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0. Introduction

Let f be a function in LP(R") with L modulus of continuity w(f, )=
sup = I f (x+h)—f (%)l - satisfying @ (f, 1)=27, ¥, (f) where ¥,(7) is a posi-
tive concave function of ¢ for eachnand 2, ¥,(1)<ee. Then fcan be decomposed
into a sum of functions in L”(R"), f=2" f, such that, for each n, w(f,, )=y ()
for all #=0. (Here y denotes a constant which does not depend on f.)

This result, which seems far from obvious, is presented as a brief comment in the
remarkable note [2] of Ju. A. Brudnyi and N. Ja. Krugljak. It is only one of many
consequences of their theorem on the property of *“K-divisibility” of the Peetre K-
functional (Theorem 1 below). Most of the other consequences studied thus far
both by Brudnyi and Krugljak themselves [2, 3] and by others, notably Per Nilsson
[13, 14], are formulated within the context of the theory of interpolation spaces.
However, as the above result strongly suggests, it is to be expected that the advances
in interpolation theory made possible by the work of Brudnyi and Krugljak will
also have many further interesting new applications in various branches of analysis
(cf. [13], Section 6.2).

In the present paper we present an alternative proof of the K-divisibility theorem
and subsequently, with the help of the techniques developed in our proof, we show
that all interpolation spaces with respect to a large class of compatible couples
A=(A,, 4;) have certain monotonicity properties with respect to the K-functional.
Among the corollaries of our main theorem we obtain the result of Sparr [16] and
its generalization due to Dmitriev [8] characterizing all interpolation spaces with
respect to couples of L? spaces. But now we can also give a weaker form of Dmit-
riev’s theorem which holds for values of the exponents p for which the original ver-
sion breaks down. Another corollary describes monotonicity conditions satisfied
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by all interpolation spaces with respect to the “Sobolev couple” W=(I?, W"?).
The result here is best possible in a certain sense and answers a question posed in
[6] (p. 135).

The paper is organized as follows. Section 1 contains definitions, terminology,
and statements and discussion of the results to be proved in the following sections.
We have amplified the discussion a little in order to refer the interested reader, who
may not yet have access to [3], to other papers whose results, taken in conjunction
with our work here, lead to proofs of some of the other main theorems of Brudnyi
and Krugljak. Section 2 is devoted to some preliminary results concerning
couples of weighted L' spaces. Section 3 contains our proof of the K-divi-
sibility theorem. In Section 4 the proof is adapted to give our new result on
monotonicity properties of interpolation spaces. Finally in Section 5 we briefly
discuss the application of that result to the couple W. We mention that one reason
for our particular interest in this couple is the fact that its K-functional is equivalent
to a rather concrete quantity, the L? modulus of continuity, which appears in many
other contexts. (Cf. [1], Chapter 6, and also the example with which we began here.)

It is a pleasure to acknowledge very helpful discussions and correspondence
with Per Nilsson and Jaak Peetre. In particular we are indebted to Professor Peetre
for pointing out that our results in Section 4 can be presented in the more general
setting of relative interpolation spaces and thus yield the theorem of Dmitriev. We
have incorporated his remark into our presentation here.

Remark 0.1. Weaker forms of the K-divisibility property can be established for
couples of quasi Banach spaces or normed Abelian groups by methods not very diffe-
rent from those for Banach spaces. There is also a version in which the K-functional
is replaced by the approximation functional. We refer to [3] and [13] for details. In
fact Sparr also obtained his theorem in this more general setting, namely for couples
of L? spaces with p in the extended range (0, =], under suitable restrictions on the
measure space. (Cf. [6], Section 4 for a related result.) Our techniques here for ob-
taining Sparr’s theorem via K-divisibility use the Hahn—Banach theorem and do
not seem to be readily adaptable for p<I1.

Remark 0.2. We shall present some converse results to our main theorem here
in forthcoming papers with Per Nilsson [17, 18].

1. Notation, terminology and statements of results

We begin by recalling some notions from interpolation theory. For the most
part we use the notation and terminology of [1] and will assume that the reader has
some familiarity with the K- and J-functionals and their elementary properties
([13, Chapter 3).
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Let A=(A4,, A;) and B=(B,, B,) be compatible couples of Banach spaces.
Let 4 and B be intermediate spaces with respect to A4, respectively B. We say that A
and B are relative interpolation spaces with respect to A and B if every linear operator
T satisfying T: A—-B maps 4 into B boundedly with

1Tl 4, = Coax (1T 4y, 305 1T 1] 4, 8,)

for some constant C independent of T. If C=1 then we say that 4 and B are exact
relative interpolation spaces. Analogously 4 and B are termed relative K spaces with
respect to A and B if, for some positive constant C and for each a€ 4, whenever the
inequality K(t, b; B)=K(t,a; A) holds for all >0 and some b€ X(B) then bcB
and ||b]|g=Clall4. Again 4 and B are exact relative K spaces if we can take C=1.

Clearly if 4 and B are relative K spaces then they must also be relative interpola-
tion spaces. For many couples, A4 and B all pairs of relative interpolation spaces are
characterized by this property. We say of such pairs of couples A and B that they
are relative Calderdn couples. (See e.g. [7], [8], [14].) Note that in all the above ter-
minology we cannot change the order in which we write 4 and B or 4 and B without
changing the meaning of the corresponding condition.

Much of the research on this topic has dealt with the case A=B and in this
context the above definitions reduce to saying that A4 is a Calderon couple if all inter-
polation spaces 4 with respect to A are K spaces, that is, if they each have the pro-
perty that ac 4, b€ 2(4) and K(t,b; A)=K(t,a; A) for all =0 imply that b€ A
with |b||,=C|all4. The couples which are known to be Calderén include couples of
weighted L? spaces [16] and all “‘reiterated” couples of the form A :(E"o’ 2y E,l, )
where E is any other compatible Banach couple [6, 9]. For further examples, refe-
rences and remarks see e.g. [4], [7] p. 2, [16], [14].

