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1. Introduction 

The  object  of  this  paper  is to  give a self-contained t r e a t m e n t  for  some aspects 
o f  the  t h e o r y  of  Banach  spaces of  dis tr ibut ions.  The  basis is on one side a generaliza- 
t ion of  the  well-known mul t ip l ier  t heorem in L~-spaces o f  Michl in-Hbrman~er  
[13, 8], and  on the  o ther  side the  general  in te rpo la t ion  t h eo ry  for Banach  spaces. 
We use the  real  in te rpola t ion  m e t h o d  developed b y  Lions-Peet re  [10, 15, 19, 7], 
and  the  complex  me thod  developed b y  Lions,  Calderbn [4], and  S. G. K r e j n  [9]. 
F u r t h e r  we need  some facts  f rom the  t h e o r y  of  the  vec tor -va lued  Lp-spaces Lp(B), 
where  B is a Banach  space [ba, 6]. 

I n  2 we describe some results abou t  d is t r ibut ions  and  in te rpola t ion  wi thou t  
proofs.  

I n  3 we consider the  opera tor  ~ ,  
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/ .  

(~f)(x) : I K(x -- y)f(y)dy, f(y) = (fJ(Y))-~<t<*, 
Q J  

Rrt 

g(x) = (g,~(x))_o~<,,t<oo, Kq(x) e L~~ 

and give sufficient conditions for acting from Lp(12) into itself and for acting from 
.Lp(l,) into itself, 1 < /0 ,  r < ~ .  The result is a generalization of the multiplier 
theorem proved by  HSrmander [8]. 

In the following parts we consider special spaces of distributions. Let  

1 o0 

i=o (1.1) 

- -  c o < a <  oc. 

Then we define for --  ~ < s <  ~ ,  1 < p  < oc, 1 < q <  ~ ,  

~ ,  = { f l f  E S'(R,), f =t=o ~ ai(x) (convergence in S ' ) ,  (1.2) 

II{ai(x)}ll~(,~ ) < o0, supp Fa t c {~t2 i-1 =< I~[ ~ 2t+1}, (J = l, 2 , . . . ) ,  

supp F a  0 C {~tI~[ ~ 2}} , 

( f l f  ~. S'(R,), f = ~ at(x ) (convergence in S') , (1.3) 
./=0 

II{aj(x)}ll,;(Lp) < ~ ,  suppFatl:::{~[2i-1 ~ 121N 2t+~}, (j = 1, 2 , . . . ) ,  

supp F a  o c {el I~t ~ 2} / , 

F f  being the Fourier transform of f e S'. (We also consider B~q with q = 1 or 
q =  oo.) We set 

[If][~ = inf li{at)l] L h'x' ltfllB~q = i n f  I[(ai}[[ls(L ). 
.Xai= f :p~, q] ~ a j = f  el la 

B~ are the Besov spaces, and the definition (1.3) is essentialy the same as b y  
Nikol'skij [14], p. 256. H~ are the well-known Bessel potential spaces defined b y  

$_ 

H~ = {fife S'(/~.), $'-1(I -~- 1~12)2$'f e L/,(R.)}. 

Here F -1 denotes the inverse Fourier transform. 
Here are some results proved in 4--101). _~;~ and B;~ are Banach spaces, C~(.R,,) 

is dense for q < ~ (theorems 6.1.1 and 6.2.1). We have 

1) T h e  e x a c t  f o r m u l a t i o n  of  t h e  a s s u m p t i o n s  is g i v e n  in  t h e  t h e o r e m s .  
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Biq c F i ~ c  Bip for q < p , 

Bi ,  c F i ~ c B i ,  for q > p ,  

in the sense of continuous embedding, _Fi2 = H i (theorem 5.2.3), 
(theorem 5.2.3). I f  we set 

L f  = Y - l (  1 -~ Ixl2)LFf, f e S' ,  - -  o o  < s < oo, 

then  holds 

LF;,~ = ~; , - ' ,  LB; , ,  = B ; g ' ,  - -  oo < , , , ,  < ~o, 

(theorem 5.1.1). Fur ther  we show (with the  usual interpretation) 

( g , ) ,  = B;; . ,  (Fi,)'  = F;; . ;  

where B '  is the dual of B, and 1/ /9+ 1 / p ' =  l / q +  1 / q ' =  1; 
(theorems 7.1.7 and 7.2.2). We also prove the interpolat ion theorems 

= B i ~ ,  s =  ( 1 - - 0 ) s  o + Osx; s o # s~ $1 

(theorem 8.1.3), and 

for 

$o Sl s (FL. ,  ~,, ,)o,,  = Bi ,  

s =  (1 --O)so+ 0% 
1 1 - - 0  

P Po 

0 
+ 2~ so # sl 

(theorem 8.8.3) .  Special cases of (1.4) and (1.5) are 

(B)oP0, B'e'w,)o,, = (n~:o, Hi1)+,, = (Hi:, Bi;p,)o,p = Bip 

Fur ther  interpolation results are 

[B;',,, Bi:,,] o = B i , ,  

1 1 - - 0  0 1 1 - - 0  
_ + - - ;  _ 

P ~00 P l  q qo 
s =  ( 1 - - 0 ) s  o + O s l ;  

(theorem 10.1.1), and 
$o $1 $ [~i.,., F~,,,]o = P l ,  

with (1.8) (theorem 10.2.1). Special cases of (1.9) are 

$i $ [H~.., Hi,]o = Hi  
and 

with (1.8) and q0 = 2, qx = Pl. 
the usual definition of the spaces Bi~ (theorems 9.2.2, 9.2.5, and 9.2.9). 

1 < p ,  q < oo; 

(1.4) 

(1.5) 

(1.6) 

(1.7) 

0 
+ - ; (1.s) 

ql 

(1.9) 

(1.10) 

a t s [H~'0, B~,p,]o = Y;, (1.11) 

We show tha t  the  definit ion (1.3) coincides with 
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2. Basic facts about distributions, interpolation, and function spaces 

2.1. Distributions [21] 

S ---- S (R , )  is the space of rapidly decreasing functions, S '  = S'(Rn) the dual 
space of tempered distributions with the usual topologies. We use in S'(/~,) the 
strong topology. By 

n 

R n 

with <x, ~> = ~i~=lxj~j, we denote the Fourier transformation. Then holds 

n 

e,g 

R a 

We extend F and F -1 on S' in the usual way. The Fourier transformation is 
a continuous operation in S and S'. That  means if 

then 

vj ~v ,  f j~ , f  

FVj 7 Fv, FA ~ ,  ~ f .  (2.2) 

Is f E S' and F f  has compact support then f is a continuous function (regular 
distribution). This follows from the Paley-Wiener-Sehwartz theorem [21, II,  p. 127]. 

We define the convolution 

( f  , q~)(x) = fy(q~(x - -  y)), f e S ' ,  ~ 6 S . (2.3) 

Then holds f �9 cf E C~(1r rl S'(Rn). The convolution is a continuous operation 
in S and in S' .  That  means if 

then holds 

q~i - ~  q~, y) E S,  gj -~, g, f C S '  , (2.4) 

s ~ , ~ j  ~ , ~ ,  f ,q j  ~, f ,q ,  gj,~ ~, g , ~ )  

For ~ C S ,  f Q S '  we have 

n n 

F ( ] ,  ~) = (2=)2F~. FL ~-1(1,  q) = (2=)~-1~. ~-~f. 

(2.5) 

(2.6) 

3) This follows from (2.6) and the continuity of /~ and ~-1 in S and S'. 
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2.2. Interpolation theory 

We give a br ie f  sketch of  the  real in te rpola t ion  m e th o d  developed b y  Lions 
and  Pee t re  [10], and  describe the  K - m e t h o d  [15], and  the  L - m e t h o d  [19] given b y  
Peetre .  F ina l ly  we describe the  complex me th o d  [4]. 

2.2.1. The K-method [15]. Le t  A 0 and  A 1 be a couple of  (real or complex) 
Banach  spaces, cont inuously  embedded  in to  a l inear I-Iausdorff space. Then  

A o + A l = { a l X a o E A  o, a l E A  1, a - - - -a  o + a ~ }  

with  the  no rm 

and  

K(t,  a) -~ K(t ,  a, A0, A1) = in f  (lia0]ho 
= a o + a  l 

aoEAo, a~EAx 

A o N A 1 wi th  

+ tl[axllA3, 

[[aliA.hA1- [lalla. + [Ial]~, 

~ t ~ O ,  

are B a na c h  spaces, see [4]. Now we def ine the  in te rpola t ion  spaces (Ao, A1)o.v, 
0 < 0 < 1 ,  b y  

l (2.7a) 

(A~176 {ala eA~ + Al'lla'[~ [ f (t-~ d~] ~ } : = - -  < oo , l < = p <  oo, 

0 

(Ao, Ax)o, ~ = {ala E A o -4- A1, llaL. ~ - -  sup  t -~ a) < oo}, p = oo. (2.7b) 
t > 0  

(A o, A1)o, P are ]3anach spaces. Fo r  abbrevia t ion  we wri te  As. v -~ (Ao, A~)o, P. 

2.2.2. Interpolation property, [1013). Le t  (A0, A1) and  (Bo, B1) two couples 
of  Banaeh  spaces wi th  the  embedding  p r o p e r t y  of  2.2.1. Le t  T an  opera tor  act ing 
f rom A o + A 1 into B 0 + B r F u r t h e r  we suppose t h a t  the  res t r ic t ion of  T on A, 
is a bounded  l inear opera tor  into B, wi th  the  no rm ]iTil. (i = 0, 1). Th en  the  
res t r ic t ion of  T on Ao, p is a bounded  l inear opera to r  in to  Bo, v, 0 < 0 < 1; 
1 _~/o _<_ oo, and  we can es t imate  i ts no rm IITl]o,v b y  

IITL, ,  ~ IITII~-~ �9 (2.s) 

2.2.3. Reiteration theorem (stability theorem), [10]. Le t  be (Ao, A1) the  couple 
f rom 2.2.1 and  0 < 0 < 1. Then  we def ine the  class K ( O ) =  K(O, Ao, A1) of  
Banach  spaces b y  

E e K(O)  <:> Ao, 1 c E c Ao, oo �9 (2.9) 

a) In [15] PEETI~E showed that the K-method and the methods given in [10] are equivalent. 
So we can quote the results from [10] and formulate them in the sense of the K-method. 
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C always means tha t  the embedding is continuous. We note tha t  always 

Ao fl A l  c Ao, l C Ao, p c Ao,~ c Ao + A 5 0 < 0 < 1 ;  l g / ~ _ _ < o o  (2.10) 

I f  0 < 0  o < 0 ~ < 1  and E~EK(O d, ( i = 0 , 1 ) ,  then holds 

(E,, E~),,p = (A,, A1)o, P (2.11) 

with 0 < ~ < 1 ;  O----Oo(1--~)-t-Ox~; and l=<p____oo. 

2.2.4. Duality. Let (A0, A1) be the couple from 2.2.1, and A o N A 1 dense both 
in A 0 and A1. I f  B is a Banach space we denote its dual by B'.  Then follows 
from (2.10) with the usual interpretation 

p P t 
A, c ( A o f l A x ) ;  i = 0 , 1 ;  (Ao, p) c: (Ao Cl A~)' , 

and, [10], 

(A'  ' (Ao, v)' = (Ao, A1)' = o, A ) O, p 1 o, p" 

with l ~ p <  o% 1/19-t- l ip '  1. We remark tha t  A o [ I A  1 
in Ao, P for 1 ~ i o  ~ 0% 
A o and A 1 [10]. 

(2.12) 

is always dense 
also without the assumption A 0 [7 A 1 dense both in 

2.2.5. The case of one semi-group, [10]. Let  B be a Banach space and G(t), 
0 ~ t < ~ ,  a strongly continuous semi-group of bounded operators, acting in B, 
G(0) = I (identity operator), tlG(t)]l ~ M.  By A we denote the infinitesimal 
generator of {G(t)0_~,<~}. A n is the iteration, and D(A m) its domain of definition 
with lib]Iv(Am) = I[A~b[[ -{- lib]I, (m ---- 1, 2 . . . .  ). I f  0 < 0 < 1 we write m O =  j + ~, 
j integer, 0 < z ~ l .  Then holds 

co 1 

< o~ (2.13) 

0 

for 1 ~ p <  oo and an analogous formula for the ease p----- oo. For 0 < ~ <  1 
(2.13) simplifies to 

ao 1 

_ < oo (2.14) 

0 

(also with the usual modification for p = oo). Here the norm llbl[(~,.(A,.))o, p and the 
norms in (2.13) and (2.14) are equivalent. 

2.2.6. The case of several commutative semi-groul~s, [7, p. 189]. Let B be a 
Banach space and Gk(t), /c = 1, 2 . . . .  ,N ;  0 g t < ~ ;  N strong continuous 
commutative semi-groups of bounded operators, acting in B. That  means 

Gj(t)ak(s) = Gk(s)~j(t), 0 ~ t, s < oD, ~ r j .  (2.15) 
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We denote wi th  Ak the infini tesimal generators of {G~(t)}0<,<~. Then holds 

N N 

(B, N D(A~k))o, e = ~ (B, D(A'~k))o, e (2.16) 
k = l  k = l  

0 < 0 < 1 ;  1 ~ < p ~  o~. i n k > 0  are integers. The norms of the  intersection 
spaces are constructed in the  usual  way.  Using (2.13), (2.14), and  (2.16) we can 
describe these norms explicitly. 

