Padé approximation of matrix-valued
series of Stieltjes

Bjérn von Sydow

1. Introduction

Let H be a finite-dimensional Hilbert space and let L(H) denote the set of
bounded linear operators on H. et A4:[0, [~L(H) be a bounded, non-decreasing
function (this is given a precise meaning in Section 2). Put C,= f o t"dA(t) and
suppose that C,CL(H) for all n=0. Under these assumptions we say that F(z)=
= C,(—2)"is an L(H)-valued series of Stieltjes. This paper is concerned with
the existence and convergence of Padé approximants to F. The investigation was
motivated by two facts:

(1) When H is one-dimensional, i.e. for complex-valued series of Stieltjes a fairly
complete convergence theory for Padé approximation exists (see e¢.g. Karlsson — von
Sydow [2]);

(2) an analogous theory in the present setting would find applications in various
branches of theoretical physics (see e¢.g. Zinn—Justin [8]). The convergence theory
in the complex-valued case can be summarized as follows:

Theorem A. Let o(t) be a real, bounded, non-decreasing function on t=0 such
that C,,z'f;" t"do(t) are finite for all n=0. Put f(2)=2._,C,(—2)" and let
flm, n] (z) denote the [m, n] Padé approximant to f. Let j=—1 be an integer. Then

@ If 3., C " =co then

Fln-+i, ml(2) — [ 22

14zt

as n —- o°

uniformly on compact subsets of the complex plane cut along the negative real axis.
(b) If a(t) is constant for t=1 then for z¢]—oo, —1]
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where | denotes the principal branch of the square root. Furthermore, the expression
to the right of the inequality sign cannot in general be replaced by a smaller number.

The principal result of this paper (Theorem 1) is that an exactly analogous
theorem is true in the present setting.

The problem treated here has been discussed by Zinn-Justin [8] and Allen—
Narcowich [1]. A related problem is treated in Mac Nerney [3]. All these authors
make the assumption that the interval of integration is compact, i.e. the analogy of
(b) above. None of them discusses degree of convergence. A detailed comparison
with the work of Zinn-Justin is difficult to make since his assumptions on H are
not explicitly stated and some calculations seem to be purely formal. However, in [8]
Zinn-Justin states that convergence of the sequences of [n—1,n] and [r, n] Padé
approximants can be proved. As to Allen—Narcowich, they state uniform conver-
gence of some kind of (unspecified) mixed approximant with H a separable space.
No proof is offered. Mac Nerney, finally, proves rigorously strong convergence of
a continued fractions expansion in an arbitrary Hilbert space.

In Section 2 we give necessary definitions and state the main result. In Section
3 we cite the remarkable theorem by Naimark [4] in which 4(¢) is exhibited as the
projection onto H of an orthogonal resolution of the identity in a space containing H.
Naimark’s theorem is the main tool in the proof of Theorem 1 which is given in
Section 5. The proof is preceded in Section 4 by some computational lemmas which
have been separated from the proof Theorem 1 in order to keep the latter more
easy to survey. In Section 6, finally, we discuss the difficulties that arise when H is
not restricted to be finite-dimensional.

2. Definitions and the main result

H is a complex Hilbert space and L(H) the set of bounded linear operators
on H. With H” another Hilbert space L(H, H’) denotes the bounded linear transfor-
mations from H into H’. The inner product in H is denoted { , ). Norms, adjoints,
self-adjoint and positive operators are defined as in any standard text on functional
analysis (see e.g. Riesz—Sz. Nagy [5]). We shall also encounter positive, unbounded
operators. Such an operator T cannot be defined on the whole space H and we shall
denote its domain by D (7). By a subspace H; of H we mean a closed subspace. The
restriction of an operator 7 to H, is denoted T'|H,. If {H;}!_, are pair-wise ortho-
gonal subspaces, their direct sum is denoted by >;_, ®H;. Operators defined on
a direct sum of subspaces will be displayed in matrix notation with obvious inter-
pretation. The letter I will always denote the identity operator on a space which
should be clear from the context. R(T) and N(T), finally, will denote the range and
null space of the operator 7.
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With these conventions understood we are ready to define three concepts which
will be basic to our subject.

