Approximation of plurisubharmonic functions
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Introduction

Let PSH(X), C(X), C~(X) denote respectively the plurisubharmonic func-
tions, the continuous functions and the smooth functions defined on a neighborhood
of a set XcC" Let Q be a domain in C*. How are PSH(Q), PSH(Q)nC(Q),
PSH(Q)NC () and PSH(Q)nC(Q) related? What if we replace C(Q) or C(2)
by C*(Q), C~(0). More specifically, is it possible to approximate elements of
one of these classes with elements of a smaller one.

Richberg [4] showed that for every strictly plurisubharmonic fcC(Q) and
every &(z)€C(Q), e(z)=0, there exists a strictly plurisubharmonic ¢€C=(Q) such
that O< @ (z)—f(z)<e(z). The first author, [2], exhibited a smooth Hartogs domain
D in C? and a plurisubharmonic function f on it, so that f cannot be approximated
from above with functions in PSH(D)NC(D). Sibony [5] showed that if Q is a
pseudoconvex domain with C*-boundary, then fe PSH(Q)nC(Q) can be approx-
imated uniformly on Q with ®¢PSH(Q)nC=(8). He asked if this were true for
pseudoconvex domains with C?! boundary also.

Section 1 deals with Sibony’s question. In Theorem 1 it is answered positively
for arbitrary bounded domains with C'-boundary. Our proof'is entirely different from
Sibony’s. Assuming in addition that Q is pseudoconvex, we also show that every
JEPSH(Q)NC(2) can be approximated uniformly on compact sets with
S PSH(DNC™(Q), Theorem 2. Section 2 contains an example that Theorem 2
without the pseudoconvexity assumption is false. In Section 3 and 4 we show that
if @ is a Reinhardt or a tube domain in C*, then fc¢ PSH(Q) is pointwise the limit
of a monotonically decreasing sequence ®;€ PSH()NnC™(Q).

* Supported by NSF grant DMS 8401273.
** Supported by a fellowship of the Royal Netherlands’ Academy of Arts and Sciences and
by an NSF grant.
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1. Approximation of continuous plurisubharmonic functions

Theorem 1. Let Q be a bounded domain in C* with C-boundary. Every function
in PSH(Q)NC(Q) can be approximated with functions in PSH(Q)NC>(Q), uni-
Sformly on Q.

Proof. Using compactness of @ and smoothness of 02, we can find a finite
open cover By, ..., B, of @ with the following properties: B,ccQ; for every
J» 1=j=m there exists x;€0QnB; such that for all small enough v=0:
¢y Qcc U;Lo B;

where -
Bj,v = {Z = C+an, CEBJOQ},

with n;, j=1, the unit outward normal to dQ at x;, while n,=0; and finally,
2 distance (92, (02N B))+vn;) > 5 v

Then for every 0=j=m we can find possibly empty compact sets K; ;, k=#j such
that K;,CB, and 9B;nQclJ;_ K; . Put Ki=U, K;; KCCBy. Let
k

#J

d= mkin distance (K, 0B,).

For every k there exists y,€C™(B,) with —1=y,=0, x,(2)=0 for distance (z, K)<
%d, while y,=-—1 on dB,.
Now let fc PSH(QNC(Q) and e>0. Put f(2)=f(z)+elz|2. There exists
1o(e)=0 such that for 0<#n<n, the function
Jion =Fnz

is continuous and plurisubharmonic on B,nQ. We define Ji,g=—o° outside
B,nQ. Now we set

3 2,(2) = max f; ,(z=vm,).

Of course, g, also depends on ¢, . We will choose v later, but at least O<v-<d/4

and so small that (1) is satisfied. Note that (1) implies that for z€Q there is at

least one k such that z—vn, € B,nQ. Now g, will approximate f. For 2z€Q
1f(2)—g&.(2)| = f(z2)—max fi,,(z—vm)|

= [f(2)— Jea(z—vn)| = n+eM+|f(z)— max  f(z—vn)l,

k,(z— vnk)€ﬂﬂE
where M =max {z[2. In view of the uniform continuity of f on Q, the last expres-

sion can be made arbitrarily small for #, ¢, v small enough, independently of z¢€ Q.
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We will now show that given &>0, 0<n<#,(g) the function g, will be pluri-
subharmonic and continuous on a neighborhood of Q if v is small enough. By (1)
and (2) we can find neighborhoods Q,, O<v<v,, of @ such that Q,cUT_,B;
and Q,n((0QNB;)+vn;)=0 for every j.

