The extension problem for certain function spaces
involving fractional orders of differentiability

M. Christ

1. Introduction

The purpose of this paper is to study the question of extendability to the
whole space of functions defined on sub-domains of R" and satisfying certain
smoothness conditions. The usual Sobolev spaces of integral order are defined by

LE(Q) = {feLke(Q): DPfe LP(Q), for all || = k),

when Q is connected, 1=p=- and k€Z*; the derivatives are assumed to exist

in the sense of distributions on Q. || f]| L@ 18 defined to be
k

20§|ﬂ[§k ”DBf”LP(Q)-

By an extension operator for LZ(2) we will mean a bounded linear operator
A: LE(2)—~LE(R"), such that A(f)=f on Q. Q will be called an extension domain
for L? if such an extension operator exists.

Calderon [4] showed that if dQ is locally the graph of a Lipschitz function, then
© is an extension domain for L?, for all 1<p<< and k€Z *. Stein [14] extended
this result to include the endpoints p=1, = and moreover constructed an exten-
sion operator completely independent of k (as well as p). The class of known exten-
sion domains was enlarged by Jones [10], who showed that (¢, §) domains (defined
below) are also extension domains for Lf, 1=p=c< and k€Z™*. Furthermore,
(e, =) domains are extension domains for the Dirichlet space of functions (modulo
constants) with gradients in L*(R") and for BMO [9]. This class of domains is
relatively sharp: if QcR? is a bounded finitely connected extension domain for L3,
then @ is an (g, =) domain.

Q is an (g, ) domain if there are constants ¢€(0, =) and J§€(0, =) such that



64 M. Christ

for any x, y€ Q with |x—y|<J, there exists a rectifiable path y—Q such that
(L) I(y) =etx—y|
(12) d(z,09Q) = e-inf(z—x]|, [z—y|) if z€y,

where d(z, 0Q) is the distance from z to dQ, and I(y) is the length of y. In R?, (¢, 6)
domains are intimately connected with the theory of quasiconformal mapping:

Theorem A [1, 11]: If I'cR? is a Jordan curve, the following are equivalent:

(1.3) One or both of the regions bounded by I' are (g, <) domains for some &=0.

(1.4) I is a quasicircle.

(1.5) There is a constant M<o> such that for any x, ycI', at least one of the two
subarcs of I with endpoints x and y contains no z such that |x—z|=M - |x—y).

A Jordan curve I'CR? is called a quasicircle if it is the image of the unit circle
under a globally quasiconformal mapping of R2 The equivalence of (1.4) and (1.5)
is due to Ahlfors [1]; the equivalence of (1.3) and (1.4) was shown by Martio and
Sarvas [11] and Jones (unpublished). Examples of (e, §) domains include domains
whose boundaries are given locally as graphs of functions in the Zygmund class 4,,
or of functions with gradient in BMO [8], and the classical snowflake domain of
conformal mapping theory.

In this paper we investigate the extension problem for the same class of domains,
but for more general function spaces than the LP. By means of certain maximal
operators N,, we define (see (2.4)) for arbitrary open  function spaces R?(Q), for
all >0 and 1<p<e-. These maximal operators have been considered previously
in [3] and [5], for instance. When « is a positive integer 97 (R") coincides with L?(R"),
but when o is not an integer then Z?(R") S RZ(R"N G £2 (R, for all £=0; further-
more NZ(Q) does not coincide with the space of restrictions to @ of functions in
Z7(R"), for any sub-domain Q of R”. Here #7 is the usual potential space as defined
for instance in Stein [14].

Our principal result is

Theorem 1.1. If QcCR" is an open connected (g, 5) domain, then § is an exten-
sion domain for M2, for all 1<p<-oo and a=0. More precisely, for any N=0 there
exists an extension operator Ay such that

||/1Nf||mg(R") =C,, ||f”mg(n),
forall 1<p<oo and all 0<a<N.

The proof is based on ideas of P. W. Jones. This theorem unifies his extendabi-
lity results for BMO and for the Sobolev spaces; that there should exist such a uni-
fication is not surprising since the maximal operators N, which characterize R?
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reduce to the sharp function, which characterizes BMO, when «=0. A minor
improvement on the main result of [10] even when «€Z * is that the extension ope-
rator is independent of a, for « in any bounded range (0, N).

There is also a partial converse to Theorem 1.1, generalizing a result of Gol’ds-
thein, Latfullin and Vodop’yanov (see also [10]):

Theorem 1.2. Suppose that QCR? is finitely connected. Suppose O<o=1
and p-a=2. If Q is an extension domain for NL, then Q is an (¢, §) domain.

The (g, <) (or (¢, §)) condition is not necessary for n>2, ot for n=2 if p-a=#1.
The proof also yields some insight into the cases n=2 or p-a=2.