Definition 1. A4 bounded normalized L(H)-increasing function is a function
A0, o[> L(H) such that A(0)=0, A(t)is strongly continuous to the right, |A()] =
Moo for some M and all t and A(t,)—A(t)) is a non-negative operator if t,=t,.

Definition 2. An L(H)-valued series of Stieltjes is a formal power series F(z)=

w0 Co(—2)" where C,cL(H) and C,= f o L"dA(t) for some bounded normali-

zed L(H)-increasing function A in the sense that {C,x, x)= f o t"d{A(t)x, x) for all
x€H. The Stieltjes transform of A is the function F(z):fa"’ (14+2z8)"1dA(2).

Definition 3. Let G(z)=2,._, T,z" where T,cL(H) be a formal power series
and m, n be non-negative integers. A right [m, n] Padé approximant is a function
PrQx* such that

(i) Py and Q are polynomials of degree at most m and n with coefficients in L (H),
(ii) Qr(2) is invertible for at least one z,
(iii) the formal expression F(z)Qg(z)—Pg(z) contains only terms of degree
greater than m+n when expanded in powers of z. A left approximant is defined
analogously with the order of F and Q interchanged.

In contrast to the complex-valued case, right and left Padé approximants to
L(H)-valued power series do not always exist and if they do they need not be unique.

A simple example is
{10y (0 1) (00,
F(Z)“(o 0]+[0 o]”(o 1]2

which has no right [1, 1] approximant but infinitely many left [1, 1] approximants.
If, however, G(z) for some m and # has both a right approximant PrQz" and a left
approximant Q; P, such that both these approximants are holomorphic in some
open set 2, then these must be identical and thus unique. This can be proved in the
following way: (iii) implies

01(2) F(2) Qr(2)—QL(2) Pr(2) = O(z"*"*Y).

Subtract this from the analogous expression for the left approximant. The result is

01(2) Pr(2)— PL(2) Qr(2) = O(z"*"HY),

But the left part is a polynomial of degree less than or equal to m+n and is thus
identically zero. The equality of the right and left approximant now follows from
the uniqueness theorem for holomorphic functions. We note that if H is finite-
dimensional, each approximant is holomorphic in the complex plane except at
finitely many points, so in this situation the existence of a left and right approximant
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implies their uniqueness. We reserve the notation G[m, n] (z) for such unique left
and right approximants.

We shall not go into details of how to calculate these approximants but be
content with the observation that if H is finite-dimensional with dimension N,
a right [, n] approximant can be calculated by solving a set of linear equations sys-

n® 3 . . .
tems requiring in the order of N%. (? —|——2— nz] arithmetical operations to be solved.
We are now in a position to state our main result.

Theorem 1. Let H be a finite-dimensional Hilbert space. Let A(t) be a bounded,
normalized L(H)-increasing function and F(z)=2_, C,(—2)" the corresponding
L(H)-valued series of Stieltjes. Let j=—1 be an integer. Then

(a) Fln+j, n] (z) exists for all n=1.
®) I 3, Gl 7Y = oo, then

IFn+j,m@)~F@)| -0 as n- e,

uniformly on compact subsets of the complex plane cut along the negative real axis.
(©) If A is constant for t=1 and F(z):f; (1+z2)"*dA(t), then for z§
] — %, — 1]

tim sup | Fln+j, n](2) = F@"* = [(VT+ 2z~ DI T+ 2+ 1)),

where |/ denotes the principal branch of the square root.

3. Naimark’s theorem
The following remarkable result is due to Naimark [4] (a proof can also be found
in Sz.-Nagy [7]).

Naimark’s theorem. Let H be a Hilbert space and A (t) a normalized L(H )-increasing
Junction satisfying A(t)—~1I strongly as t—~oo. Then there exists a Hilbert space Ko H
and an orthogonal resolution of the identity {E(t)},~, on K such that

HyEQ@) H=A@®) foral it

where Il denotes projection onto H. Furthermore, K and {E(t)} can be chosen such
that E(t) is constant in any interval where A(t) is constant.

