
Mean values of subharmonic functions 
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1. Introduct ion  

Let  u be a subharmonic  funct ion in I1 n. We in t roduce the  ma x imum modulus  

M(r) = .M(r, u) = max  {u(x) : Ixl = r}, 

the  lower order 

and  the mean value 

log M(r) 
= ~(u) ----- lim~__~:oinf log r ' 

/ *  

T(r )  ---- T( r ,  u) = if21 [ u+(rx)dff(x), 
q ]  

N=I 

where dg denotes  the  ( n -  1)-dimensionM JcIausdorff-measure, a ,  is the  area 
of the  uni t  sphere, an -~ flxl=1 da, and u + ---- max  {u, 0}. 

We shall s t udy  the  relat ionship be tween  the  quan t i ty  

T(r ,  u) 
A(u) = lim,_~sup M(r, u) 

and  the lower order of  ~. 
Suppose ~ E (0, oo) is given. The Gegenabuer  funct ions C~ are given as solutions 

of  ~he differential  equat ion  

d2u du 
( 1 - - x  2) ~ x  2 - -  (2~-1- 1)Xdxx + 2(2 @ 2 y ) u =  O, - -  1 < x <  1, 

with  the normalizat ion C~(1) = F(2 + 2y)/r(2y)l~(2 + 1). P u t  

n- -2  

a~ = sup {t : C Z r - ( t )  = o} 
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and define the function u~. in R '~, n ~ 3, by 

0 if x 1 ~ a F 
u~(x) 

r~'C~ (x~/r) if x I > a;r, 

where x = (x l , . . . ,x~)  and r - - I x ] .  
Since u~ is harmonic in {x C R": x I > a, Ixl} = K and has boundary values 

zero on OK, u~ is subharmonic in R" and the lower order of ua is 2. We define 

0(2, n) = A(uz) (1.1) 

We are now in a position to formulate our main result. 

T~oR~5i  1.2. Let u be a subharmonic function in 
2, 0 < 2 <  co. Then we have that 

T(r, u) 
lim,_~sup M(r, u) ~- C(2, n). 

R", n ~ 3, of tower order 

I t ayman  [4] has shown that  for the set of subharmonic functions of finite lower 
order 2, A(u) has a lower bound; his bounds are not best possible but of the right 
magnitudes as 2 -+ co. By the construction of C(2, n), it is clear tha t  our bounds 
are best possible. 

For subharmonic functions in higher dimensions Theorem 1.2 may be considered 
as an analogue of the following result by Yetrenko [10] on the Paley conjecture: 

Let f be a meromorphic function in fJ and put  #(r, f)  == supo ]f(re~~ and let 
T(r, f )  be the Nevanlinna characteristic of f .  I f  the lower order of f is 

then 

log T(r) 
2 = lim inf 

r ~  log r 

I sin ~2 
T(r , f )  > ~2 if 2 < �89 

lim,_~sup log/z(r, f )  - 1 
i f  } < ~ <  oo. 

The plan of the paper is now as follows. In section 2 we derive some properties 
of the Neumann function for a cone. In  section 3 these are used to establish an 
inequality for subharmonic functions. The proof of Theorem 1.2 is given in section 
4 and we proceed in section 5 to some applications, which complete the paper. 

I wish to express my gratitude to professor Tord Ganelius ibr his kind interest. 
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2. Some properties of the Neumann function 

I f  /2 c R ~, n ~ 3, is an  tmbounded  domain  and  y E D, t h e n  the  N e u m a n n  
funct ion of /2 wi th  pole at  y, _N(., y), is a harmonic  funct ion in /2 --  {y} such t h a t  

(i) d/dvN(x ,  y) = 0 for all x E 0/2, where 0/2 is the bounda ry  of /2 and  d/d~ 
denotes directional derivat ive in the direction of the uni t  i~mer normal.  

(ii) N ( . , y ) - - r  z can be extended to a harmonic  funct ion in /2 where  
r~(z) = Ix - -  y[2-~. 

In  the rest of  this section we will use the  following notat ion.  Suppose 
-- 1 < a < 1 and pu t  

K = {x  e R':  x = ( x ,  . . . ,  x , ) ,  x 1 > a [ x l } .  

We let D = { x E K :  I x l =  1} ~nd 0 ' D = { x E O K :  Ix]---- 1}. I f  x E R  =, then  we 
introduce polar  coordinates by  pu t t ing  Ix I = r, 0 = arccos (xl/r) and x* -~ x /r .  
The N e uma nn  funct ion of  K is denoted by  N. I f  (~ is the Luplace-Bel t rami  
operator  on the  uni t  sphere and  A is the  Laplace operator  in R n then  the  following: 
relat ion holds: 

d 2 n - - 1  d 
A -~ d ~  -~ r dr -~- r-2(5" 

