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Introduction

The theory of (constant coefficients) singular integral operators, developed by
Calder6n and Zygmund, has been extended [6] by R. Fefferman and Stein to the
product spaces R*XR™. The point is to deal with kernels K(x’, ") that cannot be
written in the form K; (x) - K3 (»)’ for otherwise the boundedness of the corresponding
operator can be easily obtained by an iteration argument.

In [10], among other things, we proved the boundedness in L, (TXT), l<p=-ceo,
of a variant of the double Hilbert transform H, where the convolution kernel could
not be factored out and moreover it was a variable coefficients one. Roughly speaking,
such a variant was defined as follows

1 4 r 4 ’
M H SN = [ oen 7757 [E—%0 y=y)dx dy

where for every fixed y€T and for every integer k=0 the region R,CTXT has
the following property: R,n{(x", y"): |x’[~27]}={(x’, y): Ix'|~27% |y'|=d(k, »)},
with 0=4(k, y)=1 and except for that arbitrarily chosen. This makes the action of
H, on the ’ variable closer to the action of the maximal Hilbert transform than to
that of the Hilbert transform itself. (The cut off of the domain of integration given by
ny(x’, »’) was actually smooth.) We also would like to mention that H, has been
introduced to deal with some operator that arise in the study of a problem of almost
everywhere convergence of double Fourier series [11]. For this application it is indis-
pensable to study the maximal operator A « defined by

1 ’ ’ ’ /.
f(x,,y)eRwa(x—x, y—y)dx dxy
|x|=2— %0

A, f(x,y) = sup

ko>0
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and to prove not only that it is bounded on L, but also to control it pointwise from
above. We did so by proving

(2) ﬁ*f(x’ y) = C{M1ﬁ2f(x» y)+M1(H*f)(x’ y)}

where M, denotes the Hardy—Littlewood maximal function acting on x” and #,
denotes the maximal Hilbert transform acting on y’.

In this paper we extend the mentioned results for H, and H, to the case in which
the product domain is R*XR™, by introducing variable coefficients opera-
tors T defined as in (1) but with 1/x” and 1/y” replaced by the kernels K®(x")=
Q,GH/Nx" and KO()=2,(3")/]y]|™ that define the classical singular integral
operators, that commute with dilations, in R" and R™ respectively. It should be stress-
ed thatagain we have no assumptions of regularity on the dependency of the resulting
convolutionkernel K(x’, y’, ¥) upon y, which is a fairly unusual situation. By a combi-
nation of the techniques of [6]and [10] we are able to prove estimates, in certain in-
stances, more refined than those in [6] (compare our Lemma 1 with (2.4) of [6]) by
means of which we prove the boundedness on L,(R"XR™) of the operators T. This
is done in Part 1.

Recently R. Fefferman in [5] gave a simple condition for a bounded operator on
L,(R"XR™) to be bounded from H,(R"XR™) to L,(R*XR™), O0<p=1, and from
Llg L*®" to weak-L,. He also proved that the operators of the class considered by
Journé in [13], which includes to a large extend the class studied in [6], satisfy his con-
dition. In Part II we prove that our operators too (which do not belong to the class
stadied in [13]) satisfy R. Fefferman’s condition.

In Part IIT we prove a pointwise estimate from above, like (2), for the maximal
operator T. Let us observe that such an estimate is weaker than the one known for H,
the standard maximal double Hilbert transform, where the supremum is taken over all
possible independent truncations of [x’| and |y’|, and which reads as follows

3 ﬁf(x: )= C{Mlﬁzf(x’ J’)+M2ﬁ1f(x: »)+ M M, Hf (x, y)}.

It should be said though, that it seems unlikely that an estimate like (3) can be proved
in our case, due to the potential high irregularity of the dependency of our kernel
upon y, that we already pointed out. Moreover, we will show that both 7 and T
satisfy weighted norm inequalities. Finally, we observe that the techniques so deve-
loped give similar results for other operators as well: see Theorem 2, 6, 8.