The paper is organized as follows. Section 2 states, mostly without proof, the
geometric properties of (¢, ) domains needed later. The reader is referred to [9]
and [10] for details. We also define N, and RZ, describe a method of approximating
functions by polynomials, and derive some basic properties of such approximations.
Theorem 1.1 is proved in the third section. The final section is devoted to studying
the necessity of the (e, §) condition for extendability in R
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2. Notation and preliminaries

QcR? will be open and connected, and Q¢ will denote the complement of the
closure of Q. Q will always denote a closed cube in R", and /(Q) is its edgelength.
r-Q is the cube concentric with Q with I(r-Q)=r-I1(Q). M(f) is the Hardy—
Littlewood maximal function of f. «€R will be positive, and m=m(«) is the greatest
integer strictly less than a. yg{(x) denotes the characteristic function of S. No two
occurrences of C need denote the same constant.

B(Q) denotes a fixed Whitney decomposition of Q. Thus B(Q)={Q,} where
Ug=¢a and
(2.1) Q; and Q@ have disjoint interiors if j=k
(22) i l(Q)) = d(Qx, 02) = ¢:1(Qy)

(23) ZkXc3~Qk(x) = Gy

We may take ¢; and ¢, to be as large as desired. d(Q,, 02) denotes the distance
between @, and dQ. A Whitney chain I is a subset I'={Q, ..., Q:}<B(Q) such
that Q; nQ;,;70. The length of I is k, and I' is said to connect Q, and Q.
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The fundamental maximal operator, for f€ L (2) and x€Q, is
(24) N, f(x) =inf sup 1@~ [ 1/(N—P )| dy,
xe€Qcn

where P runs over all polynomials of degree less than or equal to m. If there exists
P for which the supremum is finite, then P is unique and is denoted P,. Information
concerning N, may be found in [3] and [5]. ‘

Definition 2.1. M2(Q)={fcL?(Q): N, feL?(Q)}, for l<p<oo. 1 llge @ =
”f“LP(Q)+ ”Nf”LP(Q)'

Remark. When p=-<o, the methods of this paper apply equally well. Suppose
that Q is an (e, 6) domain. If ¢ Z, then the set of functions fon Q with N, f€ L= (Q)
coincides with the set of restrictions to Q of functions f¢ A,(R"). When a=kCZ,
A, is replaced by L;°(R").

The following lemma is almost completely proved in Calderén [3, Theorem 4].

Lemma 2.2. Suppose k€ Z™*, 1<p=oo and Q is open and connected. Then for

any fe Li,.(Q),
N, fELP(Q) < DPfcLP(Q) for all |B] = k,
and

|- N, flleey ~ Z]ﬂ|=k ]|Dpf”LP(9)-

Proof. Calderén has shown that N, f€ L?(Q) implies D?fc 17(Q), for all |B|=k.
Conversely, if f€ LE(£2), then given x€ 0 Q we can approximate f (in L? if p< o)
in Q by smooth functions. If M, denotes the maximal function along line segments in
direction w for each w€S$"~, then Taylor’s theorem yields

Nef®) = CZpi fgnor Mo (D)) doo.

It will be convenient to work with an equivalent variant of N,. Define
@.5) N, f(x)= sup infl(@)="= [ {f()—P()|dy,
x€QCQ

where again P runs over all polynomials of degree =m. Certainly N, f(x)=N,f(x),
for all x.

Lemma 2.3. N,f(x)=CN,f(x)for all x, where C=C(n,«) is independent
of x and Q.

Proof. Suppose N, f(x)<<c; we may suppose that x=0 and N,f(0)=I.
If Yn2~*<d(0, dQ) choose a polynomial P, of degree =m such that

2o [ 1 f—P(y)|dy =2,
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where Q, has center 0 and side length 2—*. Now
-/Qo [Py (2757 1%) — P (2% ~1x)| dx = 27K+ -/Qk+1 |Psr () — Pi(x)] dx
=260 (f (P () —f( dx+ [, 1Py~ ()] dx)

= 4. 2n(k+1) . 2—k(n+a) —_ 2n+2 . 2—ka'
Since the Li(Q,) and L=(0,) norms are equivalent on the space of polynomials of
degree =m, :

[Peor1(X)—P(x)| = C-27%  for all x€Q,.
Moreover, if

Pi(x) = Zlﬂlém ak,;sx/j
then
lay, p— Ay 41,5l = C- 271D,

Hence there exists az such that a, ;—~a, as k— oo, and we define P(X)=_ 5 =m azx".
Then

S0 fG)=PMdx = [, 1/)=Pe®)| dx+ [, |P(x)—Py(x)| dx.
The second term is easily estimated, since for x€ Q,,

IP(x)—Pk(x), = szlé'n 2—k|ﬂ[ la‘g—'ak’ﬁ‘ = C2—-ka‘
Hence

HQY™"* o If®)—P@)] dx = C(n).

