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0. Introduction

In this paper, we extend in two directions the theorem of Knapp and Stein [12]
concerning the L,-boundedness of principal-value singular convolution operators
on nilpotent Lie groups: we consider an arbitrary nilpotent Lie group (which may
not have any dilating automorphisms), and we replace the regular representation
by an arbitrary unitary representation. For both of these aspects it is the singular
behavior of the kernel at infinity which requires special attention.

We use our results [10] on comparison of nilpotent group structures (cf. [11],
Ch. I). Some technical refinements in our treatment are the weak smoothness condi-
tion required of the kernel (a condition of “Dini type” on the modulus of con-
tinuity) and the explicit estimate for the norm of the operator defined by a singular
kernel.

In Section 1, we briefly recall the basic facts about dilations, homogeneous
functions, and nilpotent Lie group structures on R”, and show the equivalence of
various “mean-value zero” conditions. In Section 2 we introduce a class of smooth
singular kernels and state the main theorem. In Section 3 we prove the theorem,
and in Section 4 we extend the theorem to certain non-unitary representations,
obtaining a generalization of the ‘“ergodic Hilbert transform” of Cotlar [5] and
Calderén [2).

Other extensions and applications of the original Knapp—Stein boundedness
theorem can be found, e.g. in [1], [4], [8], [9], [11], [13], [15].
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1. Dilations and nilpotent group structures on R"
Consider a one-parameter group {4,},., of dilations on R", acting by
5r(x1s L] xn) = (rllxla cevs rl"xn)a

where A,=1. A function f on R"~{0} will be called homogeneous of degree u
(relative to the dilations) if fod=r*f. Of particular interest is the case uy=—2 1,
since the measure f(x)dx is then dilation-invariant (where dx denotes Lebesgue
measure on R” and f is also assumed to be locally integrable on R"~ {0}). We shall
call Q=X ); the homogenecous dimension of R", relative to the given group of
dilations.

A homogeneous norm on R” (relative to the dilations) is a continuous function
x—|x|, homogeneous of degree one, with |x]=0 and x=0 only when x=0.
1t is symmetric if |x|=|—x|, and smooth if it is C* on R"~ {0}. For example,

(L) | = {3 Ix,-l%F

is a symmetric, homogeneous norm for any p=0, and is smooth if p=>max {4;}.
Relative to any choice of homogeneous norm, one has the following integra-
tion formula [12]:

(1.2 S f 8D dx=M() [~ g()rdr.

Here we assume, e.g., that f is homogeneous of degree —(Q and continuous on
R*~ {0}, while g€L'(R*,r~dr). (The existence of a constant M(f) such that
(1.2) holds is immediate from the uniqueness of the Haar measure r ~'dr on the
multiplicative group R, since the left side of (1.2) is translation-invariant as a
functional of g.)

Let #_, denote the space of continuous functions on R"~ {0} which are
homogeneous of degree —Q. The linear functional f~M(f) on #_, is called
the mean-value. It is independent of the choice of homogeneous norm appearing
in (1.2). Indeed, if |x|, and |x], are two homogeneous norms, then so is [x[,==[x[;™* |x[}
for 0=t=1. Denote by M/ f) the constant appearing in (1.2) for |x|=|x|,. Take
geCT (RY) with f;" g(r)r~dr=1. Then from (1.2) one sees that M,(f) is a
smooth function of ¢, and

DM = [ S@E (xllxklog (2]

xlo
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But Z2(x)=f(x) log (Jx]1/Ix]e) is again homogeneous of degree —Q, so that

2 M) = M) [T () dr =0,

Thus My(f)=M;(f), as claimed.
A more explicit formula for M(f) can be obtained using the (n—1)-form