Any z€Q, belongs to at least one B, , and may be in the boundary of some
other B ,. Observe that z€ Q,n3B; , implies that there exists k such that z—vn;€K,,
hence B(z, v)<B,, as v<d/4. Therefore

Sin(z—vny) =f(Z—an)”“"l = fon(z—vn)—n =fi ,(z—vm)~1
+f(z—vn)—f(z—vn)] = fr.o(Z—vm)—1n/2,

if v is small enough, by uniform continuity of £ We conclude that for z€Q,, v
small enough, the maximum in (3) is already obtained by taking only those % into
account, for which (z—vm,) is an interior point of B,. Hence g, will be continuous
and plurisubharmonic on Q,. Finally, approximate g, with g/¢ PSH(Q)nC=(Q),
by convolving g, with a suitable approximate identity. [

Remark. N. Sibony observed that the proof of Theorem 1 also gives the fol-
lowing result.

If a continuous function f on a compact set X C" has the property that for
every &=0, zEK there exists a neighborhood U of z and a plurisubharmonic func-
tion h on U such that [h—f|<e on KnU, then fis the uniform limit on K of smooth
plurisubharmonic functions defined on a neighborhood of K.

A contimuous plurisubharmonic functions ¢ on a domain Q< C* is called a
bounded plurisubharmonic exhaustion function if

a) p(2)=0 vyz¢Q,
b) @ ={2¢Q: p(z)<c}cc Q if ¢=0,
C) ‘Q = Uc<090'

K. Diederich and J. E. Fornaess [1] and later N. Kerzman and J. P. Rosay [3] showed

that such functions exist for bounded pseudoconvex domains with C2, respectively
C? boundary.

Theorem 2. Let Q be a bounded pseudoconvex domain in C* with C1 boundary.
Every function in PSH(2)NC(8) can be approximated, uniformly on compact sets
in Q, by functions in PSH(Q)nC=(Q).

Proof. Let ¢ be a bounded plurisubharmonic exhaustion function for Q. Let
K.={z€Q; ¢(z)=—¢}. It will be enough to show that the approximation is possible
on every K., £=0. Let fE PSH(QNC(£2). Let o, =¢+3¢/4, then ¢,=—¢/4 on
K, and ¢,=¢/4 on L,=K ,—K,,. We can find N>0 such that

Jfe,n = Max(f, No,) on K.
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satisfies f, y=f on K,, f,x=Ne¢, on L,. Then f, y extends to a continuous pluri-
subharmonic function on Q by setting f, y=Ng, outside K,,,. By Theorem 1 we
can approximate f; y uniformly on @ by functions in PSH(2)nC>(£2). Hence f
can be approximated by such functions on K,. [

2. An example of non-approximability

We next give an example of a bounded domain with C™ boundary in C?, which
shows that Theorem 2 without the pseudoconvexity condition is false.

Example. Let
Q = {(z, w)eC?; [w—e? D2 < £(2])},

where r and ¢ are as in the figure, that is r€C”(R), —1=r=2 such that »(#)=0
if and only if ¢t=1 or =17, r(t)=2 for t=2,9,16, r(t)=1 for 3=r=8, 10=
=15, r'(1)=2, r'(17)=—2 and ¢cC~(R) such that

oty <—n/2 for 1=4, t=14
p(=+n/2+100  S=1=6, 12=1=13

() <—n/2+100 for 7T <1t< 10,

100+m/2

100-n/2
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Clearly Q is invariant under (z, w)—(ez, w), i.e. Q is a Hartogs domain, Q has a
smooth boundary, as the gradient of the defining function is non-vanishing at the
boundary.

For fixed z,, Qn{z=zy} is a disc with radius (r(lz|))¥* and centered at
€'®Uz), When we vary |zy| the disc will spin around w=0 with varying radius.
The annulus

A={(z,w): w=0, 2= |z = 15}
is contained in Q. The circles C,={w=0, |z]=2}, C,={w=0, [z[=9}, C;=
{w=0, |z|=16} lie compactly in Q.