Turning our attention more specifically now to K spaces themselves we remark
that a straightforward way of obtaining a K space 4 with respect to a couple A is
to define the norm of 4 by

lals = K a; Do

where & is a lattice norm defined on measurable functions on (0, <). Spaces of this
type, denoted for example by A=A4,x, have been studied widely. Of course the
much used spaces Ay ,=(A,, A1)s,, are special examples of such spaces generated
by taking @ to be a suitable weighted L? norm on (0, ). Another important result
of Brudnyi and Krugljak, which in fact can be proved using K-divisibility, states that
for all couples A4 all K spaces 4 are of the form Ay, x for some suitable @, to within
isomorphism. (There are also related results concerning relative K spaces.) Thus,
whenever 4 is a Calder6n couple, all its interpolation spaces can be generated in
this comparatively simple manner.
The K-divisibility theorem may be formulated as follows:
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Theorem 1 ([2], Theorem 4). Let A be a compatible couple of Banach spaces and
let a be any element of X(A). Suppose that K(t, a; A)=2:2, ¥, (t) for all t=>0,
where each V,(t) is a positive concave function on (0, <) and 377 Y, (1)<eo. Then
there exists a sequence of elements a,€ X (A) such that a=2" a, (with the series
converging in the norm of X(A)) and, for some constant vy,

K, a,; A) = y,(5) for each n and all t > 0.

One way of obtaining a proof of the above-mentioned result that all K spaces are
of the form Ag, g is to combine Theorem 1 above with Theorem 2.1 of [7] (p. 11).
See also Section 4 of [14] for a treatment in a more general setting.

In [7] it was shown that many couples A have the following property which is
related to K-divisibility and which may be considered as a refinement of the ‘“funda-
mental lemma” ([1], p. 45).

(P) There exists a constant ¢ such that each a€ X,(A4) can be expressed as the
a, of a series of terms a,€ A(A4) and for all =0

e _omin(l, t2)J(2", a,; A) = cK(t, a; A).

sum g=

V= — oo

From the arguments to be given in Section 3 (see the proof of Theorem 4 or
‘Remark 3.1) it will be apparent that all couples which are “mutually closed” ([7],
p. 8) have property (P). This in turn, by application of Theorems 4.6, 4.7 and their
corollaries in [7] leads to results very similar to those in [2] Section 7 concerning the
equivalence of K spaces and interpolation spaces generated by the J-functional.
These matters are also treated in more detail and greater generality in [13].

The alternative proof of Theorem 1 which we shall present here (in Section 3)
is motivated to a considerable extent by the proof of Theorem 4.8 in [7]. Some simi-
lar ideas have been developed independently and used to study other aspects of
real interpolation spaces by Svante Janson. (See [11], Example 0 and Theorem 16.)
As in Theorem 4.8 of [7], we use the Sedaev—Semenov theorem that any compa-
tible couple of weighted L* spaces (L;, , L3, ) is a Calder6n couple [15] (for alternative
treatments cf. [5], p. 234 or [16]). However in the present context we need to extend
the Sedaev—Semenov theorem to the case where each of the weight functions w,
and w, may assume the value + < on some set of positive measure. This is done in
Section 2.

Brudnyi and Krugljak obtained that the constant y in Theorem 1 satisfies
1=y=14. However our proof here shows that one can take y=8-+¢ for each &¢=0.
(This does not necessarily imply that y=8 since our decomposition of a, a=3""  a,,
depends on the choice of &.)

We now turn to the new results to be proved in Sections 4 and 5 of the present
paper. In order to state them concisely it is convenient to introduce an “index” ¢
for each couple 4 which in some sense measures how close 4 is to being a Calderén
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couple. The starting point for such a notion goes back to [5, 6] where we considered
interpolation spaces which have properties somewhat weaker than that of being a K
space. We may reformulate these properties in the more general ‘“‘relative” setting
as follows:

Let 4 and B be intermediate spaces with respect to the couples 4 and B respec-
tively and let ¢ be a positive number. We say that 4 and B are relative L*-K spaces
with respect to A and B if, for some fixed constant C=0, whenever a€ 4, bé X(B)
and

([ [K(, bs BYK(t, a; AP difi)'* = 1

then b€ B with ||bl|z=Cl|al 4. Similarly 4 is an L?—K space with respect to A4 if
whenever a€ 4, b€ 2 (A) and

([T 1K@, b; DK, a; DP i)' = 1

then b€ 4 with {b| ,=Cllaf 4.

Of course the case g=-<- in the above corresponds to the previous definitions
of relative K spaces and K spaces. Note that for g<oo, relative LK spaces are
not necessarily relative interpolation spaces (e.g. A=4, ., B—-—Fa g» O, more
drastically, A=A4,n4,, B={0}). However all relative interpolation spaces are
necessarily relative L'-K spaces for all choices of compatible couples 4 and B.
This is proved for the case A=B in [5], but the proof for the general case is almost
identical. In [3, 6] we also exhibited examples of couples 4 for which all interpolation
spaces are L1-K spaces for some ¢, | <g<co. This leads us to adopt the following
terminology:

Definition. The couple A is of Calderdn type q (or C-type q) if all interpolation
spaces with respect to A are L%-K spaces.

The couples 4 and B are of relative Calderdn type q if all relative interpolation
spaces with respect to 4 and B are relative LI-K spaces.

Examples. Calderdn couples of course have C-type = and all couples have C-
type 1. However, there exist couples (see e.g. [5], p. 223) which are not of C-type ¢
for any g=1. The couple (L}, C) (see [5], pp. 224—225) is not a Calderdén couple but
it is of C-type g for every g<-<. Let W be the couple (IZ, W?) for l=<p=«o,
where W*? denotes the usual Sobolev space of functions which, together with their
(generalised) first derivatives, are in IP, the underlying measure space being R"
or T" Theorem 4 of [6] (p. 133) shows that Wis of C-type p, where p«=min (p, 2),
but this can be improved using our main theorem here (Theorem 2) to show that
W is of C-type pw=2p/|p—2|. This result is sharp in that W is not of C-type g
for any g=>p. since ([6], p. 135) the complex interpolation spaces W, are not
L%-K spaces for any = pas.
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Remark 1.1. If 4 is of C-type g then 4 is of C-type r for all r, 0<r=gq. This
is an immediate consequence of the equivalence of the expressions

(o 1K@, b; D/K(t, a; D) dejr)'
and
e o [K(2, b5 A)/K(2", a; A)]9)""

V= — oo

for any a, b€ Z(A) and ¢€(0, «]. An analogous remark holds of course concerning
the relative C-type of 4 and B.

Our main theorem shows that couples A are of C-type g for appropriate values
of g if they satisfy two properties which are relatively easy to verify in many cases.
We now describe these properties.