=20, =14, x; d;x,

where d;x=dx,...dx;_jdx;,,...dx,. Take |x| as given by (1.1) for some large p,
and write r(x)=|x|. Then the function réC'(R"~{0}), and r~ldrAat=dx. If
is C' and homogeneous of degree —Q, then the form fr on R*~ {0} is closed,
and hence fdx=d{(logr)fr]. It follows from Stokes’ theorem that

M) = [ 1.

where S is any smooth oriented hypersurface cobordant to {|x|=1} in R”~ {0}
(cf. [6], [7], [14]). We shall be primarily interested in functions f with the cancel-
lation property M(f)=0, i.e.

fa<|x|<bf(x) dx =0
for all 0<a<b.
For the sequel, we fix some choice of smooth, symmetric homogeneous norm,
and note the following particular cases of (1.2):

Cy(b*—ah)
A

C,log (73-) if A=0,

if 1=0

f Ix|*-2dx =
a<|x[<b

where Co=M(f), with f(x)=|x|2.

We now introduce a class of Lie group structures on R"” which can be viewed
as “small perturbations” of the additive group structure, as measured by a homogene-
ous norm [7]. Define H,={x€R": §,x=r*x}, and set

Vu = Zléu H}.'

Definition. A Lie algebra structure [x, ¥] on R" is

() graded relative to the dilations if [H,, H,|S H,., for all A, u=0;

(ii) filtered relative to the dilations if [V, V, ]SV, , for all 4, u=0.

Every graded structure is filtered, of course, but not conversely. If g denotes
R” with a filtered Lie algebra structure, then g is obviously a nilpotent Lie algebra,
and every finite-dimensional nilpotent Lie algebra over R is of this form for some
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choice of {4;} (cf. [11], Ch. ). The associated connected and simply-connected Lie
group G will be identified with R" again, with multiplication given by the Camp-
bell—Hausdorff formula

1 1 1
Xy = x+y+7[xa y]+ﬁ'[xa [x7 y]]+ﬁ[y: [ya X]]-I"

(The right-hand side is a finite sum, due to the nilpotence.) One has x 1= —x
and O for the identity element of G. Haar measure on G is given by Lebesgue measure
on R”. We shall refer to such a Lie group structure on R” as “graded” or “filtered”
relative to the dilations when the Lie algebra g has these respective properties.
(Graded structures are characterized by the property that §,6Aut G for all r=0.)

2. Singular kernels and unitary representations

Let G be R", equipped with a filtered Lie group structure. Suppose K is a con-
tinuous function on R"~ {0}, homogeneous of degree —Q, with mean value
M(K)=0. Assume that K satisfies the smoothness condition

2.1) IK(x)—K(y)| = Bo(|x—y)

if |x|=|y|=1. Here w is assumed to be a continuous, concave, non-decreasing
function on [0, «) with @(0)=0 and w(#)=Cr for some C=0. Define

B K®)—KG)|
Ko = m%‘g?:l {—wax—y» }

K]l = sup K,

and set
1Ko = [K|p+ K-

If 0<e=1=R, we define truncated kernels K,=y, ;K and K®=y, x,K, where
Xia g3 =1 if A=[y|=B and is zero otherwise.

Theorem 2.1. Suppose w"? satisfies the Dini condition:
1 L
24— oo
(2.2) f Lo <

Then for any continuous unitary representation n of G, limg_ . n(K®) exists in the
strong operator topology, and defines a bounded operator n(K) with
7 (K= = C|Kl],

{C depending only on @ and G).
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If G is graded relative to the dilations, then lim,_, n(K,) also exists in the strong
operator topology, and defines a bounded operator w(K,) of norm =C|K|, (C
depending only on v and G).

Remark 1. When K is C~ on R"~{0}, = is the regular representation of G
on L*(G), and G is graded, this theorem was first proved by Knapp—Stein ([12];
they comment that the smoothness assumptions on K can be considerably weakened)

Remark 2. When G is the additive group of R”, then (2.2) can be weakened to
(2.3) f: o(t)t1dt <oo.