On Qn{3<|z]<8 or 10<|z| <15} there exists h(z, w), a continuous branch of

arg w, such that
0(2)—7n/2 = h(z, w) = ¢(2)+7/2.
Define

filzzw)=0 on @ {|z]<4or |z|] >14}=Q,

fa(z,w) =max{0,h(z,w)} on @ {B3<|zl<6or12<]|z]<14} =0,

fa(z, w) = max {100, h(z, w)} on Q@ {5<]|z]<8 or 10<|zj <13} =4

Silzzw) =100 on 7T<|z|] <11 =4,.

The functions f; are plurisubharmonic on ; and fi=f; on 2,NQ; so f(z, w):=
fi(z, w) for (z, w)€Q, is plurisubharmonic on Q.

If g is plurisubharmonic on a neighborhood of @, then the restriction of g to
the annulus A4 is subharmonic. Now |g—f|<1 on C;, C, and C; is impossible,
because then g would violate the maximum principle on 4. Hence f cannot be approxi-
mated on compact sets by functions in PSH(Q).

3. Smoothing of families of subharmonic functions

In this section we study the behavior of families of subharmonic functions
on domains in C when convolved with Lebesgue measure of a finite interval.
For Q a domain in C, let SH(Q) denote the set of subharmonic functions on Q.

Let 0<R<1/4, I=(~1/4,1/4), c=%. Let
Tl
F = {eeSH(IHNC=(IH): —1=¢ <0
and
¢(2) = ¢ [ 4p()log|z—{| d{ A dl, supp dp < —(R, R)?}.

Fix O<e<I1/4—R. Let _
' Z,={¢.: 0eF),
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where (pe(z)zz—lefi @(z+1)dt, and let

fi(z) = —218- f ;log |z+1| dt.

Lemma 1. For £>0, f.(z) is a continuous real valued function on C. Moreover
f.(@)—log|z| is bounded from below independently of ¢ and tends to O as z—oo.

Proof. One computes directly, putting z=x+1y,

x+e

(2= —418— [(x—i—s) log (x+8)?+y*)—2(x+¢)+2yarctan

—(x—¢)log ((x—s)2+y2)+2(x—a)— 2y arctan x;s ]

The arctan terms are defined as 0 if y=0. Now continuity of f,(z) is obvious. Note
that f,(ez)—log |ez|=f,(z2)—log |z|. Hence for the second part of the lemma we
only have to consider f;(z)—log|z| and the result is immediate. [J

Lemma 2. For every ¢>0 Z, is equicontinuous on I*,

Proof. Pick €% z,z’€1?, then

qoe(z)—qog(z'):g;c [ de@dadlf LIOg[__I'Z—Cﬂl ] u

Z={+1
=cf . _ 40O (=0~ D) AL ndL.

Jgl<1

We have
0=cf,_ o) dindL = Viog(14V2)e [ dp@logltl di ndl
= @(0)/log(1/4Y2)<2/log8, independently of ¢, because ¢(0) >—1.
Now the result follows from Lemma 1. O

Lemma 3. For every n=0 there exists &>0 so that if O<e<g, p€F and
z€I?, then ¢, (2)=@(z)—n.

Proof. Computation gives
0 (D—0p@)=cf

Fix 6=0. For some ¢=1, [fl(z)-log Iz||<5 if |z]=¢ and also [j;(z)-log lz||<6
if |z|=ep, by Lemma 1 and the note in its proof. Hence,

p.@D—p@=cf __ Ao@Q)=d+ef . Ap)=O),

Ap)(f.(z—0)~log|z—{]) Al ndl.

gl=1
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where —C is the lower bound given by Lemma 1. We choose 6=>0 so small that
cf cer 498 < /2, uniformly in .
Next choose €=0 so small that log|z—{|=—-2C/y if |z—{|=ge. Then
0= =—n/2+n2¢ [, ApQlog|z—ld{ndl =—n. O

Let A={o;<|z|<@,}=C and S={z: g;<Im z<n,}. Let &, F be the sub-
harmonic functions on A, respectively S with values in (—1,0). For £>0 put
Fi = 0., 9€F},

1 pe i9
where (p”(z)z—ﬂf_s(P(Z‘e ) df and

F§ = {0,, 0€F5}

1
where Qo= f2. o+t dt. Let K, be compact in A\{0}, K, be compact in 4,

K; be compact in S.
Proposition 1,

() The families ||y, F|x, are equicontinuous.
(i) If e=0 is small enough, ©cF, respectively F5 and zEK, respectively
z€K;, then ¢.(2)—@(2)>—1.