This theorem is the main tcol in the proof of Theorem 1, since it enables us to
make use of the power of the spectral theorem for self-adjoint operators. Putting
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B:f: tdE(¢) it is seen that
F(z) = I4(I+Bz)" | H,

i.e. F(z) is the projection of a rational function of type [0, 1] restricted to H. This
relation will be exploited in the proof of Theorem 1.

4, Some lemmas

In this section we state and prove four lemmas which will be needed in the proof
of Theorem 1. Each lemma is applied only once, but we feel that it is easier to main-
tain an over-all view of the proof of the Theorem 1 with these technicalities out of
the way.

Lemma 1. Let H, and H, be Hilbert spaces and let T;;¢L(H;, Hy), i,j=1,2.
Define Te L(H,®H,) by
T: (Tll T12].

T21 T22
Then, for small enough |z|,

G I G

exists and is bounded. Furthermore,
Sn(z2) = (I— T212— 22T (I—Tez2) ' Tyt

Proof: Sinee T; are bounded, so is T and for |z|<[T|

(I-Tz)™t = o, (T=),
which proves the existence.
By performing the matrix multiplication (I—7z) (I—Tz)~! we get

( (I=T,2)Syu—Tz+Sy  (I—T142)S1s—Traz - SZI] - [1 0]
T2 S+ (U—Tp2) Sy —Toyz+S1p+ (I~ T532)Se 017

We shall need only the equality between the first columns of these matrices. The
equality between the elements in position (1, 2) yields

So1 = (I—=Tye2) 1T Sy 2.

Inserting this into the upper left-hand equality yields the desired expression
for Sy;. | |
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Our next lemma shows that if T,, in Lemma 1 is surjective, then S;;(z) and
analogously defined functions for direct sums of more than two spaces are actually
rational functions.

Lemma 2. Let {H;}/_; be Hilbert spaces and T;;cL(H;, H), i,j=1,2,...,n,
such that T;=0 if |i—j|=1 and T;,_, is surjective for i=2,3,...,n. Define
TeL(S;_ ®H) by I,T\H;=T,;, where II; denotes projection onto H;. Then
I, (I-Tz)7'|H; can be written in the form R(z)-(I—zQ(z))™', where R(z) and
Q(2) are polynomials of degree =n—1.

Proof: The proof is by induction on ». If n=1, choose R=1, Q=1T;,. Suppose

the lemma is true for n<N. Put H'= 3" ® H; and notice 37 & H,=H,®H’.
With T'=1II,,T|H" we have

TyiTy, 0 0..0]
Ty
0 |
T=4" " ,
. T
U

and by Lemma 1
I,(I-Tz)y ' |H, = (I-Tyz— 22Ty I, (I— 2T") 7 |[HyTy) 7.

By the induction assumption IT,(I—zT")~*|H,=R(z)-(I—zQ (z))~* where R and
O have degree =N-2.

Furthermore if we define U: Hy,—~H,;, by Ux=y where y is the unique element
in N(T,)' such that T,y=x, then U is bounded and T, U=I, the identity
operator on H,. Thus

To(I—=U+2Q(2) Tor) ™ = Ty » o U(2QY Ty = (I—20Q(2)) Ty
This relation is exactly what is needed to complete the proof since it implies
(I—=Tyz—22T\, R(2)(I—2Q(2)) 2 Tyy) "
= (I-2UQ(2) Ty {(I—Ty2)(I—2UQ(2) Ty1) —
— 22Ty R(2) Tor} ™%,

which is a rational function of the desired form. |

Our next lemma is a partial generalization of the well-known result that for
complex-valued series of Stieltjes, the sequence of [n—1,n] Padé approximants
converge to the Stieltjes transform of the measure if the moments do not grow too
rapidly (Theorem A).
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Lemma 3. Let {M,};", be a sequence of positive numbers such that 3¢ M=
=oo. Let do and {du,} o be positive measures on [0, =[. Put ¢,= f o t*do(t) and
suppose that ¢, =M, for all k. Suppose also that f Cthda,(H)=c, k=0,1,...,2n.
Then for non-real z in the right half plane,

o A, (1) o da(2)
O 142zt O 14zt

as n - oo,

Remark. This 1s certainly not the sharvest possible result in this direction, but
it will be sufficient for our purposes.