Definition. Let A be a Banach space of (equivalence classes of) measurable func-
tions on a measure space (X, X, u) such that if /€4 and F€ZX then fy€A
with || fxrll 4= fl... We shall say that 4 is g-decomposable for some g=0 if, when-
ever f€ A, (F,),_, is a sequence of disjoint sets in X and (g )., a sequence of dis-
jointly supported elements in 4 and (3,7, (lg.ll4/1 ke | )9)"/?=1, then it follows
that g=2>"  g,64 with |gl,=|fl4. Analogously 4 is eo-decomposable if the
above condition holds with the sum replaced by the supremum in the usual way.

Finally if 4 and B are Banach spaces of measurable functions on possibly differ-
ent measure spaces with | fygl4=I[fll4 as before, then we say that 4 and B are
relatively g-decomposable if, for fand (F,);_, as above and (g,);>_, disjointly supported
functions in B, the estimate (>, (I g,/ 4/ Sre DH=1 implies that g=237" ., g,6B

with [l gl 5 =111l

Examples. L? is e-decomposable for all p¢[l, o], L? and L7 are relatively oo-
decomposable if g=p. If g=p then a simple application of Hélder’s inequality

shows that L7 and L? are relatively -decomposable. By related arguments, if 4

and B are Banach lattices and B is p-convex and A4 is g-concave ([12], p. 46), then A
and B are relatively co-decomposable if ¢g=p whereas, for ¢=p, 4 and B are rela-

tively -decomposable. Of course any pair of Banach lattices 4 and B are rela-

tively 1-decomposable. The mixed norm space LF([?) is -decomposable.

2p
lp—2]
(See Section 3.)
Definition. Let A=(A,, A;) be a compatible couple of Banach spaces of (equi-
valence classes of) measurable functions on a measure space (X, Z, u). We say that 4
is a Holmstedt couple if, for each a€ X(A), there exists a family of measurable sets
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(E));>o such that E,CE, for s=¢ and such that, for a fixed constant C=C(4)
depending only on A,

layella,+tlaxxgl 4 = CK(, a; A)

for all #=0. (Note that the choice of sets E, may depend on a.)

Examples. FromHolmstedt’s formula [10] K (¢, f; L, LP)~([& f*(s)Peds)Po+
t(f £*(s)Pds)He it follows that (LPs, LPv) is a Holmstedt couple if the underlying
measure space is non-atomic. The case when p, =< follows a little less obviously
from the K-functional formulae of Peetre and Krée ([1], p. 109). (For our purposes
here it suffices to consider only non-atomic measure spaces or even simply (0, <)
equipped with Lebesgue measure, since all corollaries of Theorem 2 below concerning
couples of rearrangement invariant spaces can be extended to the case of arbitrary
o-finite underlying measure spaces from the case of (0, <) using the operators con-
structed by A. P. Calderdn in [4], (p. 277, Lemma 2.) Using a ‘‘Stein—Weiss transfor-
mation” (see e.g. [5], p. 234) one can also deduce that (L, L}:) (weighted L spa-
ces) is a Holmstedt couple, again under the assumption that the measure space is
non atomic. From Lemmata 4.3 and 4.5 in [14] it follows that a large class of quasi-
linearizable couples are Holmstedt couples. See also [18].

For our final example let us suppose that 4 is a Banach space of measurable
functions such that if f€ 4 and g is measurable and [g(x)|=f(x) for a.e. x then
gcA with || gl .=l fll4. Let o be a positive measurable function on the same measure
space and define 4,={f|foc4} with norm |f|, =|fol,. It is easy to check that,
for the couple (4, 4,),

K(ts f’ A, Aa’) = ”X{ta’>1)f”A+tHX{taél}f”A, = ZK(t9 fa A, Ao‘)'

This of course shows that (4, 4,) is a Holmstedt couple. In pafticular if the under-
lying measure space is R*XN and 4=IL?(/% is defined by

11 G B)la = (f e S 1S (x5 FOPY2 )

and if o(x, k)=2* then (4, 4,) is precisely the couple L=(L?(%%), L*(f})) studied,
for example in [6], p. 133, in connection, with the couple W=(L?, W"?), l1<p<co.

We can now close this section with the statement of our main theorem. The
preceding examples already indicate many of its applications. The proof is given in
Section 4.

Theorem. 2. Let A=(Ay, A) and B=(B,, B,) be mutually closed Holmstedt
couples. Let A; and B; be relatively g-decomposable for some q, 1=q=ee, j=0, 1.
Then A and B are of relative Calderén type q.
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2. Positive concave functions and couples of weighted L' spaces

Let w, and w;, be positive measurable weight functions on a measure space
(X, Z, p). For our particular needs here we will need to permit each function w; to
assume the value + <o on a set, which we will denote by E;, which may have posi-
tive measure.
For j=0,1, let P;=L'(w;du) denote the Banach space of measurable func-
tions fon X satisfying
1£ 1, = [ f@Iw;(0) dp(x) < <.

Thus of course each f¢ P; satisfies f(x)=0 for a.e. X€E;. The pair P=(P,, P))=
(L*(wodp), L*(wydp)) is clearly a Banach couple. Each f€X(P) vanishes almost
everywhere on EynE;. The calculation of the K-functional for P is very easy and
yields (very similarly to the much studied case where w; are finite a.e.) that

K(t, £ P) = [ |/() min (wo(x), twy (%)) dpa ()
= [p, |Flwodu+ [, |flmin (w, tw) du+1 [ | flw; du

where Y=X\EN\E;, Fo=EN\E, and Fi=E\E,.

As is well known K (¢, f; P) is a positive concave function ([1], p. 39). Conver-
sely, the following lemma and its corollary show that all positive concave functions
on (0, <) are of this form.

Lemma 1. Let Y/ (t) be a positive concave function on (0, «<). Then there exist
non negative constants o, B and a positive measure v on (0, o) such that for all t=0

Y (0) = o+ Bt+ f7 min (x, 7) dv(x).
Proof. This is part of the proof of Lemma 5.4.3. of [1], p. 117. ]

Corollary. For each (t) as above there exists a measure space (X, X, ), weight
Sfunctions wy, wy, and a function f(x) on X such that y(t)=K(t, f; P) for all t=0.

Proof. Given ¥ (¢) let «, f and v be as in Lemma 1 and let X be the union of
(0, =) with two additional points which we may conveniently denote by 0 and <.
We define the measure p by pu({0))=ao, u({=})=p and p(E)=v(E) for all measu-
rable Ec(0, «). Define w, and w, by

Wwo(x) = x  x€(0, )
wo0) =1, wy(e) = =
wi(x) =1 x€(0, =)
wi(0) = oo, wy(e0) = 1.
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Then clearly F,={0}, F;={e} and if f(x)=1 for all x€X then the formulae for
¥ (x) and for K (¢, f; P) coincide.