We wish to thank Professor R. Gundy for a useful suggestion. We also thank the
Institute for Advanced Study for its hospitality during the preparation of this work.
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Part I

On the kernel K®(y), ycR™, we are going to make the same assumptions satis-
fied by the kernels that define singular integral operators that commute with dila-
tions [12] and we will have somewhat stronger assumptions on K®(x), x€R"
Let us suppose that KO(x)=0Q, (x)/|lx]|* and K®(3)=2,(»)/Iy|™ such that Q, are
homogeneous of degree zero and furthermore satisfy the following conditions

(2) [ @1(x)do = 0;
(a0) S0 de =0

where do and dg are the induced Euclidean measures on the unit spheres S$*! and
Sm—l;

(b1 f i-' m—lé@dé =2~ for every integer r=0;
1 wy(9) ,
(by) f 246 <eo, where ()= sup |2,(x)—Q,(x"))
o 0 123
Ixll =1l =

and w, is similarly defined.
Now let ¢(x) be a C* function, radial and supported on {x: 1/2=| x| =2} such
that
L@ =3 o =1 x#0.
We writs :
KOG =377 K@) = 3, KP ).

k= —co

Suppose that to every pair (k, y), k€Z, y€R™ there corresponds d=4d(k,y) with
0=6(k, y)=c and then for gin L,(R™) let

T®g(p) = [KP()e(r—y)dy';
T2 = [KP g~y dy’

where K®(")=K®()tyy15(). Foreveryf in L,(R"XR™), 1<p<ee, and with
d=08(k, ¥) we define the variable coefficients operators

T f(69) = [ Suseram KOG [, K@) f(x~x, y—y)) dx’ dy’

2=y’ I =N,

where &=(¢,, &), 0<¢g<2 and N=(N,, N,), N;>2. We are going to prove the
following

Theorem 1. In the assumptions listed above there exists a constant A, depending on-
Iy upon p, the dimensions n, m and the constants that appear in (b)) and (by) such that
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Jor l<p<oo

(a) ”Ta,Nf”y = Ap ”f”p;
() lim,., T, yf=Tf exists in L,-norm and |If | ,= A4, fl,.

N>oo

Remark 1. We used sharp truncations to define K{? but the theorem holds as well
for smooth ones. This was the case in [10] and in the application [11].

Remark 2. Conclusion (a) of the theorem holds for more general operators than
T®, namely for all bounded operators, that we still denote by 7@, for which the fol-
lowing estimate on the maximal operator

75 (2) = (2) F ’ ’
Togp)=swl|f K90, )50 dy]

is known: T®g(y)=c{M,T®g(y)+M,g(»)}. They include the variable coefficients
operators defined by ‘“‘Calder6n—Zygmund kernels” following the definition of
Coifman and Meyer [2] Chapter IV and the maximal partial sums or Carleson

operator

= &N
Ce) = [ ——e0~ady
{31, [7], and [9].
‘We shall make use of the following S-function studied in [6]. Let i be a nontrivial,
radial, C=-function on R” supported inside the unit ball, with [ ¥ (x) dx=0. Let
Ys(x)=s""Y(x/s) for s=>0. Define for fcL, (R")

SEFG) = [T Wk f R
then
@ I fle =18yl = )l flps 1 <p <o
We shall also need the following technical lemma.
Lemma 1. If k,r¢Z and s~27" (i.e. 27" 3=s=2"") then
W KD % f(0)] = ¢, 27" My f().