Proof. First we reduce the case of the (degenerated) annulus to that of the
strip. Consider the holomorphic map F(w)=e ™=z, w=u+iv, z=x+iy on
8={ln g;<v<In g,}. Here In g, is interpreted as — oo if g,=0. Let Gy be the
family of subharmonic functions on S of the form Y =g@oF, pc %,. If po FE Gy then

@)W =5 [ 0=+ db = (poF),(v).

In view of the periodicity of functions in Gy equicontinuity of £, x, Will follow

from equicontinuity of %7 k,» Let R be an open rectangle such that K;cRcCS

and let g be Green’s function for R with pole in wy€ K;. Let M= max (—gWw))<0 and
w 3

. 1 1 ~ .
.ﬁf}:{max (ﬁg, —2—(qo—-1)]: (pegfs}. It will be enough to show that Fglg is

equicontinuous, since the functions in 9':R are harmonic on R\ {—g=M/2}, this
follows from Lemma 2 applied to scaled smoothings of elements of %y.
Next (ii) follows in the same way from Lemma 3. [
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4. Smoothing on tubes and Reinhardt domains

We will show that on tube domains and on Reinhardt domains every pluri-
subharmonic function can be approximated pointwise and monotonically from above
by C*-strictly plurisubharmonic functions.

For ¢ a plurisubharmonic function defined on a neighborhood of z¢C" and
e=(g, ..., &,), &>0 small enough we put

&

1 £n . .
¢.(2) = e . f—a @(z, €%, ..., z,e%) db,... do,
]cu- n n

—&

and

51

o2 = 2"g .8, Y —2

fins q)(zl"{’tls [EET) Zn'Jf'tn) dln dtl‘
Lemma 4. Let  be plurisubharmonic in a neighborhood of 0 in C'(zy, ..., z,).
Fix e=(eg, ..., &,), §>0. Then Y (2)-y () as z—0.

Proof. By upper-semicontinuity of i, @lﬁa(z)éll/(O). Suppose the lemma
does not hold. Then Y (0)>— < and there exist z?—+0, §>0 so that

) () < Y (0)—0.

Let Y(2)=VY(q,... (), then ¥ (2)=¥(z, ..., |z,]) is monotonically increasing in
each variable and § (0)=y(0). But (4) and upper-semicontinuity give

1
@n)"

1
= @ny ( f{—e,el" +f[—n.n1"\[—e,a1")

_ ey (@~ Qey) (¥ (0)+1/25(5))

= PO~ ()

for all large enough j, a contradiction. []

T () =

2 2 o s o s
fo" fo".//(z;ﬂewx, ey 2D ) dO; ... d6,

Lemma 5. Let Q be a tube or a Reinhardt domain in C" and let ¢ be a nonnegative
plurisubharmonic function on Q. Let K be a compact set in Q. Then there exists a
sequence {(,, .} of continuous plurisubharmonic functions on Q such that ¢, V¢ point-
wise on K.

Proof. If Q is a tube domain we will use ¢* to approximate ¢, while if Q is
Reinhardt, we will use ¢,. The proofs for both cases are similar, but the case of the
Reinhardt domain is complicated because of the “‘degeneration” of ¢, at the co-
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ordinate hyperplanes. We will restrict ourselves to the case of Reinhardt domains.
Fix e=(g, ..., &,), §>0. We show at first that ¢, is continuous on Q. Pick z°=
@, ..., 2)€ Q. We can assume z9=(z}, zg) where zj=(2}, ..., z0), 2o =(20 11> ---» Z5)
where 0=k=n, 2}#0 if j=k, 2}=0 if j>k. Let ;z=(;z, z") be a sequence
tending to 2°, z’¢ C¥, z2”€C"", and let ;w=(z;, ;z”). We have