([16], Ch.II §4.2). Of course, for w(z)=t* 0<a=1, corresponding to (non-iso-
tropic) Holder continuity, this makes no difference.

3. Proof of Theorem

The proof of Theorem 2.1 involves two parts:

(1) Establishing a uniform bound for the operators n(K,) and n(K®), depending
only on [|K|, and the structure of G;

(2) Proving the existence of lim,.,7(K)v and limg, _ n(K®)w for v and
w In suitable dense subspaces of the Hilbert space () on which = acts.

For both parts the following lemma. is the basic tool:

Lemma 3.1. Let a=min {1/4;}, where {i;} are the exponents of the dilations,
and set b=a®. There are constants Cy, C, M=>0 depending only on the group G,
such that

(3.1) S 1y KGN =K@ dx = GlIKI, [ () L,

where I=[C|y’B~®, C|y[’A~"). Here one assumes that A=M|y| if G is graded
or that A=M(|y|+1) when G is only assumed to be filtered.

Proof. We must convert the smoothness condition (2.1) into an estimate involv-
ing translations on G. First consider the special case where G is the additive group
of R". Since the norm is C* and homogeneous of degree 1,

(3.2) |Ix+h|—1] = C|h|
when |[x|=1 and |#|=e, for some constants C, ¢. Introduce the notation y=0,)’,
and set x+A=y. Then when |x|=1 and |h|=e,
K(x+h)—Kx)| = |y |KO)—K@)|+[1—1y[~2 |K()|
= CliK|p[o(ly’—x)+ AT
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But [y —x|{={y|" y—8),x|=C[iy—x|[+|x—§,,x], and one has [|x—Jx|=
C|l—r|® for r near 1 and [x|=1. Using (3.2), we thus have an estimate

[K(x+h)—K(x)| = G| K], @(C |hI%)

for all |{x}=1 and |h|=¢, where C,, C, ¢ are independent of K. (Recall that we
are assuming that w(#)=Ct.) By the homogenity of K, this estimate is equivalent to

(3.3) IK(x+y)—Kx)| = Gl K| o |xI72(Cyl*[x]~%)

for all x>0 and |y|=e|x|.
Now we want to replace x+y by xp in (3.3). For this we recall the following
comparison between the additive and nilpotent group structures:

3.9 xy—x| = Clx[t=|y[",

which holds for |y|=|x| when G is graded, and for |y|4+1=|x| when G is filtered
(cf. [10] and [11], Ch.I). Using (3.4) in (3.3) thus gives the estimate

(3.5) IK(xy)—K@)| = Coll Kl [x]72(C yPlx[~?)

(b=a?. Integrating (3.5) using formula (1.2), we obtain (3.1), proving the lemma.

Returning to the proof of the theorem, for part (1) we use the Cotlar—Knapp—

Stein method of ‘‘almost orthogonal” decomposition of the operators n(K,) and

n(K®) (4], Ch. VI). Namely, let {¢;};cz be the partition of unity on R"~ {0}
defined by

1, if 2= x| <2+

@;i(x) = {O,

otherwise.

Set f;=¢;K. Then one has the following L, estimates (For f,g€L,, fxg denotes
the convolution relative to the group G, and f*(x)=f(— x).):

Lemma 3.2. There are constants C=0 and r<1 (independent of K), such that
the following holds: For all jeZ,

(3.6) 1fill, = ClKll,-
If i,j=0, then
3.7 |fi* Sl = CIK [ o(r V=3,

If G is graded, then (3.7) also holds when i, j=0.

Proof. Since |K(x)I=|K|,|x|~2 estimate (3.6) follows from (1.3). For the
rest of the lemma, note that | fi*f| 1, =W fi*f*,,, so one may assume i=j.
Suppose first that 7, j=0. Using the mean-value zero condition, write

foxff ) = [AO) ;T PIK (70— K* (0] dy
+ [H K@), (x1y)—,(x D] dy.
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Thus, ||fiakfj*||L1§11+Iz, where
L= [[0.0)0;x) KW [K(x)—K(xy~)|dxdy

L= [[0:ie;(xy)— ;)| K@) K ()| dx dy.