It follows at once that the same estimate holds with a larger value of C(n) if Q)
is replaced by any cube in Q centered at 0. Then a similar argument handles arbi-

trary Q.
Lemma 24. If x4, x,, y€QCQ and N,f(x)<<e, then for all |Bl=m,
\D P, () —Di P, (0)] = C- QY- (N, f(x0)+ N,.f(x2).
Proof. By dilation it suffices to assume that /(Q)=1. Then
IDPP,,—DPP, 1=y = ClIP,— Poyllisigy = C(f o 1~ Prol [ o Lf— P
= C(N, f(x))+ N, f(x1))-

In order to construct extension operators which are more or less independent
of o, we utilize the following approximation scheme:

Proposition 2.5. (See [2] and also [6].) Let Q, be the unit cube. For each fixed
NEZ ™, there is a linear projection operator I1: L'(Q,)—{polynomials of degree less
than N} such that for any integer M =N,

(2.6) ||Dﬁ(f‘“nf)||LP(r-Qo) = C(")Zm:zw ”Dyf”LP(r'Qo)’
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for 1=p=oc and |B|<M. Furthermore,

(2.7) [DP T ) e gy = C 2y 115 1D L2 (0ny s
for all |B|<N.

(IT is given by an integral operator of the form

fX) = [, yeo, fO+2) - (AW (x+y) dy,

where 4* is the formal adjoint of a differential operator 4 with polynomial coeffi-
cients (in y), acting in the y-variable, such that 4(P)=P(0) if P is any polynomial
of degree <N. h is any function in Cy(Q,) with [ h=1.) The techniques of this
paper do not require the full strength of this proposition; we shall use only the fact
that IT is a projection onto the space of polynomials of a certain degree, the estimate

111f (| gy = Cll f 1200y »

and the same estimate with Q, replaced by a fixed dilate. Thus a simpler approxima-
tion method would suffice.

Given an arbitrary Q and f€ L'(Q), we associate to f and Q a polynomial P
by translating and dilating Q so that it is identified with Q,, applying II, and then
reversing the dilation and translation. It will always be assumed that the integer N
of Proposition 2.5 is larger than any value of « under consideration.

Next we review some properties of (¢, §) domains; proofs may be found in [9]
and [10]. In the remainder of this section Q will be an (g, §) domain.

Lemma 2.6 [10]. Suppose Q is an (e, ) domain. There exists C(e, 0)=0 such
that if Q€ B(QC) and 1(Q)=C/(g, 5), then there exists Q*€ B(Q) such that

(2.8) HEH~1Q)
and
2.9 d(Q*, Q)= C- Q).

Let W={0cB(Q°): I(Q)=C(e, 5)}. For each @ W make a fixed choice of
Q*¢ B(Q) satisfying (2.8) and (2.9). 0* will be called the reflection of Q. The next
lemma is another straightforward consequence of the definitions.

Lemma 2.7 [10]. Suppose that Q,, Q€W and Q, meets Qy. Then there is a
Whitney chain T'y ;CB(Q) of length at most C(¢), connecting Qy to QF. Moreover,
if we choose a fixed such I'; , for each intersecting pair Q;, Qu €W, then
(2.10) 20,,0,6W 2Rie T, X1oym-r, ®)EL

, 7

N Qy #0
and

2.11) Doew Xor(X)EL™.
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For the remainder of this section and the next, we make a fixed choice of the
I'; as above. Then let ['; , denote |J RiCT, (10 Vn-R;). A key geometric property
of (g, ) domains is. ’

Lemma 2.8 [9]. Suppose Q is an (g, 8) domain. Then there exists R=R(g, §)< oo
such that any dyadic cube Q of length at most C (g, d) intersects some Q'€ B(Q)u
B(Q) with 1(QH)=2"R.1(Q).

Together with the next lemma this provides the foundation for our estimates.

Lemma 2.9. Suppose that QCR" is an (g, 0) domain, and feNE(Q). Suppose
Qo, O1€W and QunQ,#8. Let P; be the polynomial associated to f on QF by II.
Then

|D# (Py— Pl = CHQY* 1" [ N, f(x)dx,
Jor all |p|=m. '

Proof. Consider the quantity
[ Po— Pill =@,y = CUQD "I Po— Pull 120y
= CHQ)™"1Po— Pyl 12oh -

Let I'y ; be the Whitney chain chosen above. I'y ;={R,, ..., R;}, where R,=0j
and R.=Q7.

”PO_PlnLl(Q{) = 2};0 ”Pj“PjH”Ll(Q{) = CZ}LO ”Pj‘PjH”Ll(RJ),

where P; is the polynomial associated to f on R; by II. (We use repeatedly the equi-
valence of all norms on the finite-dimensional space of all polynomials of degree
less than N.) Finally,

1P;— Pl = fR_lf_le‘{”fR.lf_Pjnf
= ij [f—le+fC(n)-Rj+1 [f— Pl
To estimate the first integral, choose a polynomial g of degree =m so that
S o, f—al = 2Tnf ij =Pl = 2A@R)- Inf NS

where the infimum is taken over all polynomials P of degree =m. Since f—P;=

=f—I(f)=(f—q)—(f=q), by (2:6)
Jo =il =C [, 1/—al = CURY™* inf N.f(x)

= CIRYy [ - N fx)dx = CLQ" S N f(x)dx.
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The second integral is treated in the same way, completing the proof in the case
|B|=0. The general case follows from homogeneity and the fact that

”Dﬁ(PO_Pl)”L‘”(Q) = C|Py— Pyl =gy
when I(Q)=1.
Note that if d(Q,, 01)=CI(Q,) then by the triangle inequality the same con-
clusion holds, with [, ; replaced by a union of finitely many [ ; ’s. Fix a smooth
partition of unity {¢;} such that

(2.12) >e;=1 on QF°
(2.13) supp (¢;) © %QJ. for Q;€B(QC) and
(2149 1D gl = CLEH~.

