
A R K I V  F O R  M A T E M A T I K  B a n d  7 n r  40 

1.68 06 4 Communicated 10 April 1968 by  Harald  Cram6r and  Lennar t  Carleson 

Poisson processes as renewal processes invariant under 
translations 

B y  MURALI RAO a n d  HANS ~TEDEL 

Introduction 

Let  ( X  n : n = + 1, __ 2 . . . .  } be a sequence of r andom variables  such tha t  a.s. 

, , , X _ ~ < X _ I < 0 < X  1 < X  2. . .  

Pu t  Yo=X_I ,  Y I = X 1  Y ~ = X , - X ~ _ I ,  n 4 0 ,  1. 
Assume that :  

(i) {(Yo, Y1), Yn, n ~ O .  1} is a set of independent  r andom variables.  

(ii) { Y~ :n  4= O, 1}, are independent ,  identically dis t r ibuted posit ive r andom var-  
iables with P[ Y~ < y] = F(y),  

1 
F(O)=O and  E [ Y n ] = - < c ~ .  

m 

Let  {~ ,  n = -!-_ 1, ___ 2, .. .} be a set of independent  r andom variables  which is inde- 
pendent  of {X~} and ~n, n = _ 1, • 2 . . . ,  be identically dis t r ibuted with the same 
non-degenera ted  distr ibution G. Pu t  Zn = Xn + ~,~ and  let N(I) = number  of X~ E I 
and  _N(I) = number  of Z~ E I .  

Doob has shown [1, pp. 404-407] t h a t  if all Y~ have  an  exponential  dis t r ibut ion 
then  N(I) and /~(I)  have  the  same distribution. Thed6en proved  the  converse of 
this s ta tement ,  name ly  t h a t  every  Y~, n 4= 0, 1, has  an  exponent ia l  dis tr ibution if 
N(I) and ~ ( I )  have  the same distr ibution and if 

(iii') P[Yo >Yo, Y1 >Y] = mfyo+ul (1 - F(s)) de. 

We shall here prove t ha t  the  weaker  conditions E[N(I))] = m ]I] and  E[N(I)N(J)] = 
E[.N(I)I~'(J)] are sufficient to  imply  exponent ia l  distr ibutions of Y.. Our proof is 
a t  the  same t ime  a simplification of Thed6en's  proof. 

Le t  X~ and  Y~ be as in the  introduct ion and  ins tead of (iii') pu t  
(iii) E[N(I)] = m III where II]  denotes  the  Lebesgue measure  of I .  
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Then  (iii) is equivalent  to  P[Yi  > u ]  = ~ ( 1 -  F(t))dt for i =0, 1, see [2], pp.  354. 
Let  now {~n, n = + 1, • 2, .. .} be a sequence of r andom variables  which is inde- 

pendent  of the sequence {Xn}. We shall assume t h a t  for  all n, m, n4=m, (~, ~ )  
have  the  same joint dis t r ibut ion G and t h a t  the  suppor t  g roup  of G. i.e. the  group 
genera ted  by  the  suppor t  of G, has an e lement  of the  form (0, d) wi th  d > 0; if ~. 
and  ~ are independent  and have  a nondegenera te  dis tr ibut ion then  this is cer tainly 
t rue.  

P u t  Z~ = Xn + ~n, n = _+ 1, • 2, . . . ,  and  1~(I) = number  of Z~ E I .  

Theorem. Let X~, ~ ,  g ,  be as above. I / E [ N ( I )  57(J)] = E[N(I)N(J)] /or all I,  J 
then {Xn} is Poisson i.e. F ( y ) =  1 - m e  --my. 

Pro#.  P u t  O(I ,  J )  = E[N(I) N(J ) ]  - E[N(I  N J)]  = ~ . m  P[Xn E I ,  Xm E J]. Using 
independence of { ~ }  and  {Xn} we get E[i~( I )R(J )] -E[2~( I  N J ) ]  = ~ O ( I - u ,  
J -  v) dG(u, v). The condition B[N(I)] = m [I[ implies E[2V(I)] = m] I{ .  Thus  E[2V(I) 
2~(J)] - E[N(I  N J)]  = E[N(I) N(J ) ]  - E[N(I  N J)]  : which gives �9 = �9 ~+ G. 

A simple consequence of the  renewal theorem is t ha t  for any  pair  of finite inter-  
vals I ,  J ,  we see t ha t  E[N( I+  h ) N ( J +  k)] is a bounded funct ion of (h, k). The 
C h o q u e t - D e n y  theo rem [3, p. 152] applies and  we deduce t h a t  every  point  of the  
suppor t  of G is a period for r The  set  of periods for (I) is a group and  this group 
contains the e lement  (0, d) and  hence (0, kd) where k is a n y  posit ive integer (in- 
deed any  integer). Thus  for all I ,  J and all posit ive integers k, (I)(I, J )  = r J + 
kd). Take  I = (0, x] wi th  x < kd. Then  I fl (I + kd) = r 

Also 

@(I,I+kd)= ~ P [ X ~ e l ,  X , ~ e I + k d ] =  ~. P [ X ~ e I ,  X m e I + k d ]  
n4-m rn,n>~I 

= n=l ~ m>n ~" P[Xn EI,  Xm E I  + kd]= n=l ~ f [ H ( I  + kd-u)d(Fo-)e  F (n-l)*) (u) 

= f [  H(I  + kd - u) du, 

where H(x) = ~ ~  1 F k* (x) and  (iii) implies mx= ~ - o  Fo-)e F k* (x), x > O. 
Similar calculations give (I)(I, I )  = 2 ~ H ( x -  u) clu = 2 ~ H(u) du. Thus  

yo f: 2 H(u) du = H( I  + kd - u) du = [H(x + ]cd - u) - H(kd - u)] du 

fo = [H(t~d + u) - I-I(kd - u)] du. 

This equal i ty  for all x < kd implies 2 H(u) = H(kd + u) - H(]cd - u), u < kd. 
Suppose d o is a posit ive number  such t h a t  F(do)>0 and  F(d o - ) = 0 .  Then F n* 

has an  a t o m  at  nd 0 and  thus  H has a mass  point  a t  every  posit ive integral  mult iple  
of do, bu t  H(u)= 0 u< d o. Choose ]c so t ha t  kd > d o. For  u< d o H(u)= 0 and the  
funct ional  equat ion for  H shows t h a t  H ( k d - u ) =  H(kd + u ) u  < do. Since every  in- 
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t e r v a l  of  l e n g t h  Ia rger  t h a n  d 0, con t a in s  a m u l t i p l e  of d o a n d  H has  a p o s i t i v e  mass  
a t  such  a po in t ,  we see t h a t  H ( k d "  u) < H(kd + u) for  some  0 < u < d 0. Th i s  is a 
c o n t r a d i c t i o n  a n d  t h u s  F c e r t a i n l y  c a n n o t  be  a r i t h m e t i c .  As  k - ~ c ~  B l a c k w e l l ' s  
t h e o r e m  [2 p.  347] shows  t h a t  H(kd + u) - H(kd - u) -~ 2 um, a n d  t h u s  2 H(u) = 2 urn. 
This  is e q u i v a l e n t  to  F be ing  e x p o n e n t i a l .  Q . E . D .  
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