We now turn to the main result of this section.

Theorem 3. Let P =(L*(w,dy), L*(w,du)) be a Banach couple of weighted L'
spaces on an arbitrary measure space (X, £, p). Let f, g€ £(P) such that for all t=0

2.1 K@, g; P) = K(, f; P).

Then for each e¢>0 there exists an operator T=T,, T:P—~P with |lT]Pj»PJ_||§
14+¢ for j=0, 1 such that Tf=g.

Remark 2.1. This theorem was originally proved by Sedaev and Semenov
subject to the condition that w;<< a.e. (u(Ey)=pu(E;)=0). See [15]. It is of course
equivalent to the statement that P is an “‘exact Calderdn couple”, i.e. all exact inter-
polation spaces with respect to P are exact K spaces.

Proof. We can suppose without loss of generality that the functions f and g
are non negative. Since lim,_,K(t, g)=lim,,K(,f) and lim,,  K(t, g)/t=
lim,__ K(t,f)/t we deduce that

11— oo

2.2) S ewidu= [ fwydp, §=0,1.

(Here and in the sequel we use the notation w;, F; and Y as defined at the beginning
of this section.)

The main step of the proof will be to obtain an operator W: P—P with norm 1
on P, and on P, such that (Wf)Xszngj, 7=0,1 and

(2.3) K(t, gxy; P) = K(t, Wf)yy; P) for all ¢=0.

Once W has been constructed the proof can be completed as follows: Since wy and wy

are finite on Y the inequality (2.3) together with the Sedaev—Semenov theorem in

its original form [15] implies that for each &=0 there exists an operator V=V,

of norm less than 1+¢ on P, and on P; which maps (W f)yy to gy and leaves func-

tions supported on Fyu F; unchanged. The desired operator T is thus givenby T=VW.
We shall define the operator W, acting on each he€ 2 (P), by

2.4 W (hyy) = hyy
and
(2.5) Wihge)) = fp hw; du(grr;+8)[ [ fvydu, =01

provided fFj Jw;dp=0. If fF,. Jw;dp=0 then we take W(hXFj)-:O. (In this case
(2.2) implies that g(x)=0 for a.e. x€ F;.) The functions g; in (2.5) are non negative
and supported on Y. Their precise form will be given below. In particular they must
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satisfy the equations

(2.6) fFj gw; d,u+fy giw;du = fijwj du, j=0,1

from which it follows that W has norm 1 on P, and on P;.
Define the numbers o4 and «; by

o; = fijwjdu—fFjgwjdu (j=0,1).
Then from (2.1) we have that for all =0

fygmin (wg, twy) du = ao—l—fyfmin (wg, twy) du+to .

If «;=0 for either j=0 or j=1 we take g;=0 and (2.6) is satisfied. Other-
wise o;>0 by (2.2) and we can choose a positive number #; such that

t;ffyg min (wg, £;wy) dp = o

Let Qy={x€Y|wo(x)=t,w;(x)} and Q;={x€Y|wo(x)=twy(x)}. If both «; and a;
are strictly positive then we can choose ¢, and ¢, as above so that #,<# and conse-
quently Q, and Q, are disjoint.

We can now define the functions g; precisely for j=0, 1 also in the case o;>0
as follows:

Clearly f o, 8W;du=a;. If the integral is strictly positive then g; is defined by
gj:ij_lgxgj where 1 = f a, gw;dpja;=1. Alternatively, if the integral vanishes so
that 2;=0 and g(x)=0 for a.e. x£Q;, we can take g; to be any non negative func-
tion in P; supported on ; normalised so that here, as in the case 4;=0,

fgjgjwjd/,t = a;.

Consequently (2.6) is satisfied in all cases.

A small problem may arise in the construction of g; as above if u(Q;)=0.
This is readily overcome by enlarging the measure space appropriately. For example
we may add an atom G, and define u(3)=1, g(3)=£(2,)=0, w,(3)=1,w,(3)=1
and g;(3)=a;/w;(3)).

Finally in order to check that (2.3) holds for (Wf)yy=fxy+&,+£1, We examine
the function ®(¢) defined by

o(1) = K(t, (Wf)XY)—K(t> gxy) = K(t, f+go+8)—K(, g)—ag—1oy
= [K(t, /) —K (1, I +[K (1, go)—oo] +[K(#, g1)—to].

The first bracketed term is non negative by (2.1) for all ¢. The second bracketed
term is zero for t=¢, and so is non negative for all £=1¢,. The third bracketed term
is zero for 7=+#, and so is non negative for all 7=t,. Thus &®(#)=0 for all €[, t,].
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If «y=0 we see similarly that @(¢)=0 for all 7€(0, #,] and if o; =0 then &(#)=0
for all #€{t,, o). If ay=0,=0 then @(r)}=0 for all r=0.
If oy=0 then for each #=¢, we can write @(¢)/t in the form

Ot = [, (f+ g0+ g1~ g) min (woft, wy) du

= fgo (f+ ¢ _/lo)go) min (we/t, wy) du +fy\g° (f+ g1— g) min (wo/t, wy) dpu.

The first integral has a non negative integrand and so is clearly a non increasing
function of t. The second integral is constant for all 7=¢, since min (wy/t, w))=w,
on Y\ Q,. Since ®(1)=0 we deduce that &(2)=0 on (0, f,)-
Similarly, if «; >0 then for each ¢#=¢, we have
o) = fgl (f+(1 _/11)81) min (w,, twy) du +fy\91 (f+ g — g wodp.

We see that @(¢) is non decreasing on [#, ) and, since @(#,)=0, it follows that
@ (#)=0 for all 7r=7. Thus we have shown that &(¢r)=0 for all ¢>0 which
establishes (2.3) and completes the proof of the theorem. J

3. The proof of Theorem 1

Let A=(4,, A;) be a Banach couple. We recall that the Gagliardo completion
of A, is the space 4y+ - A, consisting of all elements a¢ X(4) such that

Il gyee- sy = SUP K(t, a3 A) <
and similarly the Gagliardo completion of A, is the space A;+ - 4, consisting of
all elements a¢ Z(A4) such that
all 4ys ooty = sup K(t, a; A)ft < .
(See e.g. [7], p. 8 or [1], p. 34.)