Proof: The proof depends on the following result by M. Riesz [6]: For non-real z
1 23-1
r(-2))

where P.(w) is the k:th orthogonal polynomial with respect to dx. That

w dot) e do,(6)] 12| n
O T+zt JO 14zt|~ [imz (20

1 2

2o | Pr (——) —oo if 3o ¢ =co is well-known in the theory of the moment
z

problem. In the proof of Theorem 2 of [2] a proof for z on the positive real axis can be

found. Since {P,} has all their zeros on the positive real axis this implies that

1 2
2ol P ( ——) =oo for z in the right half plane. |
z

Our Jast lemma is a sharpening of the well-known result that if a sequence of
Padé approximants is uniformly bounded in a region containing the origin, then the
sequence converges.

Lemma 4. Let Q be a simply connected proper subset of the complex plane con-
taining the origin. Let F(z) and {F,(z)};., be holomorphic in Q with values in a Banach
space B. Suppose that F,(2)—F(z)=0(z") as z—0 Vn and.that {F,(2)}3 is uni-
Jormly bounded in any compact subset of Q2. Let ¢(2) be a conformal mapping of

onto the interior of the unit circle such that ¢{0)=0. Then for any z€Q
lim sup || F,(2)— F(2)|"* = @ (2)].

Proof: Put Y(z)=¢~'(z) and define G(z)=F(Y(2)), G,(2)=F,(¥(z)). Then
G and {G,}; are holomorphic in the unit disc and uniformly bounded on compact
subsets. Furthermore G,(2)—G(2)=0(z*") as z—0 since ¢(0)=0. Now fix z€Q

r
and choose ¢=0. Put r=lp(z)] and choose R, r<R=1 such that ?<r+8.
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Choose M such that |G,W)| =M, |Gw)|=M for |[w|=r. Then by a well-known
argument, since (G,(w)—G(w))/w™ is holomorphic in the unit disc

G,()—G()dt
f"” R —w)

1F,(2)= F(D))| = [G,(e(2)— G (e ()l

_ ( r )2" 2MR

R R—r"

Taking 2n-th roots we obtain
lim sup | F,(2)— F> = — <o ()] +

Since ¢ is arbitrary, the lemma follows. |

5. Proof of Theorem 1

Theorem 1 is established by combining the statements of the following ten steps.

Step 1. If for any m and » a right [m, n] Padé approximant to F exists, it is also
a left approximant and is thus unique.

Proof: For any polynomial T(z)=i_, T, z*, put T* ()= _, T¥z*. Since
C, is selfadjoint for all k& we have formally for real z
(F(2)Q(2)—P(2))* = Q* () F(2) —P*(2) = O(z™).
This proves that (Q*+) 1P+ is a left [m, n] Padé approximant. Uniqueness follows
from the discussion in Section 2.

Step 2. We may assume without loss of generality that Cy=1.

Proof: Since C, is self-adjoint and has closed range, H=R(Cq)®N(C,) where
R(C,) and N(C,) reduce C,. Since A(¢) is increasing it follows that R(C,) and
N(Cy) reduce A(¢) for all ¢ and hence C, for all k. We may thus restrict our attention
to R(C,), or equivalently assume that N(Cy)={0}. Then C, is positive and surjective
and thus posseses a unique positive square-root with bounded inverse R~1. Now put
A;(1)=RTA()R™*. Then A4, is increasing, A;(0)=0 and A,(r)—~] as t—eco.
Finally it is clear that if PQ~' is a Padé approximant to the series of Stieltjes
generated by A4,, then RP(R™'Q)~! is a Padé approximant to F with the same
convergence properties.