Pe(W)—.(j2) ~0 as j—eo,

by repeated application of the equicontinuity part of Proposition 1. Hence it suffices
to show that
@.(;jW) >~ @.(2°) as j oo,

By Lemma 4 we have for fixed (0, ..., 6))

1 g g
k+1 n 0 ,if 0 ,i0, ” i0 7 0
B T T f (296, ..., z0€"%, ;21 1€, ..., ;2 €9)d0,...dO) 41
8k+1 P 8,, —& 41 —&,

- (e, ..., 20e%, 0,0, ..., 0).
So Lebesgue’s dominated convergence theorem gives
(De(jw)
1 e g g £, . ” i
! ..f_"ek( T o(Re™, ., 2y ™) dB, ... dOy 1) dO ... dB

= — .
2 €1...8, Y — 41 Y e,

1 &

> 2 oA e A0, L, 0) by .. dBy = 9,(),
e &y %
as j—»oo,

The mean value inequalities clearly hold for ¢,, so we have shown that ¢,
is a continuous plurisubharmonic function. Next let n=>0. By repeated applica-
tion of Proposition 1, if ¢, ..., g,=¢&(n) for small enough &(y), then

; ¢ (2)+n > @(z) for each zcK.
Also, by upper-semicontinuity of ¢, Tsi"n-z) ¢, (2)=¢(2). Now pick a sequence
1. \0 and corresponding &"={e}, ..., &'} =¢(n,,) and let
(pm(z) = (Pa"'(z)+’7m'

Now a suitable subsequence Do, will approximate ¢ monotonically from above
on K.

Theorem 4. Let Q be a Reinhardt domain or a tube domain in C" and let ¢ be
a plurisubharmonic function on Q. Then there exists a sequence of C= strictly pluri-
subharmonic functions converging pointwise, monotonically, from above to ¢.
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Proof. First assume ¢ is bounded from below. Let {K,}-_, be a sequence
of compact sets in Q such that K, cint K,,,;, U7 K,=2. For each m there exists
a sequence {@, ,}==, of continuous plurisubharmonic functions on  with ¢, ,,\

on K,,, by Lemma 5. We now produce a new sequence: For each m, let n(m)=>m
be so large that

1 .
(P"(m),m - (pm’1+m on KJ, J= 1, vees M.

This is possible because by Dini’s theorem max (¢, ,,, ¢, ;) converges uniformly
to @y, ; on K; as [—oo,

Let @, =sup,=x Pnemy,m- We claim that ¢, is continuous and plurisubharmonic
on Q and that ¢, \ ¢. Infact we only need to show that ¢, is upper-semicontinuous.
Pick z€Q, 6=0, I=k so that z€int K;, 1/I<d. Assume m=n(l) and wcKk.
Then

1
(pn(m),m(w) = qom,l(w)+'1?; = (Pn(l),l(w)+6~
Hence
1}1}3 (pk(w) = ( max (pn(m),m(z)) v ¢n(l),l(z)+5 = Py (Z)+5'

k=m=n(l)

For general ¢ let ¢} \\max (¢, —N) as k—oo. For each m let n(m) be so
large that

R | .
Plym =< (P{n+7 on K;, j=1,...,m
Form ¢,=max,=; ¢, and repeat the previous argument.

To obtain strictly plurisubharmonic functions we put

I
Fu(D) = ol I+

By Richberg’s theorem [4] there exist C=, strictly plurisubharmonic functions
such that
. 1
0= Ye(D—Gu(2) = 77
Then {Y,(z)} forms the required sequence. 0

5. Approximation on Reinhardt and tube domains in C*

In this section we will prove that a result similar to Theorem 2 holds for tube
domains in C% Reinhardt domains can be treated similarly. The proof will be
based on some lemmas. Let D be a bounded domain in R? with C2-boundary and
let G be the tube with base D, i.e. G=DXiR% We will call a boundary point x
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of G (strictly) convex if and only if its projection on the base is a (strictly) convex
boundary point of D and similarly for (strictly) concave boundary points.
We split the boundary @D of D in three disjoint parts:

oD = Sex v Sceu Fli,

where Scx denotes the strictly convex part of D, Sce the strictly concave part of
oD and Fit the flat part of 9D, i.e. Fli1=0D\(ScxuSce).