Finally, there is
Lemma 2.10 [10]. If Q is an (s, 8) domain then 0Q has measure zero.

This is an immediate consequence of Lemma 2.8.

3. Estimates for the extension operator

Suppose f€ L} (). For each Q;6W, let P; be the polynomial associated to

loc
Jf on Q; via the projection generator IT of Proposition 2.5. The extension operator

A: L (@)L (QuQC) is defined by

1
loc

Zlo,ew@; () Pi(x) if x€Qf
A (x):{f(x) if xeQ.

Observe that | Af[,=C, | flLrqys 1=p=e-. For since 0Q has measure zero, it
. ) 17 17
suffices to estimate || Af]| on Q°. ¢; is supported in i Q;, and the T Q; have boun-

ded overlap. Hence
S P dx = C Soew f;_zgj P ()P dx
= CSg,ew [ou IP WP dx = C So,ew [l ()P d,

by construction of the projection II. By the finiteness condition (2.11), this is domi-
nated by C|| f1}»0)-
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Consider the auxiliary functions M and I defined as follows:

N, f(x) if xeQ
(3.2) M) = {H0)7" [, or Naf W)y i x€Q;€W
0 otherwise,

where C, is large enough that for any Q;eW, U, I;;=C,- Q%

/() if x€Q
3.3) M (x ={ .
( &) 2o,ew 1Pilli=op " X2-0,(x) if x€Q.

Essentially the same argument as given above for |Af]l,, shows that W)=

Clfl ooy and 1M o =C N, fll Lo()-
This section is devoted to the proof of the pointwise inequality

Theorem 3.1. Suppose that Q is an (g, 8) domain, fe L, .(Q) and Af, M and M
are defined as above. Then for all xc¢R”,

N (A)(x) = C- M(M@))(x)+ C - M () (x).

Theorem 1.1 follows at once, by Lemma 2.3 and the definition of %t?2.
Let S be any cube in R”. Infp /(S)~"~* [5]|Af—P(p)ldy will be estimated accord-
ing to several cases. C (g, 6) denotes the constant of Lemma 2.6.

1
Case 1. I(S)= 3 -C(g, 0). Then

00Vn
(S)="= [ 14 dy = C- 1) [ 1Af()|dy = C- inf M@V)().

»C(g, 8). Then

Case 2. § meets some Q€ B(QNW, and [(S)= ! —
100V~
irplfl(S)""*“fs [Af(»)—P(M)|dy = CZgHA+{vlgm+1 IID”<0,~H -{|D? P,

(17/16)Q,#o
EW

17 17
the norms being sup norms over T Q;. All Q;cW for which S meets E-Qj
have length comparable to C(g, 6), so |DP¢,/|=C and
7P, = .
1D P32,y % €U )

16 16

Thus
i%f l(S)“”‘“fS [Af(»)—P(y)dy = CZSﬂsupp((pj);éD ”Pj”L‘”(Qj) = MW(x)

1
for any x€5§, since Snsupp (¢;)#0 implies SC2.Q; when /(S)= = C(e, 9).
100Vn
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Case 3. S Q. This requires no comment.
1
Case 4. S intersects some Q€W with / (S)éi)f)‘ 1(Q,), and S does not belong

to Case 2.

Fix xo€S. For each j for which supp (¢;) intersects S let ¢;(») be the Taylor
polynomial of degree m for ¢;(y)-(P;—P,) at x,, let g(y) be the Taylor polynomial
of degree m for Py(p) at xo, and let P(y)=2,q;(»)+q(»). (Recall that m is the
largest integer strictly less than a.)

[ —PWldy = Z; [ 10;0)(P;— P () — q;(»)] dy
+ [ 1P —a ()l dy = CLS™*" 3 5121 1D (0P PY)ll (00
+CIS™ ™ 315 e | D? Poli=coy-
If [y|+|c|=m+1, then
(D7 D7 (Py = Py)| = C-1Qu™ - 1(QuF 11" [ Nof(x)dx

on Q,, by Lemma 2.9. To estimate | D? Py|r=(qg,, choose a polynomial p(x) of
degree at most m such that

Soz VO)=p )l dy = 2-1(Q5y** inf N.f(x).
Then if |f|=m+1
1D? Byll =y = 0P (Po— D)1~ = C1Q) ™" Pa—plL=co)
= ClUQY™ ™ [, LI =p (W) dy,

since Py—p=II(f—p).
Altogether

1)~ [ 1470~ POdy = €[5 [ 1@ f i, Mot ax

= C-UQY™ [, s Nuf (@) dx = C-M(xy),

for any x,¢S. In the second-to-last inequality the bounded overlap property (2.10)
of the I 1’s has been invoked.