Step 3. There is a Hilbert space Ko H and a positive operator B: K> D(B)~K
such that Hc D(B") for all n and

F(z)=Hy(I+zB)"'|H, C,=IyB"H,

where IT; denotes the projection onto H.
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Proof: Naimark’s theorem gives K and an orthogonal resolution of the identity
{E(#)},~, such that O, E(t)|H=A(t). Put B=f;° td E(t). Then B":/;° t"d E(t)
and (I+zB)™'= f o (14+2£)7'd E(t) by the functional calculus for self-adjoint
operators. Hence C,= / Ct"dA(t)=IyB"|H and similarly for F Also, for any
x¢H

[oend(E@t)x, x) = [ t7d(A@)x, x) = {Cyy %, x) <o
and thus x¢ D(B").

Step 4. It is possible to choose pair-wise orthogonal subspaces {H;};-, with

projections II; such that Hy=H, H,CD(B) for all i and B;;=II;B|H; satisfies
B;=0 if |i—j|>1 and R(Bi;y) = His1-

Proof: We put Hy=H and define H; inductively. Suppose {H;}* , have been
chosen in such a way that every element x in H; is a finite sum of the type
x=2"_,B'x, where x,€H,. Put kal—Z"J‘.:OHj and define

Hk+1 = QkB(Hk)'

Then obviously every element of H,,, can be written y:Z’v‘:; By, where y,€H,
and hence H, . ,CD(B). Also, H,,, is finite-dimensional and thus a subspace.

That R(B;1,;)=H; follows from the construction as well as the fact that
B;=0 if i=j+1. If i<j—1, pick x€H;, ycH;. Then

(By; y, x) = {II, By, x) = (By, x) = (y, Bx) = (3, B;;xy=0
whence B;;=0.
Step 5. Define B,cL(>: @ H;) by
By By 0
By By By,
B, = B;,

0

Put F,(z)=II,(I+2B,)"'|H,. Then F,(z) is a rational function of type [n, n-+1].
Remark: Note that B,=(3"_, I1,)B|3"_ @ H,.

B

nn

Proof: Apply Lemma 2,
Step 6. F(z2)—F,(z)=0(z*""%), z-0.
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Proof: From the construction in Step 4 follows that B*(Hy) 2;;0 @ H;. Thus
C,=I1,B*|H,=I1,Bf|H, and we see that it is enough to prove that IT,B:H,=
=II,B%, . |H, for k=0, 1, ...,2n-1. But for a fixed k we can calculate both sides
of this proposed equality using matrix multiplication. The result is in both cases the
sum of all possible products of the type

BO,m 'Bm,m 'u-‘Bm_,O,
1 1, M k-1

where the second index of each factor equals the first ind ex of the next. There are
more possible factors in B,,_, thanin B, but since B;;=0 for |i—j|>1 a non-zero

k7.
product cannot contain a factor B;; with i or j greater than [3] in order to ‘‘be back

in time for having last index 0”. ([ ] of course denotes the integer part.) Thus for
k=2n+1 no factors with an index greater than n occur which proves I1,BXH,=C,.

Remark: By Steps 5 and 6, F,(2) is the [n, n-1] Padé approximant to F and
from now on we use the notation Fln, n+1] (z) instead of F,(z).

Step 7. || Fln, n+1] (2)| =sup,, |14+2¢|72.

Proof: We prove the stronger statement [([/+zB,) Y =sup,., {1+z¢|" s
This follows immediately from the spectral theorem. Since B is a non-negative
operator, so is B, and thus

1
P
(I+zB,) o T52r dE,)
for some spectral family {E,(¢)},.,. Hence

I(Z+2B,)7* = sup |14 z¢|~*
=0
by the functional calculus.

Step 8. ||Fln,n+1](z2)—F(2)|| >0 as n-—oo, uniformly on compact subset
of C\R_.

Proof: By Step 7, {lFln,n+1](2)};=, is uniformly bounded on compact
subsets of C\R_. Fix x¢H with |[x]]=7. Then (F(z)x, x) is a complex Stieltjes
transform with moments ¢, =(C,x, x)=|C;|. Furthermore, (F[n, n+1](2)x, x)
is a complex Stieltjes transform with moments equal to ¢, for k=2n+1. Thus by
Lemma 3, with M,=|Cyl, (Fln, n+1](z)x, x)~{F(z)x, x) for non-real z in the
right half-plane. By the polarization identity this yields (F[n, n+1](2)x, y)—~
(F(z)x, yy for all y or equivalently, since H is finite-dimensional, |[F[n, n+1](z)—
— F(2)| -0. It remains to apply Vitali’s theorem to get the desired conclusion.

