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1. Introduction

In a recent paper [2] we have developed the Weyl calculus of pseudo-differential
operators in R* for quite general symbols. As an application we shall now extend
and improve the estimates given by Tulovskii and Subin [5] for the error term in
the asymptotic formula for the number N (1) of eigenvalues=41 of certain pseudo-
differential operators P=p"(x, D) in R”,

(1.1) N~ @~ [f dx d¢

p(x,8)=<2

The first results of this type were obtained by H. Weyl for second order operators,
and R. Courant later isolated the maximum-minimum principle for eigenvalues
from the proof. A new approach which also gives asymptotic formulas for the
eigenfunctions by means of Tauberian arguments was introduced by Carleman,
and these methods were developed by Gérding [1] to a general proof of (1.1) for
higher order elliptic operators in bounded sets in R”. The methods used in [5] are
more closely related to the earlier methods of Weyl, however. They start from the
observation that N(1) is the trace of the orthogonal projection E on the space
spanned by the eigenvectors corresponding to eigenvalues =A. Thus E is self ad-
joint and

1.2) E*-E=0, E(P-)E=0, (I-E)YP-N(I-E)=0.

Now the calculus of pseudo-differential operators allows one to satisfy these con-
ditions approximately; one just takes E with symbol y,(p) where y, is a smooth
approximation to the Heaviside function H(A—.). Arguments from [5] which
we recall in Section 2 lead from approximate solutions of (1.2) to estimates of N(4).
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The main new point here is a careful discussion in Section 3 of the symbol
classes containing y,(p). The error estimates in (1.1) which follow in Section 4
are better than those of [5] since we have more general pseudo-differential operators
available so that we can use a better smooth approximation y, to the Heaviside
function. The generality is needed even if p is a “classical” symbol. It would not
suffice to use the Beals—Fefferman calculus. (Robert [3] has recently given error
estimates for (1.1) similar to those of [5] for such operators.) However, as indicated
by an example discussed in Section 4, it is not likely that the improved results
given here are optimal.

I would like to thank Victor Guillemin who called my attention to [5] when
I lectured at MIT on the Weyl calculus.

2. Approximate spectral projections

Let P be a self adjoint operator in a Hilbert space H which has a discrete
spectrum and is bounded from below. Denote by N(4) the number of eigenvalues
=A. The following lemma is implicit in [5, Section 6] (see also [4, Section 28]).

Lemma 2.1. Let E be a self adjoint operator of trace class such that PE is bound-
ed. If

Q2.0 ((P—2)Eu, Eu) = A(u,u), ucH,
where ACR and A=0, then

(2.2) N(A+44) = Tr E—2||[E— E%r,.

If instead of (2.1) we have in the domain of P

2.3) ((P—2)(u—Eu), u— Eu) = — B(u, u),
where AR and B=0, then

2.4) NQA—4B—-0) = Tr E+ 2| E—E?|r,.

Proof. Let W, and W, be the orthogonal complementary spaces spanned by
eigenvectors of E corresponding to eigenvalues <1/2 and =1/2 respectively. Since

lE—E¥y, = 2 [A;— 45|
where 4; are the eigenvalues of E, we have

(2.5) \dim W, —Tr E| = 2| E— E¥|,.
In fact,
N—2l=204,-43 if A;=1/2, A =s24,-23 if 4;,<1/2
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so (2.5) follows by summation. When u¢ W, we have (u, u)=4(Eu, Eu) so
((P—A—44)Eu, Eu) =0, ucW,.

But EW,=W, so the maximum minimum principle shows that P has at least
dim W, eigenvalues =44+ A1. Since (u, u)=4(u— Eu, u— Eu), u€ Wy, we obtain in
the same way

((P—A+4B)v,v) =0, veW,,

provided that v is in the domain of P. Hence P— A-+4B has at most dim W, negative
eigenvalues, which proves the lemma.