Proof. Clearly the convolution ;% K®(x) is supported inside {x: x| =102-"}
if 277=27% and inside {x: (27%/10)=|x[|=1027%} if 27%=2"". Now we are going
to estimate the values that such a convolution takes on. First assume that 2=7=10 27*,
It is easy to check that || Vifg(x)]| =c2¢ V", Therefore using (a,) we have that

Wk KD () = | [ KO @y (x—u) — §,(0)] duf

= [ KO @IV 4] du = cmams-
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Secondly, assume that (2-%/10)=2-"=10 2~*, Then clearly

rn

W KD () = [ 1O @I, (e — 1)l du = €27 = & 3

Finally, assume 2-"<(2-%/10). Thensince [ y(u)du=0 we have that
[ KD ()] = [1KD (x— ) — KO ()] 1, ()] du

= [ PR o e et
+f |1§1_(-?“n— <pk(x—u)‘§]2l;—(lljf‘) P (®)| W) du = I,(x)+ I (x).

We observe that

L@l = [0 _ e o,

[ Te—u® x| |
= 240+ [y (R R"dR = 02—%';
and
1 = [ 10,651 0, 0] du
- @ (x—w)l 1] = qnkn wy(5) - 2k
=) Tx—ur (W] s @)l du = 2" faé(z-r/nxn) 5 P=cum

This ends the proof of the lemma.
Now we turn to the

Proof of Theorem 1. Since  x has the same properties of i, then for y fixed and
fin Cy (R"XR™) we have

1Sy Te, v S5 Y)| £ a0~ |7, n fCx, Y] Eowo-
So integrating in y we obtain
" SIP*:II Ta, Nf"’ip(dxdy) ~ " Ta, Nf” ip(dxdy) .

Therefore to prove (a) it is enough to show

ISysw TenS L axap = A, fll,-

It is understood that until the end of the proof of (a) we deal with truncated operators
T, x, but for simplicity of notations we might drop the truncations. We are going to
rewrite S,,,T, vy f in a suitable way, using the identity y,%KPxf(x,y)=
K@ sy #f (x, ), 6=05(k, y), which is true because the two convolution kernels y/,
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and K{?, the last one with variable coefficients, act on different variables and so the
corresponding operators commute. Let us write

S2ag Tonf(6, )= 577

§~2T

Sh KOO [ D

Now if M, denotes the Hardy—Littlewood maximal function acting on y” then [12],
p. 67,

TOg)=suwp|f _  _ K®G)gr~y)dy|= c(MKDxg()+Meg(M)}:

By this inequality and Lemma 1 we have that for s~2-" and always d=4(k, »)

|2k lI’sek‘Kk(l)ﬂdr{é@)%H/’sa‘ef(x’ y)l = Zk Il/’s*Kk(l)*Kﬁ(Z)*!ps*f(xa y)l
= S 27" M KPP s f(x, ) = My M K@ 5§ x f(x, p)+ My Myyrx f(%, )}

Therefore

d d
S Tonf 05, ) = e[ 1M MoK @ s nfx, P22 [ MMt S5, S

By the maximal theorem of [4] we know that

185y Ten S, )] p =

s\
(/_, work @1 2
§>0 S p

(/s )]

By (4) and the boundedness of T® we conclude that this is dominated by ¢,| f1l,.
This ends the proof of (a).

Now we shall prove (b). We start by proving it for fin a dense subset of L,, na-
mely f€Cy. Wecanassume f(x/, y)=A(") (), fi€Cy. Wewrite T, y f(x, »)
as a sum of four terms by breaking up the domain of integration. The first one T,
corresponds to |x’|=2, |y]=2. TS} itself can be expressed as a sum of four
integrals by writing fi(x—x")A(y—y)=AG—x)—A]- 1L~ L]+
A@LG=Y) =L DIHDAG—x)—A)]+£(x) £2(»). The last three integrals
are zero, while the first one converges as ¢—~0 and N—e to T®Wf(x, y) for each
(x, »), by the dominated convergence theorem. Moreover, T®f (x, ) is dominated
by a constant and it lives on a fixed compact set. Then we consider T, which has
2’11 =2, | y’l| =2 as domain of integration. In this case we write f,(x—x")fo(y—)y)=
Fix=NL(=y) =N +fi(x—x") f2(y). We insert this in the integral defining
Tg(f}, and observe that the second integral is zero, while the first one is bounded inde-
pendently of &, Nand {d(k, )} by an L,-function of x times a bounded function with
a bounded support in y. Hence T3 f(x,y) converges for almost every (x, ) as