Let By=Ag+ -4, and B;=A;+ - A,. If v€B, but v¢ B, then we use the
notation ||v| B= and in particular for each =0 we write

(3.1 min (|v]g,, 7Ivlls,) = |oli5,-

Similarly if v€ B, but v§ B, then we write ||v] B~ % and

(3.2) min ([[v][, #l[v]|5,) = ¢]vllg, -
Theorem 1 will follow readily from the following theorem.

Theorem 4. Let A=(A,, A;) be an arbitrary Banach couple and let B=(B,, B,)
where By=Ag+ oo+ Ay, By=A,+-Ay. Let acZ(A). Then for each ¢>0 there
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exists a sequence of elements (v):__ in X(A), such that
3.3) v,EAyn Ay for all but at most two values of v,
34 LUy =4

where the series converges with respect to the norm of X(A), and

(3.5) 2 — oo min ([0,]l5,, 70)],) = 8(1+8) K (1, a; 4)

V=~ o0

SJor all t=0. Ifv,§ BynBy then the v-th term of this series is defined by (3.1) or (3.2).

t-—> o0

Corollary. If lim, ,K(z,a; A)=0 and lim,_  K(t,a; A)/t=0 then each
v,€ Byn\ By and so (3.4) defines an admissible representation of a with respect to the
couple B (see [7], p. 6).

Proof. Fix a non zero element a of X(A) and write K(1)=K(t, a; A) for all
t=0.
Define
no=lmK(), No=lals=lim KO,

Mo = M K(ft, Noo = [alls, = Jim K().

(N, and N_ may of course be infinite.)

We now construct a non decreasing sequence (¢,);2 . with 0=f,= for
each v. It depends on a fixed parameter r=1. For our purposes in this section the
optimal choice for 7 is r=3 but for later applications we prefer to obtain estimates
for general 7.

We choose #,=1 and let #, be the smallest number such that both of the in-
equalities

K(t) =rK(t;) and rK()/t, = K(t)/t

are satisfied. The continuity and monotonicity properties of K(¢) ensure that # =1,
and that one of the above inequalities is in fact an equality. If there does not exist
any ¢, in (0, <) satisfying both of the above inequalities we define 7, =< (and also
t,=oo for all v=1). We obtain ¢, from ¢, exactly as #;, was obtained from ¢,. In
fact, inductively, for each v=0, ¢, is defined as the smallest finite positive number,
if it exists, which satisfies both the inequalitics.

3.6) K(t) = rK(t,—1)

(3'7) rK(tv)/t = K(tv—l)/tv—l'

As before, if no finite value for ¢, satisfies (3.6) and (3.7) then we put #,=<~. Again,
for t,<o one of (3.6) and (3.7) must be an equality. If 7,=< then we also take

t,=oco for all p=v. We let v, denote the first (i.e. minimal) integer v such that
t,=-oo. Alternatively, we define v_ =+ if t,<< for all integers v=0.
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We now define ¢, for v=0. We take 7_; to be the largest number satisfying both
K@)y =rK(-;) and rK{t)/ty = K(t_)/t_

and similarly by induction, given ¢, we obtain ¢, , as the largest number satisfying
both (3.6) and (3.7). If no such number exists then we take ¢#,=0 and #,=0 for
all u<v. We let v, be the first (i.e. maximal) integer v such that ¢, =0. Alternatively
we write v,= —oo if £,>0 for all integers v.

In summary the sequence (¢,); has the following properties:

V= — oo

(3.8)  For each v such that vy+1<v<v_, f,_,<t, and the inequalities (3.6) and
(3.7) hold, one of them being an equality. '

39 If v.=+< then lim t,=+ o, and if vy= —cc then lim t,=0.

V=4 oo V- —oo

(3.10) If v_=oo then either

(3.10.1) K(t)<rK(t,_.,) for all r=0 implying that n=0 and N_ <o (acB,) or
(3.10.2) rK(1)/t=K (¢, _y)/t, _, forall >0 implying that n,>0 and N_=-o.
(3.11) If vy=>—oo then either

(3.11.1) K(¢, 1)<rK(t) forall 1>=0 implying that n,>0 and Ny=-<o, or

(3.11.2) rK(t, 41)/t, +1>=K(#)/t for all =0 implying that 7,=0 and Ny< o> (a€B,).

Having chosen >0 we now let a=a,+4, for each v such that vy<v<v_,
where a,€ A,, a,€ A; and

laylagttlall = A+ K@),
For each v such that vy+1<v<v_ we define
U, = dy—dy_, = Ay_q—dy.
If v=v_= < then we define
v,

— —_— 4
- a—avw—l = av,,—l

oo

and
v, =0 for all v=>v..

If v=v4+1=>— o then we define

’ —_
Upg+1 = @0y 11 = Q11
and
v,=0 forall v=y,.

Note that »,€4,nA4, except possibly when v=v_ or v=v,+1. If vp+l=v=<v_

(3.12) ., = llayllg,+Hllay-ill4, = A+8)[K (1) +K(#, -]
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and

(3.13) ol g, = lail g, +Hlas-lla, = A+)[KE)/ G+ K(E,-1)/t,-4]-
If v=v_ << then

(3.14 o, g, = llay—all4, = A+ K —1)/E -1

In this case either (3.10.1) holds and so a€ B, with

(3.14.1)

[0, = Ials,+ 1, -allsy = PK (1) + 1y 1lLay = ¢+ 1D K(E, ),
or (3.10.2) holds and so, using (3.14),
(3.14.2) lo, 4, =r(1+) K@)/t for all ¢=0.
If v=v¢+1>—< then
(3.15) lovg+allay = llaygs1ll 4, = (L) K (Hy10)-
In this case either .(3.11.1) holds and so, by (3.15),
(3.15.1) lv,,41lla, = r(1+6K () for all t=0,
or (3.11.2) holds and so a€B; and
Iove+1ll5, = llallp,+llav,+1lls,
(3.15.2) = rK(tyy+ )/t 1 L+ K (4 40/ by
= (r+ 14+ Kty 4/ l41-

(Note that, under the hypotheses of the corollary, ny=n.=0 so that (3.10.1) and
(3.11.2) hold. This implies that v,€ BynB; for v=v_, v=v,+1 and indeed for all
integers v, as required.)