Denote by  {Xi}i~0, 0 = 20 < 21 < 22 < . . . .  the  sequence of eigenvalues of ~. 
in D, where the corresponding eigenfunctions ~vl are assumed to be symmetr io  
a round  the Xl-axis and  sat isfy the relat ion 

d~i 
~ i  ~- ~i~i ---- O, ~ ~- 0 on  O'D. (2.1), 

L e t  ~x~, fi~, ~ > 0 > fi~, be the  roots of  the  equat ion 

t(t + n - -  2) = 2~. (2.2} 

I f  r E R ,  then  we ident i fy  r wi th  (r, 0 . . . .  ,0)  E R  n. We observe t h a t  the  
funct ion x --~/V(e, x) is symmetr ic  a round the xl-axis i f  ~ > 0. Hence, following 
Bouligand [2], we have, if  0 > 0  and  I x I = r #  ~, t h a t  

co 

N(q ,  x) = an ~ sa' R~'q~'(x*)q'(1) (2.3} 
,=0 v / 4 ~ ,  + ( n  - 2)~ 

where s = min  (r, Q) and  R = max  (r, ~) q~ are normalized so t h a t  

f I~il2d~ 
D 

~nd 

and  

N is normalized by  lim{x{_+~ N(q ,  x) = O. 
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I t  is well known that  there exists an a fi (0, oo) such that  

lira o~ii -1 = cr (2.4) 
i = c o  

In the sequel, the letter C will denote constants which will not necessarily be 
the  same at each occurrence, and which may  depend on the cone K or the dimension 
n .  

We need some estimates of {~v~}. 

Lv.M~i 2.5. There exists to each M > 1 a number 
(I) I~,(P)[ < CMa' for all p 6 D, 

(II) ]dq~i/dO(p)] < CM ~ for all p 6 D, 
Here cf~ is normalized by f D [~ i[2da ---- 1 

C > 0 such that 

Proof. Since ~ are assumed to he symmetric with respect to the xl-axis we have, 

n--2  

~ i (p )  = d i C a i ~  (~91) , ~9 = ( P l ,  �9 �9 ", Pn) e D ,  

where C~ are the Gegenbauer functions and d~ > 0 is chosen so that  

f lq~Pd~ = 1. 
D 

From the representation formula (22) in [3], p. 178, we have for 7 > 0 and 
0 G 0 < ~/2: 

C~(cos 0) --~ ~-�89 + 27)/'(7 + �89 + 1)} -1 X 

X / {cos 0 -[- %/ - -  1 sin 0 cos t}~(sin t)2~-ldt 

0 

This gives easily tha t  for 7 > 0 and 0 ~ 0 < u/2 

]C~(cos 0)[ < / ' ( ~  + 27)//'(27)/'(~ ~- 1) = C~(1). (2.6) 

To estimate C~(cos 0) for 0 > Jr/2 we use representation formula (23) in [3] 
13 . 178, which gives 

C~(cos 0) = 2Yjr-�89 + 27)/'(7 @ �89 Jr 1)} -1 • 

o 

• (sin 0) 1-2r f cos[( 7 A- a)t](cos t --  cos Oy-Idt, 

0 

which is valid if 7 > 0 and 0 < 0 < ~r. Consequently 
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]Ca~(COS 0)[ _~ 22y$c�89 0)1-2~]~(~ + 21-)(~))-lC?a(1) (2.7) 

if  7 ~ 1  and  0 < 0 < = .  I f  y = � 8 9  t h e n i t  is known t h a t  

1 1 �9 

lC~(cos 0) l _< 2~%-�89 =-~(Sln 0)-�89 

for cr > 1 and  0 < 0 < ~r, see I-Iobson [6], w 200. F rom (2.6) and  (2.7) i t  follows 
t h a t  there exists a number  C > 0 such t h a t  [~v~(p)l < C~i(1) i f  p 6 D. F r o m  
formula  (39), [3] page 178, we have t h a t  d/dxC~(x) = 2yC~+l(x), and  hence, there  
exists a number  C > 0 such t h a t  

Idol (P) ~-~ < C C~], 2 ( 1 ) { C j  (1)}-1~(1). 

n - - 2  

]But C~/i : (1){Cai-F-(1)}  -1 ----- (~, ~- n ) (~ i  --~ n - -  1)(n 2 - -  ~b) -1, so to  p r o v e  L e m m a  2.5 

i t  is now sufficient to prove (I) for p ---- 1. An application of Green.s formula to  
the harmonic  funct ion x - - > r ~ ( x  *) and N(1, .) yields: 

~(1) = o'2~(n - 2)-~ M~-~o~(x*)NO, x) -- .~I~%(x *) ~ N(1, x) d~(x) 
( ~ e : K l ~ I  = M )  

I-Ience there exists a number  C > 0, such t h a t  

~,(1)<OM~,f  [9,(x)Ida(x)<CM~'(sincef ]~0~I2 : 1 ) 
D D 

and this  completes the  proof  of L~mma 2.5. 
We need to know where the N e u m a n n  funct ion assumes its smallest value. 

L~M~A 2.8. Talce any point  e C OK with [e[ ~ 1. 
x E K we have 

N(e, x) > N(e, ]xle). 

