4.8) %(xo) = u(xy) = %2(«%)-

Let d=d(r)=y,(E;,2r)—r and note that since d<y,(x,), we have d=<y,(2r)
for all small r>0. Consequently, we infer from Theorem 4.3 that min (u, d) is
a supersolution in B(x,, 2r) of an equation of type (1.1} and (1.2). Let f=min (u, d).
Recall from [MZ1, Corollary 4.4] that f is finely continuous at all points of B(x,, 2r).
Thus there is a set E,cCE,; such that f=min (y,,d) on E, and that

lim f(x) = f(x,).
er‘"
Then since f is approximately continuous
u(xe) = f(xo) = lim f(x) = lim inf min (1 (x),d)=d

x€E, x€Eg
and by letting r—0 we have
u(xg) = ¥, (xo).

Thus, the first inequality of (4.8) is established and the second is obtained by a dual
argument. Now let

(4.9) m(r) = sup (u—d)~
B(xg,r)
v=(u—-d)”

w=m(2r)—v

w =w+lr
where 1 is a number that dominates the sum of all the coefficients that appear in (1.1).

We now collect some often used estimates that arise when dealing with sub

and supersolutions of (1.2). Since v is a subsolution of an equation of type (1.2),
one may use @ =nPv as a test function and employ standard estimates to obtain
4.10 Cc1 PIVelPdx = m(2 P=1\Vp| |Ve]P~1dx
(4.10) Ve dy = m@n) e Vi Vel

B(xy, 2

+m(2r) [ e gy T 1V .

Also, since w is a supersolution, so is w” and because of the definition of 1 one ob-

tains the following estimate, cf. [GZ, equation (23)]:

@.11) f . Ww(x)~8|VwW (x)|Pp(x)Pdx = C’ W (x)?~8[n(x)? + |Vn(x)|"] dx
Xo»

B(xg, 2r)
for every f=1 and every nonnegative Lipschitz function n with compact support
in B(xy, 2r). Finally, we will need the following weak Harnack inequality for
supersolutions:

(4.12) inf »= c{fB

B(xo, 01)

v(x)”dx}m —C"\vep

(xoo )
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for any y<n(p—1)/(n—p) and any ¢¢€(0, 1), cf. [T]. Proceeding as in the proof
of Theorem 3.7, we let A={u>d} and since E,nB(x,, )TANB(x,,r) for small
r=>0 we obtain

m(z")p}’p [E1nB(xy, 7)]

= m(2r)"yp [AnB(x,, 1))
= f R IV (nw)|? dx

=C [fB(xo, 20 IVw]PnP+wprn|de)

= (S 2y VW11 + WPy dix)

(m(zr) fB(x 2) ,lp_lflp'ldx+l"_pf;( 2)w’dx+m(2r)i""]

(by (4.10))
m(2r)

= N —(1—9) N\P—1( (1, }(1—8)(p—1) I J
2By, s
where § is such that 1<(1-3)p<n/(n—p) and

I(r) = r""’f;(xo,zr) wPdx +m(2r)r*-?

{IA

m(2r) ”N—(1— ’ (p—1Y/
C( - (fB(x,,,zr) (W)~ =97 |Vyy l"n”dx) p—1)/p
X (f B(xg2r) (w,)(l_‘{’)(I,-l)",'dx)u‘n +I(r))

=C [ m(r2r)

[.[B(XO’Z’) (W)*?[nP+|Vn|?] dx](”'l)/p (fB(xo,Zr) (W)= 9p-Dp dx]llp +I(r)]

(by (4.11))
- m(zr) (p—-1)/ Y (p—1)fp
:C[——r e ”[f;(xozr)(w)”dx]

xre(f, oz OO dx)" + I(r)]

- ne Ny (p—1)fp A(L—8)(p—1) 1/p )
=C [m(zr)r ’ [*f;(xo, 2r) (W ) pdx] [>f;i(xo, 2r) (W ) ' ’ pdx] + I(l)]
- n-p( S(p—1\( /(1—9)(p-1)

= C(mQ@2n)r P(B(l’{:’f;) Wi )(B(lg’f;) w P~D)4+ I(r)) by (4.12)
=CmQ2r)r-"? B(inf) W)P-14+Cm(2r) l"“’(B(inf) w+C’r)P-?!