2.2.7. The L-method, [19]. Peetre  proved in [19], theorem 2.2, the following 
result. Le t  (A0, A1) be a couple of  Banach  spaces in the  sense of  2.2.1. We construct  
for 1 ~/Oo, P l <  co and  a E A  o + A  x 

L(t, a) -~ L(t, a, A 0, At) = in f  (l[a0[l~: + tIlalll~), (2.17) 
a ~ a ~ + a  1 

aoEAo, axEAx 

c o > t > 0 .  Then holds 

wi th  

o~ 

f dt 4) l}allw ~-~ t-'~L(t, a) -~ 
0 

(2.1s) 

1 1 - o  o op 
0 < 0 <  1, - - -  + r / _  

P Pc ~ ' Pl  

These interpolat ion theorems are sufficient for our purpose. For  fur ther  considera- 
t ions of  real interpolat ion methods  see [10, 7, 2]. 

2.2.8. The complex method, [4]. The complex method  is developed by  J .  L. Lions, 
A. P. Calder6n, and  S. G. Krejn .  Le t  (Ao, A1) be a couple of  complex ]~anach spaces 
in the  sense of 2.2.1. We consider functions _F(z), z ~ "c + it, in the strip 0 ~< �9 --< 1 
wi th  values in A o + A 1 continuous and  bounded with  respect to the  norm of 
A o + A  1 in 0 ~ _ _ < 1  and  analyt ic  in 0 ~ v ~  1, and  such tha t  F(it) E A  o 
is Ao-continuous and  bounded,  F(1 + i t ) E A  1 is Al-continuous and  bounded. 
The set of these functions we denote by  ~ : ~[A0, A1] , 

IIF][F-~ max  [sup ]IF(it)l]A,, sup tlF(1 + i t ) ] [ j .  
t $ 

The interpolat ion space [Ao, A1]+, 0 < 0 < 1, is defined by  

[A 0, All  o -~ {ala e A o + At,  ~[ F E ~ with  F(O) : a}, Ila[l[A~ ----- in f  IIF][ F. (2.19) 
F(+)=a 

[A 0, A1] o is a Banach space. A o fl A x is dense in [Ao, A1] o. Two couples (A0, A1) 
and  (Bo, B1) have the interpolat ion proper ty  analogous to 2.2.2. 

4) ,.~ means that we can estimate the left side by the right side with help of a positive 
constant and vice versa. 
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2.2.9. Duality for the complex method, [4]. Le t  (Ao, A1) be a couple of  Banach  
spaces in the  sense of  2.2.1, and  let  A o [3 A 1 be dense bo th  in A o and  A 1. F u r t h e r  
we assume t h a t  a t  least one of  the  spaces A 0 or A 1 is reflexive.  Then  holds (in 
the  sense of  2.2.4) 

! t 
([Ao, A1]o)' --~ [Ao, A1] o (2.20) 

2.3. Function spaces 

We need  a few results abou t  vec tor -va lued  funct ion  spaces. 

2.3.1. Definition. Le t  B be a Banach  space and  1 ~ T < m. We consider a 
funct ion f(x), x E R,,  with  values in B,  and  p u t  

Lp(B) = (x) i[If(x)ll L e b e s g u e - m e a s u r a b l e ,  I]fllLp(B) = l lf@)ll" ~ < oo . 

L~(B) is a Banach  space [5a, 6]. 

2.3.2. Duality. B y  B '  we denote  the  dual  of  the  Banach  space B. <f, g>, 
f E B, g E B'  is the  symbol  for  l inear cont inuous functionals.  Le t  B be a ref lexive 
Bana c h  space, 1 < p <  oo and  1 / p + l / T ' =  1. Then  holds 

in the  sense 

(Lp(B))' = Lp,(B') (2.21) 

f <h(x), l(x)>d~, h(~) e L~(B), l(~) r LIB' ) ,  
R n 

as represen ta t ion  of  the  general  l inear cont inuous funct ional  over  
theorem 8.20.5]. 

(2.22) 

f~p(B), [6, 

3. A generalization of the Michlin-HSrmander multiplier theorem 

3.1. HSrmander's multiTlier theorem 

Le t  L~, = Lp(C), 1 ~ p  ~ oo be the  usual space of  complex  Lebesgue- 
measurable  funct ions wi th  

]]~l]Lp : I~(X) I pax ~ < GO 

nn 

(3.1) 
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(and the usual modification for p = oo). In [8, theorem 2.5] I~ISrmander proved 
the following result. Let  f E S', F f  E L~, and 

f ]RI~ID~Ff[2 B 2 5) 
d~ 
.R-- ~ ~ (3.2) 

R 

for all _R > 0, and all ~ with 0 ~ I~[ ~ In/2] -~ 1, and a suitable positive number 
B. Then for all p, 1 < p < ~ ,  there exists a constant c = c(n, p), which depends 
only on n and p, with 

It/* ~ll 5, =< cBII~[[Lp, ~ e S .  (3.3) 

(2.6) and 
n 

f ,  ~ = F - 1 F ( f ,  ~) = F-l((27r)2F~ �9 Ff )  

show that  (3.3) is equivalent to 
n 

]Y-a(Fq ~" Pf)itLp ~ (2=) 2CBil~i[Lp, q~ E ~q. (3.3') 

(3.2) and (3.3) (or (3.3')) is a generalization of ~vIichlin's multiplier theorem [13]. 

3.2. Modification of a theorem of J.  Schwartz, [20] 

For our purpose we have to generalize the result of 3.1. First  we extend a 
theorem of J.  Schwartz [20, theorem 2, p. 788]. I f  B is a Banach space we denote 
by  Lo(B ) the set of all Lebesgue-measurable bounded functions vanishing out- 
side of a compact set in /~,, having values in B. 

T~EOREM 3.2. Let B o and B 1 be two reflexive Banach spaces, and let K(x) be 
a function of x C It ,  having values in the Banach space of bounded linear mappings 
of B o into B 1 for almost all x E _R,. Suppose that K(x) is integrable over every finite 
region. Let ~ > q ~ 1 and A > 0 be given; and suppose that there exists a constant 
C <  ~ such that for each t > O we have 

( /  ) ][K(t(x -- y)) -- K(tx)[Iqdx 7 ~ Ct--~ (3.4) 

Ix[ > A 

for all y such that [IY[I ~ A-1. Put 

= f y)f(y)dy, f E Lo(Bo). (3.5) 
R u 

, )  w ,  ~ o  D ~ / -  al l ,  ~ a ~ - '  :' = (~"  . . . .  : ' - ) ,  I:'[ = 2 , , j  
�9 . .  i = 1  
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Sup29ose also that for some p 

we have 

and r satisfying 

o o > p > l ;  o o > r > l ;  1 / p - - 1 / r - = l - - 1 / q  (3.6) 

R n Rr~ 

with the same constant C as in (3.4). Then we can extend the mapping ~ for all 
s, t with 

1 < S  ~_~t < ~ ,  1/8-- l i t  = 1 -- 1/q (3.8) 

in a unique way to a linear continuous operator acting from L,(Bo) into Lt(B1). 
~'or the norm of the extended operator (also denoted with ~ )  holds 

II~IIL.(.0)+L,(B1) < ~" C ,  (3.9) 

where C ks the same constant as in (3.4) and (3.7), and ~ depends only on n, A,  q, 
r, p, 8, t. 

for s , t  with 

3.3. Proof of theorem 3.2 

Step 1. In  theorem 2 and corollary 4 of his paper [20] J.  Schwartz proved 

119~IIIL,(B~) =< 6"llfllL.(.o), f e Lo(Bo), (3.10a) 

l / s - -  1 / t =  1 - -  1/q, 1 <s<:1o,  (q < t <:r) ,  (3.10b) 

A homogenei ty argument  shows tha t  

C r = cr C ,  (3.11) 

where C is the constant  from (3.4) and (3.7), and ~ depends only on n, A, q, r, 
p , s , t .  (We replace K in (3.4) and (3.7) by C-1K and prove (3.10) for this 
modifieated operator.) 

Step 2. By 0s we denote the dual operator to 0s acting from L~.(B'I) into 
Lr with 

l i t ' - -  1 / s ' -~  1 - -  l /q, r' g t ' < q ' ,  ( p ' ~ s ' <  ~ ) .  (3.12) 

This follows from (3.10). An estimate of type (3.10), (3.11) is true. Now we can 
determine ~ '  explicitly. Let  K'(x) be the dual operator of K(x) acting from 
B~ into B~. Because IlK'If = IlK]I, (3.4) is t rue  for K'(x). (3.7) holds for ~ '  
and the couples (t', s') with (3.12). Let  f(x)~Lo(Bo) and g(x)ELo(B'I ). With 



S P A C E S  O:F D I S T R I B U T I O N S  O:F B E S O V  T Y P E  Olq" NUCISIDEAI~ n - S P A C E  23 

the aid of (2.22) and the integration theory in Banach spaces (see [6] or [5a, especially 
I I I ,  2.19]) follows 

f <f(x), ~'g(x)>dx = f g(x)>dx 
a ]  

~n R, (3.13) 

= f f <K(x-y)f(y), g(x)}dydx = f ( f ( y ) ,  f y)g(x)dx)dy. 
R n Rn R n R n 

Because Lo(Bo) is dense in Ls(Bo) , and 2.3.2 shows 

we find 

(L, (B'))' (B") L , (B ) �9 0 ~ L s  0 ~ 0 

/ ,  

(~ = / K (x  --  y)g(x)dx . (3.14) 

R n 

I f  we use the operator (Eh)(x) = h(--  x), we see that  E~ZCE is an operator of 
the type  (3.5), for which (3.4) holds. (3.6) and (3.7) we have to replace by  

I[~:'f(x)ll~:,d ~ ~ C Ilf(x)ll~:d ~ - -  ' r '  p,  - -  l - - - - q  . 
R n R n 

(3.10) shows that  ~ '  is a linear bounded operator, acting from L,,(B~) into 
L,,(B'o), with 

1/t '  - 1 / g  = 1 - 1/q; 1 < t' <= r' ,  (q < s '  ~ p ' )  . 

Together with (3.12) we find that  ~ '  is a linear bounded operator from JLr(B'I) 
I 

into Ls,(Bo) for all t ' , s '  with 

l i t ' - -  1 / s ' =  1 - -  i/q; 1 <t'____~s' < (3.15) 

Step 3. Because B 0 and B 1 are reflexive Banach spaces we have from 2.3.2 
~ " =  ~ .  The theorem follows by  a duality argument from the second step. 

3.4. t~emark 

The proof shows that  the dual operator ~ ' ,  (3.14), has essentially the same 
structure as the operator 0 ( ( 3 . 5 ) .  After replacing ~ b y  cX' (3.9) with (3.8) 
is true. The second step shows we needed for this statement only the reflexivity 
of B e, but  not  of B 1. This was necessary in the last step. 



2 4  ]~.ANS TI%IEBEL 

3.5. A multiplier theorem 

Now we are able to extend the multiplier theorem given by H6rmander [8, 
theorem 2.5]. Let l, be the sequence space 

1 

1,----- {212 = (2j)_~<i<~, Sj complex, 112[I,,= 12j1")7< oo), (3.16) 
j~--r 

1 _< r < oo, and Le(l~ ) the space in the sense of 2.3.1. We consider the matrix 

K(x) : (Kq(x))_r Kq(x) 6 L~~ , (3.17) 

with complex coefficients. Now we construct the operator 

(OC f)(x) .= f .K(x -- y)f(y)dy (3.18) 

.R n 

with 

f =  (fj)_~<j<~, f~(x) ~ 0 for Ijl ~ N, fj(x) e C~~ (3.19) 

THEO~E:~ 3.5. Let K(x) be the matrix (3.17). Further we suppose 1. K~j(x) q S'(Rn) 
(regular tempered distribution), 2. the Fourier transform (FKIj)(2) is a regular 
distribution with classical derivates D~(FKq)(~) for all ~, O ~ l~] --< [n/2] -[- 1, 
3. the existence of a positive number B with 

f ~ ID~(FKij)(2)12d2 <____ B2R n-21aT , (3.20) 
i , j  = - - 0 o  

for all t~ > 0 and all ~, 0 ~ I~l ~ [n/2] + 1. 
(a) We can extend the operator ")(, (3.18), to a linear bounded operator from L~(12) 

into itself, 1 < p < ~). We have ][')(]] ~ ~B, where or depends only on p. 
(b) I f  we suppose additionally Kq = 0 for i ye  j ,  we can extend the operator ~ 

to a linear bounded operator from L~(l~) into itself, 1 < r < r 1 < p < ~ .  
We have IliON ~ ~B, where o~ depends only on p and r. 

This theorem is an extension of HSrmander's multiplier theorem described in 3.1. 

3.6. Proof of theorem 3.5 (a) 

The proof follows the lines give~ by HSrmander [8, theorem 2.5]. 
Step 1. In  [8, lemma 2.3] HSrmander proved the existence of a non-negative 

function ~(x) e C~(R,) with support in {2[�89 < 12I < 2} and 

9(2-'2)----- 1, ~=# 0. 
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We set 

(FKq)'(~) = (FKq)(~)qJ(2-~),  

F r o m  (3.20) a n d  

- -  oo < i , j , l  < o o .  (3.21) 

IZ~(FK,ffl d c Z 1DnFKql 2-'(l~<l-inl) 6), 0 ~ 1<,,I =< [n12] + 1, 

follows for  ~ = 2 t 

We  set  

i , j  = - - ~  
R n 

(3.22) 

g~(x) = F - I ( F K q )  t, - -  ~ < i , j ,  l < ~ .  (3.23) 

A r e m a r k  in 2.1 shows t h a t  g~(x) is a cont inuous  funct ion.  B y  Pa r sevM's  fo rmula  
we get  wi th  u = [ n / 2 ] ~ -  1 

f (1 @ 1x12221) ~ 
i,] =-oo 

Rtt 

[g~i(x) [2dx <= cB22 l" . (3.24) 

Because  ~ > n/2 follows wi th  the  help  of  Minkowski ' s  i nequa l i t y  for  in tegra ls  

1 1 1 (3.25) 

dx < ~B 2 'a 
, . i  = - r  , . i  = - r  = (1  - ~  221[x12)~ j = c ' B .  