Then for all ~ > 0 and all 

Proof. I f  u is a function,  which only depends on r and  0, then  

d2u 
A u -  d #  + 

n -  1 du d2u du 
r dr + r-2 ~ + (n - -  2)r -2 cot 0 d-O " 

For  a harmonic funct ion u we have t h a t  for 0 ~ 0 ~ 

du du 
A ~ = (n --  2)r-2(sin 0) -2 d-0" (2.9) 

Le t  t g ~ { x E K : 0 ~ 0  and  d / d O N ( q , x ) ~ O } .  L e m m a  2.8 follows, i f  we can 
show t h a t  .(2 is empty .  Assume t h a t  Y2 ~ O. F r o m  relat ion (2.9) i t  follows tha~ 
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*he funct ion  d/dON(e, .) is subharmonic  in ~9 and  has b o u n d a r y  values zero on 
all  of  0D wi th  the  possible excep t ion  of  0Y2 gl R. :From inequa l i ty  (2.6) and  the  
expans ion  (2.3) it  follows t h a t  lim~_,~ d/dON(e, z) <_ 0 for all r ~ e. Le t  h e be 
r harmonic  funct ion  in K such t h a t  N(e ,  x) = Ix --  ~ 12-= @ he(x). We have  
t h a t  d/dOlx -- el 2-~ = --  (n -- 2)Ix - -  e)-~elxl sin 0 ~ 0 i f  x # e. Since 
d/dOlx- -  e[2-"--~O when  x - + r #  e we must  have t h a t  lim~+~d/d0h0(x ) < 0  
for  all r > 0, and hence lim sup d/dON(e, x) < O. I~ecalling (2.4) and  L e m m a  2.5 

we have  liml~l+ ~ d/dON(e, x ) ~  O. The m a x i m u m  principle now gives t h a t  
d/dON(e, x) < 0 in f2, and this con t rad ic t ion  completes the  proof  of  L e m m a  2.8. 

Now we shall p rove  a resul t  concerning the  b o u n d a r y  values of  the  N e u m a n n  
func t ion .  

LEMMA 2.10. Take any e E OK with [e[ = I. Given e > O, define Y~(e, x) = 
N ( e  , Ixle). Then ~o is independent of theparticular e chosen and ~P(e, ") is super- 
harmonic in R" --{ 0}. 

Proof. F r o m  Boul igand [2] it  follows t h a t  ~o(e, .) is two t imes cont inuous ly  
different iable  in R" --  {0}. Suppose t ha t  there  exists r I, r 2, such t h a t  A~o(e, .) > 0 
in B = { x : r  1 <  ix[ < r2} .  Then  e(e , . ) = ~ o ( Q , . ) - N ( e , . )  is subharmonic  in 
B [ 3 K = E .  F r o m  L e m m a  2.8 e(e , - ) < 0  and  e(e,-)  i s 0 o n  OEClOK and  has 
normal  der ivat ives  zero on 0E Cl OK fl B ~ F .  Bu t  each y E F is a regular  
b o u n d a r y  point  and  a noncons t an t  snbharmonic  funct ion has its normal  der iva t ives  
d i f ferent  f rom zero a t  a poin t  where  it  assumes it  m ax im u m ,  see P r o t t e r  and  Wein- 
berger  [11], p. 67. This cont rad ic t ion  establishes the  lemma.  

Given x E K  we define 
d(x) = dist {x, 0g}.  (2.11) 

]~ENNA 2.12. Define e(e, .) = ~f(e, ") -- N(e ,  "), with ~ as in Lemma 2.10. Given 
M >  1, there exists a number C >  0 such that i f  Ix] > M e ,  x C K,  then 

(I) 

and 

O I )  

Here 

-- Cd(x)o~~ ~1-1 < e(e, x) < 0 

IxI = r and 0~1, fll 

de(e, x) 
< Ce~,r~1-1 

are defined in (2.2). 

Proof. Take  any  v E OK with  Iv I = 1. Since % = const.,  we have  f rom (2.3) 
i f  e < r ,  t he n  

e (e ,  x)  = (~. 
(ydx*))qJi(1) 

i = l  V 4,~i @ (n - -  2) 2 
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L e m m a  2.5 now yields the  second inequa l i ty  of  the  lemma.  E x t e n d  s(~, .) to R ~ 
b y  pu t t ing  i t  equal  to  0 in R = - -  K.  Then  e(~, -) is superharmonie  in R ~ - -  {p}. 
I f  we define h ( s ) =  inflx[>~s(p,x), t hen  to all m > 1, there  exists a C > 0, 
such t h a t  i f  s > mp then  h(s) ~ -- Cp~s ~. Pick  a n u m b er  e > 0, so small t h a t  
M l = ( 1 - - e ) M >  1. F ix  x E K  with  Ix I > M ~  and  let x 0 E O K  be a point  
wi th  I x -  XoI = d(x). To prove  (I) we need only  to consider the  ease when 
(~(x) ~ � 8 9  I. Choose h E R  and  z E R  ~ such t h a t  (Z, X o ) = b  and  z is the  
ou tward  normal  of aK at  x 0. Le t  E - - { y E R ~ :  l y - - x 0 ]  < � 8 9  ( y , z ) < b }  
and B = { y :  !y - -Xo l  ~- �89 (y ,z)  ~ b }  and  let  o~ be the  harmonic  measure  of  
B wi th  respect  to  E.  There  exists a n u m b e r  C > 0 only  depending on the  
dimension,  such t h a t  co(y) ~ Ce-lr-X]y -- Xo[ for  all y E E .  Since e(p, ") is 
superharmonic  and  has b o u n d a r y  values  0 on OE - -  B and  the  b o u n d a r y  values 
are ~ h((1 --  e)r) on B, the  min imum priuciple gives s(p, x) ~ Ce-lr-~[x --  
x0Ih((1 - -  e)r) ~ --  Cr-Xd(x)pa~r ~-~ for some n u m b e r  C > 0, and  L e m m a  2.12 
is proved.  