3. Hypoelliptic symbols

Let g be a ¢ temperate metric in R** (see [2, Def. 4.1]) and set as in [2, (4.6)],
s, & = sup (£
gx,{
We shall always assume that A=1 (“the uncertainly principle™”) and later on we
shall also have to require that for some 6=0 and C
(3.1) h(x, &) = C(A+|x|+]ED~2

Let p be a positive g continuous function such that p is a symbol of weight p,

(3.2 peS(p, 9).

(See [2, section 2]) For special choices of the metric this is essentially a well known
sufficient condition for hypoellipticity, and it always implies that p has a parametrix:

Lemma 3.1. For any positive integer N one can find q¢ S(1/p, g) so that
3.3) qgvp*—1=r¥%, rycSH", 2.

Proof. For q,=1/p we have g, S(1/p, g) by [l, Lemma 2.4], so the calculus
[1, Theorem 4.2] gives
l—gyp® =1¥, reS(h, g).
It follows that
g'p’=1—("Y if ¢"=(0+r"+...+0")VW g,

which proves (3.3).

A standard argument can be used to construct ¢ so that (3.3) is valid for any
N, but we have no need for this in what follows. In the preceding argument the
important point was that 1/p€ S(1/p, g). The proof of [1, Lemma 2.4] easily gives
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also that pc S(p* g) for any real number @ and not only for a=—1. (See also
the more general Proposition 3.5 below.) Using this fact with a=—1/2 we shall
now prove

Lemma 3.2. For any N we can find g€ S(Vp, g) so that
(3.4) (@) —p* =1%, ry€S(E"p, g).
Proof. Put ¢q,=p~2cS(p~'2, g). Then the calculus gives
L~g'p¥gy = r”

where r€ S(h, g) is real. If we denote the sum of the first N terms in the power
series expansion of (1—x)* at 0 by Ty(x), then 1—x—Ty(x)? is a polynomial
divisible by xV. Hence 1—r"—Ty(*)2¢S(HY, g), so

Ty (") —qy'p*qreS(hY, g).

The product of Ty (r*) to the left by a parametrix for g,, constructed according
to Lemma 3.1, will now satisfy (3.4) since Ty(¥") is self adjoint.

The following simple technical lemma should have been included in [2]. Just
as Lemmas 3.1 and 3.2 it does not require (3.1) but only that A=1.

Lemma 3.3. If y; is a bounded sequence in S(1, g) with limit y, then yju-yx"u
in L? for every ucL®.

Proof. We may assume that y=0 and in view of the uniform L? bound [2,
Theorem 5.3], we may take u€%. Then we have x}“u—»O in &’, and since Ajuis
bounded in & by [2, Theorem 5.2] we obtain yju—~0 in &.

Theorem 3.4. If (3.1) is fulfilled and pcS(p, g) then p*(x, D) defines a self
adjoint operator P in L2 It is bounded from below, and if p—~e< at o then the
spectrum is discrete.

Proof. The domain of P consists of all ucL?* with Pu=p*{(x, D)ucL? That
P is closed follows from the continuity of p* in #”. To prove that P is self adjoint
it is sufficient to show that P is the closure of its restriction to &. Choose a sequence
x;€Cq (R®™) which is bounded in S(1, g) and converges to 1. We may for example
take the partial sums of a partition of unity corresponding to the metric g. If ucL?
we have y7u€$ and yyu-u in L? by Lemma 3.3. According to Lemma 3.1 we
can choose g€ S(1/p, g) so that 1—g*p¥=r* rcS(1/p, g), for 1/p is bounded by
a power of 1/ since p is ¢ temperate and (3.1) is assumed. If uec L2 p”(x, D)uecL?
we write

PUxiu=praiqrtptu+pryrtu.
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The symbols of p*x7r* and p” 7 q" belong to a bounded set in S(l, g) and con-
verge to the symbols of p”r" and p*¢" respectively, so with L? convergence we
obtain from Lemma 3.3
P¥yju~pr gt (P w)+p rtu = pru.
To prove that p is bounded from below we choose g according to Lemma 3.2
so that ¢" (g")*—p¥=+r",r€S(1, g). Then ¢ is bounded in L? and

(pwu’ u) = __(rwu’ u): uEf%

which proves the assertion. Now assume that p—< at <« and choose ¢ according
to Lemma 3.1 with N=1, say ¢g=1/p. Then ¢" and #* are both compact. Hence

u=qg"p’u—r‘u
belongs to a compact set in L? when |ju|| and ||Pu| are bounded, which proves

that the spectrum is discrete and completes the proof of Theorem 3.4.

