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A characteristic property of Euclidean spaces 

By STEN OLOF CARLSSON 

Let  B be a real normed linear space. The well-known Jordan-yon Neumann 
characterization of Euclidean spaces states tha t  if B satisfies 

I lu+~l l*+l lu -v l l~=2( l lu l l~+l l~ l l  ~) for all u, v E B  (1) 

then B must be Euclidean. An improvement of this result is due to Schoen- 
berg [3], who proved that  in (1) the sign of equality may be replaced by either 
>~ or ~<, the same throughout B. In a previous paper [1] the author proved 

the following generalization of the Jordan-von Neumann result: If  B satisfies 

~ a~l]b,u+c, v11~=O foran  u, veB, (2) 
~=1 

where a~ :# O, b~, c,, v = 1 . . . . .  m, are real numbers such that  (b,, c~) and (b~, %) are 
linearly independent for v*/x,  then B is a Euehdean space. The proof of this 
depended on the theory of F-series. The purpose of the present note is to give 
a quite elementary proof of the fact tha t  condition (2) remains characteristic 
for Euclidean spaces if the sign of equality is replaced by  ~> (and then also 
if it is replaced by ~< ). However, we now have to assume explicitly that  

m 

a~b~= ~, a,,b~c, ~ = arc, = 0. (3) 
v = l  v = l  v~ l  

More precisely, we are going to prove the following theorem: 

Theorem: Let a~ # O, b~, c~, v = 1 . . . . .  m, be a fixed collection o] real numbers satis- 
/ying (3) and such that (b,,C~) and (b,,%) are linearly independent /or v:#g. I f  
B is a real normed linear space satis/ying the condition 

 a llb n+c,v[l > O /or all u, v e B  (4) 

then B is a Euclidean space. 

The proof of the theorem depends on two lemmas. 
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,Lemma  1. I /  B satis/ies (4) then B also satisfies a condition o/ the /orm 

m 

Zp ll +q vll  >o /o, U  ,veB, (5) 

where 

p~#O /or v = l  . . . . .  m, q~#q ,  /or v*/~ ,  ~ p , =  ~p~q ,=  p~q~=O (6) 
v = l  v = l  v = l  

and ~ p~q~ >0.  (7) 
%>0 

Proof o/ Lemma 1. Replace  v in (4) b y  Xu+v,  where  2 is so chosen t h a t  
b:=b~+c~X#O for v = l  . . . . .  m. Then  we see t h a t  (4) is equ iva l en t  to  t he  con- 
d i t ion  

~a~Hb'~u+c~vHZ>~O for  a l l  u, v E B ,  (8) 
V=I  

where b:4=O for v = l  . . . . .  m. W e  now wri te  condi t ion  (8) in the  form 

 r llu+  vll > O for  al l  u, v E B ,  (9) 
V = I  

where we have  p u t  

r~=a~b~2, s~=c~/b'~ for  v = l , . . . , m .  (10) 

F r o m  the  p roper t i e s  of a ,  b ,  c~ a n d  the  choice of Jl i t  follows t h a t  

r , # O  for v = l  . . . . .  m, s~4=s~, for v 4 : / x , ~ r ~ =  ~r~s ,  = r~s~=O.~ (11) 

F o r  some ~, 1 ~< T ~< m, we have  r~ > 0. Choose e > 0 so t h a t  I s~ - s~ ] > e for v # v. 
Now replace  u a n d  v in (9) b y  ( t - s ~ ) u + @ + s ~ ) v  a n d  u - v  respec t ive ly .  Then  
(9) gives 

r, for all u, v e B  

o r  ~p~l[u+q~v]]Z>~O for  al l  u, v E B ,  
/=1 

where  

p~ = r~(e - s~ + s~) ~, q~ = (e + s~ - s~) (e - s3 + s~) -1, v = 1 . . . . .  m. 

I f  we use (11) i t  is ea sy  to  ver i fy  t h a t  t he  numbe r s  p ,  q~ sa t i s fy  re la t ions  (6). 
Moreover,  we have  b y  the  choice of e t h a t  
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q~<O for v # z ,  q~>O. 