Lemma 6. Let G be a tube domain and f a plurisubharmonic function on G. If a
is a strictly concave boundary point of G, then f is bounded from above in a neigh-
borhood of a.

Proof. By an affine change of coordinates we can achieve that a=(0, 0)€ C?
and that 9D at (0, 0)¢R? is parametrized by (7, @(?)), where ¢: [-2,2]-R is a
C2-function with

»(0) =9 (0) =0, ¢"()<-1,

so that Dn[-2, 2] X[—10, 10] is given by x,=¢(x)).
Consider the family of complex discs 42: {|A|<1}—~C?, associated to a

A50) = (A, —222+¢), O=e=<1.

To b€AG, |ib]<1 we associate a similar family {4’} obtained by translation and
rotation of {4%}. The boundary of such a disc has distance to dG=1/4. It is then
clear that Ud4? is contained in a compact subset K of G, while uA4? contains
a neighborhood N of a in G. By the maximum principle for subharmonic functions
applied to foA? it follows that fis bounded on N by its maximum on K which is
finite.

Lemma 7. Let G, f and a be as above and assume that f is continuous on G. Let
L be a complex line tangent to a. Then f|; extends to a subharmonic function in a
neighborhoad. of a relative to L.

Proof. Without loss of generality we can take a=(0, 0), L={z,=0}. Observe
that f is subharmonic on L\ {Re z,=0} and by Lemma 6 bounded on a relative
neighborhood U of (0,0). There we define f(iy, 0)=: limsup,.,;, f(z, 0). Clearly
f(z,0) is upper semicontinuous on U. We have to check positivity of the La-
placian 4, f(z, 0) in distribution sense at z=0. Let ¢ be a nonnegative test func-
tion on U. Then using Lebesgue’s dominated convergence theorem we have

[40@1(z,0) = [lim 49(2)f(z u) = lim [ do()f(zw)=0. O
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The following lemma is very similar to Lemma 2 and Proposition 1. We will
consider complex lines in G of the form

3) L:{—~(al+b,cl+d), (¢R, a,cER, b,deC, a®+ct=1,
where R is the square [Re{|<C,, [Im{|<C,. With fa plurisubharmonic function
on some tube domain, recall that f, was defined as
1
4e, &,

Lemma 8. Let f, f, and R be as before and let L be a collection of lines as in (3).
Suppose that f is bounded from below and that for L%, L(R)c{DuSce)X
i{lImz[<M}. Then for every compact subset K of R, {f,oL(Q)} .o Is an equi-
continuous family on K.

[0 [ flatit, zy+is) deds.
—& vV &

Proof. Fix L. By a Euclidean coordinate transform L({) is transformed
into {—~(( 0). In view of Lemmas 6 and 7 f({+is, it) is a bounded subharmonic
function on R, while the bound is independent of the choice of L and of ¢, s<
max {¢, &). We can assume —1=f=0 on R and by enlarging R in the imaginary
direction, K+i[—2]ell, 2fje[lc{¢: g, 0)=m=>0}, where g is Green’s function for
R. As in the proof of Proposition 1 we introduce f~ by

f~ (Zla Zz) = max {f(Zh Zz)_ ls —*2g(21, O)/m}

It will be sufficient to prove the Lemma for /™. In fact we only have to consider
potentials of the form

F(+it, is) = chA,,f~ (n+it, is)log |t —n) dn A di.

Now we continue as in Lemma 2, keeping in mind that as a consequence of the
coordinate transformation, the ¢, s-domain of integration becomes a parallelogram
P=P; in the plane and is given by

P={(t,5): teI(s), s€I},

where I and I(s) are intervals of length =2{¢], depending on L. All P, are con-
tained in a fixed compact set determined by .. Now by Fubini’s theorem

4, 82(1:5(§]9 0)—F (e, 0)) = fP F(y+it, is)—F({p+it, is)dt ds
= [ ¢ [ Anf~ (i, is)(log 1Ly —nl —Tog [{o—nl) dn A dij dt ds
= [l Af~(is) [ (Goglls—n-tifl—log|ty—n-+id) dtdn A di ds.