=CmQ2r)(F ) [mQ2r)—m(r)+ArP~1+/"? for O<r<1.
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That is,

(4.13)  m@HP? (”_P[E_I’;f—ff"i]] = C[mQ2r)—m(r)+ir}?~! for 0<r<1,

which implies

-l oo,

1 v, [E B (x,, 1)] Ve=1 g,
fo m(2r)( ’ l,ﬂ—p 0—] r

Now refer to [GZ, Theorem 2.7] to see that this implies the existence of constants
C, and C, such that for sufficiently small =0

’ dt
m(r) = C; exp (— G f - A T)
whenever s=r/2 and where

U(p—D
() = (LEOEC DI

As in the proof of Theorem 4.1 we have

@(r) = u(x)—u(r) = m(r)Jf'%l(xO)—%Z(Els r)+r
=C,ex [—c [ 4 (t)i’i]+M )
=L0,exp 2 f, N 7 1
for every s=r/2. This is the desired conclusion under (4.8). In case

Y1(xo) = u(xp) = _lkz(xo)

an estimate for the lower oscillation is obtained in the same way except that d(r) is
taken as

d(r) = inf (Y, (Ey, 1), Yo (29} — 1.

An estimate for the upper oscillation is obtained in a similar way. O

5. Sharpness of results

In this section we show that the Wiener conditions for the obstacles ¥, and ¥,
assumed in Theorem 4.4 are necessary for a non-trivial class of equations, including
the linear equations of [DMV]. For this we assume that 4: R*XR"—~R" is a Borel
function satisfying the following assumptions for almost every x, all A, and for
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some O<yp=Sp<co:
(.1 [A(x, )| = plhlP~?
A(x,h)-h =7y|hJ?
(A(x, hy)—A(x, hy)) - (hy—hy) =0 for - hy 5 h,
A(x, Ah) = |A|P~22A(x, h) AER.
Lemma 5.1, Suppose that p>n—1 or that p=2 and the equation
—divA(x,Vu) =0

is linear. If x, is not a p-Wiener point of 1., then there is a solution v of the unilateral
obstacle problem in a neighborhood U of ;co such that v is not continuous at x,. More-
over,
ess ]iin inf v(x) < ¥, (x,).
%o

Proof. The cases p>n—1 are proved in. [HK, Theorem 1.16]. The linear case
is done by Mosco [M, Thm. 5.2]. This linear case can be easily treated without
using Green’s function by using arguments of [HK, Theorem 1.16] and [HKM,
Theorem 3.2). 0O

Theorem 5.2. Suppose A satisfies (5.1) and that p>n—1 or that —div A(x, Vu)=0
is linear (p=2). Suppose, further, that there is a ( quasicontinuous) Sobolev func-
tion uy such that y,=u,=y, in a neighborhood U of x,. If x, is neither an upper
(p, p—1)-Wiener point for W, nor a lower (p, p—1)-Wiener point for \t, then there
is a solution u which is discontinuous at x,.

Proof. Let us assume that x, is not a regular point for Y. If u is a continuous
solution of the double obstacle problem, then - w(x)=v,(x,), (see Remark 3.8).
Thus, it is enough to show that for some solution: u

ess linlinf u(x) < ¥, (x,)-

To thisv end, let » be the discontinuous solution to the single obstacle problem given
by Lemma 5.1 with
ess lim inf v (x) < ¥ (x,).
Let u be a solution to the double obstacle problem with
u—mmin (v, uYe Wb 2 (U):
To conclude the proof, we show that u=v in U. For this, let

n = min (v —u, 0)e W2 (U).
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Then, u+n=u=y,; and u+n=min (v, u)=y,. Thus,
0= ju (A(x, Vu)—A(x, Vu)) - Vndx
=—f o<y (406 V)= A(x, V) - (Vu—Vo)dx = 0.