Step 9. If A(¢t) is constant for #=1 then

lim sup || Fln, n+ 1](z)— F ()| V2 = lflf_il-l
oo V1+z+1
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Proof: In this case, for x¢€ 5| & H,,
0=(B,x,x)=(Bx,x)= f; td(E(t)x, xy =1

and the result of Step 7 can be sharpened to
IFln, n+11(2)] = sup |1+zt]~%.
t€[o0,1]

Thus the sequence of approximants is uniformly bounded in compact subsets of
C\]— <, —1] and the result follows from Lemma 4, noting that ¢ (z)z(]/l +z—1)/
/(Y14 z+1) is a conformal mapping from C\]—e=, —1] onto the unit disc.

Step 10. F has a [n+j, n] Padé approximant for all » and all j= — 1. The conver-
gence properties of all sequences {F[n+j, n]};., are the same in the sense of (b)
and (c).

Proof: Fix j=—1 and put G;(z)=34., Ci+;+1(—2)*. Then G; is a series of
Stieltjes generated by the increasing function A4;(f)= f oW dA(u) and it is easy
to prove that

Fln+j,n)(2) = 3oy Cer (— 2+ (=21 Gy[n—1, 1] (2),

which proves the existence of F[r+/, n]. Furthermore
F(2)= Fln+j,n)(2) = (=26 (2)— G,[n—1, n)(2)),

which proves that the convergence properties are the same. This completes the proof
of Theorem 1.

6. The infinite-dimensional case

A natural question to ask at this point is whether Theorem 1 is true in an arbit-
rary Hilbert space. An inspection of the proof shows that for arbitrary H the result in
Step 3 above is true with the same proof. If we suppose 4(¢) to be constant for r=1,
then B is bounded and we can carry out the construction in Step 4 in the same manner
with the difference that we may have to take closures in defining the H,. Then By ;..
is not surjective and Step 5 fails. Steps 6 and 9 work, however, and thus F,(z)—F(z)
with the degree of convergence implied by (¢). From Lemmas 1 and 2 it is seen that
F,(z) can be viewed as a convergent in a continued fractions expansion. (This expan-
sion is essentially the same as that obtained by Mac Nerney.) We feel that in the infinite-
dimensional case this expansion may turn out to be a more natural interpolation
procedure than the unsymmetrical Padé approximation. This feeling is supported by
the following argument. In the infinite-dimensional case the region of holomorphy
of a rational function may be any open set (since e.g. resolvents are rational functions).
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It seems reasonable to demand of an approximant obtained by interpolation at the
origin that the origin should be included in the set where it is holomorphic. This is
also essential for the proof of Theorem 1(c). But it turns out that even for series of
Stieltjes an [r—1,n] Padé approximant P-Q~' with Q(0) having a bounded
inverse need not exist. We illustrate this by the following simple example.

Let H be an infinite-dimensional Hilbert space and let A and T be positive,
bounded, one-to-one operators on H. Let /OltdE(t) be the orthogonal spectral
resolution of A. Suppose further that A(H)=H, T(H)#H and AT(H)X T(H).
Put

F(z) = T(I+A2)"\T = f;d_]l“}%

Thus F(z) is a series of Stieltjes. We shall try to define a right [0, 1] Padé approximant
to F with Q(0) having a bounded inverse or, equivalently, Q(0)=7. We must find
P, and Q, such that F(z) (I+Q,z)— P,=0(z%. But

T(I+A2) 1T+ 0,2)— Py = T*— Py+(T20,— TAT)z+ O(z2).

Thus we must have T2Q,—TAT=0, which forces TQ,=AT since T is one-to-one.
But 70, maps H into T(H) while AT(H)d T(H) by assumption. Hence no approxi-
mant of the desired type exists.
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