R n R n Rn 

F o r m u l a  (3.23) shows 

I f I(FK,ff(x)l =< (2~) -Y e ' g, j(~)d~ <= c Ig ~)ld~. (3.26) 
R n R n 

F r o m  (3.25), (3.26), and  the  cons t ruc t ion  of  (FKq)l(x)  we get  

I(FKq)(x)l  2 ~ cB  2 . (3.27) 
i,] = - 

Step  2. We  set  
N 

N %(~1 = ~ d, tx), aN(~)= (a~(xll)_~<,,j<~. (3.2s) 
l = - - N  

loc (3.25) shows G~- E LI (R . )  c LI  (R.)  N S'(Rn).  We consider  the  ope ra to r  

6) For several constants we use the same letters c, o', c". The constants c and c' depend 
only on n. 
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P 

( ~ N f ) ( x )  : I GN(x - -  y ) f ( y ) d y ,  (3.29) 

Rn  

where f has the  properties (3.19). We have 

N 2 ~ N 2 I1%', :filL=c,,) N -= Gq(x - -  y)f~(y)dy = c [[ FG,jFfj]IL, 
i = - - o o  , 2 i = - - ~  j = - - o o  

R n 

<=o f i.i = - ~  j = - ~  
Rn  

We used (2.6). F rom (3.23), (3.27), and  (3.28) follows 

N 2 cB2 2 . I1~ ~IILo(,=) ~ llfllLo(,o) (3.30) 

We can extend ~ N  to a bounded  l inear operator  from L=(I~) into itself. The relat ion 
(3.7) wi th  ~ = ~ N ,  B 0 = B I = I 2  , p = r = 2 ,  q =  1, is t rue.  

Step 3. For  the  application of theorem 3.2 we need an  est imate  of 

f l[G~V(t(x - -  y)) GN(tx)[ldx for [y] ~ 1 .  (3.31) 

I x] _> 2 

Here is l['[] the norm of the  operator  G'~r(t(x-  y ) ) -  GN(tx) act ing from l~ into 
itself. I n  the same way  as in (3.25) omit t ing  the te rm 1 we f ind 

1 n 

[ gq J < cB(2tt) - i -~ 
i , j  =- -oo  

]xl a t 

I t  follows for [y] < t 

f 1 1 X  2"2 [i.y=_ lgq(x - -  Y) - -  gij( )1 ] d x  ~ cB(21t) ~ (3.33) 

Ix] ~ 2t 

For  2it ~ 1 we need another  est imate.  We have 

],j(x) - -  g~(x --  y) = _~-x[(1 --  e -~<~' ~ > ) ( F K J ( ~ ) ] .  

Using (3.22), 2 i t < l ,  and  [y] =<t we f ind  for 0=< I~I ~ z  

f k IL~( 1 --  e-i<y,e>)(FKq)'(~)!2d~ <= cBZ2'(=-21al)22tt2 " 
i , j  = - r  

R n 

The est imate  analogous to (3.25) leads us now to 
1 _f [i.]~ - y ) -  gtij(x) ]2]~dx ~- cB2 t t  . (3.34) 

Rn  
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Together  wi th  (3.33) and  the  def ini t ion of G ~ we get 

[lGlV(x --  y) --  O~(o~)lldx <= ~ J,j(x --  y) --  g,j(x)[=]2dx <= 
l = - - N  "~ " = - - m  

Ixl > 2~ [xl ~> 2* 

cB min (2't, (2't) = ) ~ c'B, IYl =< t 

We write the last es t imate  in the form 

(3.35) 

f 11(TN(t(x -- y)) - -  O~r(tx)lldx ~ cBt-", lyl ~ 1. (3.36) 

This is the  desired es t imate  of (3.31). 
Step 4. Now we are able to apply  theorem 3.2. We set B 0 = B 1 = l~, K(x)  = 

GN(x), q =  1, A = 2 ,  X = ~ N ,  and  r = p = 2 .  (3.25) shows t h a t  GN(x) is a 
bounded  operator  from l~ into /2, and  IIGN(x)I1 e Z~~ (3.4) and  (3.7) follow 
from (3.36) and  (3.30). An application of theorem 3.2 gives now 

(/ (f x)' H(~vf)(x)ll{d -~ ~_ cB llf(x)Jl~.d ~7 1 < p < oo, (3.37) 

R n R n 

where c depends only on n and  p. f has the  proper ty  (3.19). 
Step 5. We consider the  l imit  N--> m. Because (L~,(l~))' = Lp,(12) and  wi th  

the aid of (2.6) we see t h a t  (3.37) is equivalent  to 

G,i (x --  y)f j(y)h,(x)dydx <= cBIIfIIL~,(,2)Ilhl}Lp,(,2) 
i ,  ] = - -  r 

R n R n 

(3.37') 

and  to 

f (FG~i)N(~)(Ff~)(~)F-lh,(~)d~ <= cBtlfflL,,(,=)llh!]Lp,(,2). 
i , j  = - r  

R n 

(3.37") 

f and  h have the  proper ty  (3.19). (Elements wi th  (3.19) are dense in L~,(l=)). (3.23), 
(3.28), and  (3.27) lead us for ~V-+ m to 

and  

f .FKIj(~) . .Ff j(~) . .F-lh,(~)d~ <= cBIrfllL/,2)llhlfLp,(,2 ) 
i ,  j = - -  oo 

R n 

i , j  = - m  

R n R n 
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F r o m  this  follows 

H~fl]Lp(t2) _~ c B H f l l L p ( t 2 ) .  

This completes the  proof  of  theorem 3.5 (a). 

(3.38) 

3.7. P r o o f  o f  theorem 3.5 (b) 

We consider again the  opera tor  ~ N  f rom (3.29). Now we have  G N -~ O 
i # j .  The  es t imate  a f te r  (3.29) we change into 

, N r 
= G .  (x - -  y ) f~ (y )dy  . 

i = -- oo 

Now we use (3.37) wi th  

Then  holds 

-~- r and 

f(0 = ( . . . ,  o,f,(~), 0 . . . .  ). 

for  

[l~Nfl!~,(,r) ~ dB~ ~ Ilfilt~r = dB'llflI~,q,). (3 .39)  

This formula  we have  to  t ake  ins tead  of  (3.30). The es t imate  (3.35) we can t ake  
wi thou t  a n y  change because 

IIGN(x - y)  - GN(X)II, _~,. = SUp ]G,(x  - -  y)  - -  G,,(x)[ 
--oo<i<oo 

N 1 

~ [ ~ lg~,( x - - y ) -  g~,(x)lZ] ~ . 
I = - - N  i = - - o o  

Then  follows (3.37) wi th  l~ ins tead  of  4. The  f i f th  step we can take  over  wi th  
suitable changes. This  completes the  proof.  

3.8. _Remark 

The  assumpt ion  (3.20) is real ized i f  we f ind  a posi t ive n u m b e r  B wi th  

, /? 
ID~'(FKq)(~)12] ~ - -  [ < ,~,t-, , o __< l~l < In/2] -q- 1 . 

i , j = - - m  I~1 
(3 .40)  

4. The spaces B~,q, ~q, and H i .  Equivalent norms 

4.1. D e f i n i t i o n s  

4.1.1. T h e  spaces  Z~. ~First we def ine  the  sequence space 
- -  cx) < a <  ~ .  F o r  1 ~ p  < ~ we set 

/~. L e t  



S P A C E S  OF D I S T R I B U T I 0 1 ~ S  OF B E S O V  T Y P E  ON E U C L I D E A N  n - S P A C E  29 

1 

z~ = {~1~ = (@j=o,x,= ..... ~j complex, II~ll,~ = (~ (2J~ ~ < ~} .  (4.1) 
P j = O  

For  :p---- ~ we set 

l~ = { ~ l ~ =  (~j)j=o,l,2 ... . .  ~j complex, II~l[,~ = sup 2J~l~jl < oo}. (4.2) 

l~ are Banach  spaces. 

4.1.2. The spaces F~g. For  - -  ~ < s < ~ ;  1 < p, q < 00 we set 

F;, = E;,(.R,~) = { f l f  E S'(.R,,), f ~ j=o ~ aj(x), (f ,)1 
11{ai}11%('~) = [j=0 ~ (2qlaj(x)l)']~d ? < ~ '  (4.3) 

R n 

supp Faj c {~12 i-1 _--< I~l < 2J+]} for j = 1, 2, . . . ;  

supp Fa o c {~]]~l <: 2}} . 

~ = 0  aj(x) = s ' f  means t h a t  ~ = o  aj(X) converges in S'(R~) to f.  supp g denotes 
the  support  of  the  distr ibut ion g. A r emark  in 2.1 shows tha t  ai(x ) are continuous 
functions.  We set 

IIfIIf = infll(a./}ll L/ , ,~" (4.4) 
pq f = ~ a j  pt qll 

4.1.3. The spaces ~ .  For  

B;, = B'~u(.Rn) ~- {f[f  E S'(.Rn), f ~ 1=0 ~ aj(x), 

For  

- -  ~ < s <  ~ ;  1 < / o ~  ~ ;  l ~ q <  ~ w e s e t  

= ( ~ (2~Jllaj(x)lln)~)~ < ~ ,  (4,5a) 

for j =  1 , 2 , . . . ;  
tl{aj}ll,~%) J=0 P 
supp Faj C {~]2 i-1 < [$[ =< 2 i+1} 

supp Fa o C {~[ l~[ < 2}} . 

- -  ~ < s <  ~ ;  l < p <  oc; q =  ~ ,  we set 

B ~  = B;,(Rn) = {f]f E S'(Rn), f ~ j=o ~ aj(x) , 

l[{aj}[I,:o(~) = supj 2qllaj(x)Nr.p < ~ ,  (4.5b) 

s u p p F a j c { ~ ] 2  j-1 =< I~] ~2J+1} for j =  1 , 2 , . . . ;  

supp F a  o c {~1[~1 ----< 2}} . 
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We set 

Hf[IB~ = inf  I[{a/}I]~,L ~ . (4.6) 
pq f=~a j  q~" pP 

These are the  wel l-known Besov  spaces. The defini t ion is similar to the  defini t ion 
given b y  l~ikol'skij [14], p. 256. 

4.1.4. The spaces I~ .  For  - -  ~ < s <  ~ ;  1 <~o  < ~ ,  we set 
$ 

t t;  = tl~(R,,) = { f t f e  S'(R,,), F-x(1  + ixlZ)~.Ff e Lv(R~) } 

and 

(4.7) 

IifllH  = lib-a( 1 + Ixl') FfllL (4.8) 
P P 

/ ~  are the  well-known spaces of  Bessel potentials ,  Lebesgue spaces, or Liouville 
spaces [14, p. 379 ft.] or [25] (where there  are fur ther  references). Sometimes the  
spaces are denoted  b y  L~. 

4.2. Equivalent norms 

For  the  fur ther  considerat ions we need some equivalent  norms.  

4.2.1. A special system of functions. We consider funct ions wi th  

1. q~k(x) eS(Rn), F~k(~) > 0 ,  ( k = 0 , 1 , 2  . . . .  ); 

2. ~K N, (N = 1, 2 , . . . ) ,  wi th  supp Yqk c {~12k-N ~ [~1 ~ 2k+N}, (k= 1, 2 . . . .  )1 
supp F~0 C {~[I~] ~< 2N} �9 (4.9) 

F 3. ~ c  1 > 0  wi th  c 1 = < ( ~ i = 0  ~)(~) (4.10) 

4. ~ c ~ . > 0  wi th  

I(D- Egk)(})l ~ [}11~1 for 0 ~ 1cr I =< + 1, (k = 1, 2 . . . .  ) .  (4.11) 

The most  impor tan t  sys tem of funct ions of  this t ype  is the  following. We consider 
a funct ion  9(x) E S(.Rn), F~(}) > 0 with 

1 
supp F ~  c {}[2 - x  < I}] < 2N}, (F~)(}) > 0 for (4.12) 

I t  is not  difficult  to see tha t  the  funct ions ~vk(x ) wi th  

b y  sui table choice of  

(-F~k)(}) = ( F ~ ) ( 2 - k } ) ,  k = 1, 2 , . . .  

~v0(x ) are a sys tem of  above type .  

(4.13) 
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4.2.2. Equivalent norms in ~ and JS~q. 

THEOtCEN 4.2.2..Let {qvk}~=0,1. 2 .... 
1 < p <  oo. Then we have 

(a) ]lf]l~,~,, "~ I]{f * Va)II~(,~) 4), f e fi;,; 

(b) [IflIB'~a ~ lI{f * ~}11,~(%) '), f e B~q; 

a system of type 4.2.1, 

l < q < m ;  

l < q < ~  

- - ~ < 8 < ~ ,  and 

4.2.3. _Proof of theorem 4.2.2. (a). 
Step 1. Let  f E _~q and  f----- ~f=0 aj(x) in the  sense of  (4.3). (2.5) and  (2.6) 

show 
co k + N + l  

f * vk ~ ~ aj * q~ = ~, (a i , ~ok)(x ) 
1 = 0  y=k--N--1 

because 
n 

aj * ~k = F- l~ ' (a j  * qk) = F-l(2:r)2Fqk " Faj  = 0 

for j < k - - / V - -  1 and  j > k ~ - N +  1. Fu r the r  we set ~ v k ~ % ~ - - 0  for k < 0 .  
I t  follows tha t  

N + I  

]l{f * ~k}l[~(,~) ----< ,=-~N-x [[{ak+" * q~k}[lL(t~) " (4.14) 

% belongs to Lp; we approximate  %, 

C~(R,)~ak,  ~ a  k for s ~ 0 .  (4.15) 

For  f ixed numbers  ~, r and  M we can apply  theorem 3.5 (b) wi th  Ku = ~, 7). 
((3.40) is fulfilled because (4.9) and  (4.11) hold.) Then  follows 

, M M 

t t e re  6 is independent  of s, r, and  M. s--> 0 shows tha t  the  last es t imate  is 
t rue  for s ~ 0. Sett ing M = ~ on the  r ight  hand  side of the  last inequal i ty  we 
f ind  tha t  

[[{f * ~~ l : 

Taking the  i n f imum on the  r ight  hand  side we get  

I[{f * ~k}il~(,~) ~ e[if[IF ,p~ . (4.16) 

Step 2. We prove the opposite inequali ty.  We need an auxi l iary sys tem of 
functions.  Let  ~(x) be a real funct ion with  

0(x)~-- i  for 2 - N ~  Ix[ ~ 2  N,~(x) eC~~ - ~ - 1 <  [~1<2~+1}) .  