So far we have only considered the symbol x(p) when x(¢f)=1% but now we
shall consider more general choices. Let a{¢)2dt? be a slowly varying metric on R+,
that is,

1 a(t)

3.5 a(t)ls—t| < == 26) =
A sufficient condition for this is that
(3.6) la’ ()] = C’a(t)?
for then we have
1 i ,

a@® awml =
which implies (3.5) with C=2 and ¢=1/2C’. Let m be a*dt?. continuous, say
3.7 [m ()] = C"m(t)a®)
and let x€ S(m, a?dt?), thus
(3.8 @ @) = CGm(t)ae).

For what metrics G can we then conclude that x(p)¢ S(m(p), G)? For first order
derivatives this requires that

I’ (p){dp, )| = m(p) G()'/*
when (3.8) is fulfilled, so we need to know that
a(p)*ldpl* = G.
The second differential of y(p) is

X”(P)<dps t1>/dp’ t2>+X,(P)P”(t1a 1y).
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There is no new problem in estimating the first term, but for the second one we
just have the bound
Cm(p)a(p) pg(t)*g(t)®

so we also need to know that a(p)pg=G. Thus we are led to define
(3.9 G = a(p)?|dp|*+(1+pa(p)) g
where a term g has been included to make G=g.

Proposition 3.5. If p€ S(p, g) and a(t)?dt? is a slowly varying metric on R*,
then the metric G defined by (3.9) is slowly varying. If m is a?dt® continuous and
A€ S(m, a) then m(p) is G continuous and y(p)€ S(m(p), G).

Proof. To simplify notation we shall write X instead of (x, £) and so on, for
the symplectic structure plays no role yet. Let ¥ be in a small G ball with center
at X, that is,

(3.10) a(p(X)P(Y—X, dp(X))* + (1 +p(X)a(p(X)))gx(Y—X) < ¢

where ¢ is small. Since g=G we obtain a bound for gy/gy and p(Y)/p(X) if ¢ is
small enough. For 0<s<1 it follows from Taylor’s formula that

KY—X, dp(X+s(¥—X))—dp(X))| = Cp(X)gx(Y—X)

so (3.10) gives
a(PX))Y—X, dp (X +s(Y—X)))| = ¢2+Ce.

Hence, by Taylor’s formula,
a(p(X)) |p(Y)—p(X)| = *+ Ce.

If we choose ¢ small enough then (3.5) gives a bound for a(p(Y))/a(p(X)), and if
m is a®dt* continuous we also obtain a bound for m(p(Y))/m(p(X)). By Taylor’s
formula we obtain as above, using (3.10),

a(p(X))Ke, dp(X)~dp(Y))* = Ca(p(X)P p(X) gx (¥ — X)gx (1)
= C(1+a(p(X) p(X)) gx (),
and this completes the proof that the metric varies slowly.

To show that y(p)€ S(m(p), G) we observe that the k-th differential of x(p)
is a linear combination of terms of the form

79 (p) p®v ... p&y

with all k,=1. We can estimate x*?(p) by m(p)a(p)’ so it suffices to prove that
for i=1 we have

(a(p)p(i) (tls v ti)[ = Ci ]]; G(tv)l/z‘
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For i=1 this is obvious because of the first term in (3.9), and for i=1 we note
that the condition p€ S(p, g) implies

a@)p?(ty, ..., 1) = a(PCip [T; g1 )
= Cipa(p)(1+pa (@)~ T, (1 + pa(p) g (1))
This completes the proof, for the factor in front of the product is bounded.
Next we shall examine when the uncertainty principle is valid.