F o r  a domain  ~9 on the  uni t  sphere wi th  b o u n d a ry  ~'~9 let ~ = X(~) be the 
f i rs t  eigenvalue to  the  problem 8u-~  2 ( 2 - ~ n - - 2 ) u = O ,  u :  0 on 0'[2 and  
let  ~ = ~9 be the  corresponding eigenfunction,  normal ized  so t h a t  ~ > 0. 

LEMMA 2.13. Let )~ be the first eigenvalue of D and let q~ = FD be an eigen- 
function. Then we have that ~ < ~z and q~(p) ~ ~(1) for all p E D. Here ~1 is 
given by (2.2). 

Proof. Suppose ~ 1 ~ -  Pick z E O K  wi th  Izl = 1 and  let  e = s i g n ~ i ( z ) .  
The  Phragm~n-LindelSf  theorem (see Le long-Fer rand  [9]) applied to x --~ r~'eq~l(x *) 
yields t h a t  e~l ~ 0 in D. B u t  this contradic ts  the  fact  t h a t  fD  ~1 ~- 0. Since 

71 and  ~ are given by  Gegenbauer  funct ions  we cannot  have  al = ~. F o r  the 
second hal f  of  the  proposi t ion,  suppose t ha t  dqp/dO(p) = 0 for some p E C - -  {1}. 
L e t  D l = { q E D : q x ~ p l } .  For  /)1, let  ~1 be given b y  (2.2). Since C 1 C C  we 
have  ~1 = ~(C1) ~ ~ and  we h a w  also ~1 ~ ~ ~ ~1. Bu t  this contradic ts  the f irs t  
ha l f  of  the  proposi t ion,  applied to  D 1. 

3. An inequality for subharmonic functions 

We cont inue  the  no ta t ion  of  section 2. In  addi t ion  we in t roduce  

K R = K N { I x l  < R }  and  D R = K N { l x I = R } .  

We take  as our  s tar t ing  point  the following lemma,  which gives a re la t ion between 
the  values on the  s y m m e t r y  axis of  KR and  the  averages over  DR, 0 < r < R,  
of  a smooth  funct ion  in K R. 
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LEMMA 3.1. Suppose u is two times continuously differentiable in KR. 
O ~ ~ ~ R, then we have that 

[ "  

u(q) = V(u, e, ~)  + ~Z~( n - 2)-1 ] Au(z)e(q, z)dz + S(u, q, R). 
. J  

KR 

Here e(~, ") is given Lemma 2.12, ~f(~, .) by Lemma 2.10, 

and 

[ .  

V(u, ~, 1r = - a:~(n - 2) -1 ] u(z)Atf(e, z)dz, 
KR 

S ( ~ , e , ~ ) = ~ = % _ 2 ) _ l f { u ( x ) d e ( Q , x )  du(x) } 
dr dr e(~,x) da(x). 

DR 

I f  

Proof. Observing that  e(~, x) = d/dve(e, x) = 0 for all x E OK N OKR, an 
application of Green.s formula to e(p, ") and u gives Lemm~ 3.1. 

In  order to make use of Lemma 3.1 we need ~ preliminary result on the Green 
function. 

LEMMA 3.2. Let G and G• be the Green functions of K and K3R. Then, with 
the notation of Lemma 3.1, we have for all ~ ~ 0 and all y E K 

G(e, y) ~ -- (~l(n 2) -1 f G(z, y)A~(~, z)dz. 

K 

There exists a number C ~ O, only depending on K, such that i f  0 ~ Q ~ R/2 
and y E KsR, then 

E(~, 1r y) -~ G~(~, y) --  V(GR(', y), ~, R) ~ CCli2 ~'. 

Proof. Since the function /v(~, .) _~ e(~, .) + G(Q, .) is superharmonic in K, 
has boundary  values zero, and limix[_~ E(~, x) = 0, the largest harmonic minorant 
of F(~o, .) in K is 0, and hence F(e,  .) is a potential (by Helms [5], p. 117). 

l~euce, b y  Lemma 2.12 and l~iesz decomposition theorem, we have for y C K, 

G(~, x) > F(e,  x) = ~-~(n - 2)-1 f G(z, x)A~(e, z)dz. 
K 

I f  y, z e K3. and z * =  (3R)2Izl,ez, then 

G,(z, y) = G(z, y) -- h(z, y), 

where h(z, y) = (3R/IzI)'-2G(z *, y). Now we have 
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E(O, R, y) -~ G(O, y) -- h(o, y) -- V(G(., y), O, ~) -~ V(h(., y), O R). 

B y  the f irst  par t  of the ]emma and  by L e m m a  3.1 applied to the harmonic funct ion 
h(-, y) we get 

E ( 0  , R,  y) >__ V(h(.  y) ,  e, R)  - -  h(e ,  y) = - -  S(h(., y), O, 1~). 

We record the following fact  for later  use (eft Prot ter-Weinberger  [11]): I f  u 
is harmonic  in a domain to c R n and  V u denotes the gradient  of u, then  for 
all x E t o  

IV u(x) i ~ CM[dist .  {x, 0to}] -1 (3.3) 

where M = sup{Iu(x) t:x  E tO} and  C is a number  only depending on n. 

