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A characteristic property of Euclidean spaces

By STEN OLOF CARLSSON

Let B be a real normed linear space. The well-known Jordan-von Neumann
characterization of Euclidean spaces states that if B satisfies

luto|F+llu—v|P=2(lw|2+]||v]*) for all =,v€B 1)

then B must be Euclidean. An improvement of this result is due to Schoen-
berg [3], who proved that in (1) the sign of equality may be replaced by either
2 or <, the same throughout B. In a previous paper [1] the author proved
the following generalization of the Jordan-von Neumann result: If B satisfies

m
>afbutevl|?=0 forall wu,v€B, 2)
p=1

where a,+0,b,,¢,,»=1,..,,m, are real numbers such that (b,,¢,) and (b,, c,) are
linearly independent for y=pu, then B is a Euclidean space. The proof of this
depended on the theory of F-series. The purpose of the present note is to give
a quite elementary proof of the fact that condition (2) remains characteristic
for Euclidean spaces if the sign of equality is replaced by > (and then also
if it is replaced by <). However, we now have to assume explicitly that

m m m
> abi= zlavbycv= 21“”63=0‘ 3)

v=1
More precisely, we are going to prove the following theorem:

Theorem: Let a,%+0,b,,¢,,v=1,...,m, be a fixed collection of real numbers saiis-
fying (3) and such that (b,,¢,) and (b,,c.) are linearly independent for v=+pu. If
B is a real normed linear space satisfying the condition

m
2 a||butcv|>0 for all u,v€EB (4)
v=1

then B is a Euclidean space.

The proof of the theorem depends on two lemmas.
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JLemma 1. If B satisfies (4) then B also satisfies a condition of the form

m
o llut+gulP=0 for all w,v€EB, (5)
r=1

where

m m m
p,k0 for y=1,...,m, ¢+q. for vEu, le,= ;pyqv= §1p”quo (6)

and > ».4.>0. (7

q,>0

Proof of Lemma 1. Replace v in (4) by Au-+wv, where 1 is so chosen that
b,=b,+¢,A+0 for v=1,...,m. Then we see that (4) is equivalent to the con-
dition

=glzzav“b;ux%c,,1;”2>0 for all u,v€B, (8)
where b,+0 for y=1,...,m. We now write condition (8) in the form
=§17~,,||1H—s,v||2>0 for all w,v€B, (9)
where we have put
r,=a,b2 s,=c/b, for v=1,...,m. (10)

From the properties of a,,b,,c, and the choice of 4 it follows that

m m m
r,+=0 for »=1,...,m, s,%+s, for wkpu, >r=2rs=>rs=0. (11)
: p=1

y=1 p=1

For some 7,1<7<m, we have r,>0. Choose £>0 so that |s,~s,|>sfor y=FT.
Now replace w and » in (9) by (¢—s,)u+ (¢ +s;)v and u—v respectively. Then
(9) gives

m

Srlle—s)u+ (e+s)v+s,u—v)|*>0 for al w,v€EB

y=1
or >olluteg|P>0 for all w,v€B,
s

where
po=r(e—8+8), g=(+s—8)e—s&+s) ", v=1,..,m.

If we use (11) it is easy to verify that the numbers p,, g, satisfy relations (6).
Moreover, we have by the choice of ¢ that
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g.<0 for v+, ¢>0.

Hence we have zo Doy =Pr e =162 >0,
Q>

so that the inequality (7) is fulfilled. This completes the proof of Lemma 1.

Now suppose that B is two-dimensional and put C={u|w€B, ||u|=1}. Then
C is a closed convex curve, symmetrical about the origin. It is a well-known
fact that there exists a unique ellipse E (with its center at the origin) of maxi-
mal area inside O and that this ellipse touches C in at least four different
points (see for instance Day [2], pp. 117-118). Let %, and v, be two of these
points such that w,+ +v,. We denote by || - ||, the norm in B for which E is
the unit circle, that is £={u|u€B, | u|,=1}. Because E is inside C we have

llu||<|lull, for all w€B, and because E is an ellipse || Auy+ v, ||F = 42 + 2aiu + u?
for all A, u(a is a constant).

Lemma 2. Put g(x)=|{ug+2vy|> — || uy+ 20, |[}. Then
@(r)=0(?), when x—0, (12)

px)=0(1), when x— +oco. (13)

Proof of Lemma 2. Let w be a vector lying along the common tangent line
to C and K at u, Then we have

1< |lug + 2w <] ug +2w|f =1 + 22 || w][}

from which it follows that

o+ 2w >~ || 4y + 2w]|i = O(2*), when z—0. (14)
Writing vy=Auy,+uw and using (14) we get

2t + o || — [f 2y + 2o, 1§ = || 1 + 2(Arg + ) |2 — || 2 + 2Rty + Aw) |3
= (L+ A2)*[|| wy + pz(l + Az) " 'w|* — || %y + p(l + Av) "0 |}]=O(2?), when x>0

so that (12) is proved. For symmetry reasons we also have

| vg + 2y |* — || vg + 2 |5 = O(2?), when z—>0.
Hence it follows that

Wl 20q + 205 [I* = [l 209+ 205 |1} = 2*( vy + &t || — || 0+ 2~ 16 |1}
=2°0(x"%)=0(1), when a—>=+ oo

and Lemma 2 is proved.
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Proof of the theorem. It is sufficient to prove the theorem in the case that
B is two-dimensional. Let u, and v, be the elements introduced above. Accord-
ing to Lemma 1 we have

m
zp"”u0+%'xv()"2>0 for —oco << + oo,
v=1

From relations (6) it follows that

m
D 0o llugt @avp|i=0 for —oo<z< +oo.
v=1

Hence the function @(z) satisfies
m
2 0.9(gx)=0 for —oco<z< + 0. (15)
r=1

If we use Lemma 2 we see that x %p(z) is integrable over the interval (— co,
+ o0). Thus we may divide the inequality (15) by x* and integrate from — co
to + oco. Then we get

E(OZ%%) : ch fz‘P(“«') dx

4, —®

0< zlpvq)(qvx)x—2dx= ( Zopqu_

— a,>

=23 pquf & p(x)dz.

2,>0 -
But since 3g,-00,9, >0 and @(x) <0 for all z it follows that
p)=0 for —oco<x< + oo
or o+ 2o || = || wg+ 2w, |l, for —oo<az< + co.

This means that C and E coincide or that B is a Euclidean space, which was
to be proved.
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