Lemma 3.6. Let g be a positive definite quadratic form in a symplectic vector

space W and let
G@)=o0a(t,f)+g(t), €W

where f is a fixed element in W. If g=h?g° it follows then that
G =2(g(N)+h)G.

Proof. We must show that G°(w)=1 implies G(w)=2(g(f)+#%). Now
G°(w)=1 means by definition that

o, wyl=o()2+g@).
The form (a(t, f), t)->o(t, w) can then be extended to R@ W with norm 1, so
o(t,w) =ao(t,f)+o(t,b) where beW, acR, a?+g°(b) = 1.
Thus we have w=af+b, hence
G(w) = o(b, f)*+glaf+b) = g (B)g(f)+2(a’e(f)+g (b))
= g (0)(g(f)+2h%)+2a%(f) = 2(g(f)+h?).

Let us now return to the metric (3.9). It is of the form discussed in Lemma
3.6 with f=a(p)H,, where H, is the Hamilton field of p, and g replaced by
(1+pa(p))g. Assuming that for the given metric
g = h3g°®
we obtain
G = 2((1+ pa(p) a(p)*g (Hy)+h2(1+pa(p)?) G°.

We may assume that {dp, #)*=p2g(¢). Then
‘ o(H,, 1) (dp, t)?
°(H,) = su P = su = p?
FHI =y T e =Y
so g(H,)=h*p* and
(3.11) G = 2(1+pa(p))*h2Ge.
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Let y be any positive number such that

(3.12) h=Cp
and let 0<§<2y/3. If
(3.13) 1+ta(t) = C(1+12)?

it follows from (3.11) that G/G® is bounded by a negative power of p. From now
on we also assume that for some C and N

(3.19) 1+ ]x|+1¢€| = Cp(x, &Y.

Note -that (3.1) follows from (3.14) and (3.12). Then it follows that G has all the
properties of the metric g required at the beginning of the section:

Proposition 3.7. Assume that (3.5) and (3.12)-—(3.14) are fulfilled and that
0<2y/3. Then the metric G is ¢ temperate and

Gt = cQ x|+ 1E)

G%, s
Jor some C,c=0. If m is a(t)2dt? continuous and
m(s) - N
(3.15) ) = C(l+s+1)

then m(p) is o, G temperate.

Proof. There is a fixed bound for G} ,/G; . if G, (y—x,n— —&=<c, and if
G, (y—x,n—8=c then G (y—x, 11— §)>cH(x, £)~? which bounds a positive
power of 1+[x]+‘5|. Since

o = C(1+px, Halpx, ) gee = C'(1+p(x, )28y ¢
we have

gg,éé xé—- gx §(1+p(x f)) %C, 1

, Gﬂ' g
(o —»——-—Gi’” = (1+p(, O ———?,’"; =C(1+p(x, O (1+g5,:(x—y, E=m)"

X,

= G(1+p(Cy, Q)M (1463 o (x—, E—m)' = C(1+G5, o (x—y, E—m)".

Hence G is ¢ temperate and the last assertion follows in the same way.

As explained in the introduction we are interested in functions x,€S(1, a®dt?)
which approximate the Heaviside function H(A—.) well when A is a large positive
number. Choose y¢C™ so that y(¢#)=1 for t<0 and y(1)=0 for r=>1, and set

10 = 2(=2).

The derivative of order j has the bound C;e™/ when A<t<A+e and vanishes
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elsewhere. Thus we want to choose a(¢) roughly equal to 1/e in (4, A4-¢) and so
that (3.6) is fulfilled, that is, 1/a(¢) is Lipschitz continuous. To make a as small
as possible we therefore define

(3.16) a;,.(t) = (2+(— DY
The condition (3.13) then becomes

2(2+(@—D) 1= C2(1+1)¥, t=0.