3 ~  I~ANS T R I E B E L  

We set 

Qk(x) ~-- @(2-k~), ( k :  1,2 . . . .  ) .  

Further  let Q0(x) be a real function with 

Qo(X) = 1 f o r  I~1 < 2 N, ~0(x) e c~ ({~] l~ i  < 2N+~}) .  

Then the assumptions of theorem 3.5 (b) for K, ,  

(FK, , ) ( x )  = ( ~ .Fqt)-lei(x)(2~r) - ' ,  i = O, 1, 2 , . . .  7) 
1=0 

are fuffilled. We construct 

~vk = ~k * Kkk, (F~k  ---- ( 2 ~ ) 2 F q k  �9 FK~k) , 

and find by  application of theorem 3.5 (b) with the aid of an analogous continuity 
argument as in the first step for the function q~ �9 f e L~ 

lI{f * ~:~}I1%(:)~ < cll{f  * ~v~}lI, (:) - ~  (4.17) 

:Now we have, see (2.6), 
n - -  

( ~ D ( ~ )  = (2=) 
k = 0  

Therefore 

-~ ~o  -~ ~ 
f = F-~Ff = ~,-x( F~o~. Ff)(2~r) 2 ~ F-I(F~f~"  Ff)(2~r) 2 = ~.f * Y:k. 

k = 0  = kf f i0  

For the case N =  1 with a k = f * y : ~  follows now 

[ l f i [ :  < [[{a,}[[~(,~) < cll{f * ~,}1[~(,~) �9 (4.18) 

Step 3. Let  ~V > 1. Then we have to modify the last part  of the second step. 
We need an auxiliary system of functions. Pu t  

Zk(x) q S ( R . ) ,  (k ---- 0, 1, 2 . . . .  ) 

supp  FX~ c {~]2 k-1 < I~l < 2~+1}, (k = 1, 2 . . . .  ) ,  

supp FZo C {~]i~l ~ 2}, 

n 6 
FZk (2~) ~ : , ](D"Fz~)(~)Z < -  

~=0 = I~l I~l. 

The existence of such a system follows from the beginning of the first step of 3.6. 
For Kkk = Zk the assumptions of theorem 3.5 (b) are fulfilledT). We find that  

7) Ku  = O for i < 0 .  
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and 

c l l (~  , f } l l ~ (  9 ,  (r = - N - 1 . . . .  , N + 1 ) ,  

k + N + l  

f * % =  ~ f * ~ft, * Zl 
l = k - - N - - I  

(!v~ is the same funct ion as in the  second step,  ~v~ ~ 0 for k < 0). 

N + I  

ak(x)= Z f*~+~*Xk,  ( k = O , l ,  2 . . . .  ) 
r =  - -N--1  

we f ind 

Set t ing 

ll{ak}//%(z] ) _-< cll{f* wk}tl~(,~), supp ak c {~12 k-~ _-< I~l ~< 2~+1}, (k -= 1, 2 . . . .  ) (4.19) 

(with the  usual modif icat ion for k = 0), and b y  using (2.6) 

ak(x) = ( ~,  f * ~fk * Zk+r) = ( f  * ~k) ~ f " 
k = 0  k = 0  r = - - N - - 1  k ~ 0  

With  the aid of  (4.17) follows from (4.19) the  es t imate  (4.18). This proves  the  theorem 
4.2.2. (a). 

4.2.4. Proof  of theorem 4.2.2 (b). The proof  is the  same as in 4.2.3. We have to 
change II-IIL(t~ )~ into II.Ild(%i.~ F u r t h e r  we need only  the scalar case of  theorem 

3.5 (b) with 

II% * ak+rlIL e < clIak+rLl%, 

where c is independent  of  k. The limit cases q ---- 1 and  q = oo do not  d is turb  
the  considerations.  (The scalar case of  theorem 3.5 is the usual mult ipl ier  theorem.)  

4.2.5. Remark.  The defini t ion of the  Besov  spaces in the  sense of  theorem 4.2.2 (b) 
is given b y  Pee t re  [17]. (See also [16]) For  similar construct ions see [14, 8.8--8.10].  

4.2.6. A n  equivalent norm in H~. 

T~EORE~ 4.2.6. Let - -  oo < s < oo; 1 < p < c~. Then hold8 

H; G2 

For  the  proof  it is sufficient to show tha t  

P 

s 

= HF- I (1  + ixl:)zFfllL~ (4.20) 
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where  {qk} is a sys tem of  funct ions  of  t ype  4.2.1. I n  this  sense t heo rem 4.2.6 is 
result  abou t  equivalent  norms.  F i rs t  we prove  the  t heo rem for s = 0, t h a t  means  
(with 12 = l ~ 

ll{f * ~k}liL~(,~) ~ IlfllL~" (4.21) 

This is a t heo rem of  1)aley-Lit t lewood type .  A sys temat ic  t r e a t m e n t  of  Pa ley-  
L i t t l ewood  theorems  is given b y  L i t t m a n n ,  McCar thy  and  Riviere  in [11]. There  
are also fu r the r  references.  The  p roof  of  the  general  case of  t heo rem 4.2.6 for an 
a rb i t r a r y  s we give in 5.1.4. 

4.2.7. Proof of (4.21). We consider a sys tem of  funct ions  of  t y p e  4.2.1, and  set 
~ k = 0  for k < 0 .  

Step 1. Le t  f 6 Lp. Wi th  f0 = f ,  f~ = 0 for j # 0, 

Kko(x)=~k(x), - -  r e < k <  ~ ;  Kki=O for  j # 0 ,  

we apply  theorem 3.5 (a). Wi th  the  aid of  a con t inu i ty  a rgumen t  as in the  f i rs t  step 
of  4.2.3 we get 

I[{f * ~k}lle(~2) ----< cHfH% (4.22) 

Step 2. Le t  { f  �9 ?k} 6 Lp(12). Then  we set A = f * ~vk, and  

K0k(x) = Vk(x), (k ~-- 0, 1, 2 . . . .  ), Kjk : 0 otherwise.  

{Vk} is also ~ sys tem of  funct ions  of  t ype  4.2.1 wi th  

(FVk)(~) : 1 for ~ 6 supp ~v k . (4.23) 

Then  we app ly  theorem 3.5 (a), and  f ind  wi th  the  aid of a con t inu i ty  a rgumen t  

][ ~ f  * ~k * Wkll% • c]l{f * ~k}[ i~(z:)  �9 (4.24) 
k = 0  

Now we have  f rom (4.23) and  (2.6) 

f * ~k  * ~0k = f - a ( 2 ~ )  ~ Z Ff.  Fq~u ~ (27~)n-F-1( f~9 k �9 /~f) (4.25) 
k=O k=O k = O  

(convergence in S') .  W i t h o u t  loss of  genera l i ty  we m a y  assume 

co 

(2z)" ~ .F~v k = 1.  (4.26) 
k=O 

Then  (4.24) and  (4.25) show 

IIflILp ~ vII{f * ~k}[ILp(,2) �9 

(4.22) and  (4.27) p rove  (4.21), and  theorem 4.2.6 wi th  s = 0. 

(4.27) 
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4.2.8..Remark. Is (4.26) no t  t rue  we p rove  (4.21) for  an o ther  sys tem {Wk} for  
which (4.26) holds, and use t hen  the  equivalence 

[If liFo 2 ~ [l{f * Wk}[IL/,2) ~ ll{f * ~a}llLe(,~) �9 

This shows t h a t  (4.21) is always t rue.  

5. Relations between the spaces B~q, F~q, and H~. Lifting property 

5.1. Lifting property 

We consider the  opera t ion  

I,f  ---- F - l ( 1  q- Ixl2)ZFf, - -  co < 8 < c o .  

I t  is easy to see t ha t  /8 is a l inear  cont inuous  one-to-one mapping  fi'om 
onto  S(R~), and  f rom S'(R,,) onto S'(R,),  

(5.1) 

S ( R . )  

5.1.1. Lifting property. 

THEORE])s 5.1.1. Let --  co < s, (~ < co and 1 < p < oo. I s is a linear 
bounded one-to-one operator from H~ onto H~ -~, from F~q onto F~; ~, (1 < q < oo), 
and from B;q onto B;q , (1 < q  < m). 

5.1.2. Proof of theorem 5.1.1. 
Step 1. The formula  

[[[sf[[n.-s ][fl[.. 
P P 

is clear. (5.2) shows t h a t  the  theorem is t rue  for  the  spaces H i.  
Step 2. Le t  {gk} be a sys tem of  t y p e  4.2.1. Then  {Wk}k=0.1,2 ..... 

( C 
W k = ~ k * F - 1  -(1 + ]X12) *12]' 

is also a sys tem of  such a type .  This follows f rom (2.6). F o r  f C S'(R.)  

n 

I,f �9 ~a = F-l((2z)2F~p k �9 leI~f) 
n 

= F - l ( ( 2 Y ' g ) 2 2 k s E ~ k  �9 E f )  = 2 k 7  * Cfk. 

(5.3) 

(5.4) 

holds 

(5 .5)  

171 = I_s (5.2) 
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T h e o r e m  4.2.2 shows now 

[lI.ftlpo-, .-, llfllF~ , III, fl]B . . . .  []f[lz~ �9 
Pq Pq Pq Pq 

F r o m  this  and  f rom (5.2) the  theorem follows. 

(5.6) 

5.1.3 Remark. For  the  spaces H~ and ~ q  these lift ing proper t ies  are well- 
known,  see for instance [14, p. 370]. 

5.1.4. Proof of theorem 4.2.6. We know t h a t  (4.20) holds for s = 0 (this is 
(4.21)). This means  t h a t  Lp = H ~ = _F~ The  general  case follows now f rom 
t h e o r e m  5.1.1. 

5.2. Relations between the spaces 5~q, 1~ ,  and H~ 

5.2.1. Relations between the spaces JB~. 

THEOREM 5.2.1. Let - -  oo < s < oo; e > 0; 1 < p < oo; 
Then holds 

(a) ~ c B ~, c ~oo ~) 

.and 

,(b) 

l ~ q ~ .  

(5.7) 

( 5 . s )  

5.2.2. Proof of theorem 5.2.1. (5.7) follows immedia te ly  f rom the  m o n o t o n y  
:proper ty  of  the  spaces lq. 

F o r  the  p roof  of  (5.8) we suppose in the  sense of 4.1.3. 

'Then holds 

'+* 2( ,+~)i] laj(x)t l~ ~ = f = ai(x ) C Bpoo, sup < 21]f[]B,+,:. 
j=0 i p~o 

l]fllBS ~ 11{24tlajllL }lI~ ~ 21]fl]B~+~ll{2-~}ll~ ~ cHfHn,+~- 
Pr P q P ~  q P ~  

This  p roves  the  left  side of  (5.8). The  r ight  side follows in the  same way.  I f  
f E B ~ q ~ T , ~ |  we replace in the  last  inequal i ty  s b y  s - - e ,  q b y  1, s + e  b y  s. 

5.2.3. Further relations. 

T~ E0~ E~  5.2.3. (a) Let --  oo < s < oo and 1 < p < oo. Then holds 

s) The sign C always means continuous embedding. 
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(b) tZor 

p 2  = a T b  ~ 

< s < ~ holds 

. b ~ c F ~ , q c B ~ S ) ,  1 < p  ~ q <  ~ .  (5.10b) 

5.2.4. P r o o f  o f  theorem 5.2.3. 
Step 1. (5.9) follows from theorem 4.2.6 and the definition of the spaces B ~  

and F~p. 
Step 2. The right side of (5.10 a) and the left side of (5.10 b) follow from tho 

monotony proper ty  of the spaces lq. 
Step 3. We prove the left side of (5.10 a). Let {%} ba a system of funct ions of  

type 4.2.1. With the aid of the triangle inequality follows for f C B~q 

1 

HfIIF~ <= cH{f �9 qJj}l[~0~) --~ ell ~ (2q[f �9 ~vjl)q[l~p 
pq j=o - 

q 

1 

c[ ~ 2qUll[f, ~jiqlInp]; = cll{f * ~j}llt~(L ) ~ c'llflIB~ 
j=o - eq 

q 

We prove the right side of (5.10 b). L~t be f E $~ .  Then holds 

]].f'[~, <= cH{f * cfj},l,~(%) = c { f 2q~If , w~i~dx} ~ 
Pq /p 

R n 

1 

R n 

c'Hf]I F, 
Pq 

This proves the theorem. 

5.2.5. R e m a r k .  From (5.9) and (5.10) follows for -- ~ < s < 

B~e H; B~ 1 < / ) < 2  s C s C 27 

We have Mso 

(5.1 la)  

(5.11b) 

s H2 = Bh (5.12) 

The relations (5.11) ~nd (5.12) are well-known. See for instance [14], [25, t heo rem 
15] or [12]. 
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6. B-space property. Density 

Until now we have not shown the completeness of the spaces B~q and /~q. 
The reason is tha t  we want to use the lifting property, theorem 5.1.1, and (5.6). 
This is not necessary, but convenient. 