Thus, =0 by (5.1), thus proving that u=v a.e. as desired. O

Remark 5.3. By refining the argument of [HK] we could dispense with the
homogeneity assumption in (5.1).

6. Monotone operators

In this section we study operators that satisfy (1.1) as well as the following:
6.1) (A(x, n, hy)—A(x, 1, hy)) - (hy—hy) =0 for hy # hy
|B(x, n, b)| = pinlP~*+v.

These operators are not covered by the structure imposed by (4.7). The object of
this section is to prove the following result.

Theorem 6.1. Suppose x4 is a (p, p—1)-Wiener point for both obstacles v, and
Ya. Then, if J,(x)=y(x,) and (6.1) holds, the solution u to the double obstacle
problem is continuous at x,.

Before proving this result, we will need the following two Lemmas. Note that
since u is bounded, the operator defined by

A(x, h) = A(x, u(x), h)
B(x) = B(x, u(x), Vu(x))

satisfy the same structural assumptions.
The following is a special case of a result proved in [MZ2].

Lemma 6.2. Let weW'?(Q), w=y, (or w=,). Then there exists v€ W"P(Q)
such that v—weW,"?(Q), v=y, (or v=y,) and

-[n A(x, Vv)-V(pdx+fn B(x)pdx =0

whenever @cWP(Q), o=y, —u (or p=y,—u).
The following lemma is crucial in establishing Theorem 6.1.

Lemma 6.3. Suppose that x, is a (p, p—1)-Wiener point for \, and \, and that
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Y1 (x0)=Yo(x;). Then for each d=y,(x,),

1ime (u—d)*tdx =0

r-0 (xpo 1)

and for each d<i,(x,),
lim fB oy (4= D dx = 0.

r-+~0

Proof. We will prove only the first assertion, the proof of the second being
similar.

Let d=>y,(x,). Then, for some &=>0, y,<d—e q.e. in some neighborhood U
of x,. Furthermore, the set

E = Un{(x) = d}

is not (p, p—1)-thin at x,. Choose a compact set KcEu{x,} such that K is not
(p, p—1)-thin at x, and let G=U—K. Let w be a quasicontinuous function in
Wh2(Q) such that w—ucW"?(U) and w=d in K. Let v be the solution to the
single obstacle problem in G with obstacle ¥, and with v—weW,"?(G); the exist-
ence of v being assured by Lemma 6.2. We claim that v=wu in G. Indeed, let

n = min (v—u, 0).

Then n€W>#(G) is nonpositive and admissible for (1.2) since ¥, =u+n=y, in G.
Thus,
o=f 5 (A(x u(x), Vu(x)~ A(x, Vo)) - Vn dx

+fG (B(x, u(x), Vu(x))—B(x)ndx
=— f(m) (ACx, u(x), Vu(x))— A(x,u(x), Vo(x))) - (Vu—Vo)dx
=0.

Thus, #=0 by (6.1) and hence v=u which establishes our claim.

Now v is the solution to a single obstacle problem and is therefore a super-
solution in G of the associated equation. Since v—w€W,"?(G) and w=d in K,
it follows from {GZ, Theorem 2.2] that

Iiminfe(x) = d,

X~

whence v=y,+¢ q.e.in B(x,, r)NG for some r=0. This implies that v in fact is
a solution of the equation
—divA(x, Vo) +B(x) =0

in B(xy, 7)NnG. Now since » is a solution, we may employ [GZ, Theorem 2.2
again to obtain
lim v(x) = d.

X"Xo
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Thus,
3 + - 13 s — Dt —
11131» soupf;(xo,’) (u—d)tdx = 1111(‘)1 f;(xw) (w—d)tdx =0

which completes the proof. O

We now return to the proof of Theorem 6.1. Under the hypotheses of this
theorem, we know from Theorem 3.2 that » has a Lebesgue point at x,. The result
above implies that ,(xo) =u(xo) =y¥,(X,). Now appeal to Corollary 3.3. O
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