Since the  boundary  values of h(., y) are zero on OK fl OK3R and  h(., y) ~ 0, 
we have t h a t  m(y) = sup (]h(z, y)]: z C K2R} = sup {h(z, y): y E D2R } and  con- 
sequent ly  re(y) = (3/2) "-2 sup {G(z, y): z E DgR/2 }. I f  we pu t  

A = (3/2) max  {a(z, x}: x e K 2, z E D9/2}, 

then  A ~ co and  re(y) ~ R 2 - ' A .  There exists a number  c ~  0 such t h a t  
dist  {z, aK2R } _~ cd(z) for all z e DR, where d is given in (2.11). F rom (3.3) and  
L e m m a  2.12 i t  follows t h a t  

E(~, ~ ,  y) > - -  S(h(., y), 0, R) > --  ~ e(0, x)d~(x) - -  

D R 

f de(e, x)] 
. ]  h(x, y) dr d~(x) > --  C0%R ~, 

DR 

and  L e m m a  3.2 is proved. 
The nex t  l emma is the main  result  of  this section. 

LEMMA 3.4. Suppose u is a two times continuously differentiable nonnegative sub- 
harmonic function in R n and suppose further that Au -~ 0 in {Ix I ~ e} for some 
e ~ O. Then there is a number C ~ O, only depending on K, such that i f  
O ~ O ~1~/2, then 

u(e ) ~ V(u, O, R) -~ CM(6R, u)(O/R) a'. 

Here V is given in Lemma 3.1 and ~1 in (2.2). 

Proof. Let  h be the harmonic  ma jo ran t  of u in K3R. Then u ~ - - h - - p  in 
K3R, where 

p(y) = ~;l(n _ 2)-1 f (GR(y, z)Au(z)dz, y e K3R, 
q t J  

K3R 
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and  GR is the  Green funct ion  of  KsR. 
F r o m  L e m m a  3.2 we have  

u(~) = V(u, ~, 17) d- a21(n - -  2) -1 f Au(z)e(~, z)dz d- S(u, o~, R). 

KR 

I t  remains  to  es t imate  the  last  two te rms  in this equal i ty .  We wri te  S(u, ~, R) = 
N(h, ~, t~) -- S(p, ~, R). An appl icat ion of  (3.3) and L e m m a  2.12 yields 

IS(h, ~, r)] < C f M(3R)~'R~I-ld~(x) z CM(3R)(Q/R)~,, (3.5) 

D R 

remember ing  t h a t  fil - -  - -  ~1 --  (n - -  2). 
I t  remains  to  es t imate  a [ l ( n  - -  2) -1 f K R AU(Z)S(~, z)dz -- S(p, e, R) = H. An 

appl icat ion of  L e m m a  3.1 gives (since Ap = -- du) H = V(p, e, R) -- p(Q). I f  E 
is as L e m m a  3.2, t hen  a change of the order  of in tegra t ion  gives 

H = -- f E(e , R, y)Au(y). 
Q,J 

K3R 

I f  we pu t  #(t) --~ fJyE<t Au(y)dy, t hen  L e m m a  3.2 yields 

H ~ C~I_R~,#(3R). (3.6) 

To es t imate  r we argue as follows: F r o m  the  l~iesz represen ta t ion  formula  we have  

u(O) = T(2R, u) -- a2~(n -- 2) -1 f (lyl 2-~ -- (2R)2-n)zJu(y)dy. 
. 2  

lyI<2R 

Since we have  assumed t h a t  Au = 0 for IYI < e, the integral  above is convergent .  
Since u > 0  we have  

2R 

T(2R, u) >_ (~:~(n -- 2) -~ f {t 2-~ -- (2R)2-'}d#(t). 

0 

- = - 2 ) f 3 "  ~(t)tl-'~dt ~ ju(R)(i - -  
I~ut f ~  {t 2-~ " ~-" 2~-~)R~-~. 

This implies t h a t  there  exists a n u m b e r  C > 0, depending only  on n, such t h a t  
tt(R) < CM(2R)R 2-~. I f  we use this inequa l i ty  in (3.6) we have t h a t  

H <_ C(~/R)~'M(6R, u). (3.7) 

Combining (3.5) and (3.7) we f ind t ha t  

u(e) = v(t~, ~, R) + H + S(h, e, R) < V(u, e, ;r + C.M(6R, u)(e/R)% 

and  this completes the  proof  of  L e m m a  3.4. 
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4. The main result 

The proof  of Theorem 1.2 will be based on the following result, which is interest ing 
in itself. We continue the  nota t ion  of section 1. 

T~EOnE~ 4.1. Suppose u i8 subharmonic in R", n ~ 3 and there exists a number 
r0 ~ 0, such that 

Then either u is 
O ~ A ~ .  

T(r, u) ~ C(~, n)M(r, u) for all r ~> r o. (4.2) 

bounded from above or l im~|  M(r, u)r -~" -- A exists and 

We remark  t h a t  by the construct ion of  C(~, n), ~ is the best possible choice 
for the growth of functions sat isfying (4.2). 

Proof of Theorem 4.1. Le t  a~ be given as in the beginning of section 1. P u t  
K = { x ~ -  ( x l , . . . , x , ) C R " : x  l>a~lx l } ,  D = { x E K :  rx[ = 1}. 