This condition is of course fulfilled if r<2[t—A], and if |[r—A|=¢#2 then #2=
A=3t/2 so the condition is fulfilled if

(3.17) e = A9,

Summing up, (3.17) implies (3.6) and (3.13). With this choice of ¢ we shall write
x, and a; instead of y; , and @, .. The corresponding metric defined by (3.9) will
be denoted by G, and we have ¢;,€S(1, G,) if e;=yx;(p). The calculus of pseudo-
differential operators shows that the symbol of e} (1—e}) is in S(1, G,;) and that
it can be estimated by any negative power of (1+|x|+|]) except when A<p<
A+e. This estimate is uniform with respect to 4, for in Propositions 3.5 and 3.7
the constants implied by the conclusions can be estimated in terms of those occurring
in the hypotheses. We shall now estimate the trace norm (see [5, Section 4] and [2,
Section 7)).

Lemma 3.8. If q¢C(R*™) and N=n+1 then with B denoting the unit ball

(18)  lg"ln=Callghu+[f(  sup  D%G(x+y, E+n)))dxde),
(.mMEB, la|=N
Proof. 1t is clear that g* is of trace class if g€ (see e.g. [2, Lemma 7.2]). If
L is a real linear form in R* and ¢, =qe'™ then the trace norm of ¢ is equal to
that of ¢”. In fact, by the unitary equivalence theorem [2, Theorem 4.3], we may
assume that L(x, &) depends on x only, and then g¢}'=e"*g"e? which proves
the assertion. Hence we obtain

10071 = |

gl feci,

if we express f in terms of f by Fourier’s inversion formula. Choosing g=1
in B we obtain by Bernstein’s theorem

(3.19) 1f*I5e = C Zpznsasup [D*f|,  fECTH(B).
Fix ¢ Cg (B) with [ [ ¢ dxdé=1 and set, now with any geCg (R*),

Gz (s 1) = o(y—x,1—E) q(y, 1.
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If we show that

(3.20) lgx el = Clguel+  sup  |D*q(x+y, E+n)l),
,MEB, le|=N

then an integration with respect to (x, ¢) gives (3.18). It is of course sufficient to
prove (3.20) when x=¢£=0. Write
q(y,n) =T (y,m+R@y,n)

where T'(y, 1) is the Taylor polynomial of degree N— 1. Then

sup  |D*R(y, m)| = C(y

sup  |D*q(y, n)l.
»MEB, la|=N B,|a|=N

M E

Hence the I norm of ¢T=g,,—¢R can be estimated in terms of the right hand
side of (3.20), so this is also possible for the coefficients of T since all norms in
the finite dimensional vector space of polynomials of degree <N are equivalent.
Thus we have

sup sup |D%qq o(y, M| = C(llgo,olz+  sup NID"‘q(y, )

v lael=N ,MEB, |al=
s0 (3.20) follows from (3.19).

Theorem 3.9. Let g be slowly varying and let m be g continuous, g=h*g° where
h=1. Then we have for every integer k=0

lg" I = Gl + 1 mlnaligl),  g€S(m, g),

where ||\q)| is a seminorm of q in the symbol class S(m, g) which only depends on k
and the constants in the slow variation and g continuity assumed.

Proof. Let ¢; be the partition of unity constructed in [2, Section 2], let g; be
the metric at the center of the support of ¢; and let m=m;, h=h; there. It suffices
to show that with g¢;=¢;4 we have when N=>n

(321 Ig¥liz: = Cy(llgillLa+ A} |det g, /2 sup |g;[%).
In doing so we may assume that ¢; is centered at 0 and that
8= Zgﬁj(x?-f-f?), A/jé hi~
The measure of the set of points at distance =1 from the support of ¢; is bounded
by a constant times [det g;|~*/* and
Dl=nSup [D*q;} = Chi2 sup g /¥

s0 (3.21) follows from (3.18).
We can apply Theorem 3.9 to ey (1—e}), with m=1 and g replaced by G;,.
When k is chosen so large that HY is integrable, if H7=sup G,/G5, and we recall
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that the symbol is =CHY except when A<p<Ai+e, we obtain
(3.22) ley(l—eDln = C, [ f i pmige BXAEHCy.