" 'We now verify that £2.__ »,==qa where the series converges with respect to
the norm of Z(A). This will follow from the two equalities:

o

Zvéo Uy = dy, Zvél v, = a(;'

Indeed, if vy=—o then n,=0 and lim, __ ”av!|,40=0~ Thus X, =¢v,=a,—
lim,. __ a,=a,. However, if vo>—co then Z,=00,=0, .1+, 2=y=o@—Gy-1
=q,. By exactly analogous reasoning X,=,v,=dj.
It remains only to establish the estimate (3.5). We fix #€(0, «) and use the nota-
tion
m, = min (|v,] 5,5 |0,/ 5,)-

(Recall that m, may be defined by (3.1) or (3.2) when v=vy+1 or v=v_.)
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We choose an integer v, such that 7, _,=t¢=¢ . We first consider the casy
when vy+1<v,<v_. Thus by (3.8) we must have either

(3.16) K(,,)=rK(ty,-1)
or
(3.17) rK(t, )/t = K(ty,— 1)ty —1.

If (3.16) holds then, by (3.12),
my, = (r+1)(1+8)K(tv*—1)-
If (3.17) holds then (3.13) can be applied to give

(3.18) m,, = t(1+)F+ DK@/,
In both of these cases we deduce that
(3.19) my, = (r+1)(1+e) K ().

For each v such that vy+1<v<v, we obtain from (3.12) and repeated applications
of (3.6) (see (3.8)) that

vg—=1—v
(3.20) m, = (1+s)(1+%} K() = (1—!—17](1 +¢) (17) K(t,—1).
If vy> —oo then for v=v,+1 by (3.15) and (3.6)
ve—1—(vy+1)
(3.21) Mager = (149K () = (1 +0)( 1] K(ty,-).

From (3.20) and (3.21) we deduce that for all v<v,, whether or not vy=>— oo,

m= (Do) ko

r
Consequently

G2) Z,_,.m= [1+%)(1+3)K(z)[1/(1—%]] — (1+s)[:f11]1((z).

By an almost identical argument we can show that

(3.23) S, = (1+s)[: i]K(t).

We deduce (3.5) from (3.19), (3.22) and (3.23) and by choosing r=3.
To complete the proof of (3.5) we must consider the two cases when

ve =v+1 (O<t<t,4,) or

Ve = Voo (tvo,,-l <t= OC)
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We shall treat the first of these, leaving the reader to construct the closely parallel
argument which treats the second.
Since at least one of the estimates (3.15.1) or (3.15.2) must hold we deduce that

either my, 1 = r(1+e) K () or My, p1 = t(r+14+8) K@, +1)/t41
so that
M4 = (F+14+8) K (D).

For vy+1<v<v_ we obtain by (3.13) and repeated applications of (3.7) that

1

my = 10401+ L) Kl = (16D a 0 Kt

If v_ << then by (3.14) and (3.7)

1 Voo~ 1—vg—1
Mo = 4Kl = 10+D( L) T Kt

Thus, regardless of whether v_ <o or v_=oo,

1 1 v—vy—2
Zv>vo+1 mv = (1 +T} (1 + 8) tK(tvo+1)/tvg+l vvy-+l [—’,—J

= (1+8)(:iiJK(t).

oo

Combining these estimates and again taking =3 we obtain
6(1+¢&)K(t) which of course implies (3.5).
This completes the proof of Theorem 4 and its corollary. |}

m,=

V= oo

We are finally ready to prove Theorem 1. At this stage our argument closely
resembles the corresponding part of the proof of Theorem 4.8 of [7], p. 38.

For each positive concave function ¥, (¢) we construct a measure g, and weight
functions wi(s) and wi(s) on [0, =] as in Lemma 1 and its corollary.

Take X=[0, «o}XNi.e. X'is the union of disjoint copies I, of [0, =] for n=1, 2, ....
Let w;(s, n)=wj(s), j=0,1 for each (s,n)€X and let X be the g-algebra of sub-
sets E whose intersections with I, are Borel subsets of [0, =] for each n. For each such
E=U,_(Enl)cX define u(E)=2,pu,(Enl,). Then for the function f on
X defined by f (s, n)=1 for all (s, n)€ X we obtain that

K(t, fur,; P) =y,() for each néN
K@, i P) =237 . (D

where P=(L'(wydu), L*(w,dw)) on (X, X, p).

and
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o0

We recall that a¢ 2(A4) satisfies K(t,a; A)=3> ¢,(¢) and let a=237___ v,
be the decomposition of a obtained in Theorem 4. Let (X,, 1) be the measure space
of all integers v for which »,>0, where here u denotes counting measure. We define
we and w; on X, by w;(v)=|v 8, (Note that w;(v) may be infinite for some
values of v.)

If g is defined by g(v)=1 for all v€X, we obtain, taking P;=L*(w;du) on
the measure space which is the (disjoint) union of X and X, that

K(t, g; Py =3 _ min(||v,]g,, t]v,lle,)
=8(1+)K(t,a; A) =8(1+e)K(, f; P).

Invoking Theorem 3 we obtain an operator T on P of norm less than 8(1+2¢)
on Py and on P, such that Tf=g. We also have a ‘“‘canonical” operator S from P
to B (where B=(Ay+ - A;, A;+ - Ay)) defined by

Sh = S(hyyx) = 2. _.. B(Wv,.

V= —oo

V= —co

Since the series 27 | fy; converges to f in 2 (P), >, a, converges to STf=a
in Z(B)=X(4) and K(t,a,; B)=K(t,a,; A)=8(1+2e)K(1, fy; 5 P)=8(1+2¢)-
° l/In(t)' I

Remark 3.1. By a part of the above argument, for any f¢ Z(P) and acX(4)
such that K(¢,a; A)=K(t,f; P) there exists a bounded operator ST: P—B
such that STf=a. Thus P and B are relative Calder6n couples and Theorem 4.4
of [3] shows that B has property (P) as claimed in Section 1.

Clearly ]|S[PJ_*BJ.||:1 for j=0,1, and Sg=>7°" v,=a. Now let a,=ST(fy;).

4. The proof of Theorem 2

Suppose that A and B satisfy the hypotheses of the theorem (Section 1) and
that g and b are arbitrary elements of X(4) and X(B) respectively which satisfy

4.1) ([ 1K@ b; BK (1, a; D)difi)" = 1.

Clearly the proof of the theorem can be accomplished by constructing a linear
operator T' mapping A4; into B; with norm bounded by a constant depending only
on 4 and B, j=0,1 such that b=7Ta.

Our first step in the construction of T is to apply a variant of the proof of Theo-
rem 4 in the previous section to a€ X(4). For fixed r>1 we obtain a sequence
()5 _., of elements in [0, ] satisfying (3.6) and (3.7) for K(¢+)=K(¢, a)=K(t, a; A).