Le t  us make  the  assumpt ion t h a t  u is no t  bounded from above and  t h a t  r 0 
is so large t h a t  M(r o, u) ~ O. Define 

v = ( u  + - -  M ( r o ,  u ) )  +. (4.3) 

Then v has the following properties: 

v ~ 0 ,  v(x) = 0 if [x I ~ r o ,  and  M(r,v)  ~ - M ( r , u ) - - M ( r  0,u) for r ~ r  o (4.4) 

T(r, v) ~ C(~, n)M(r, v) for all r ~ 0. (4.5) 

The relat ion (4.4) follows from the m a x i m u m  principle. To prove (4.5), f ix  
r ~  0 and pu t  ~ 9 = { r x ]  = l : u + ( r x ) ~  M(ro, u)}. I f  f a d a ~ a , C ( 2 ,  n), then  

(4.5) follows easily. For  the case when oo -- f ~  da ~ a,C(~, n), we have tha t  

T(r, v) -~ a~ 1 f {u(rx) - M(ro, u)}da(x) ~ T(r, u) -- a~logM(ro, ~).  

~9 

By (4.2) and (4.4) we f ind 

T(r, v) ~ C(2, n)M(r, u) -- a~1~oM(ro, u) -~ C(2, n)M(r, v) -~ 

~- (C(~, n) -- a~lo))M(r, u) ~_ C(~, n)M(r, v), 

and  (4.5) is proved. 
V Now by ]{elms [5], p. 71, there exists a sequence { ~}~=1 of two t imes con- 

t inuously  differentiable subharmonic functions in R", such t h a t  v~ ~ v as 
m -~  ~ .  Moreover, since v = 0 for Ix l ~ r0, all v~ m a y  be t aken  to be 0 for 
Ix[ ~ to~2. I f  we f ix ~ ~ 0, then  we have af ter  a rota t ion tha t  v(~) ~ M(~, v). 
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A ro ta t ion  does no t  change a n y  of  our  assumptions.  We now apply  L e m m a  3.4 to  
all v,,, and  then  let  m--> oo. Then  we have  for 0 < ~ < R/2 

M(~, v) ~ V(v, e, t~) @ CM(6R, v)(~/R) ~. (4.6) 

Def ine  P(~,  r) = - -  (n - -  2)- lr"- lA~(~,  x), with  ix! --~ r. Th en  we get f rom (4.6) 
when 0 < ~ < R / 2 :  

R 

M(~, v) ~ f T(r, v)P(~, r)dr + CM(6R, v)(e/R) ~ (4.7) 

0 

Le t  ~ be the  f i rs t  e igenfunct ion of  D (which is 0 on the  b o u n d a r y  of  
D) normal ized  so t h a t  ~(1) ~ 1. Then  b y  the  cons t ruc t ion  of  K,  ~ corresponds 
to  the  eigenvalue 2 and O: x e->r~(x*) ,  x ~ K ,  is equal  to  u~(1)-lux]K, where 
u~. is as in section 1. F r o m  L e m m a  2.13 and  the  def in i t ion  of  C(2, n) we have  

a: ~ f O(rx)d~(x) = C(& n)r ~ for  all r ~ 0 (4.8) 

D 

q~(z) ~Cd(z)  for  all z C C ,  
t he n  i t  is easy  to  see tha t  
R--> oo 

F r o m  L e m m a  3.1 appl ied to  O we have  ~" = f2 C(2)r/P(Q, r)dr ~- S(O, ~, 17). 
I t  is known (see Azar in  [1]) t h a t  there  exists a n u m b e r  C > 0, such t h a t  

where d(x) = dist {x, OK}. Hence,  i f  0 < ~ < R/2, 
IS(O, ~, R)[ _~ C~'R ~-~ and  L e m m a  2.13 gives when 

co 

~" = f C(& n)r~~ r)dr. (4.9) 

0 

Define the  funct ion  H: r ~ r-AM(r, v). Th en  H is upper  semicont inuous in 
[0, oo[ and  is 0 in i0, r0]. We wan t  to show t h a t  there  exists a n u m b e r  C ~ 0 
such t h a t  if  0 < ~  < R ,  t hen  

H(r) ~_ CH(R). (4.10) 

P u t  m(R) = max  {H(r): 0 < r < 6R}. There  exists a Q, 0 ~ ~ < 6R, s u c h t h a t  
m(R)=H(~) .  I f  R / 2 _ ~ _ ~ 6 ~ ,  t hen  

re(R) = H(~) = M(~)e -~ ~ J/I(6R)(6R)-~(6R/~) ~ ~_ 12~H(6R). (4.11) 

If  0 <Q ~ R / 2 ,  t h en  we have  f rom (4.7) 

e~m(R) < re(R) f C(~)r~P(e, r)dr @ CM(6J~, v)(e/R)% 
e.J 

R 

Using (4.9) we have  
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R 

re(R) f C(2)rzP(~, r)dr ~ CM(6R, v)(~/R) ~'. (4.12) 

0 

From (2.3) we have t h a t  i f  Q < r ,  and  e C O K ,  [e l =  1, t hen  

_a i / . f l i+n -3  qYi(% ")q~i(" l '~')pitpi'':' "~- n - -  2) 
P ( ~ ,  r)  = - -  ( n  - -  2 ) - 1 ~ n  ~, 

~=1 ~ / 4 ~  + (~ - 2)3 

Using t h a t  91(e) < 0, (2.4) and  L e m m a  2.5 we see t ha t  there exists a Y > 1 and  
a number  k > 0 such t h a t  r -->~0 implies 

P(q, r) :> ]c(e/r)~'r -1. (4.13) 