To complete the preparations for the application of Lemma 2.1 in Section 4
we shall finally prove

Lemma 3.10. There exists a constant C such that
(3.23) e¥(p¥*—ley =Ce, (1—eN(Pp"—DH(1—e)=—Cs.

Proof. Let f(t)=|t| when |f|{>1, f€C= and f>0 everywhere, and set

f0=ef (124, e=n-e
Then f;(1)=—(—2) when t<i—¢ and f(t)=t—) when r=>A+e and it is
clear that a, f; has fixed upper and lower bounds. To prove that f, satisfies (3.15)
we observe that
a,(t) <1
a,(9)

(t+s) < et= 1%

If N is large this implies that t+s<A/2 and then |t—A| and |s—A| lie between
4/2 and A so a;(t)/a;(s) is bounded. Thus g, satisfies (3.15) so f, does, and F;=f,(p)
18 G, temperate. It is clear that

=CA+t+s)t+¥

L=
&

unless

F,€S8(F,;,Gy)

with a uniform bound for each seminorm.
We shall now prove that

(G249  ep(p*—A+F)ey| =Ce, (1—e))(p*—A—FP)(1—e})| = Ce.

To prove the first estimate we observe that p—A-+F, is uniformly bounded in
S(F,(p/Ay, G,) for any v=>0 since it is O for p<A—e. (That p is G, continuous
is obvious since g=G,, and p is ¢, G, temperate since (3.15) is valid for m(t)=t.)
All terms in the composition series for

3.29 er(pv—A+Fp)ey

vanish except when |p—A|<e. Thus the symbol of (3.24) is bounded in S(F,, G,),
and when |p—A|=e it is bounded in S(F,(p/2)’H} , G,) for any v, N. Now recall
that H,=Cp~T for some I'>0 depending only on the choice of 5. If NI'>v+1
we conclude that the symbol of (3.24) is bounded in S(e, G;) which proves the
first estimate (3.24). The second one follows in the same way if we observe that
p—A—F;=0 when p>i+¢ and that 1—e¢, is bounded in S((p/2)’, G,) for any v.



308 Lars Hormander

What remains now is to establish a lower bound for F,’. As in the proof of
Theorem 3.4 it follows from Lemma 3.2 that one can find R, boundedin S(F,HY, G,)
for any desired N so that
(3.25) FY = RY.

However, F, H} need not be small near 0 so we have to use some supplementary
arguments to show that the lower bound of F} is =—Ce.

Choose a decreasing function ¢ on R so that ¢(¢)=1 for t<I1, ¢@@{)=0
for =2 and @+ (t)*=1 for another C= function ¥. Then

V4
Py =po (T‘)

is uniformly bounded in S(g, g) so for some C=1

Ipul = Cp, p=>1.
When Cu=4 we obtain
i—pp =0.

Write &,=¢(3p/p) which has support where p<pu, thus p,=p. Then
PY(A—p) P =0
and we shall estimate the difference between the operator on the left hand side and
the operator with symbol ®%(i—p) which is the leading term in the composition
series while the first order terms cancel. The symbol of the difference is bounded
in S((A+p)#h2 g) and when p=>p it is bounded in S((A+p)A", g) for any N since
all terms in the composition series vanish. In that case
h=Cpt=CA™7
so if 1—(N~1)y<0 we obtain that the symbol is bounded in S(i!~7?, g) when
p=u. When u/3<p<p the symbol is bounded in S(2'~%, g) since Ah2<CA~%
then. Finally, when p<y/3 it is convenient to note that &,=1—®,cS((p/2)", g)
for any v. The error is therefore bounded in the symbol space with weight

. g]” [z) _jien
Ah [/1 - lp 7 A
if we choose v=2y. Summing up, the symbol of

DY (A—-pp) Dy — (P2 (A—p))¥

is bounded in S(4'77, g) so the lower bound of (#;(A—p))” is =—Ce.
With ¥,=v¢(3p/r) we obtain from (3.25)