6.1. The spaces $ ~  

6.1.1. B-space property, density. 

TItEO~E~6.1.1. Let --  ~ < s < oe; 1 < p, q < oo. V~q is a Banach space, 
and C~(R~) is dense in it. 

6.1.2. Proof  of theorem 6.1.1. 
Step 1. Density. Let in the sense of definition 4.1.2 

k=0 

Then H{%}I[~ is an integrable function with 
q 

lira N , II{a } =011r = II{a }IIF �9 
_N-+ oo q q 

From the L~besgue dominated convergence theorem follows 

f ~ '" f + " 
lim II{a~}~=~-IL/dx : lira ]/{ak}k:~,[[~; dx 

R n B n 

This shows 

= 0 .  

N 

I]f -- fgtF= -+ 0 for 2V -+ oo, fN = ~ ak(x). 
pq k=0 

ak(x ) C Lv(Rn) we approximate in Lp with functions in C~(R~). From this follows 
the possibility of approximation of f n  with functions in C~(R,~) in F~q. This 
proves the density property. 

Step 2. B-space property. Theorem 5.1.1, especially (5.6), shows tha t  we can 
restrict the considerations without loss of generality to the case s > 0. From 
the theorems 5.2.1 and 5.23 follows 

c = 

I t  is clear that  F;q is a linear normed space. We consider a sequence {f(/)}ff=l C F~q 
with 

]lf(J)lIFs ~ 2 - i  , j = ] ,  2 , . . .  ( 6 . 2 )  

Pq 
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We want  to show the existence of an  element f ~ F~q wi th  

N 

f ( J ) - + f  for ~ ' - ~  ~ .  (6.3) 
j = l  /~,s 

Pq 

This is sufficient for the proof  of the completeness. F rom (6.1) follows the existence 
of an  element f C L~ wi th  

N 

~f0")  - ~ f  for N - +  oz. (6.4) 

We set in the  sense of 4.1.2 

Then holds 

f (J)  - -  ~ a(i)(x~ with  
S~k~=0 k \ / 

ll{@}kll%(,~) ~ 2 - - 1 + 1  " 

In  part icular  we have 

N N 

Z 4~)(x) ~ ~(x), s f 4  ~~ ~ F ~  (~ = 0, ~, z . . . .  ) .  
/=i j=l 

The properties of the functions al,(x) ,  (k : 1, 2, . . .), show t h a t  for 

(6.5) 

Tha t  means 

supp ra~ c {~12 ~-1 =< ]~l =<- 2~+1} �9 (6.7) 

Of course we have an  analogous formula for supp F a  o. Now we consider for 
N = 0 , 1 , 2 , . . . ;  K = 0 , 1 , 2 , . . . ;  K < L ;  the es t imate  

N M NI 

ll{•k - - j~l  a ! J ) ~ L  ~.11 < --  ~" a( ih  L I1 a(]) r 
"= j = N + I  p~ q] 

N M>N. For 2V: 0 the sum ~k=1 is z~ro. First we set N:0. Then the 
considerations of the first step and (6.5) show that the second term on the right 
hand of (6.8) is smaller than e/2 for K >= Ko(e ) independently of M and L 
(> K). For M sufficiently large the first term is also smaller than e/2. The ill- 
chlsion (6.1) leads us to 

L 

1/~ a~llL~ < ~ for .L > K >= K o ( e  ) . 
k = K  

we have 
N 

(Fak)(q~) = l im ~ (Fa(J) ) (?)  = O .  
N~oo  j = 1 

(k = 0, 1, 2 , . . . ) .  (6.6) 
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Tha t  means 
L L 

a~-~g eLp, ~Fa~ ~,Fg. (6.9) 
k = 0  Lp k = 0  

We show f ~ 9. I f  Z E S wi th  F z E C~(R,) then  follows from (6.4), (6.6), (6.7), 
(6.9) for a suitable number  L 

L L co c o  

Fx" ~g = Y r z .  Fa~ ~ 0 ~ Z  �9 y F 4  ~) = Y~ FX" Ff<~> ~ FX" Ff.  
k = 0  = 1 = 1  j = l  

~rom this follows f----g and  
co  

f ~ k~__0ak. (6.10) 

I~OW we set K ~ 0 in (6.8). Then we get in the  same manner  as above for all L 
N 

--~a(i)~L Ir < for N > N o ( e  ) 

For  L --+ ~ we get wi th  the  aid of (6.10) and  (6.7) f E F~q and  
N 

l i f -  ~f<i>H~,: -~  0 for N--> oo. 
j=l p~ 

This proves the  completeness. 

6.1.3. Remark. We know t h a t  H i ~ -~12, theorem 4.2.6. The last  theorem shows 
tha t  C~(R~) is a dense subset of H i, The B-space p roper ty  is clear wi thout  the 
last  theorem, because L z is a ]3anach space, and  we have the  lifting proper ty  5.1.1. 

6.2. The spaces Liq 

6.2.1. B-space property, density. 

B~ is a THEOREY[ 6.2.1. Let - -  oo < S < ~;  1 < p < oo; 1 ~ q ~ oo. q 
Banach space. For q < o~ is C~(Rn) a dense subset. 

6.2.2. Proof of theorem 6.2.1. 
Step 1. Density.  I t  is immedia te  to see t h a t  elements of the form 

N 

f ~ ~, ak(x) (in the  sense of 4.1.3) 
k = 0  

are dense in Biq for q < ~ .  Then follows the densi ty  proper ty  in the  same 
way  as in the f irst  step of 6.1.2. 

Step 2. The proof  of the B-space proper ty  is the same as in the  second step 
of  6.1.2. 
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6.3. Remark 

I t  is well-known, and  easy to see t h a t  

5 c L~ c S' ~) (6.11) 

where the sign c always means continuous embedding.  The lifting operator  I .  
f rom (5.1) is an  one-to-one continuous mapping from S onto 5, and  from 5 '  
onto S'. Together  wi th  the  lifting proper ty  5.1.1 and  (6.11) folIows 

s c F~,  ~ ,  ~ c 5' (6.12) 

Here s, p, q have values for which the  spaces are defined. 

$ 7. The dual of F~q and Bpq 

7.1. The dual of Fpq 

7.1.1. Embedding in 5'. (6.12) and  theorem 6.1.1 show tha t  5 is a dense subset 
of F~q for all values for which f ~  is defined. So we have by  the  usual  inter- 
pre ta t ion the  possibili ty to write 

s t (~q) c 5 ' .  (7.1) 

$ , ,  $ $ ! 
In  this  sense we consider the  dual  space (Fpq) of Fpq. I f  g e (F~q) and  ~ e S 
we write g(~) ( interpreting g e S'). Bu t  i f  f e / ~ q  we write <g, f>. For  con- 
venience we s ta r t  wi th  a few lemmas. 

7.1.2. Systems of functions. We need two systems of functions.  Le t  

e 5(•,), (F~)(~) : 1 for 1/%/2 ~ I~] ~ %/2, 

0 =< F ~  c c : ( ( ~ I 1 / ~ / ~  - ~ < I~l < ~ + ~}) 

and 

0 co e and  ~ are positive numbers.  We construct  {~k}~=0 and  {:k}k=0 by  

(F~k)(~) = (F~)(2-k~), (Fek)(~) = (Fo)(2-k~) �9 (7.2) 

We choose e and  ~ sufficient small and  so t h a t  

Fek .  F~l~--~0 for ] c r  1. (7.3) 

9) We recall that we took the strong topology in S'. 
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7.1.3. Lemma 

s ! L E ~  7.1.3. Let g 6 (F~q) and 

~ ~ F,~(FqkFg) �9 
k = 0  

({ek} is the system of 7.1.2). Then g 6 ($~q)' and 

where c does not depend on g. 

(7.4) 

(7.5) 

7.1.4. Proof of lemma 7.1.3. Lvt  f C S(R.). Then holds 

oo 

~(f) = (F~)(F-~f) ~ ~ Fg(FQkF-~f) 
k = 0  

n n 
- -  

= ( 2 n )  2 ~ g  k * f ) = ( 2 z ~ )  2g( ~~ �9 
k = 0  k = 0  

We use g 6 (F;q)' and  theorem 3.5 (b) with Kkk --~ ~ok. Then follows 

]~(f)l  =< IlgII II{~k * ~k * f}]l%(,~) ~ clIgll I]{f * ~k}iI~(~;), 

if {q~k} is a sys tem of type  4.2.1 (without  the  funct ion %). We get  from theorem 
4.2.2 

ig(f) l  =< cll~II "1I//1~, �9 
Pq 

This completes the  proof. 

7.1.5. Lemma. We need another  lemma. 

L E ~ A  7.1.5. Let {~k}2=o and {~k}2=o be the systems of 7.1.2, g 6 ($~q)', and 
b 2v the functional of lemma 7.1.3. Let { k}k=o be a system of functions with b k 6 Lp(R.). 

We set 

and 

Then holds 

ak = F - l ( F e k  �9 Fg) ,  (k = 0, 1 , . . . ,  N) ,  % =  bk * Fk (7.6) 

N 

f = ~: ~ (7.7) 
k = O  

R n 

lo) ~(x) = e(-- x). We have (F2~ok)(x) = Qk(-- x) = "~k(x). 

(7.s) 
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7.1.6. Proof of ~Lemma 7.1.5. 
Step 1. We prove 

as c lip + lip' = 1 .  ( 7 . 9 )  

We repeat the consideration of 7.1.4 and find for f E S(R.) 

las(f) l =< cllgI1 II{aa~<~s *f}jll~O,~ ) ~ c'llflls~ �9 
P 

This proves (7.9), and shows that  the right side of (7.8) has a sense. 
Step 2. First  we assume b~ e S(R,). Then holds also ck E S(R=) and f e S(R,). 

We h~ve (see (7.4)) 

and 

k=O 

N N N n 

as(f) = ~. ak(ci) = ~ Fak(F-lc,) _-- ~ (27~) 2 ( F a k  " F-~cf,)(F-~b,). 
/ = 0  /=O / = 0  

(F-lh)(~) = (Fh)(-- ~), (7.3), and (7.6) show that  

n n 

(2~)-2Fak(F-lbs) = (2~) ~ f ak(f) 
t t ]  

Rn 

From this follows (7.8) for bk C S(Rn). 
Step 3. I f  b~ C Lp(Rn) we approximate 

--> b k S(R~) ~ bs, s �89 

and set 

akbkdx. 

N 

ck, s = bs, s * ink, f j  = ~ cs, s . 
k = 0  

(7.8) is true for f~ and bk, s. We have 

%.s ~Tc~; fsFLFf" 

The proof of (7.8) follows now from the last relations and (7.9). 

7.1.7. The dual of F s pq" 

THEOI~E~ 7.1.7. L e t  - -  co < s < co; 1 < p ,  q < oo; 

1/q + 1/q '= 1. Then holds 
1/p + lip' = 

7.1.8. Proof of theorem 7.1.7. 
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Step 1. Let  f C S, g ~ F;,~,, and {~&}~=0 be a sys tem of funct ions of  type  4.2.1 
with ~~ 0 Y~k ~ 1. The existence of  such a sys tem follows from the beginning 
of  the  f irs t  s tep of  3.6. Then 

k = O  = 

I t  follows from (4.9) 

oo co 0o 

0o 2 N  

k~o[=~2N(g * Wk)(f* Wk+~)] (Wj = 0 for j < 0 ) .  

Using HSlder 's  inequal i ty  we get  

[g(f)l g c a f ll{g * w}II,~:~H{f * ~f~}]llsdx 
�9 q 

R n 

cH{g * ~k}]lL(t;~)l](f * ~k}l] ~ c']]gl]~;)]fl]~q, 

S is dense in F~q, theorem 6.1.1. Together  wi th  the  last es t imate  this shows tha t  

g e (F~q)', HgH(F~q) , ~ cNgllF~,~" . (7.10) 

Step 2. Let  be g e (F~q)'. We assume tha t  g, and  the funct ions ~k and ek 
- - s  have the  same sense as in 7.1.2, lemm~ 7.1.3, and lemma 7.1.5. We  show g E F~,~,. 

For  this purpose  we construct  the  functions a k, (7.6), and set  

b k = sgn ak" [aklu'-12-~ku'l[{aj}~_oll~ ~', (k = O, 1 . . . . .  N ) .  (7.11) 

(If a ~ =  0 we set b k = 0 . )  We have 
p 1 

b N 

R n 

With  
q !  

(q '  - 1 ) q  = q ' ,  ]~sq(1 - q ' )  = - ]~sq',  q p + p ( p '  - q ' )  = p '  (7.12) 

follows 
p* 

b N = H~ ~}o]1~ ( ' ;3" (7.13) il{ ~}o 11%0;) ~a N P �9 

In  par t icular  bk E Lp. Now we const ruct  the  funct ion f from (7.7). Using lemma 
7.1.5 and (7.5) we f ind 
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f = f 
Rn /~n 

= <~, f>  -<_- cllgll(F;~),ll{bk * ~}0Ntl~(,~) �9 

We use again theorem 3.5 (b) with qk = Kkk. Then follows from the last estimate 
and (7.13) 

p '  

ll{a,3~II~,(,; 3 ~ cllgII(,~;~),Ii{a~}~Jll2,0;3, 
where c is independent of g and N. This shows 

a N ll{ k}o 1I%,(,~3 = cllgll(~;q), �9 

The last estimate, (7.4), and (7.6) lead us t o  

e G=g', l/g[[~, < cllg]l(~;~),. (7.14) 

Step 3. We speeiMize the function ~(x) from 7.1.2 setting 

1 
(F0)(~) = 1 for -U=2 -}- 26 ~ l~I =< V~ - 26.  