We can estimate I, using Lemma 3.1, provided j=i-+m, where m is independent
of K. (For the remaining finite set of values of j—i, we use the estimate | f;* fj*]l L=
(NATRIA L, and apply (3.6).) Thus by the monotonicity of w and Lemma 3.1,

and

5= G [ 0:0) y20(ClylP2-P)dy = CIK|L 0 (),

where r<1 is independent of XK.
To estimate I, use the Lipschitz condition

(3.8) |yl = 1x]] =-Clyl,

which holds for |x|=M(|y|+1) ({10], Theorem 3) when M is sufficiently large.
This shows that the integrand in I, has support where 2'=]|y|=2'*! and either
2-C2=[x|=2 or else 2/t'=|x|=2/*'4+C2. Since it is bounded by
IK|2 [x]~2|y|~2, one obtains from formula (1.3) the estimate

I = CIK log (1

£ = crixi,

where t=C2"J, providing j=i. This implies (3.7), since w(t)=Ct.

When G is graded, (3.8) is valid for |x|=M|y|, and the argument just given
also applies to the case i, j=0, proving Lemma 3.2.

To complete the proof of part (1), write

KR = f:ofj"*_gr

where 2/=R<2'*1, Since |z ()| =] Sl it follows from Lemma 3.2 and Lemma 11
of Cotlar—Knapp—Stein [12] that

| 2o n(f)|| = BIKl.,
where

Bzczkioa)(r") <z 00,

(By the concavity and monotonicity of w, this seties is majorized by [} w(t)%t “1dt.)
Clearly | gl L, =051l =ClK],, so we obtain the desired bound for Iz (KB,
When G is graded, the same argument applies to n(K)).

For part (2) of the proof, recall that if v€x#(n) is a Cl-vector for =, then
Iz(x)v—ovl=Clxll. Since |ix|=Cix} when |x|=1, we can use the mean value
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zero property of K to estimate

InKyo—nEol = IKlInx)o—oldx

<|x{<d

=ClIKl.. [ Ix7%*dx = C|K]..(6—2),

g<<|x|=<d

if 0<e<d=1. Thus lim,,, 7(K,)v exists for v in the dense subspace of C? vectors.
To remove the cutoff at infinity on K, we use a regularisation technique nat-
urally suggested by part (1). Assume ¥ ¢<L,(G) has compact support, and that

(3.9) sz//(x) dx =0.

Lemma 3.3. Let O<A<B, and set ¢p=yp4 5. Then limy 5 _ [(@K)* | =0.

Proof. Using (3.9), we can write

(0K)* Y (x) = [[KGxy™)— K@)y V@) dy+ [ oGy — oK) () dy.
Hence [[(pK)* Yl =6+1,, where
L= WO/ .., K@) —K()| dx}dy

and

L= [[ oGy — oK) Y ()] dx dy.

Since ¢ is assumed to have compact support, we can use Lemma 3.1 when A, B are
sufficiently large, to obtain the estimate

L= GoliKlo ¥, [ 0@t dr,

where E=[CB~? CA~%, with a constant C depending on Supp (). Since @ is
bounded on [0, 1], condition (2.2) implies that [}w(¢)t'dt<eo, so that I,~0
as A, B—>co.