(3.26) PYFr Yy = PYRY Y.
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Here ¥, is bounded in S((p/2)", G;) and R is bounded in S(F,H), G,) for some
large N which we can choose as we like, so the symbol of the right hand side of
(3.26) is bounded in S(m, G,) with

m= F,HY [—pi-] =C(p+A)p N (%—) <= Ca
if N is chosen so large that NI'>v+ 1. Hence the norm of the operator on the
right hand side of (3.26) is O (¢). The symbol of

VYFy VY —(F, Y9

is bounded in S(m, G,) if m=F,H?, and outside supp d¥; it is bounded in the
symbol space with m=(p/1)’F,HY for any N, so the arguments above are applic-
able there. In supp d¥,; we have p/3=p=2u/3 so H, is equivalent to 4 and F,
to A there. Hence F, H:<J!~?’ there so the symbol in question is actually bounded
in S(A'~*, G,). Hence the lower bound of (P2F,)” is =—Ce. The same is true
of (®3 F,)” and adding we conclude that the lower bound of F,” is = —Ce, which
completes the proof.

4. The eigenvalue estimate

Let pcS(p, g) and assume as in Section 3 that

@.1) hx, 7 = sup—z’:i = Cp(x, &%,
x, &
4.2) 1+ x|+ [¢] = Cp(x, &

Denote the number of eigenvalues =21 of p”(x, D) by N(4), and let
= 2 —n
Wi =emoff ey AX E
be the expected approximation. We shall prove
Theorem 4.1. If 0<0<2y/3 then one can find C; so that for large enough A
“.3) IN(D—W(A)] = Cs(W(A+ 1) —W(—A~%).

Before the proof it is useful to make some preliminary observations on the
measure of the set where |p/A—1|<A~° which occurs in the right hand side of
(4.3). With appropriate symplectic coordinates y, n centered at a point where p=24,
the metric form is bounded by A({y[2+|#n|?) and |p/A—1|<A™? if for a suitable
¢=0

B2y | +h(y P+ ) < ei™°
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The volume of this set (which is a symplectic invariant) is proportional to

(hﬂu")l”"/l_”/zh‘l - C,).(y—é) (n—1)+y—358/2
so it tends to o= with A.

Proof of Theorem 4.1. As explained in Section 3 we choose an approximation
1 to H(A-.), where H is the Heaviside function, so that y,=1 in (—e, )
and yx,=0 in (A+A17% ). If e,=y,(p) then
Trey = Qm) ™ [ [ e (x, &) dxde
lies between W(1) and W(A+A!7%). By (3.22) we have
ley(1 —eDly, = Ci(W (A4~ W (@A~ 9))+C,,
and we observed after the statement of the theorem that the second term on the

right is much smaller than the first one for large 1 so it can be dropped. By Lemma

3.10 we have
ey(pr—Aey = CAl=%, (1—e)(p*—)(1—e})>—CA1?,

so Lemma 2.1 gives
NQAACI) = W () — Cy(W (A+ 213y =W (— 11-%)),
NQL—4CI=0) = W () + Co(W Gt 21=3) =W (3= 7279,
If we introduce pu=A+4CA'~° as new variable, we conclude that
INW—W W] = C;(W (u+Cop =) —W (u—Copit %)

for some new constants C;, C,. If we replace 0 by a smaller number, the constant
C, may be omitted and the theorem is proved.

We shall now compare Theorem 4.1 with the results proved in [5]. In our nota-
tion the hypotheses made in [5] are first of all that p€ S(p, g) where for some ¢'=>0

g = p~* (|dx>+|dEP).
In addition (4.2) is assumed and a hypothesis is made which implies
WOAW-WQ) = CWAuist, 0<pu=< A9
where O=a<p’. Then the conclusion in [5] is that for d=<g’
4.4 IND-—WD)| = C;W (A2,

If we apply Theorem 4.1 in this situation we can take y=2¢" and S<4p’/3. With
pu=A"% we have p<A™%if d>a. If just a<4¢’/3 we can choose § with a<d<
4¢’/3 and obtain from (4.3) that (4.4) is valid. Thus we have replaced the hypo-
thesis a<g¢” by a<4¢’/3 and improved the error estimate (4.4) so that it holds
for any d<4¢’/3 instead of any d<g’.
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Let us consider as an example the harmonic oscillator corresponding to

p(x. &) = 2 (xG+EH+1

(we have added 1 to make Theorem 4.1 applicable). Then ¢'=1/2 and a=0 so
our error estimate means that