(6 sufficiently small). Then we find a function ~(x) C S ( R . )  with 

0 =< F~  e c ~ ( { ~ l V ~  - 26 < l~i < v / ~  + 5 @ ,  

1 
( r  e @F~-t-Ee~)(~)  = 1 for ~ +  26 < 1~] ~ 2 ( ~ - -  26). 

As in (7.2) we construct ~k(x), and as in (7.4) we put  

o9 

g has similar properties, notably (7.14) holds. Changing the function ~g0 = g (which 

is not important for the considerations) we can obtain g = g + g. 
shows 

g e F;=~,, IIgI]~;,~, ~ cllgII(F~ Y �9 

(7.10) and (7.15) complete the proof. 

Then (7.14) 

(7.15) 

7.1.9. R e m a r k .  [From /-/~ = F ~  follows 

( H i ) '  = H;,: ~, - -  o~ < s < oo; 1 < p < ~ ;  l / p - I -  l i P '  = 1 .  (7.16) 
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7.2. The dual of B~q 

7.2.1. Embedding in S'. We consider  the  spaces B~q wi th  - -  oo < s < co; 
1 < p  < oo; l < q <  oo. T h e o r e m  6.2.1 shows t h a t  S is a d e n s e  subset  in B~q. 
I n  the  same m a n n e r  as in 7.1.1 we in t e rp re t  the  dual  of  B;q in the  sense 

(B~,~)' C S' . (7.17) 

7.2.2. The dual of B~  

THEORE~7.2.2. If - -o0  < s < o0; 1 < p ,  q < oo; 1 / 1 ) @ 1 / p ' =  1/q-~ l/g' = 1, 

then holds 

(~;~)' = B;=~,. (7. i s )  

7.2.3. Proof of theorem 7.2.2. The  p roo f  follows the  same line as the  p roo f  of  
t h e o r e m  7.1.7. 

S tep  1. f e S ,  geB~:~,.  
f ind  

and  

' '  IlgIl( g e (B;~), ,;~), 

I n  the  same m a n n e r  as in the  f i r s t  s tep of  7.1.8 we 

lg(f) l =< c'Jlgll~, ,llf[l~; 

=< <lgllB~ ~, . (7.19) 

(7.4). The  p roo f  of  l e m m a  Step  2. We s t a r t  w i th  g E (B;~)' and  cons t ruc t  g, 
7.1.3. shows 

e (B;~)', II~ll(B;q 1, < <gIl(.;~), �9 

Here  we use the  scalar  case of  t h e o r e m  3.5. Af ter  cons t ruc t ing  a k in the  sense of  
(7.6) we set  

b~ = sgn akIak[P'-12-'kq'llaJ[~, p', (k = 0, 1, 2, . . .) . 

We r e m a r k  t h a t  ak C Zv,. This  follows f rom 

(B;~)' c (F;+~) ' = ~v;~=~, ~ > 0 

(see t h e o r e m  5.2.1, 5.2.3, 7.1.7). The  fo rmula  analogous  to (7.13) is 

q' 

Ii{b~}~ol',,;%) = ll{a~}0~ll~:%a. (7.20) 

W i t h  the  aid of  the  funct ion  f ,  (7.7), we f ind  in the  same m a n n e r  as in the  second 
s tep of  7.1.8 

a N 
It{ ~}011,~%, I < <gfl(B;,),. 
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From this follows as in the first  step of 7.1.8 

g e B.:~,, llglI,2g,, =< clIglI(B;~),. 

This completes the proof. 

7.2.4..Remark. Theorem 7.2.2 is well-known, see Taibleson [26, theorem 5]. 

7.2.5. _Remark. The theorems 7.1.7 and  7.2.2 show t h a t  the spaces F~ ,  H~, B~q 
(-- oo < s <  oe; 1 < p , q <  o9) are reflexive. 

8. Interpolation of the spaces B~q and F~q, real method 

In  this par t  we use the  general interpolat ion theory,  described in 2.2. 

8.1. In terpola t ion  o f  the spaces t3~q 

8.1.1. iLemma. We consider a sys tem of functions {qk}~~ of type  4.2.1. For  
simplicity we suppose N = 1. We use theorem 4.2.2 (b). K is the funct ional  
defined in 2.2.1. 

L E ~  8.1.1. Let  - -  ~ < so, s 1 <  ~ ;  s o @ sl; 1 <29 < ~ ;  1 <~ r < ~ .  
T h e n  holds 

" .. ~ " (8.1) K (t, f ,  B~r , B~) "~ min (2 k'0", t'2k'~')H f * ~kI[%, f E Rmin (so, sl) - - p r  
k = 0  

8.1.2. P r o o f  o f  l emma  8.1.1. Theorem 5.2.1 shows 

(8.2) 

Step 1. For  fEB~'~ ~( ..... ) follows 

K'( t ,  f ,  B~:, B~:) N in f  (2~'r * ~kIILp + tr2k~'rtlf~ * ~k}[~p) 
f=f0d-A k = 0  

s,~ r (8.3) 

in f  k . . . . .  k.~. . .--. ~ (2 IlgkIILp § t 2 IIhkllL~) rain (2k% 2~'"t')llf �9 w.ll% �9 
k=O gkWhk~* ~k k=O 

gk, hk E Lp 

Step 2. We assume s o > Sl. For  a given t > 1 we choose the integer k(t) by  

2 k(t)(~~ ~ t < 2 lk(t)+l](~~ . 



4 8  H A : N S  TI~IEBEL 

Fur the r  we choose a funct ion ~f,(x) E S(R.)  with  

0 ~ /V~p t G 1, /Vy) t E C~~ < 2k(t)+l}), ( F ~ f t ) ( ~ )  = 1 for I~1 ~ 2~( ' )+ ' / ' .  (8 .4)  

With  the  aid of this  funct ion ~p we consider the special decomposit ion of a given 
funct ion f E/3~ + B~'~ = B~ 1 

f = fo + f~, -Ffo = F~f,. Ff ,  Ff~ = (1 --  _,v~o,)Ff. (8.5) 

I t  is clear t h a t  f0 E/i~' ,  f~ E B~. Using the  scalar case of theorem 3.5, and  the 
properties of the  sys tem of funct ions {~0k} we f ind  for t ~ 1 

C r t ~ K~(t, f ,  B~:. s  <= (]lfoll,,, + ]lf~lleSl) 
p r  p r  

k(t) + 1 oo 

k = O  k = k ( t )  

oo 

< c" Z min  (2 ~0~r, t~2~'~)llf �9 ~11~ �9 
k=O 

We choose the funct ion W, in such a way  t h a t  by  applying theorem 3.5 the cons tant  
c" is independent  of  t. For  O < t < l  we have 

t r r K~(t,f ,  13~b , t)~) <= I[fHBs ~ . (8.6b) 
p r  

(8.3) and  (8.6) prove the lemma. 
Step 3. I f  80<8~ we have to change only the  cases t ~ 1 and  t ~ 1 in the 

second step. 

8.1.3. Interpolation theorem. 

THEOREM 8.1.3. Let --  if3 < 80, 81 < ff3"~ 80 :fi 81" ~ 1 < p < ~;  1 
qo, ql, q <= ~ .  Then holds for 0 < 0 < 1  

'~ " ~ (1 O)so + 08~ ( B ~  o, ~ , ) o , ~  = B ~  ~ t h  8 = - -  

8.1.4. Proof  of  theorem 8.1.3. 
Step 1. Firs t  we show for 1 ~ r  < 

s l  s 
(z~; ~ ) o , ~  = B ~  

F r o m  lemma 8.1.1 follows 

]lfl[iB~. ~ B~I~ 
p r t o ~  r 

f t-o - k=o ~ rain (2 kS~ 2ksl~tr)]If, qJk11~Lpdt 

o 

= k~=orlf * ~ki]Lp 2kslrV(1-O-Idt + 

t<2k(so--Sl) 

r r ~ J  r 
= c ~ [If* q~kll% 2~'' Itfll B, �9 

k=O pq 

f 2kSort_~r_ldt) 

t ~ 2k(so - 81) 

(8.v) 
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This proves (8.7). 
Step 2. We show for l = < r < o o  

s I s (~;o, B~)o,~ = B;~ . 

We have  

IlfJli.;: , .;:r)o, 
Choosing the  sequence {t t = 21(~~ o we f ind  

pr/o~ oo 

On the  o ther  hand  we have  

r 
IlfllB(~ ~ ,,~ ~ < c sup ( Z 2k~(~~176 + 

~pr" p r ; o ,  oo t > 0  2k(so--S~) <~ t 

With  

sup ( ~ min (2 k~~ 2k~l~V)][f * %[l~p)t -~ . 
t > 0  k = 0  

49 

( s . s )  

80 - -  8 = 0 ( 8 0  - -  8 1 )  , 8 1  - -  8 = - -  ( 1  - -  0 ) ( 8 0  - -  8 1 )  , 

we est imate  the  expression in the  brackets  b y  

7_ (2k(~,-~) t 1)or + y, (2-k(s.-,)t;(~-o) < ~ (2-~lso-~,io~ + 2-~.-~,,(~-o)r) 
2k(so--sOt - 1  < 1 t2--k(so--sJ)  <= 1 k = O  

independen t  of  t. Then  (8.10) shows 

Ilf[l(BSo BS~ < cllfll~s (8.11) 
x pr '  p r / o ,  av poo 

Now (8.8) follows f rom (8.9) and  (8.11). 
Step 3. We have,  (8.7) and  (8.8) wi th  r = 1, 

s s 1 s s, = B h ,  (B~.. B;~)~, ~ = B ; ~ .  (s.12) B;1)o, 
W ith  the  aid of  theorem 5.2.1 (a) and  (2.9) follows 

. . . .  _ _ ( 8 . 1 3 )  B;~eK(O,B;;o~,B;~), l < r <  ~ .  

In  the  sense of  (2.11) we f ind  for 1 ~ q <  ~ using (8.7) 

s l  ~ _  s l  $ (~0%, B;~)o,~ (B~.~, z;~)~,~ = B;~.  (s.14) 

I f  q =  oo we use (8.12), 

B . . . . . .  , ,,%, B;~)o, ~ = (B~~ B;~)o, ~ = B ; ~ .  

This proves the  theorem.  

8.1.5. Remark. Theorem 8.1.3 is well-known [18], [7], [10]. 

2kr(~'-s)tr(~-~ ( 8 . 1 0 )  

2k(so  s l ) > t  poo 

(I fit r (8 9) B s " 
p c o  
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8.2. Interpolat ion of  the sequence spaces l~ 

In  theorem 8.1.3 we considered the in terpola t ion of  B)qo and B~}, wi th  the  
same p.  In  8.3 we interpolate  the  sapces F~q and B ~  wi th  different  values of  p.  
For  this purpose  we need an in terpola t ion result  abou t  the  sequence spaces l~ f rom 
4.1.1 which is given wi thout  p roof  b y  Pee t re  [17]. 

8.2.1. L e m m a  

for 
LEMMI 8.2.1. Let  - -  oo < %, a 1 <  o0; ao # (~l; 1 < p,  q < oo. 

0 < 0 < 1  

~' = " (1 0)% + 0o" 1 r 1 7 6  l~ w~th o =  - 

T h e n  holds 

(s .15) 

8.2:2. Proo f  of  l emma 8.2.1. 

Step 1. For  ~ = (~i)~%o E l  m~'( ..... ) _q w e  h a v e  

K~(t, ~, l"q ~ l~ 1) ~ inf  ( ~ 2"dql$~ ~ + t q ~ 2"liqI~lq ) = ~ min (2 "d~, tq2~liq)I$jlq (8.16) 
~=~o+$x j=O j=O j=O 

~tE 1~ i 

Step 2. Because ao--o '1  :/: 0 we can divide the  interval  (0, c~) in par ts  
2 (k-~)l"o-'l ~ t < 2kl~~ - -  ~ < k < oo. We f ind  for ~ = (~i)j~0 (and 
~j--~O for j < O )  

r 

0 

k=--oo j= - -o~  

k=--oo p 

We es t imated  the sum over j b y  the t e rm with j = k. This shows 

r z~)o,~ c 1;. (s .17) 

Step 3. Wi th  the  usual  in terpre ta t ion  we have for the  dual of l~ 

(l~)' = lq: ~, l /q  -4- 1/q' = 1.  (8.18) 

Using (2.12) and (8.17) we f ind 

l; = (I~:")' C [(l~: ~~ -o~ , (8.19) o l~, )o,r = (l~0, l~)o,~.  

The lemma follows from (8.17) and (8.19). 
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8.2.3. Theorem. 

TgEOR~,~ 8.2.3. Let --  ~ < ~o, (~ < ~;  ~o :/: (~; 1 < p, %, qx < ~ .  Theu 
holds for 0 < 0 < 1  

(l;:, l;:)o,~ = l~ with  ~ = (~ - -  0)~o + 0 ~ .  ( s . 2 o )  

8.2.4. Proof of theorem 8.2.3. Let  q0 ~ qr Then holds 

l~ = (l,~:, l%)~ c (l~:, l~,)o,p c (I;0, 1,:)o,,, = l ; .  

This proves the theorem. 