For I,, the integrand is zero unless either B=|x|<B+4+C or A—C<|x|<4,
where C depends on Supp (), by (3.8). Thus, just as in the proof of Lemma 3.2,

we have
C
I+ (75)

A] |
(
SO that 12 0 as A’B > pr(J Irlg th‘e Ienlrrla'

To complete the proof of part (2), we note that if ¥, ¢ are as in Lemma
3.3, then

1, = Col| K| 1]z, log

In (BN n@)o—n(KB)n()oll = [(@K) * Y5, ol
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Hence lim,_ . n(K®)n(@)v exists for all v€s#. Let #, be the subspace spanned
by all vectors of the form = (), for v€s# and  a compactly supported L, func-
tion on G satisfying (3.9). Then #,=4#;- consists of all w€# such that

[Y®)((x)v, wydx =0
for all such ¢, and all v€s. But this implies that x—(n(x)v, w) is constant on
G, and hence #,=3#C, the space of G-fixed vectors. But n(K®)w=0 if wc#C,
by the mean-value zero condition. Hence limg_ _ n(K®)u exists for u in the dense
subspace #,+;. Together with the uniform bounds from part (1), this completes
the proof of Theorem 2.1.

4. Non-unitary representations

Various parts of Theorem 2.1 and the proof just given extend to certain non-
unitary representations of G. We can summarize the situation as follows:

A. If = is any Banach-space representation of G, then lim,., n(K,)v exists
when v is a C1 vector for = (cf. Section 3).

B. If 7 is a uniformly-bounded representation of G on a Banach space #
(sup, [m(g)l<<), then lim, _ n(K®)v exists for v€#°+H#,, where #° con-
sists of the G-fixed vectors in 5, and #-=(#*)° consists of the G-fixed vectors
in #*, (Cf. Section 3.) Thus if we assume that

4.0 (A )L ()¢ =0,

then lim, _ m(K®)v exists for v in a dense subspace of #. For example, if G
acts ergodically as measure-preserving transformations on a measure space .#, and
7 is the induced action on #=LP(#), 1 <p-<=, then (4.1) is satisfied. (If A has
finite measure, (#*)°=#°=constants, and (#°)* =functions of integral zero.
If .4 has infinite measure, (#*)%=0.)

C. If = is the regular representation of G on L?(G), 1<p-<-oo, then the oper-
ators n(K®) are uniformly bounded as R—<c. The same is true for n(K,) as ¢—~0
if G is assumed to be graded. (From Lemma 3.1 we have the inequality
42) f K(xy)~K ()| dx = Gy[[K, [ o(t)tdr,

[x|= 0

Ciyl

valid for all y in the graded case, and |y|=M in the filtered case. Using the Coif-
man—Weiss theory of integral operators on spaces of “homogeneous type”, the
L? boundedness together with (4.2) implies L? boundedness; cf. [4] Ch. III and
[13])

D. If = is a uniformly-bounded representation of G on an L? space, 1 <p< oo,
then the uniform L? estimates in C can be “transferred” to give uniform bounds
for n(K*), and also for n(K,) when G is graded [3]. The property of G which is
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used is the Folner condition: For every compact set CCG and every &=0, there
is a neighborhood V of 0 such that

meas (V- C)

(43) meas (V)

1A

1+e.

For V we can take the ball B,={|x|=r} with sufficiently large r. Indeed, by (3.8)
we have B,-C&B,,,, for some a=0 depending on C but independent of r, and

by (1.3) ¢
mmo [

Combining the results A—D, we finally obtain the following generalization
of the “ergodic Hilbert transform” studied by Cotlar [5] and Calderén [2]:

Theorem 4.1. Let the filtered nilpotent group G act ergodically as measure-
preserving transformations on a o-finite measure space M. Let K be homogeneous
of degree —Q, with mean-value zero, satisfying the smoothness condition (2.1), and
assume w'* satisfies the Dini condition (2.2). If 1<p<e<o and fCLP(M), then

im KX)f(x-m)dx

T°°f(m) = Il—»oo 1=|x|=R

exists in L (M), and | T, =C|Kll,, where C depends only on p, @, and G. If G
is also graded, then
Tof(m) = lin% Kx)f(x-m)dx

- e=ix|=1

also exists in L¥ (M), and | TOIILpéCIIKllm, where C depends only on p, w, and G,
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