.
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¢-0 and N-—oo. In a similar way one handles the other two terms. So we conclude
that for almost every (x, y) the limit lim,q yoo T, xf(x, Y)=Tf(x, y) exists. By
the preceding estimates it is clear that T, y f(x, »)—Tf (x, ) is dominated by an
L,-function and so Tfis also the limit of T, yfin L,-norm. Now by a density argu-
ment it is easily shown that the same holds if f belongs to L,. This ends the proof of
Theorem 1.

We also have

Theorem 2. Let N(y) be any integer-valued, L_ -function and suppose that (a,)
and (b,) are satisfied. Then (a) and (b) hold for the following operator

NGy

Ui, ) = [ S KO ) [ 5 f=¥, y=y)dx' dy’

1| <é(k, )

acting on L,(R*XT). The norm of the operator U is independent of N(y) and in parti-
cular of the L -norm of N(»).

Proof. By Remark 2 we know that (a) holds. Then it is easy to prove that U, v f
converges in L,-norm by writing U, y f (x, y)=2, U, x f (%, ») 25 (x, y) where E,=
{Cx, »): N(»)=n} and observing that by assumption we are dealing with a finite sum
for every fixed N(y). Hence (b) holds.

Part IT

In this section we are going to study the boundedness of our operators T from
H,(R"XR™) to L,(R"XR™), 0<p=1, and from Llg LM¥*™(R"XR™) to weak-L,
R*XR™). Our proof is based on Theorem 3 that follows. Its proof can be found
in [5].

A function a(x, y) defined m R"XR™ is said to be an H ,-rectangle atom provi-
ded a is supported on a rectangle R=0,XQ,, where Q;is a cube of side I and Q;
is similarly defined,

f 0, 4(x, ) x"dx=0 for each multiindex « so that |«|=N(p) and for each y€Q;,
f 0, 3(% ) yPdy=0 for each multiindex f so that |f|=N(p) and for each x€Q,,
and |df Lz(R)élRll’z””P. Here N(p) is a positive integer depending upon p, n and m

which becomes large as p—0 and that can be taken equal to zero if p is sufficiently
close to 1 (see [5]). Now we can state
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Theorem 3. Let G be a linear bounded operator on L,(R*XR™). Suppose that for
any H ,-rectangle atom a supported on the rectangle R we have

[ 1G@rdxdy = ey
[4 Ry
for every y=2, with R, denoting the concentric y-fold dilation of R. Then G is a bounded
operator from H,(R"XR™) to L(R"XR™), 0<p=1.
We will also make use of the following

Q(x)
Ixi"’
and satisfies (a,), then if ¢ is as in Part I and Ky(x)=K(x)p(x) we have

&) Ko = g if ¢l <1
If furthermore, Qis C® then

© Ko@) = clel = if ¢ = 1.

Proof. (5) follows by a Taylor expansion of Ky(£) with the origin as a starting
point and (6) by one integration by parts.

We shall now require smooth truncations on the 3’ variable in the definition of
our operators 7. Suppose that ¢,(x) and ¢,(y) are C*, radial and supported res-
pectively on {1/2=|x|=2} and {l/2=]y|=2}. Define K¥(x) and K®(y) in the
usual way. Then consider the operator

Tf(x, y) = [ S kP @ —x) [ Zarssan KO G—y) &, y)dy’ dx’

defined as a limit in the sense of distributions. The existence of the limit can be proved
as in the classical case. We are going to show

Lemma 2. Given K(x)= x€R", where Q is homogeneous of degree zero

Theorem 4. If Q, and Q, satisfy (a,) and (a,) respectively and furthermore Q, is C®
and Q, if Lipschitz continuous, then T is bounded from H,to L,, 1/2<p=1.