8.2.5. _Remark. Sequence spaces of type  lp with weights show an interesting 
behaviour by  interpolation. For the simplest case, the ordinary /Fspaces, holds 
for 0 < 0 < 1 ;  l ~ p, qo, ql ~ r qo # ql, 

1 1 - - 0  0 
(1%, l~,)~ = t~,p, - + - .  ( 8 .21 )  

q qo ql 

l+, are the ~>Lorentz sequence spaces>>, defined by  

l ~ = { ~ I ~ =  (@~7=o, II~ll,~,, = [ I~*I5 ~-  < ~ } ,  1 = < p < ~ ;  1 < q < ~ ;  
j=o 

1 (8.22) 

J 
( ~ ) ~ 0  is the rearrangement sequence, ~ = ~(j), I~*I >= l~*i ~ I~*f >= . . .  Kere 
lI~ll~ is only a quasinorm [27]. With the aid of the reiteration theorem we 
formulate interpolation theorems for the lqp spaces. For 0 < 0 < 1; 
1 <qo,  q ~ <  o~; l ~ p o ,  pl <: ~ ,  holds 

1 1 - - 0  0 
(l~o,o, l ~ + ) ~  = l~ ,  _ + - .  ( s . 2 3 )  

q q0 ql 

(8.20) and (8.23) show similar behaviour. I t  would be interesting to give a systematic 
treatment of interpolation of general sequence spaces with weights. 

8.2.6. -Remark. The real interpolation methods in particular the L-method 
[19] are applicable also for quasi-Banach spaces. So we can extend the parameters 
p, q for the spaces /~ and lqp to the interval (0, ~] .  

8.3. Interpolation of the spaces _~q 

With the aid of 8.2 we are able to interpolate the spaces ~q .  

8.3.1. Lemma. 
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LEMMA 8.3.1. Let  - -  ~ < So, S 1 <  ~ ;  1 < po, pl ,  qo, ql < o~; 0 < 0  < 1. 

I f  {%}~=o is a sys tem of  func t ions  o f  type 4.2.1 then there exists a posit ive number  c 
with 

.oqo' P1~110, p qo ?0, p 

~'~ (8.24) 
1 1 - - 0  0 

So sa _ _  @ - -  . 

f r (F~~176 F"q~)~ P Po Pl  

8.3.2. Proo f  o f  l emma 8.3.1. We use the  funct ional  L (2.17) with A o = F~ooq ~ 
s l  and A 1 = F~ ,~ .  With  the  aid of  (2.18) and theorem 4.2.2 we get 

o9 

[,f[I(:o : ,  ~ >= c inf  [ll{ak, o}ll,~~ @ tH{ak,~}]] ]dx d t .  
" Poq." P l q u o ,  p ak, O(x)+ak,  1(x) qo 

0 /t n = ( 1 .  Cfk)(X ) 

Changing the order of  integrat ion and using again (2.18) we f ind (8.24). This proves  
the  lemma.  

8.3.3. Theorem.  

THEOREM 8.3.3. Let  - -  ~ < So, s 1 < ~ ;  1 < Po, Pl,  qo, q~ < ~ ;  0 < 0 < 1. 

(a) n o r  s o # %  s = ( 1 - - 0 ) s  o ~ 081; 1/lo = ( 1 - -  O)/Po 4- O/pl; holds 

s o s 
(F~oqo  , F ; I q , ) o , p  = B ; p  . ( 8 . 2 5 )  

(b) For  s o = s 1 =  s; qo # ql; ( 1 - - 0 ) / p o + 0 / p l =  1/p = ( 1 - -  O)/qo + O/ql holds 

(F;0 %, F ; , 0 .  , .  = B ; . .  

(c) For  s o = s 1 =  s; qo = ql = q; 1/p = ( 1 - -  O)/po + O/pl holds 

(8.26) 

F ~ (S.27) po~,-p,q,o,p -p~" 

8.3.4. P r o o f  o f  theorem 8.3.3. 

'~ F" Step 1. P roo f  of (a). Le t  f e (F~oq,, 1,1q,,o,~" 
and theorem 8.2.3. 

H:%:%,.:.,>0,. f 
R n 

Then follows from lemma 8.3.1 

This shows 

�9 ~vk}]]~dx ~ ]If liP B s 
Ip p p  

s o s! s (F)o%, F;lq,)o,. c B ; . .  (8.28) 
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Now the  theo rems  6.1.1 and  6.2A show t h a t  C~(R , )  is a dense subset  in the  
considered spaces. So we are able to a p p l y  (2.12). We  f ind  f rom (8.28) and  the  
theorems.  7.1.7 and  7.2.2 

B~p = (Bp,~,)' D [ (F~~  F ; ~ / ) o , / ] '  = (F~Ooqo, F~q,)o,p. 

Toge the r  wi th  (8.28) (a) follows. 
Step 2. P r o o f  of  (b). We have  

s s 
( /q0'  [q~)o,p = /p  11) . ( 8 . 2 9 )  

Using again  l e m m a  8.3.1 we get  (8.28). A dua l i ty  a r g u m e n t  shows t h a t  (8.26) is t rue.  
S tep  3. P r o o f  of  (c). We  have  

s s s 
(/~, lq)o, p = l ~ .  

We f ind  t hen  the  re la t ion  (8.27) in the  same m a n n e r  as in the  f i rs t  and  second 
step.  This  p roves  the  theorem.  

8.4. Special cases of theorem 8.3.3 

8.4.1. Let, 

Then holds 

--  ~ <So,  S~ < ~ ;  1 < p o ,  p ~ <  ~ ;  0 < 0  < 1; and  

1 1 0 0 
- + 7 ,  s = ( 1 - O ) s  o+Os~: 

P Po "Pl 

= ( s . 3 o )  

This follows fo rm B~p = F~p, and  t h e o r e m  8.3.3 (a), (b). (8.30) due to Gr i sva rd  
[7], see also Pee t re  [17]. 

8.4.2. Le t  - -  so <So ,  8 ~ <  oo; s o #  sl; l < p o ,  P l <  oo; 0 < 0 < 1, and  

1 1 0 0 
- -  + , s = ( 1 - - 0 ) s  o+Os~. 

P Po Pl 

11) See (8.23). (8.29) is well known [1O]. We give a short proof using the L-method [19] 
co (see (2.18)). We m~y set s = O. For ~ = (~j)j=0 holds 

ll~l!~'lqo, 1~,) "~ ~ t-~J ~ i~f [[~~ + t[~]q~] t 
k=O 0 ~k +~k=~k 

zS0 o f t-~J-1 rain (]~k[q0,, t[$k[q,)dt = Ck=o2: [~klp - c[[~ll~p �9 

Using a duality argument we get (8.29). 
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Then  holds 

(H;;o, H~,)o,, = ~ i ~ -  (S.3~) 

This  follows form H~ = -Fp2, theorem 4.2.6, and theorem 8.3.3 (a). This result  is 
s t a ted  b y  Pee t re  [17] wi thout  proof. Fo r  the  special case I% = 1~ --~ P (8.31) follows 
also f rom 5.2.5, t heorem 8.1.3, and  the  re i te ra t ion  theorem 2.2.3. 

8.4.3. Le t  - -  oo < s < oo; 1 ~ T0, ~Ol ~ oo; 0 < 0 < 1; and  

T h e n  holds 

1 1 - - 0  0 

P P0 Pl 

(Hio, H ; & ,  = I t ; .  (8.32) 

This follows f rom theorem 8.3.3 (c) with  q0 = ql = 2. (We used again H i --~ Fi2). 
We r emark  t ha t  (8.32) follows immedia te ly  f rom the  lift ing theorem 5.1.1, H ~ = Lp, 

and  (Leo, Le,)o,p = L e. 
8.4.4. Le t  - -  oo < s 0 ,  s 1 <  oo; s o #  Sl; 1 < p o ,  p l <  oo; 0 < 0  < 1, and  

Then  holds 

1 1 - - 0  0 
- - t - - - ;  

P Po Pl  
s =  ( 1 - -  O)s o @ O s  x.  

(R;00, B;:,I)o, ~ = ~ ; ~ .  (8.33) 

This  follows form theorem 8.3.3 (a), and  H~o = F~2, B~p, plm" 
8.4.5. Le t  - -  o o < s <  oo; l < p l <  oo; 0 < 0 < 1 ,  and 

T h e n  holds 

1 1 - - 0  0 
- -  @ -  - -  . 

p 2 Pl 

(Hi,  B;,,,)o,p = B;p.  (s.34) 

This  is a special case of  (8.30), Bi2 = F;2 = Hi .  

9. Equivalent norms 

F or  applicat ions of  the  spaces Bi~ to  different ia l  equat ions  some equivalent  
norms are convenient .  Using the  general  in te rpo la t ion  theory ,  2.2.5 and  2.2.6, 
and  theorem 8.1.3 i t  is no t  diff icult  to  give suitable equivalent  norms.  
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9.1. The spaces H~ 

9.1.1. Theorem. 

T ~ E O R E ~  9 .1 .1 .  Let i < p < oo; s >= O, integer. Then holds 

{ a~f ~L,,  j-----1, . n} = { f i f e S ' ,  D~'f~Lp, H; = f I f  e S', ~x~ ~ .. , 

and 

Icr ~ s},  (9.1) 

( ~-- ~ liD ~flIL~) �9 (9.2) 

9.1.2. Proof of theorem 9.1.1. 
Step 1. We s tar t  wi th  a r emark  to formula (3.3'). Le t  g E S'(R~), Fg e C~(R~), 

and  

c ~ 
I(D~Fg)(~)I <= -i~ll~l (9.3) 

Then (3.2) is t rue (this is a special case of  theorem 3.5), and we have,  for all ft. 
see (3.3') 

IIF-l(~f  " ~g)I1Lp ~= cllfll/~. ( 9 . 4 )  

f E S(R~).  If  f E Le, we approximate S 9 fj ~ f. The assumption (9.3) shows tha 

{~-~(Ffj-Fg)}j is a Ca.ohy sequence in L,, and 

2-1(Ff~ �9 ~g) 7 F-~(Fg �9 F f ) .  

For j --> oo follows (9.4) for a rb i t ra ry  f C L~ (we replace Ff .  Fg by F g .  t ' f  in 
the  sense of  mult ipl icat ion of  _Ff E S' with Fg). 

Step 2. We set ~ 1 . . . ~ , ,  c~=  (c~ 1 . . . . .  ~ ) .  For  g o C S '  

s 

F g ~ = ~ ( t + l ~ l  ~) 2, l~l < s ,  

the assumpt ion  (9.3) is true.  F rom (9.4) and  the def ini t ion (4.8) follows 

F .  

2 2 t s 
IID~fIIL e = ClIF-I~FfI[Lp < C'[IF-a( 1 + I~I ) FfllL~ = e lIftlHS, f e H~ . (9.5) 

P 

Step 3. We denote  the  Four ier  t ransformat ion  in /~n wi th  F ,  and in /~1 with 
Fu r the r  we consider a funct ion Q(t)E C+(R1), 

e ( t ) = o  for [ t [=2 ,  e ( t ) = l  for t ~ 1 ;  e ( t ) = - i  for t ~ - 1 .  
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For  g C S', 
s 

f g  (1 + 1~1')~(1+ . , _ 1  
j 1 

the assumption (9.3) is true.  For  a funct ion f E Lp, ~f/~x~ E L~?, (j = 1, 2 . . . . .  n) 
follows from (9.4) 

][f]]H" ~ clIF-I(I -~ ~ ~(~J)&~)Ff][Lp ~ HfHLp ~- ~ ][ HF~l~(~j)~;Flf][Lp(nO[[Lp(,n 1)" 
p j = l  j - - 1  

For  the funct ion ~'(t) is the one dimensional case of  (9.3) true. We apply (9.4). 
In  view of F ~ F ~ f  : c~f/~x~ i t  follows t h a t  

Ii:li.. -(II::,. + ":" o> 
. j:1 ~.}II~./ " 

(9.5) and  (9.6) prove the theorem. 

9.1.3. Remark. H~ ~ W~, s ~ 0, s an integer, are the Sobolev spaces, 
in t roduced by  Sobolev [23, 24]. 

9.2. The spaces B ~  

9.2.1. Semi-groups in L e. We consider the strong continuous semi-groups of 
isometric operators in Lp 

[Gift)f]@) ~- f (x l  . . . .  , X]_l, xj § t, Xj+x . . . . .  xn), f E L~ , (9.7) 

0 ~ t < ~ ;  j ~- 1, 2 . . . . .  n. For  these groups the assumptions of 2.2.5 and 2.2.6 
are true. I t  is easy to prove t h a t  the  infini tesimal generators Aj are 

" { " / 
(Aff)(x) = ~ (x), D(Aj) = f i f E S ' ,  f E Lp, Ozj E Lp . (9.8) 

I te ra t ion  shows 

9.2.2. Theorem. We write 

�9 . . ,  . . ,  A~,kf = �9 (Ah, J ) ( x )  = f(Xx, xk_l, x~ + h, xk+l,, xn) -- f(x),  dh, k(dh, J )  

T::EORE~: 9.2.2. Let 0 < s < ~ with the decomposition s = j + •, j integer, 
0 < ~  1; l < p < ~;  l ~ q ~ oo. Then for q <  oo holds 

le) For s ~  0(2) tl~e function o(t) is not necessary. 
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B~q = { f l f  e S', 

and for q = oo 

B;+ = { f i f  

Further holds 

oo 

[f i+ } = ~* 0x~ + llfl/L~ < 
p q  k =  1 

0 

(9.10a) 

C S', ]lfll*, = suph - ~ ~  A~5 ~1 ajf  Lv } 
p~ h>O k=l  OX~ + IlfHLp < ~ �9 (9.10b) 

]]f[lB* ~[Jf[[B** 
Pq Pq 

[ ~ ] = 1  for ~=1).  ( [ ~ ] = o  for o < ~ < 1 ,  

9.2.3. Proof of theorem 9.2.2. Theorem 5.2.1 and theorem 5.2.3 show 
B~I c / / ~  C B ~ .  Then follows form the rei terat ion theorem 2.2.3 and from theorem 
8.1.3 

(Lp, k +k. , (9.11) H~,)o,q=B~,q, 0 < 0 < 1 ;  l ~ q ~  ~ 

k > 0, integer. On the other  hand  (9.9) and theorem 9.1.1 show / ~  = ~ _ ;  D(A~.). 
(9.10) follows now from (2.16), (2.13) and (2.14). This completes the  proof. 