4.5 lN(A)—(2n)""ff R dxdéi =C;A"% when §<2/3.
p<
Now the eigenvalues of p” are
1+ 37Qo;+1)=n+1+2 35 a;
where «; are non-negative integers. Thus N(4) jumps just at the integers congruent
ton+1mod?2, and when A=n+14+2u, 4 an integer, then

N =#{lq, .., 0); 4, =0, Ja;=p}p= [N:n}

_wn. w+) o n—t
= — =T+ 0.
On the other hand
—n J— R -n — An
(2n) ffp<mdx dé = " (2n) ff1x12+1§42<1 dxdl = o
so (4.5) is actually valid when d=1 but for no larger value of §, because of the
jumps in N(4).
If p has an asymptotic expansion in -homogeneous terms

p~ pm(x’ é)+pm—1(x9 é)—[_
and p,=0 except at O, then we can take y=2/m and obtain from (4.3)

@6) [N—@n=im(ff

for every 6<4/3m. Here (p,—1)=dS/|p,| where dS is the Euclidean element
of area on the surface p,=1, so the second term in the parenthesis vanishes if
p is a polynomial in (x, &). The example above raises the question if (4.6) is always
valid for 6=2/m. This is made plausible by the analogy with pseudo-differential
operators on a compact manifold where the methods used in this paper should
give

dx dE— 174" (p,,_1, 3(pu—1)))| = Cpa2nim=3

(% &) <1

|NO)—@ry=mimm [ f . dx d¢| = Cyanim=?

for every 6<2/3m whereas Fourier integral operator methods give this result
for 6=1/m. However that may be, we have still thought it of some interest to examine
the scope of the methods introduced in [5] when combined with the technical
refinements of the calculus given in [2].

(s §)<1
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Theorem 4.1 may be given a more general form containing the “quasi-claassical
asymptotics” of Subin [4, Appendix 2]. These concern the operator p”(ex, ¢éD) or
the unitarily equivalent operator p* (x, ¢2D) where O<e<1. Set p,(x, &)=p(ex, &&).
Then

p.£S5(p.,°8)
uniformly for O<eg<1 if

8gx,f(ys }1) = gsx, eé(aya 8'1)

This is uniformly o-temperate (see [2, Section 7}), and by [2, (7.7)]

§x’§<h(sx et if  h(x, &) = sup 2L

x, & X,f

From (4.1) we therefore obtain
gx,§ = (pe(x’ g)e—zly)—~2v
‘g%.¢

so (4.1) is also satisfied by the new metric and the symbol p,(x, £)e~%?. For large

N we have '
Cpe(x, He " = (1 +-elx|+e €DV e~ = (14 |x]+ |EPVY

s0 (4.2) is also uniformly satisfied. It follows that the conclusion of Theorem 4.1
is valid uniformly in &.

Let N (%) be the number of eigenvalues =41 of p” (ex, eD). Then p* (ex, eD)e ™"
has N,(¢*? 1) eigenvalues =4, and

en= [f ooty X AE = ETW(E1D).
When 0<8<2y/3 we obtain from Theorem 4.1 for large A, O<g=<]|,
[N (27 ) —~e= W (27 D)] = Cs67 (W (¥ (A+ A1 =2) =W (2" (A— A1 —9))).
Changing notations we obtain
4.3y N - WD) = Ce™ (W (A(L+e¥1 A=) —W (A(1 — /7 ),-%)))

provided that le~%7 is large enough.
For a fixed 4 which is not a critical value of p the parenthesis on the right
hand side of (4.3)" is O(e?") so it follows that as &0

(4.3)” IN,(\)—e = Cpe?— 2

for every 0<4/3. When 6<1 this is Proposition 2.2 of Subin [3, p. 241].
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