Proof. Let us check that the condition of Theorem 3 is satisfied. We will estimate
separately

f“x“w,m |Tal dxdy; ‘["x“§2JIlIJ|1Taldxdy; fllx[[»vZ"-y[I[‘Ta‘dxdy'

Iyl ~2yJ] Nyl ~2ly yli=2|J]

Our estimates follow closely [5], except in the case |x]|=2[I|, |yl~2'y|J| which
requires a different argument. Assume first ||x| ~2"|7|, [|y]|~2'y|J]. Then in the
sums that follow it is enough to add over 2-¥=2"|I|, and 2-"=2'y|J|. Wehave

1726, P = [ ZelKP (e=3) =KD ) 530 | [ Znano KO =3 a (', y) dy'] d.
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Proceeding as in the proof of Lemma 1 and using the fact that @, is Lipschitz we can

/ 1]
prove that |[K®(x—x")—K®P(x)|=c, ST So
nl I ’ (2) 4 r ’ 4
1Ta(x, )| = e S 5P | Shizn (KD =)= KD 0))a, y) dy'jdx’ =
| |71

= (2rIII)”+1 . (21leI)m+1 fla(x > ) )I dx dy .

Therefore by Schwarz inequality

dxdy =, 1R
== — e
fllxll~2"|I] ] a(x’ y)l xay = ¢, ,y2r21 Ha”lq(R)-

Iyl ~2ly|J]

Now suppose [|x]=2{I| and [y|~2'y]J]|. Fix y. Then by Schwarz inequality and
Plancherel formula we have

J oy T8 G P dx = 11 (f|Ta e, )P d)
= 112 ([| Sk ROE) Sarssten KP*AE, ) dE)"
=111 ([ (€D @) sup| Szs, KiP ¥4 (&, ) )™

1/2

AN
Since K& (x)=2"K®(2*x), by Lemma 2 we have 3 |[K®M(&)|=c. Therefore inte-
grating both sides of the inequality with respect to y we obtain

fﬂxllézlll ITa(, )l dx dy = eli" [ (Shuop | S hz KiP#A(E, p)|P dE) 2 dy

Iyl ~2tp|J)

= c| 11" @12 (f

Iyl ~2ty|J]

sup | Shzn K®#4(E, p)dE dy)".

Iyl ~2ty|J|  hy

Since

|ZW K@ %4, y)| = ]Zh f (KP(y—y)— KL () *d (¢, y)dy]

=

@ JD’"“ [lae »iay,

we have by Plancherel formula that

f[lxIISZII |Ta(x, y)| dxdy =

iyl :2'7‘Ji

R 1/2
i lalie.

Similarly one can show that
~ [RP:
S ey TG P dy = 5= Ll

||yu52|J|
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Then one applies Holder’s inequality and if 3-<p=1 one may add up the preceding
estimates and prove the theorem.

Remark 3. For 0<p=%, Theorem 4 can be proved in a similar way assuming
more smoothness on the kernels X and K® and using the fact that the rectangle
atoms have N(p) vanishing moments in each variable separately. See [5].

Also under the same assumption of Theorem 3 as in the H, case one can prove
(see [5]) that, in case n=m=1,

m{le(x, y)l > a, xEQla y€Q2} = 'g— “f“LlogL

where Q, and Q, denote the unit square of the two copies of R. Therefore under the
assumptions of Theorem 4 our operators T map LlogL into weak-L,, in case
n=m=1.

Part 1T

In this section we prove maximal theorems for the operators T and U of Part I,
as well as weighted norm inequalities.

Theorem 5. Let

Tf(x, y) = zulz’ IZ k<o KORKSR )% S (%, J’)l-
°>
Then under the same assumptions of Theorem 1 the following inequality holds

(7 Tf(x, y) = (M, TP f(x, y)+ M (Tf)(x, )}

with ¢ independent of f and {5(k, y)}. Hence T is bounded on L,, 1<p<oco and under
the assumptions of Theorem 4, from H, to weak-L, .