Hence we have p~q~ = p~q~ = r~e ~ > O, 
qv>O 

so tha t  the inequality (7) is fulfilled. This completes the proof of Lemma 1. 
NOw suppose tha t  B is two-dimensional and put  C = {u [u e B, i] u In = 1}. Then 

C i s  a closed convex curve, symmetrical  about  the origin. I t  is a well-known 
fact  tha t  there exists a unique ellipse E (with its center a t  the or igin)of  maxi- 
m a l  area inside C and tha t  this ellipse touches C in a t  least four different 
points (see for instance Day [2], pp. 117-118). Let  u 0 a n d v  0 be two of these 
points such tha t  u 0~= + % .  We denote by  II" 111 the norm in B for which E is 
the unit circle, tha t  is E = { u l u e B ,  i lu]] l=l  }. Because E is inside C we have 
]] u [I ~< [] u ]1, for all u E B, and because E is an ellipse I] ~u0 + #% 1112 = 43 + 2a~u + #2 
for all 4, # (a is a constant). 

Lemma 2. Put  q(x)=l iuo+xvol l  ~ -  liuo+~voll~ Then 

cp(x)=O(x~), when x-+O, (12) 

~(x) = 0(1), when x--> + c~. (13) 

Proo[ o[ Lemma 2. Let w be a vector lying along the common tangent  line 
to C and E at  u 0. Then we have 

1 ~< [lUo+ xwll~<~ Iluo+ zwll~ = 1 + x~ll w I1~ 

from which it follows tha t  

IlUo+XWll ~ - I l u o + x w l l ~ = o ( z ~ ) ,  when x-->O. (14) 

Writing Vo=,~Uo+#W and using (14) we get 

II % + = o J J ' -  H % + ~%l]~ = II % + ~(~uo + ~w)71 ' -  H n + ~(~% + ~w)tl~ 

= (1 + 4~) *Ill uo + ~ ( 1  + 4T)-lw ][2 _ [[,/~0 -~ ~(1-1- ~x)-lw[[21] = O(x2), when x-+0 

so tha t  (12) is proved. For symmet ry  reasons we also have 

II vo + x n  I1 ~ -  II vo + ~Uoll~ = O(x~), when x ~ O .  

Hence it  follows tha t  

II Uo + ~voil ~ -  ]]uo+xVol]~-x2(]lvo+x-luo]] ~ -  I] vo + x-~uo [[~) 

= x~O(x -z) = 0(1), when x--> • c~ 

and Lemma 2 is proved. 
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Proo[ o[ the theorem. I t  is sufficient to prove the theorem in  the  case t h a t  
B is two-dimensional .  Let  u 0 and  v o be the  e lements  in t roduced  above.  Accord- 
ing to L e m m a  1 we have 

 p lluo+q =911' >0 for 

From relat ions (6) i t  follows t h a t  

p, II u.  + q xvoll  = o for - o o < x <  + ~ .  

Hence the funct ion  ~(x) satisfies 

tn  

for - ~ < x <  + ~ .  (15) 

I f  we use Lemma  2 we see t h a t  x-~cp(x) is in tegrable  over the in te rva l  ( -  c~, 
+ ~ ) .  Thus  we m a y  divide the  inequa l i ty  (15) by  x ~ and  in tegra te  from - 

to + oo. Then  we get 

0 <  ~lp, cf(q,x)x-~dx= ~ p,q~- ~ p~q~ �9 x-~cf(x)dx 
-r  \qv>O qv<0 / J - o o  

=2 ~ p,q~ f ~  x-2qD(x)dx. 
qu>0 

B u t  since ~q,>oP, q, > 0  and  ~(x)~<0 for all x i t  follows tha t  

~ ( x ) = 0  for - c o < x <  + c o  

or Iluo+xvoll=lluo+xvoH1 for - o o < x <  + o o .  

This means  t h a t  C and  E coincide or t h a t  B is a Euc l idean  space, which was 
to be proved. 
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