Case 5. S is dyadic, /(S) is no larger than the constant C'(g, ) of Lemma 2.8,
1
S meets no cube in B(RNW, and S meets some Q€W with I(S)>W -1(0).

This, the main case, includes precisely those dyadic cubes not covered by the previous
cases. The following argument is adapted from that given by Jones [9] for BMO.
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Let R be the integer of Lemma 2.8. Divide the dyadic cube § into dyadic cubes
{0} of lengths 2% /(S). Let F; = {Q{: 0% is contained in some Q¢ B(Q)UB(Q)}.
By Lemma 2.8,

| U 0®[=clS| (c=0).

oMeF,
Subdivide each Q"¢ F, into dyadic cubes QP of length 2-RI(0(), and let
F,={0?:0® is contained in some Q¢B(Q)uB(Q°)). Continue this process
inductively, constructing F,={QW} for each k=1, such that

(34 ISNU - U 0P| =a—o"-Is|

K=NQ{¢F,
(3.5) Q% and Q" have disjoint interiors unless (j, k)=, [).
(3.6) Each Q% is contained in some Q¢ B(QuUB(Q°) with 1(Q)~1(QP).
The proof of (3.4) is by induction using Lemma 2.8, and it follows that
ISN\U U o¥] =o.
k Q%eF,

To each Q=0 associate polynomials P, and P, as follows: Let J be the
(unique) cube in B(LQ)UB(Q°) containing Q. By the hypotheses of Case 5, either
0cB(Q) or JeW. If e B(Q), then P, is the polynomial associated to f via IT
on §. If §¢W, P, is the polynomial associated to f via IT on (0)*. Define Py(x)
to be the Taylor polynomial of order m for P, at the center of 0 in the first case

or (0)* in the second, evaluated at x.
Fix some Q)€ Fy, and let Py=Py , Py="P, .

Lemma 3.2, If 0®¢F,, then
“PO—PQ(R) “L“°(Q(k)) =Cl (S)u . xgigt:k) M(gﬁ) (x)

Proof. Let us write P, for Ppeo. Suppose k=1 and QWeF,. It is necessary
to distinguish several cases. Q,, Q™ are both contained in cubes J,, 0,6 B(Q U
B(Q°) by (3.6). If both §,, §,€ B(Q), it follows as in the proof of Lemma 2.9 that

1Py PillL=@w) = ClPo=Pilli=g, = CLQWY ™ [N, f(x) dx,

where I' is a Whitney chain of bounded length connecting J, to J,. Hence I’ lies
inside a fixed dilate of Q®, so that I(Q))™" f r N f(xX)dx=CMM)(y), for any
yeQW.

Finally, [|Py—Py|lz=wy=C [|Py— P L=y, since the Taylor expansion is
taken at a point lying in a fixed dilate of QV; this inequality is scale-invariant.
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The second case occurs when §,€ B(Q) and §,€W; the hypoui=ses of Case 5
ensure that if either §,€ B(Q°), then §,cW. In this case

[Po~—Pill =gy = Cllf_’o—Pllle(g;),

and again the proof of Lemma 2.9 applies. The third and fourth cases, when 0, B(Q)
and §,€W or both §,, 0,6 W, are handled in the same way. Thus we have

1Py=Pil=@wy = CI(SY- inf M) ()

Consider the general case k=>1. Given QW€ F,, there is a unique cube Q%"
containing it. By definition of F,_,, %"V ¢ F,_,; however, there exists Q*~ ”EF 1
such that Q*~" and Q{~" were obtained by subdividing the same cube Q.
Again Q%~P¢ F,_,, but proceeding as before we select Q%~?¢ F, _,, and proceeding
inductively we obtain {Q®, ..., 0™}, where each Q¥¢F;. Furthermore there is a
constant r such that QWcr-QU-Y for each i. Since [(Q¢-V)=2R[/(QW), for a
certain larger value of r we have r.Q@Wcr-Q% ", and hence in particular,
oWcr. QY for 1si<k. ’
By the triangle inequality

| Po— Pyl L=y = Zlf:(l) [P;—P;1llL=@uo)
= ”P PJ+1”L -0 = 2 ”Pj—Pj+l”L°°(Q(j))'

The argument given above for the case k=1 provides a bound for each term:

1P~ P ialiL=wy = CI(Q(J))a_an~Q‘f’ﬂﬂ

N, f(x)dx,

for some constants C and A independent of j and S. Summing over ; yields (with
a larger value of 4)

”P()_Pk”L""(Q(")) = (] (S)azvk Loy— Rz][zR(k J)I(Q(k)) fN f(x) dx,

where the integral in the j-th term is taken over QnA428&=). W This is no larger
than

Cl(S)"‘Z”‘ g2 R 1nf , M) (x) = Cl(S)“ 1nf M(iIR)(x)

This completes the proof of Lemma 3.2,
We can now use Lemma 3.2 to conclude the proof of Case 5 of the theorem.