~ence f ;  ~'P(e, ~)~ > f ~  > k~(Q/R)~R ~ 
Inser t ing this in (4.12) we f ind  re(R) ~ CH(6R) and this t aken  together  wi th  

(4.11) proves (4.10). I f  we pu t  A = lira inf,_~, H(r), B = lira sup,_~. H(r) and  
L = sups>0 H(r), then  relat ion (4.10) gives t h a t  

O < A < B <_ L ~ CA. (4.14) 

We will now prove t h a t  A ---- B, i.e. lira r-AM(r, v) exists. I f  A ---- oo, then  this 
is clear, so we assume t h a t  A ~ oo. I f  we let /~ -+  0o in (4.7), then  0 > 0 implies 

cO 

M(e, v) < C(A) f M(r, v)P(e, r)dr, C(~) : C(2, n) . (4.15) 

0 

To prove t h a t  A = B, we use a technique similar to Kjel lberg [7]. We s tar t  
by  showing t h a t  B = L. I f  B ~ L, t hen  the npper  semicont inui ty  of H implies 
the  existence of  a ~ > 0, such t h a t  H(s) = L. F r o m  (4.15) we have t h a t  

o0 

Ls z ~ f C(,~)rZP(s, r)dr, 
I" o 

c O  

since v(~) = 0 for 0 < ~ < ~o. ~ u t  f t .  V(~)~P(~, ~)d~ < f0  V(~)eP(~,  ~)d~ = ~, 
b y  using (2.10) and  (4.9). This contradict ion establishes t h a t  /~ = L. I f  we pu t  
L(_~) ~-- maXo_<~_<RH(r ), t hen  L(R) ~ L and  limR_~ L(R) = B. Assume t h a t  
A < B .  1 ) ickan  /~ such t h a t  H(R) ~ A  and  so large t h a t  L ( R ) ~ B .  Take ~, 
0 < e --< R, such t h a t  L(R) = t t (e  ) and  pu t  t = 2~(H(R)/L(R)) am. I f  t < r < / ~ ,  
then  

H(r) -~ r-~'M(r, v) < M(R, v)R-~~ ~ < %/H(I~)L(B). 

We have therefore the following es t imate  of H: 
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L(R) if  O < r < t  

H(r) <_ W/H(R)L(R) i f  t < r  <_R 

B if  R ~ r .  

This implies t h a t  ~ < t. F r o m  (4.15) we get 

t R 

L(R)~;" ~ L(R) f C(~)/~P(~, r)dr + %/H(R)L(R)f C().)/'P(~, r)dr + 
0 t 

oo 

+ B f C(2)#P(~, r)dr. 
B 

We subt rac t  L(_R)~ ~ = L(R) f~  C(2)rXP(~, r)dr f rom bo th  sides of  the  inequal i ty .  
This yields 

B oo 

t R 

There  exists a n u m b e r  C > 0 such t h a t  ~ _< t implies t h a t  P(~, r) < C(o~/r)~'r -1 
and hence 

oo 

f r~P(e, r)de <_ C(e/RF'R ~. 
11 

(4.17) 

We now want  to  show t h a t  there  exists a n u m b er  c > 0, on ly  depending on 
the  rat io  t/B, such t h a t  

R 

f r~P(~, r)dr ~ c(~/R)~'R ~. (4.18) 

t 

I t  is easy  to  see t h a t  i t  is suff icient  to  consider the  ease when  R = 1. F r o m  (4.13) 
i t  follows t h a t  ~ ~ ? - 1  and  0 < h <  1 implies t h a t  

1 

f r~P(e, r)dr > ke~'(ai - -  ~)-i{h~-~l - -  1} 

h 

The  funct ion  Q -+ f~ riP(e, r)dr is cont inuous  and  s t r ic t ly  posi t ive in [y-i, h] and  

hence there  exists a n u m b e r  c > 0 depending on h such t h a t  f~ riP(~, r)dr > C~ ~'. 
This proves  (4.18), and  combining (4.18) and  (4.17) with (4.16) we f ind  t h a t  there  

exists a num ber  C > 0 such t h a t  (L(R) -- %/H(tt)L(R)) ~ C(B -- L(R)). B u t  
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this gives a contradic t ion,  since the  r ight  h a n d  side of  the  inequa l i ty  tends  to 0 as 

/~--> ~ and  the  left  side tends  to B - -  ~ v / - ~  as R--> ~ .  This cont rad ic t ion  
arose f rom the  assumpt ion  tha~ A < B,  and  hence Theorem 4.1 is proved ,  since 
f rom (4.4) Jill(r, v) = M(r, u) -- .M(ro, u) for  r ~ r o. 

We are now in a posi t ion to  p rove  Theorem 1.2. 
Proof of Theorem 1.2. Suppose u is subharmonie  in R ' ,  n ~_ 3, and  of  lower 

order  ~, 0 < 2 ~  ~ .  Take  any  e > 0 .  Th en  l i m i n f ~ r - X - ~ M ( r , u ) - ~ 0  
and  f rom Theorem 4.1 i t  follows t ha t  there  mus t  exist  a sequence {r~}~ ~ 
r~ - ~  oo as m --> ~ ,  such t ha t  T(rm, u) ~ C(~ ~ e, n)M(rm, u). I~ence 
l i m s u p r ~ T ( r , u ) / M ( r , u )  ~ C ( ~ + s , n )  for all s > 0 ,  and  le t t ing e - ->0  we 
f ind t ha t  lira s u p ~  T(r, u)/M(r, u) ~_ C(~, n). 