9.2.4. Remark. (9.10) is the  definit ion of  the  spaces B~q given b y  Besov  [1]. 
There are m a n y  other  equivalent  norms for the  spaces B~q, see also Nikol 'skij  [14], 
and Taibleson [25]. Grisvard considered Besov spaces for vector-valued functions 
[7]. 

9.2.5. Theorem. We consider an other  equivalent  norm. 

THEOREM 9.2.5. Let 0 < s < oo with the decomposition s = j  + ~, j integer, 
0 < ~ 1 ;  l < p <  r l <=q~  oQ. Then 

09 

0 

(and the usual modification for q = m), 

[]fl/,, ~ ][f[J+, �9 (9.13) 
Pq Pq 

9.2.6. Proof of theorem 9.2.5. Le t  0 < ~ < 1 and ]~] ~ j .  Then D~f is 
a linear cont inuous mapping from H~ into Lp and from H~ +1 into H~, theorem 
9.1.1. The interpolat ion p rope r ty  2.2.2 and (9.11) show tha t  D~f is a linear con- 
t inuous mapping from B j+" = (//pJ, Hj+p 1~,~, q into (L~, H lp)~,~ = B ~v~, i.e. 
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llD=fll~, =< c]]flI#+~. 
P~ Pq 

Now the  theorem follows from (9.10). I f  z = 1 we consider D~f as a mapping  
from Hp / into Lp, and from H~ +2 into H~. The interpolat ion p rope r ty  shows 
tha t  D~f is a cont inuous mapping from _p~B i+1 = (H~, H j+2~p j�89 into (Lp, H~)�89 ~ B~q,l 
i.e. 

Iin~fllBx g cIIflIB]+i . 
P~ P~l 

The theorem follows again from (9.10). 
9.2.7. Lemma. We want  to simplify the  norm tlfll+~ . For  this purpose we need 

the following lemma, eq 

LEM~A 9.2.7. Let 1 < p < oo; 1 ~ q ~ oo. 
(a) l~or 0 < z < 1 holds (with the necessary modification for q = oo) 

co 

f h-'q][Ah'JHq% T ~ Ihl-~IIf(* - i -  h) --f(x)[lZ p ihi,,, 
j = l  

0 R n 

(9.14) 

(b) For n = 1 holds (with the necessary modification for q = m) .  
o3 

0 

f dh d_~h ~ [hl-qllf(x + 2h) - -  2f(x + h) +f(x)llL~ II'h'a " 
h 

R n 

(9.1z) 

9.2.8. Proof of lemma 9.2.7. 
Step 1. Le t  2 > 0. Then for q < oo holds 

f d x  2 . . . d x  n v (9.16) 

. . - 1  (;t ~ + x~ + . . .  § ~2)~+ ~- 

where c is independent  of  2. Fi rs t  we es t imate  the  r ight  hand  side of  (9.14) b y  
the left side. We set 

.R,~ h = (h~ . . . . .  h~ hj = (0 . . . . .  O, hi, 0 , . . . ,  O) (place j ) .  

Wi th  the  aid of  (9.16) follows 

f . f dh [hl-~qllf(x § h) - -  f(x)Ii~ ~ ~ c ~ Ihl-~llf(x + hi) --  f(x)lIZ~ lhl- 
j = l  

Bn /Ca 
oo 

c' i~ = -~q A q dhj _ 2e' Z h-~q[FA"'Jf]]qf~ dh = =1 lhJi ]] hJ'JfHLP Ihjl j=l - ~ "  
R~ 0 
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For  q = oo we have an analogous est imate.  In  the  same w a y  we show tha t  the  
right side of (9.15) is smaller than  the left side. 

Step 2. We  prove  the other  inequal i ty  of  (9.14). We choose a sys tem of orthogonal  
coordinates represented b y  the  o r thononna l  vectors  vj 

vj " vk = ~jk. (9.17) 

Then holds for h > 0 

l l f (x~ + h ,  x~,  . . . , x~) - - f ( z ) l l L p  

With  the aid of  the  t ransformat ion  
aO O0 

< ~ [[f(x + ~jh cos (~j, x~)) - -  f(x)ll~ �9 
j = i  

: h]cos (vj, Xl) ] we f ind 

f f 
d~2 

h-~qliAa, ~fH~p ~ <= cj=~ s  Icos (rj, x~)t~qilf(x -}- vj~) --f(x)HqLp 2 (9.18) 
0 0 

This is also t rue  for cos (vj, Xl) < 0 af ter  the  t ransformat ion  y = x - -  vjL We 
consider now all sys tems of  or thogonal  coordinates,  represented  b y  (9.17). I f  
co, = {x I Ix[ = 1} is the  uni t  sphere in _R~ wi th  the  usual measure and topology,  
then the set of  all sys tems of  or thogonal  coordinates (represented b y  (9.17)) is 
a closed subset  of  % • 2 1 5  (n times). In  % •  • we in t roduce the 
p roduc t  measure and p roduc t  topology.  We integrate  (9.18) over  all sys tems of  
orthogonal  coordinates.  I t  follows 

oo oo 

f h-~qilA,,, ~fll~p ~ -  ~ c ~ )o-~ IIf(x + vj2) - -  f(x)l[[ dv i y 
j ~ l  

0 0 (o n 

- -  c f I~I-~llf(~ + ~) - f(x)l[i~ # 
i ~ 1  ~ �9 

-R n 

For  q = ~ we have an analogous est imate.  This proves  (9.14). In  the  same wa y  
we prove  (9.15), see [28]. 

9.2.9. Theorem. We wri te  (Ahf ) (x)  = f ( x  + h) - -  f ( x ) ,  h E B ~ ,  and A~f  ---- 
A f f A J )  . 

TtInO~nM 9.2.9. Let 0 < s < oo wi th  the decomposi t ion s = j -t- ~, j integer, 
0 < ~ = <  1; l < p < oe; 1 <= q <= oo. Then  holds 

{ if +1 } B~q = f ] f e  S ' ,  ]l fiB, = lhl -~q Z I1A~+[~]D~f[] q" + ]IfllL~ < ~ (9.19) pq I=J-~i lhlnJ 
R n 

(and  the usual  modif icat ion for  q = Go), 

I]fI[,~ ~ Nfil~ �9 (9.20) 
Pq Pq 
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9.2.10. Proof of theorem 9.2.9. The proof  follows immedia te ly  f rom lemma 
9.2.7 and  theorem 9.2.5. 

9.2.11. Remark. I f  p : q  and  0 < z <  1 we have  

[ f f D~ dxdyl} 4-Hf][Lp (9.21) Ilfll~ , ~ E Lx-- yl "+~p 
pp [<<1 

Rn R n 

The spaces B~e = W~ are in t roduced  by  Slobodeckij  [22]. We can give an 
analogous formula  for ~ = 1. 

9.2.12. Remark. The considerat ions show th a t  

f lhl -~ Z ]/d1+l']D~f][~ e + IIIIIL~ [ >>j lhl"J 
is also a norm equivalent  to ]lflrB ~, s = j + x ,  j integer,  0 < ~ = <  1. 

/ ,q  

(9.22) 

10.  In terpo la t ion  of  the  spaces  B~q and  F~q, c o m p l e x  m e t h o d  

10.1. The spaces B~q 

10.1.1. Theorem. 

TH~OR]~I 10.1.1. Let 
0 < 0 < 1. Then holds 

s = (1  - -  O)so § Os,; 

[B) .%,  BSp'ql]O : B~q  , 

1 1 - - 0  0 
_ + - - ;  

P Po Pl 

1 < Po, t)1, qo, ql < ~:), and 

(10.1) 

1 1 - - 0  0 
- -  ~- - -  . (10.2) 

q qo ql 

10.1.2. Proof of theorem 10.1.1. 
Step 1. We consider a funct ion  f 6 B~q with  

N 

f(x) = ~ a~.(x) (10.3) 
j - O  

in the sense of def in i t ion (4.5). Le t  {~k}~_o be a sys tem of funct ions  of t y p e  4.2.1 
wi th  N =  1 and 

(F~k)(~) = 1 . (10.4) 
k 0 
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l%r a complex number  z, z = x @ i y ,  0 _ < x _ <  1, we construct  

ak(x, z) = 2 ~(~)k a I ~(~) sa ~N ~0(~) .o~(~)/x~ II k[%p IO. :]Jj=Ol[lSq(Lp)Wk \ I ,  

(l  -- z z--) -- (l -- z)So-- zsl , 

( X - - z  ~-1) ( i - z  ~11) 

~(~) = ~ ~oo + - :p \ ~ J o  + ' 

(If ak(x ) ~ 0 

~03(Z ) = 1 - -  q ( ~ 0  + q l -  ' 

we set ak(x,z) - -  0), and  

N 2 

q~(z) = p (~o-o  + " 

N+ 2 2 

61 

(10.5) 

and 

f(x, z) C ~7[B~oqo, B;~q,]. 

Wi th  the aid of theorem 3.5 (scalar ease) follows 

2 

lif(x, it)][B~ o < ~ tl{~+j a~(z, < cl[{a~(z, ,oqo = j ~ - 2  * it)}~ = it)}~ 

pl N 
]if(x, 1 @ it)IIB"pl,l <= c It{ak}o H,~(L 

Fur the r  we have f(x,  O)= f ( x ) .  Then follows from 2.2.8 a i d  an in f imum con- 
struct ion in the sense of (4.6) ~3) t ha t  

Ilfll[e0 e ,  < cllfl[e " 
' Y.qo' Plq~ ]o = Pfl 

l%neti0ns of type  (10.3) are dense in B~.  This and  the last inequal i ty  show tha t  

B;q C [B~0qo, B ) , q , ] o  . (10.9) 

la) By the infimum in (4,6) we may assume that for the functions f(x) from (10.3) all 
representagions of the ~ype (10.3). 

and  

f(x, z) = ~ ( ~ ~vk+j) * ak(x, z) = ~ q~k * ( ~ ak+j(x, z)), (10.6) 
k=0 j = - - 2  k=0 j----2 

( ~ j ~ 0  for j < 0 ,  a j = 0  for j < 0  and  j > N ) .  This is a r e p r e s e n t a t i o n  of 
f(x, z) in the sense of 4.1.3. I t  is not  difficult  to see t ha t  

a,~ ,(o~ e '~[L~0, G~] (10.7) 

in the sense of 2.2.8. I t  follows tha t  

ak(x , z) E ~[Lp,, Lt,,] (10.8) 
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Step 2. We use the dua l i ty  for the complex method  described in 2.2.9. The spaces 
B~ are reflexive, see theorem 7.2.2. The same theorem, (10.9) and  2.2.9 lead us to 

IBm~ B;',,,]o = ([B~of~0,, B;,~4,,]o) ' c (B;~,)' = B;~. (10.10) 

(10.9) and  (10.10) prove the theorem. 

10.1.3. Remark. Theorem 10.1.1 is well-known and  proved by  Grisvard [7] and 
TMbleson [26]. 

10.2.1. Theorem. 

10.2. The st)aces F;~ 

TIXEO~EM 10.2.1. Let 
0 < 0  < 1. Then 

s =  (1 - -O)s  o§ 

[F;'o~o, F;;~I] o = F ~ ,  

1 1 - - 0  0 
_ §  

10 1)o 1)1 

1 < 1)o, 1)1, qo, ql < oo; and 

1 1 -- 0 0 (10.11) 
- -  § - -  �9 

q go ql 

10.2.2. Proof of theorem 10.2.1. The proof is almost  the  same as in 10.1.2. Firs t  
we consider a funct ion f(x) E F~q with  (10.3) and  a system {~0k} of type  4.2.1 
wi th  AT = 1 and  (10.4). We replace (10.5) by  

ak(X, Z):  2~l(~$)]](aj}~ll~:($)l]{aj}~ot]~:(z~;)a~4(~)(x),_ ( 1 0 " 1 2 )  

( 1 z 

_z) _ ( i  - z)s o - zsl  , el(z) = sq \--7~o § ql 

for (ak(x, z) ~ 0 ak(x) ~ 0). We construct  f (x , z )  in (10.6) and  f ind  t h a t  
f (x ,  z) e ~7[F~~ F~ql], and  wi th  the  aid of theorem 3.5 (b) 

]If(x, it)l]F'~ <: cH(ak *~)' Hf(x' 1 -{- it)I]r,,plq, ~ CI]{ak} 0 ~) . 

In  the same manner  as in 10.1.2 we get 

r;~ c IF;:%, F;;q,]o. 
The theorem follows now by  a dua l i ty  a rgument  (see theorem 7.1.7) as in 10.1.2. 
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10.2.3. lCemark. We note  some special  cases. We  h a v e  H~ = F~:, t heo rem 4.2.6. 
We f ind  t h a t  

[H)o, H;',]o = H;  

- -  oo < s 0 ,  s 1 <  oo; 1 < p 0 , 1 O l <  oo; 0 < 0  < 1; (10.13) 

1 1 - - 0  0 
s : ( 1  - -  O ) s o  § Os~; - -  § - -  . 

P Po Pl 

This  resul t  due to  Caldcr6n [3]. An a n o t h e r  special  case is F~p = B~p. We  f ind  

- -  0(3 ~ 80~ 81 ~ 00~ 

s = (1 - -  O)SO -k Os~; 

s l $ 

1 < P0, P l  < ~); 0 < 0 < 1; (10.14) 

1 1 - - 0  0 1 1 - - 0  0 
_ + - - ;  _ §  

P P0 Pl  q 2 Pl  
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