Since |S\Uy U, 0F|=
BN [ A0V =Pudy = Sii [og (A7 0) = P+ |Pyu(0) = Po)l) dy,
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where P; , is the polynomial of degree =m associated to f on Q¢ as defined above.
By Lemma 3.2,

B8 Zks fou IPie) =P dy = € S 1QPY - 1SY* inf, MOV ()
= CI(S)* fsM(sm) (x) dx.

To estimate [ a9 |Af(¥)—P; ()| dy for a fixed cube 0%, we proceed as in
Case 4. Let Q=QWeB(QUB(Q°); suppose first that Q€ B(L). Temporarily
we write P and P for P; ; and P; ;. Choose a polynomial g of degree =m so that

S, 1/~ 4ldx =21Q)** inf N, /().

Since the operator IT is a projection, P--g is the polynomial associated to f—g
on Q via II. Then by Proposition 2.5,

1P~ ll=oy = CHQ)"IP—qll 1y = Cl(Q)*”fQ lfG)—qO)ldy-

P—gq is the Taylor expansion of P—g to order m at a point lying in a fixed dilate
of @, so this implies

1P—Pli=q) = (P~ ) =P~ )=y = Q)™ [, IF)—q () dy
= CIQ)* 1nf N, f(x).
Returning to the notation of (3.7), we have
G9 f ot \Pjx—P; il dx = CLQPY [ ouo Naf () dx = cle®y [ o5 M) dx,

in the case %€ B(Q). If on the other hand P W, then passing to the reflected
cube (Q¥)*€ B(Q) and applying the same argument yields the same estimate (3.9).
Finally, we have

(3.10) oo D) =P,k dy = CLQPY: [y MR () d.

This is proved exactly as in Case 4, using the fact that QP Q¥ B(Q)cW, where
QW) ~1(0%P). Combining (3.8), (3.9) and (3.10) demonstrates that the right-hand
side of (3.7) is dominated by

cusy [ M) ()dx+ Sy, ; CLEPY f 00 MO (%) dx = CI(SY f M) (x) dx.
Thus for any cube S in Case 5,

inf1($)~"=* [ 14f(n) =P dx = C inf M(M () ().
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Case 6. S satisfies all hypotheses of Case 5, except that S is not dyadic. Any
§ is contained in a cube which is a union of 2" dyadic cubes all of equal sidelengths
comparable to /(S). The proof of Case 5 applies equally well to such a union of
dyadic cubes. Hence the proof of Theorem 3.2 is complete.

Parallel results hold for the function spaces defined for any open connected
Q2 by

(3.11) 65(Q) = {/feLic(Q): N feL” (@)}

(Again only cubes contained in Q are used to define N, f.) £7(Q) is a Banach space
of functions modulo polynomials of degree m, with norm ||flisr =N, fll o)
In strict analogy with Theorem 1.1 there is

Theorem 3.3. If Q is an (g, o) domain, then Q is an extension domain for &F.

If Q is an unbounded (¢, =) domain, then B(Q) contains arbitrarily large cubes.
Then the extension operator A is defined as in Theorem 1.1, except that we now let
W be all of B(Q2°). The proof of Theorem 3.1 shows that A is bounded from Er ()
to &2(R"). If on the other hand Q is bounded, let Q\€ B(2) be of maximal size.
Define WcB(Q°) as in Theorem 1.1. Let {¢;};>o be the partition of unity sub-
ordinate to {Q;€W (Q°)} employed above, let @,=1—2;¢; on QF, and let P,
be the polynomial associated to f on Q, via II. IT is constructed as in Proposition
2.5, with N=m++1, so that P, has degree =m. Define, for f€ £2(Q),

f(x) if xeQ
20 @; () P;(X)+0o(x) Py(x) if x§Q.

Observe that Af(x)=P,(x) for x outside a bounded neighborhood of Q. Then
repeating the arguments of Theorem 3.1 proves that ||Af|ez@y =C| fllez -

A7) ={

4, Necessity of the (g, ) condition

The sharpness of the (e, 5) hypothesis is evinced by the existence of a partial
converse to Theorem 1.1 in two dimensions, in the “‘conformally invariant” case
O<a=1 and p-a=n. In this case, the norm in £?(R") is invariant under dilation as
well as under translation and rotation, and &P(R") is preserved by the inversion

X
x-»W. One of the principal objectives of this section is to establish

x

Theorem 4.1. Suppose that QCR? is finitely connected, and p-o=2. If there

exists a bounded linear extension operator A: &F(Q)—EFR™), then Q is an (g, =)
domain for some &=>0.
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A useful tool will be
Lemma 4.2. Suppose feC~(R?). If p-a>1, O<a=1, x,yER® and y is the
line segment joining x to y, then
@) —=/O)P = Cla—plp==t [ N, flop dr.
Proof. Fix any ¢¢Cy(R*) with [o=1; and let o@(x)=s"2¢(s71x).
% (@s(x))=s"1¢,(x), where Y€C. Define F(x,s)=(f* @)(x). Suppose that
x=(0, 0) and y=(4,0).