5. Applications 

We will as a f i rs t  appl icat ion give a result  on the  eigenfunct ions of  the  Laplace-  
Bel t ramiopera tor .  

T ~ n o ~ n ~  5.1. Suppose t~ is a domain in S n-1 = {x E R':  lxl = 1}, where 
n ~ 3. Let ~ be the first eigenvalue of 

~ u - 4 - 2 ( 2 + n - - 2 ) u = 0 ,  u = 0  on 0'9,  

and let q; be the corresponding eigenfunction, normalized so that maxpe ~ ?(p) - -  1. 
Then 

f q~(p)da(p) ~_ C(2, n). 

Le t  ~ 9 ' ~ - - { r x : r >  0, x E g }  and define 

0 i f  x ~ 9 '  

u ( x ) =  r~'q~(x/r) i f  x E g ,  r =  lxl 

Then  u is s u b h a r m o n i c i n  R ' ,  since u _> 0 in 9 '  and  u[g2' has b o u n d a r y  values  
0 on 0g2. Clearly M(r, u) = r ~ and  f rom Theorem 1.2 we have  

T(r, u) f q~dr > C(~, n) lim,_~sup M(r, u) -- 

t~emark. Theorem 5.1 m a y  be in t e rp re t ed  as follows: among  all domains  ~9 on 
the  un i t  sphere wi th  f i rs t  e igenvalue ~ the  q u a n t i t y  fo ~da is minimized for  
geodesic balls. 

The  ne x t  resul t  should be considered as a m.ean value anlogue of  Hal l ' s  lemma.  
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T H E O R ~  5.2. Let u be a positive superharmonic function in a cone 

K : { x  : ( x  I . . . .  , xn):  x I > a ] z l }  

where a E ( - -  1, 1) and  n ~ _ 3 .  Put D : ( x E K :  Ix I--- 1~ and ~o----fDda. 
Suppose 

f w -1 u(rx)da(x) ~ 1 for all r > O. 
D 

Then u(r) ~ 1 for all r >  O. 

Proof. L e t  G and  P be the  Greenfunc t ion  an d  the  Poisson kernel  of  K .  Le t  
be the ~r func t ion  of  K wi th  pole a t  inf in i ty .  There  exists a n u m b e r  r162 ~ 0, 

a nonnega t ive  measure  2 on 3K and a nonnega t ive  measure  # on K such 
t h a t  for  all x E K  we have  

f f 
=  v(x) + ] P(y, + ] G(z, (5.3) 

r  

OK K 

l~or a n y  funct ion  h ~_ 0 in K define,  

V(h, Q) ~ -- a~l(n ~ 2) -1 f h(z)~yJ(Q, z)dz, yJ as in L e m m a  2.10. 

K 

I f  we p u t  t(r, h) = (~Z l f D  h(rx)dq(x) and  Q(e, r) = - in - 2)- l r~- lAF(e,  r), 
where Ix[ = r 

cO 

V(h, e) : f t(r, h)Q(e, r)de. 
o 

F r o m  the  p r oo f  of  Theo rem 4.I we have  V(F, ~) : ~(~) for  all ~ ~ 0. L e m m a  
3.2 says t h a t  V(G(z,.),~) ~_G(~,z) for  all z E K .  Take  a n y  poin t  y E a K  and  
let  v be the  inward  uni t  no rmal  of  ~K at  y. Then  

f V(P(y, "), O) -- a21(n -- 2) -1 lim h-la(y + h~,, z)A~( O, z)dz ~_ 
h+O 

lim infh-lV(G(y + hv, .), e) ~ lim infh-aG(y ~ h~, e) : P(Y, e), 
h+0 h ~ 0  

by  Fatou-s  ]emma and  (3.2). We now f ind  f rom (5.3) t h a t  u(~) ~ V(u, ~) for  all 
Q and  L e m m a  3.1 yields t h a t  1 = V(I ,~ )  for  all ~ 0 .  We see t h a t  f rom the  
assumpt ion  on u we have  u(~) ~ V(1, e) ~-- 1 for  all e ~ 0, and  this finishes 
the  proof  of  Theorem 5.2. 

We can also prove  the  following resul t  b y  H u b e r  [7]. 
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THEOREM 5.4. Let u be subharmonic in  R", n ~ 3 and pu t  

E = {x c IV: u(x) < 0}. 

Suppose there exists number e > 0 and r o > 0 such that fEn<l~l =~)da ~ cr n-1 

for all r ~ %. Then there exists a t t  ~ O, such that either u is bounded from above 
or l i m , ~  r - ' M ( r )  ~ O. 

Proof. The assumptions  on u implies t ha t  T(r, u) ~ a21(a, -- C)M(r,  u) for  
all r > r0, and  an appl icat ion of  Theorem 4.1 fulfills the proof. 

We remark  t h a t  our  me thod  of  p roof  goes t h rough  wi thou t  change for n = 2, 
~ ~-. I f  ~ < �89 then  we use as an extremal  funct ion Re z x. We summar ize  this in 

THEOREM 5.5. Suppose u is subharmonic in C and is of lower order 
we have 

{ sinTd/~)~ if ~ ~ � 8 9  
lim,~sup T(r, u) /M(r ,  u) ~ 1/~)~ if  2 < �89 

2. Then 
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