[In the sequel we shall frequently omit 4 or B in the notation for K-functionals when
this will not introduce any ambiguity.] We define v, and v__ as in Section 3 and denote
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by I' the set of all integers v which satisfy v,-+1<v<v_. Note that, depending on
the behaviour of K(¢, @) and the choice of r, I may contain all the integers or be a
strict or even empty subset of them.

Since A and B are Holmstedt couples, there exist measurable subsets E, s F
of the respective underlying measure spaces such that

(42) K(tva a; Z) = ”aXEtV”AO'i_tv”a(l _XEtV)”AI = ClK(tv’ a; Z)
4.3) K(t,, b; B) = lIbxr, llsg+ 6161 —xr, )5, = C2K(2,, b; B)

for each integer v, v,<v<v_ and for constants C;=C(A4) and C,=C(B) de-
pending only on A and B respectively. Thus we can write a=a,+a,, b=b,+b,
where a y=8YE, > b, bxF As in Section 3, welet v,=a,—a,_,, and analogously
wy=b,—b,_, for all verl. If there are finite values of v satisfying v=v,_, or v=y,+1
then we define v,, and analogously w,, by the same formulae as used in Section 3.
Since E, CE, thesets G, defined by G,=E, \E, are pairwise disjoint and
v,=ays for vo+l<v<v_. The sets defined by H,=F \F, have a similar
property and w,=byy, for vo+1<v=<v_. In order to be able to extend the nota-
tion v,=ay; and w,=byy to any finite v which may satisfy v=v,+1 or v=v,_
we define G, +1:Etv0+] and H, +1:Ftv0+1 and let G, be the complement of

E,Vw_1 and H, the complement of F, _ in the respective measure spaces.
For v=v, orv=v_+1, G,and H, are both taken to be empty sets. The sequences
Gy _.. and (H) are thus each pairwise disjoint also for this (possibly)
extended range of v.

Exactly as in Section 3 we have > __ v ,=a with convergence in XZ(4).
Furthermore, since (4.1) implies that sup,.,K(t, b)/K(t, a)<oo, (cf. Remark 1.1
above or (4.10) below) we can similarly deduce that w,=b with conver-
gence in X (B).

Let m,=m,(¢t)=min (|lvv||Ao, t|[vv||Al) as in Section 3. Obvious and slight
modifications of the estimates there show that for all 7=0, if v, is defined by 7, _,=
t=t, then

(4.4) m, = C,r=V="K(, a) for all v.

V= —oco

VY= -—oc0

(C, replaces (1+4¢) and the estimates (3.12) and (3.13) are simplified because here
o, =laa, and 0,4, =las-1l0,-) Consequently 32 m,=Ca(r+2rf(r—1)-
K(¢, a).

Our next step is to define a ““thickened” sequence (u,),cr from the sequence
(v,)72_.. and obtain estimates from below for K(z, u,; A). Let § be a fixed positive
integer chosen sufficiently large to ensure C;=0 where Cj; is defined by

Cy = [L—2Cr=#)(1—1/n)].
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For each v€I define u,= 3, =4 Vy+n- Then for each such v

a=u, +Z|n[>ﬂ Vytn
so that
K(ta a) = K(t3 uv) +2lnl>p K(t, vv+n)

= K@, u)+ 2= p 000 ([0, 1404 > 110y 44l 4)-
Now, if we restrict ¢ to the range t,_;=t=t,, the estimate (4.4) can be rewritten as
My = Crt~"K(, a) for all n.
Consequently, for ¢, ;=t¢=t¢,,
4.5) K(t, u; A) = [1-2C,rP[(1-1/P]1K(t, a; A) = C;K(¢, a; A).

The operator T which we require will be obtained as a sum of three operators
T=T_. .+Tr+T. where Tr=0 if I' is empty, T__=0 if vy=—o and T.=0
if v.,=oo. Furthermore, if I' is non empty then Tra=2,crw,, if v, is finite then
T_.a=w, 41 and if v, is finite then T.a=w,_. Thus in all cases, whatever the
behaviour of vy, v, and I', Ta=2," __ w,=b. It remains to give precise construc-
tions for each of the operators T, T_ ., and T, and to show that each of them maps
A; boundedly into B; for j=0, 1.

If I is non empty then for each veI" we define ¢, by

B {1 if K(,,a)=rK(t,_,a)
V710 otherwise

Note that if &,=0 then necessarily K(t,_y, a)/t,_1=rK(t,, a)/t,.

For each v€T let /, be a continuous linear functional on Z(A4) such that /,(u,)=
Kty ty; A) and I,(W=K(t,_, ,h; A) for all h¢ Z(A). (The existence of /, is
of course guarenteed by the Hahn—Banach theorem.) The operator T is defined by

Trh = ZVGI‘ lv(hXU|n|§ﬂGv+n)wv/K(tv—sva uv)

for all h€ Z(A). Clearly Tra=_,crw,.

In order to show that T maps 4; boundedly into B; for j=0, 1 it is convenient
to express T as a sum of operators Tr=2, =5 T, where T, is defined by T,h=
2ver I(he,, ) wy/K(ty—, . ) and to show that each T, has the required bounded-
ness properties. We observe that T, maps disjointly supported ‘“‘pieces” hyg , of
h to disjointly supported functions which are scalar multiples of w,. This means
that we can use the fact that A4; and B, are relatively g-decomposable, together with
estimates for norms of the rank one operators T, defined by

Tnvh = lv(hXGv+n)wv/K(tv—av3 uv)

in order to estimate the norms of T,. For j=0,1 we have |T,h| Bjéllwv”B.'
J



58 Michael Cwikel

K(t,_, , hye,, 5 ADIK(t,-,,, uy; A). Using (4.3) we see that

Iwylls, = llbxr, I8, = C2K (%, b; B)
and _
Iwslls, = 161 —2x¢, lis, = Cot; 11 K(ty—y, b; B).

Combining the last three inequalities with (4.5) we obtain that
ITwhls, = Coti2; Kt j D, I hye,, ) a)/Cs K (2, -, » @)
The g-decomposability hypothesis now implies that

C
IT.hls, = G (Zoer 09 s,
3

where
0‘, = tv-—ij(tv—j’ b)/tv_—js‘,K(tv—sv, d).

For j=0, in view of the definition of ¢,,

“4.7) 0, = rK(t,, b)/K(t,, a).

Similarly, for j=1,

(48) ov = rK(tv—l, b)/K(tv'l’ a)'

We claim that

4.9 (Zer 09Y1 = r¥(logr)¥® for j=0 and j=1.