- F)=f0) = (f()~ F(x, ) +(F(x, H— F(p, D)+(F(y, )—f(B))-
€n

Fs D=0 = [* S Fx, syds = [* s71(0,x/)(0, 0) ds.
Since Y€Cy and [ Y(x)dx=0, |y, *f(0, 0)|=Cs*- N, f(s,0). Therefore,

F e D—f () = € [[sTH NS5, 0 ds = CAmH 02 ([EN, £ s, 0) di)

—o"F (f, Nos@r .

Similarly

F(y, )= F(x, ) = _;; F(s, 0, 7) ds

=f0;'s—1(lﬁ,1*f)(s, 0) ds
50
1
— a 4 - e 1p
|[F(y, ))—F(x, 3)| = C fo N.fGs,0)ds=cCi 7 (f N Sr die.
The term |F(y, A)—f()] is dominated by the same expression, so the proof is com-
plete. k
The lemma fails if p-a=1 (and p=>1), by the Sobolev embedding theorem
in R:L If 1<a=2 and p.(x—1)>1, it can be generalized by replacing f(x)— f(»)
by P.(y)—f(»), where P,(y) is the Taylor polynomial of order 1 for fat x, evaluated
at y. Similar generalizations hold for «>2, with stronger restrictions on p and .
To prove Theorem 4.1 we first establish a weaker property of extension domains.
B(x, r) will denote the open ball in R S(x, r) is its boundary.

Lemma 4.3. Suppose that p-a=2, 1<p<e and that QCR? is a (connected)
extension domain for &F. Then there is M=o such that any x,, x, Q lie in the same
component of B (xo, M -d(xy, x,))NQ. ( Q need not be assumed to be finitely connected.)
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A still weaker property is that @ is uniformly locally connected: for any =0
there exists 6 =0 such that for any x,, x,€ Q with d(x,, x,)<9, there exists a path y
Q joining x, to x; with diameter less than e. If 2 is bounded, finitely connected and
uniformly locally connected, then 92 is the disjoint union of finitely many Jordan
curves and points ([13], p. 171). For our purposes the discrete points may be disre-
garded.

Proof. Let d=d(x,, x;). Suppose that M>1 is given, and x,, x, fail to lie
in the same component of QnB(xy, Md). Fix ¢€Cy such that ¢=1 on {|x|=1/2}
and ¢=0 on {|x|=3/4}. Let g(x) be =0 except on the component of QNB(x,, Md)
which contains x,, and g(x)=¢(M ~'d'-(x—x;)) on that component.

Then g€ &2(Q) and | gllsz@=C, where C depends on ¢ but not on M, d, x,
or x;. For only cubes QcQ on which g is not identically zero contribute to N,(g).
Such cubes intersect the component of QnB(x,, Md) which contains x,; but since
QcQ, On(QNB(xy, M -d)) is connected. Thus on any cube QCQ, either g=0
or gx)=¢(M1-d-1.-(x—x;)). So N,g(x)=N,(¢(M1d '(x—x,))) pointwise
in Q, and therefore

lglsz = [@(M~1d 7 (x—x)|| sz ey = CMDT .

1
Suppose that G were an extension of g to a function in £7(R?). If d< r<5Md,

the components of @nB(x,, Md) containing x, and x, respectively each meet S(x,, 7).
Fix y€Cy with [y=1 and let G,(x)=(G*¥,)(x). For sufficiently small ¢, G,

1
assumes both the values 0 and 1 on S(x,, r) for each d=< r‘é?Md. By Lemma 4.2

(applied to an arc on (X4, 7)), [, n(NVuG )P (¥)dy=C - r*~*7. Passing to the limit
as ¢—0 yields

» %-Md %~Md
= P = 1-—ap
Gz =f;  [o. @O dydr=Cf} rrdr

{logJM if p.a=2
TV la@r (4 M2 if poa > 2.

Comparing the estimates for [Gllsz and | gllsz@ as M- concludes the proof.

It is easy to construct examples of extension domains for 2 or &7 when p-a<2,
for which the conclusion of Lemma 4.3 need not hold. However, the remainder of
the proof of Theorem 4.1 is valid for all p.a=2 (and p.a=>1). Thusif l<p-a=2
and Q is a finitely connected extension domain for &7 or RZ which satisfies the rela-
tively weak conclusion of Lemma 4.3, then € is in fact an (g, ) domain.

Lemma 4.4. Suppose that Q is a simply connected extension domain for &7,
l1<p-a=2, and Q satisfies the conclusion of Lemma 4.3. Then 0Q2 consists of a single
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(possibility unbounded) Jordan curve which satisfies Ahlfors’ three-point condition
(1.5).

Proof. Since Q is simply connected and uniformly locally connected, either £
is the region enclosed by a bounded Jordan curve, or ¢Q is a union of unbounded
Jordan curves. Although we will simply assume for ease of exposition that 9Q is
a single Jordan curve I', the same argument shows that this must indeed be the case.