Proof. We are going to compare Ty f(x, y)=Zjm, K" * KPP xf (x,y) with
o ()% If (x,y) where @, (x")=2%"p(2"x’) and ¢(x) is chosen to be radial,
decreasing, smooth, supported in the unit ball and such that [¢(x')dx’=1 and
@(x")=0. Letusdenote by F,(x", »)=K{ ,%f (+’, y). Clearly, | F,(x', »)|=T®f(x’, ).
Now we consider

Gro (5 ) = [{Zksto KO ) Fulx =%, y)~ 3 @ * K® () Fy(x~', )} dx’.
QObserve that
Pi¥[ S K * Fi(x, )] = Sk [KP %0, )% Fi(x, y)
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as one can check by a limiting argument. To estimate Gy, f(x, y) we split the domain
of integration‘into two pieces: |x’[|=10-2-% and [x’]| >10-2-% and so we write
G, f—- G(nf+ Gfo)f: If |x']|=10-2-% then
sk [KPE)] = 2%" and by (ay)
2k Kk(l)*(oko(x') = 2k§h—8 Kk(l)*%o(x')-
Since KM(x)=2"K{"(2%x), from Lemma 2 it follows that

i 2%
IKD %94, ()] = | KD 1 = c,,-é—k—Z"o"

andso 3., s KD %, & )| =c2%", This implies that IG‘I’f(x, N=cM,T® f(x, y).
Now suppose |x’|| ~10-2-% and observe that

s Kkm*‘l’k.,(x') = kst K *Pgy ().

Since [ ¢@(x")dx’=1 we are led to study

| Shsta (KO G~ KO (5 —x") 01, (") dx’]
= kaSka KD (x7) =~ K™ (5 — %) Or, (") AX” = e si, 25 Ro 2k oy <22k (X)),
by computations similar to those of Lemma 1. So G f(x, y)=cM, T®f(x, ).
Hence T, f(x, »)=c{lo, *(TF)(x, »)I+M, T f(x, )} and from this (5) follows.
Ina sunllar way one proves
Theorem 6. If
Ny

0%, ) =50 | [ Susac KO [, o)~ F6=%, y=y)dx dy’,

¥ <é(k,)

then under the same assumptions of Theorem 2 we have Uf(x, y)=c{M,Cf (x, y)+
My (Uf)(x, y)} where C denotes the maximal Carleson operator and c is independent of

N(), {6k, )} and f.

Now we are going to prove that weighted norm inequalities hold for the operators
T and therefore, by (7), for the s as well. Following [6] we say that w(x, y)¢
A,(R"XR™) if for every yecR™ the functions x-—w(x,y)€4,(R") and have A4,-
norm bounded independently of y and if a similar condition holds for the functions
y—w(x, y) for every x€R. For the basic facts about 4,(R") weights, see [1] and [8).

Theorem 7. If T and T are defined as above and we A,(R*XR™) then for 1 <p< oo
® 1T N pom = ol fleomo
©) 1Zf | pom = 3 1 Ne,om
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with ¢, and c, depending only upon p, n, m and the constants that appear in (by) and

(be)-

Proof. The proof of (6) follows the same lines of the proof of Theorem 1, once the
following two inequalities have been established [6]:

18y flr, o0 = e flL,om
where w€A,(R") and feL,(w(x)dx);

(S M, My £ 22|y = € |[(Z DY 2,00
where w€A,(R"XR™ and feL,(w(x, y)dx dy).

Finally, since the Carleson operator satisfies weighted norm inequalities [9] we
also have

Theorem 8. If weA,(R"XT) and l<p<-oo then

LU lz,0m = €p) flL,0m3
10 L, = o1 f 1,00

where c, and c, in particular do not depend upon the function N().
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