For g=o we in fact obtain the “‘sharper” estimate sup,f,=r as an immediate
consequence of (4.1), (4.7) and (4.8). For g—< < we first note that, since the sequence
()5 _.. satisfies (3.6), it follows necessarily from the concavity of K(¢)
that #,=rt,_, tor all véI'. Thus the intervals I,=(t,/Vr, t, Vr) are disjoint. For
all z€1,
K(t,, a))Vr = K(t,a) = Vr K(,, a)
and »
K(t,, b)/Vr = K(t, b) = Vr K(t,, b).

Thus, for both j=0, j=1,
Dver 08 =112 [K(t,, b)/K(1,, a))*

= rqzverflv [K(tv’ b)/K(tv’ a)]qiit—t/flv%l
= 1 3,er f, K BYKG, a0 % flog

= r [ " [K(1, bK(, a)]"% logr = r¥logr
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which establishes (4.9) and shows that T maps 4; into B; with norm bounded by
Co (2B + 1)r/(Cy(log r)*a). :

Before proceeding with the description of the operators T_, and T, we note
that by similar estimates to those above, for any s=>0 and r>1,

K(s, b)/K(s, a) = [(log )~ f:/ V [rK (4, B)/K (1, @) dt/1]'"" = r(logr)~1/4.

Choosing the optimal value e"/ for r we obtain that

(4.10) sup K(s, b)/K (s, a) = (ge)'/2.
§>0

If vy> — o then we construct the operator T__, by taking T__h=I[__(h) Wy +1-
Here I__, is a linear functional satisfying /__(a)=0c(a) and |I_.(h)|=a(h) for
all h€ Z(A) where ¢ is a suitable seminorm on X(4). The definition of ¢ depends on
whether K(2)=K(z, @) satisfies (3.11.1) or (3.11.2). In the former case we take
o (h)=1lim sup,., K(¢, h; A)/K(t, a) andin thelatter ¢(h)=K (ty 415 h; A)/K (ty,+15 a).
Clearly in both cases T_.a=w, ;.

If (3.11.1) holds and h€ 4, then T__h=0. If however h€ 4,, then using (3.11.1),
(4.3) and (4.10) we have that

17— hilg, = Wy, +1li5,6 (h)
= ||bXF,v +1||BOllhlle/”_lK(lvoﬂ, a)
0
= [rCoK(fy,41s b)/K (tyy11, ][ hll4, = rCe (qe)l/q“h”,ao-
Alternatively if (3.11.2) holds and h€ A, then, similarly to the preceding estimates,
we obtain that
17— hll gy =1 Wygs1ll o 1l o K (tygs15 @) = Calge) |l 4

If however h€ 4, then, since w, ,,=byg and B is mutually closed,
Yo

+1

IT—hllg, = 1Bl tygs1 [l 4/ K (£ 415 @)
K1, b)

= sup tyr 1l 4/ K (g1, @) = (g€)97 || BlL4y,

t=0
by (4.10) and (3.11.2).

If v,<o we define T.. by T.h= [ (h)w,_, where the linear functional /.
is defined as above via a seminorm ¢. Here we take o(h)=K(t,_-1, h; A)K (ty_-1,9)
if (3.10.1) holds, or alternatively o(h)=lim sup,.,.. K(t, h; A)/K(t,a) if (3.10.2)
holds. The verification that 7., maps 4; boundedly into B; for j=0,1 is similar
to that for T_., and is left to the reader.

This completes the proof of Theorem 2.
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5. The couples W =(L?, W*?) and L=(L*(I), L*(I}))

In this final section we show how Theorem 2 applies to the couples W and L

for

2
discussed in Section 1, to show that they both have Calderén type | p2|
p [—
l<p=<oo. As in [6], p. 133, we first point out that it is sufficient to show this for L.
The corresponding result for W follows from the fact that W is a retract of L ([1],

Theorem 6.4.3 p. 151). L is mutually closed (as is every compatible couple of reflexive

-decompo-

spaces) and Holmstedt, so it remains only to show that L?(/%) is
sable for a=0 and 1.

To this end we let f=f(x,k) and g=g(x, k) be measurable functions on
X=R"XN and let (F,),_, and (G,);_, be two sequences of disjoint measurable
subsets of X. Suppose further that f€ L?(/%), that g is supported on |, G, and that
82 o€ L7 (1) with Znzolllgxg e/l fxg | Lp(lg)]gp/ IP~2l<1, It will be convenient to
denote the characteristic functions of F, and G, by F,(x, k) and G, (x, k) respectively.

Suppose first that p=2.

I8l Logzy = 128Gl Logzy = (2|2, G2 2 1o -

For each fixed (x, k) the numbers g(x, k) G,(x, k)2** are non zero for at most one
value of n. Therefore |%,8G,2*2=2%,|gG,2** and

Igl oy = (2, Zilg G2 (DY 1o
= (2,1CklgG, 2" Pl o)™ = (Z,12G | 1og2)""
= (Zul S EN 2oan 18Gl og2 I fFoll Loz
= Cal SN Za)"™ Call @Gl Log| FEl o)™ )™

by Holder’s inequality. If we choose s=p/2 then s'=p/(p—2) and the series in
the second factor is bounded by one and we have

lglzoay = Call FEN o)™ = (2, [ Gl FE 27 dx)
= (f Z.@fE2% D dx)” = (f @, 5 F 247 dx) "

= ([ @z, Eir2przdx)’ = (f @ f2%2P0 dx)"” = | fll pogs.
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For p<2 the argument is rather similar. The first equality is exactly as before.

Igleas = 1(Z,Zel8G, 2% B2 1o = ([ (2, Z4lg G, 2% 12)7/2 dx)'®
= ([ 2,24l gG, 2" "™ dx)'"” = (£, 8G, ) Feqa ) "?

Ell SEN B (S L18G o/ | FEl ).

liA

This time we take s=2/p so s'=2/(2—p) and again the second factor is bounded
by 1.

hgleazy = Gl FFlLoge)™ = (Z.(f CilfF, 24D dx)P)e

= ([ [Z.(EfF, 2Py T2 dx) P

(by the integral form of Minkowski’s inequality in {*7)

The estimate || g| Lp(lz)§‘| fl 72 establishes the

10.
11.

= ([ [Z, T fF, 2% P12 dx)V? = ([ [Z,(Z, FD)|f22% 1Pz dx)v/e
= (f [Z S22 dx)'2 = £ Logey -

2p

2|-decomposability of LP(P).
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