Fix a constant M, such that any x,, x;€Q lic in the same component of
QnB(xy, My-d(x,, X,)). Suppose that MM, and there exist xo, x,€I" and points
Yo, ¥1, one on each arc of I' with endpoints x, and x;, such that d(x;,y;)>
M.d(xq, x))=M.d for each pair (i,j). Let C; be the component of
QnB(x,,10- M,-d) whose boundary contains y;. Let 4;=C;nS(x,,10- My-d).
Finally fix a continuous arc y: [0, 1]-Q with y({)=x;, y(1)€Q if O0<t¢<1, and
YCB(xy,2-My-d).

Observe that d(A4,, 4;)=C -d. For given points z,€ 4;, choose nearby points
2;€C;. Any path in © joining z; to z; must cross y. Since yCB(x,,2-M,-d) and
d(z], x¢)~d(z;, xo)=10- M,-d, any ball centered at z; containing such a path
must have radius at least 6- M d. By the conclusion of Lemma 4.3, d(z;,z)=
M;Y.6-Myd=6-d, so that d(A4,, A,)=6d.

The ensuing argument will rely on the next lemma, whose proof is left to the
reader.

Lemma 4.5. Suppose that A,, A, S0, r) are closed sets, and that d(A4,, A)=
Cy-r (Co=>0). Then there exists p€Cy (R?), supported in B(0,10.r) such that
lo(r x| c=.=Ci, @=i on A4;, and all derivatives of ¢ are identically 0 on A;. C,
depends on Cy but not on r or the A;.

Next in the above situation, let ¢ be the function given by Lemma 4.5 with
r=10-Myd. Define
o(x) if xeON\(CouCy
=17
i if x€C;.

For any 10-Myd<r<Md, g attains both the values 0 and 1 on S(x,, r). Hence
as in the proof of Lemma 4.3, for any extension G of g to R? we have

log M if pra=2

. Md g gp g, {
= t = .
!|G".gg = flO-Mod ?dt=C d2——ozp(M2—¢p__(10Mo)2—-pa) if p.oo<2.

On the other hand | gl ﬁ;g(méc -(Myd)*~?. For, by dilating we may assume that
10M,d=1. Then since |o|lsz®y=Clpllc=®»=C, only cubes QcQ which
meet A, or 4, can lead to difficulties in the estimation of N,(g). But the contri-
bution to N,(g) made by such cubes is controlled by |l@llc-» since all derivatives of
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¢ vanish identically on the A;. Letting M —~< and comparing norms of g and G
again concludes the proof.

Finally, combining Lemmas 4.3 and 4.4 and applying Theorem A, it follows
that any simply connected extension domain is an (g, §) domain if p.a=2, and
O<a=1. The same arguments can be applied for finitely connected domains; see
[10].

Theorem 1.2, in which &7 is replaced by 92 and (g, ) by (g, d), is also proved
in the same fashion. As long as d(x,, x;) is sufficiently small, the L? norms of the
functions arising in the proof can be made negligible relative to their &? norms (by
multiplying by an additional cutoff function); this is how the (g, §) condition with
0 < oo arises.

We close by commenting without proofs on some further results. Lemma 4.3
extends to R" for all », when p-a=n, with exactly the same proof. Furthermore,
if QCR" is any extension domain for N2 where O0<a¢Z and p-a>n, then there
exists £=0 such that for any x€ @ and any sufficiently small r=0, B(x, r)nQ con-
tains an open ball of radius ¢-r. This is false for «€Z *. Theorem 1.2 is also valid
for L3(R%) (which is defined via ordinary weak derivatives, not via the maximal
operator N,).

It is not difficult to construct domains QCR? which are extension domains
for L% either for all p<2 or for all p>2, but not for p=2, and which illustrate
that the two halves of the proof of Theorem 4.1 do indeed break down when p - a<2
or p-a>=2, respectively. Let

Q, = {(x, »)ERZYy <0, or |x|<e¢ and 0=y<I,
or ¢=|x|=1+¢ and |x|—e<y=<1}.

If p>2, then Q, is an extension domain for L?, with the norm of an extension
operator uniformly bounded independent of ¢ as g0 (the extension operator is
constructed just as in Section 3). However, if p=2 the norm of any extension ope-
rator for L? is =c(g) where c(¢)—~< as ¢—0. On the other hand, (,)°is an exten-
sion domain for L} with bound independent of ¢ as ¢~0 when p<2, but not
when p=2. It is possible to build out of the £, a bounded, simply connected do-
main QcCR? such that Q is an extension domain for L? if and only if p=2 and
(2)° is an extension domain for L? ifand only if p<2. Sucha domain has previonsly
been constructed by Maz’ya [12].

This example also suggests that it should be possible to construct a domain
QcR? which is an extension domain for L? for all p=p,, for any given p,>2,
or for all p<p,, for any given p,<2. However, the details of this construction have
not yet been carried out.
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