The inner integral can be computed explicitly, compare Lemma 1. It follows that
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for ]{;—{,] small enough the inner integral is uniformly small, independent of
neER, s€I. The proof now ends as that of Lemma 2. O

Lemma 9. Let G, f, f.(z) and a be as before and assume that f is bounded in a
neighborhood of a, then for all small enough ¢ f, is continuous at a.

Proof. We may assume a=(0, () and the same parametrization of 9D as in
Lemma 6. Let ,z=,x+,y€G~ tend to a. Because f, is a convolution in the fiber
direction, f;(,z2)—f,(,x)=0(,z—,x) and we can assume ,y=0. We now consider
two cases:

If ,x,=0 then

6= O = 11 Gxr, w¥2) =18, 2| + [ (8, wx2) —/(8, O +1£(8, 0)—f(0)],

which becomes arbitrarily small if § is close to 0 and # is big enough, using Lemma 8
and the continuity of £, on G.

If ,x,=0 then let ,b be the point on ¢D which has minimal distance to ,x
and L" the line through ,x parallel to the tangent of 8D at ,b. Let ,c be the inter-
section of L” and {x,=0}. Then |[x—,c|=[,x| and |.c|=|,x| by concavity, and
application of Lemma 8 to the family {L"} gives the result. [J

Lemma 10. Let f be a continuous function on a convex open subset U of R".
Then there exists a convex function h on U with h=f.

Proof. We can assume f=>0 on U. Let ¢ be a convex exhaustion function
for U, i.e. ¢ is convex, K,:={p=c}ccU for every ¢¢R and U=u_K,. Replace
¢ by max {g, 0} if necessary. For every m, m=0, 1, 2, ... we define

0n(¥) = (max {f(x): xEK,+2})(0(»)—m).

Now we take h(x)=sup {¢,(x): m=0,1,2,...}. On any of the K; we only have
to consider finitely many ¢,,, hence 4 is well defined and convex. On K, ,\K, 11
we have ¢,=f, so h=f. 0O

Lemma 11. Let M be a compact set in the relative interior of Scx. Also, let f
be a continuous plurisubharmonic function on G. If F is a compact subset of G, then
there exists a plurisubharmonic function f~ on G such that f’|g=f and f~ is con-
tinuous on GU(M XiR?). If KCOD\M and fis in addition continuous up to KXiR2,
then so is f~.

Proof. We can assume f=0 on G, replacing if necessary f by max { f, m}—m,
where m=min {f(2): z¢ F}. If Scx=0D, then the technique of the proof of
Theorem 2 readily gives the result. From now on we assume Scx#0D. It is con-
venient to consider Scx connected at first,
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There exist an &>0 and finitely many strictly convex subsets C; of D con-
tained in slightly larger strictly convex sets B;, which are not contained in D,
such that

M ={/; interior (MndB;), interior (MndB;) cc interior (MnIC})

and
{xeD\C;j: d(x,C;) < ¢} cC B,

where the interior is relative to @D. There exist bounded convex exhaus-
tion functions g; for B;. We multiply g; with a positive constant, so that g;<-—1
on {x€D\C;: d(x,C;)<e}. We take h;=max {g;, —1} on C;, and extend it
as —1 on D™\C;. Now put h*=max h; and consider it as a function on G~.
Next we set ¢=—1/2max {h*(z): z€F} and h:=h*+c; his a continuous convex,
and hence plurisubharmonic, function on G=, h=c on a relative neighborhood of
MXxiR? in 0G, h=—c on F.

We can find a curve I’ in contained in D except for the endpoints p,, p, which
are on Scx\ M, such that the arc determined by p;, p, in Scx contains M. In addi-
tion we require that I'c {h>c/2} and that at the endpoints I" consists of straight
line segments [;:=(p;; q;], i=1,2, which are orthogonal to Scx and so small
that the line passing through ¢; and perpendicular to I; will meet Scx before it meets
any other point of 9D, if traversed from ¢, in any direction. Let G; be the component
containing G;XiR? of the subset of G which projects orthogonally onto I;XiR2;
let P. be the projection. In addition we can take the I; so small that G,nG,=0.
That all of this is possible is a simple consequence of the strict convexity. The set
G\I'XiR? consists of two components, G* containing F and the other one, G2

Let I} be a line segment in D strictly containing I;. We apply Lemma 10 to f
restricted to I/ XiR2 This furnishes a convex function ¥;=f on I/XiR% We
extend ¥; to G; by y;(z):=y/(B(z)). The functions ¥; will be continuous on
G, \(p;XiR?. Let I;=I\([;ul}) and let

1(y) = max {i; (g1 +p), ¥2(gs+y), max {f(x+iy): x€I5}}+1

on R2 Lemma 10 gives a convex function ¥;=# on R% We will view ¥, as a func-
tion on R2XiR? by Y,(x+iy)=1y,(y). Next we define a function ¥ as follows:
on G; put Yy=max {i;, ¥,}, i=1,2, while on G\(G,UG;) we set Yy=y;. Ob-
serve that by definition of /5, W;>; on bG;nG. Hence ¥ is a convex function
on G and ¥ is continuous on G—\({p;, .} XiR?). Obviously y=f on GXIiR>

Now f~ is constructed as follows: we can find a positive constant ¢ such that
Y+ch<f on F. Also y+ch>f on GXiR2% Hence the function f~ defined by
f =y+ch on G? and by f~=max {f,y+ch} on G\G? satisfies the require-
ments of the lemma.

If Scx is not connected, then M might consist of at most finitely many com-
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ponents. For each of them there exists a function like ¥ +ch. The maximum of
these functions should be used instead of Y+ch in the preceding paragraph to
obtain £~ in the general case.

The second assertion is obvious since % is continuous and the functions ¥;
will be continuous up to KXiR? if fis. O

The next theorem is the main result of this section. In the proof the methods
used in Theorem 1 and 2 are combined.

Theorem 4. Let G be a tube domain in C* with C2-boundary as above. Every
function in PSH(G)NC(G) can be approximated uniformly on compact sets in G
by functions in PSH(G)nC(G™).

Proof. Let F be a compact set in G and f¢ PSH(G)nC(G). Replacing f by
max {f, min {f(z): z€ F}} if necessary, we can assume that f is bounded from
below. For ¢ small, f, will be uniformly close to f on F, hence it will be sufficient
to approximate f,. By Lemma 6 and 9 f, is continuous up to the strictly concave
boundary points of G.

Since D~ is compact and 9D is smooth, there exists a finite open cover {B,, ..., By}
of D~ with the same properties as the cover used in the proof of Theorem 1. We
will use the same notation as in Theorem 1. We can arrange that the cover has the
additional property:

4) For j=1,2,...,m, dB;nbD C Scxu Sce.

Here we used that the normal of a C2-curve in R?2 remains constant along com-
ponents of the flat points. For all small enough 7, (4) remains valid for B; ,:=B;+vn;
instead of B;, more precisely, there exists v,>0 such that

{3Bj,vnaD’ j = 19 2’ cees ma 0 é V=< Vo} C Mo [ intMl,

where M, and M, are compact subsets of ScxuSce. There exist compact
sets K, K, and functions y, with the same properties as in Theorem 1. Let
R=max {||y|: x+iycF}. Let B={|y|<3R}, B;=B;XiB, B;,=B; ,XiB, K=
=K,+iB, K; ,=K; , XiB and y,(2)=y(x).

We use Lemma 11 to modify f, above M:=M;nScx. This yields a plurisub-
harmonic function & with h=f, on F and h is continuous on G up to M XiR?u
{strictly concave boundary points}. Now we can copy the proof of Theorem 1
verbatim for h, using B;, B; , etc., and observing that in Theorem 1 we really needed
the uniform continuity of f only on a small neighborhood relative to 2~ of the
K;,i’s. This then yields for arbitrary §>0 a continuous plurisubharmonic function
h” defined on a neighborhood of D~ XiB, with |h—h"|r<d. However, similar
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to (the proof of) Lemma 10 there exists a convex function %(y), such that x<h
on F, but x>h" on D~Xi{|y|=2R}. Hence the function g=max {h~,x} for
Iyl<2R, g=h~ for |y|=2R is continuous on a neighborhood of G~ and approx-
imates f on F. One can now smoothen g by convolution as usual. ]
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