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Abstract 

I n  this paper  we cont inue  our  s tudy  of hopf ic i ty  begun in [1], [2], [3], [4] and  [5]. 
L e t  A be hopf ian  and let  B have  a cyclic center  of  pr ime power order.  We improve  
Theorem 4 of [2] b y  showing t h a t  if  B has f in i te ly  m a n y  normal  subgroups which 
form a chain (we say B is n-normal) ,  t h en  A x B is hopf ian.  We then  consider 
the  case when  B is a p-group of  n i lpo tency  class 2 and  show tha t  in cer ta in  cases 
A X B is hopf ian.  

Some notations and preliminary results 

We draw freely f rom the  ideas in [1], [2] and [3]. In  the  sequel ~ will designate 
a sur ject ive endormorph ism of  A x B. In  our  proofs we begin b y  assuming t h a t  
A X B is no t  hopf ian  so we m a y  assume ~ is not  an  isomorphism on A. We use 
the idea of the  homomorph i sm ~ ,  in t roduced  in [3]. We no te  t h a t  for  ~ ,  to  exist  
as in t roduced  in [3], we must  have  ~ an  isomorphism on B and B~ f3 B = 1. 
The symbols  a, al, a 2 . . .  will designate e lements  in A. 

LE~MA 1. Suppose Z(B)  is cyclic of prime power order pJ and Bod N B = 1, 
cr an isomorphism on B,  j = 1, 2. Let  <b> ~ Z(B)  -~ Z and let (bta)~ = b, 
Then i f  ~ is not an isomorphism on A, t =  l m o d p .  

_Proof. Let  ba = albr We claim tha t  q ~ 0 m o d p .  F o r  otherwise ABo; -~  
A X <b> so t ha t  Bc~ = <b~> x A 1"1 B~. B u t  Bee has a cyclic center  and cannot  
decompose nont r iv ia l ly  as a direct  product .  Thus  B ~ B~ ---- <b~> which contradicts  
Theorem 3 of  [1]. Now 

A = (A x Z ) ~ ,  = Aa ,<a l>  . (1) 
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Le t  cr 1 = (a~bf)~. Hence  (a2bf-~)~ is a p : t h  power  ~nd so therefore  is (a2bf-1)a,. 
This implies  f - ~  1 m o d p ,  for otherwise if  L = <a2bf-1 > 

A ~- (A •  = ( A L ) ~ ,  = A ~ , L ~ , .  (2) 

B u t  since L ~ ,  is genera ted  b y  a p : t h  power  we m a y  conclude f rom (1) a n d  (2) 
t h a t  A---- -A~,  which is impossible.  Now we show t h a t  ( t ,p)  = 1. :For if  
M - =  <bta> then 

( A M ) a ,  = ALx, M ~ ,  = A~x<al} = A . (3) 

B u t  

A M  = A • <b~> (4) 

so t h a t  i f  pit,  we could deduce f rom (3) and  (4) t h a t  A = A ~ , .  
Since ( t ,p)  = 1, we see <b~> c Ac~B C Aa(bo~> so 

AocB = A~<b~} := A~<b>. (5) 

Also since (p, q) = p ,  we see t h a t  B .  A~ = A~@h>. Hence  we m a y  wri te  b = 
a z ~ . a ~ .  B u t  t h e n  a3a , = a ~ - "  so t h a t  ( p , l - - r ) = p  or else A = A a , .  Now let  
c = b'aa~lb -f. L e t  P be  the  subgroup  of p : t h  powers  in Z ( A ) x Z ( B ) .  Note  

c~ 2 = aa~ 2 rood P .  (6) 

I f  t ~ f m o d  P,  t h e n  f rom (6) we see t h a t  A = (A-  <ca~1>)(cr = A(c~2),. I-~ence 

t = = - f ~ l .  

Some results 

TI~EORE~ l. If  B is n-normal, A x B is hopfian. 

Proof. Suppose  the  t h e o r e m  is false. Le t  C be as in [3], p. 182 a n d  let  w be 
a genera tor  for  Z(C).  Le t  ~ be  a n  e n d o m o r p h i s m  of  A • C which  is no t  an  iso- 
m o r p h i s m  on A. Then,  as in (5) o f  L e m m a  1, A ~C = Aa<w>. B u t  then  C ~-- 
<w>C f3 Ao~. I-Ience C c A~ or C = <w>. The  fo rmer  is impossible  b y  L e m m a  
4 of [2] and  the  l a t t e r  is impossible  b y  T h e o r e m  3 of  [1]. 

LE~MA 2. Let B be a group with generators b, xl, yj, x2, Y2 . . . .  xn, y~ and 
defining relations of the form: 

[xl, y~] : b ph, x7 ~ : b nl, y~C~ = bm~, b~k : 1 ,  (7) 

and all other generator s commute. Then  Z(B)  : <b> and any automorphism of Z(B)  
may be extended to an automorphism of B. 
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_Pro@ This is an unpubl i shed  resul t  of F.  Pickel.  Fo r  the dura t ion  of  this paper  
B will be as in the above L e m m a  and  p will be a pr ime dis t inct  f rom 2. 

LEMMA 3. I f  B is f in i t e  we m a y  assume B Cl B ~  ~ = 1 for  all n suf f icient ly  
large. 

Proof.  Otherwise as in L e m m a  5 of [1], p. 237, we can produce  a normal  sub- 
group B 1 # 1 of  B wi th  Blc~ ~ ~ B 1 for some m > 0. Hence  c~ "~ is an isomorphism 
on B. Bu t  t hen  A N B ~ =  1 for BI~ ~ must  intersect  a n y  nont r iv ia l  normal  
subgroup of  B ~  m nontr ivial ly .  Hence  A •  A •  A~'~B~ m and hence 
A is isomorphic to a homomorph ic  image of Acr m. 

THEOtgEM 2. I f  j~ = r, i = 1, 2 , . . .  n in  (7), then A •  is hopfian.  

P r o @  B y  L e m m a  3 we m a y  assume B C l B c J =  1, i =  1,2.  Le t  ( b t a ) ~ = b .  
F r o m  L e m m a  3 we see t h a t  we m a y  assume t 2~ I mod  p, for otherwise we m a y  
replace ~ by  Oct where 0 is a sur ject ive endomorph ism of A • B which is the  
i de n t i t y  on A and  which acts as a suitable isomorphism on B. B y  L c m m a  1, 
is no t  an isomorphism on B. L~t K = (kernel ~) (3 B. Then  cr induces a sur- 
jec t ive  endomorphism Y of  A + B / K  onto  A + B / K  in the  na tu ra l  way.  Le t  
P = { g P l g 6 B } .  I f  g 6 B ,  we set g ' = g K  in B / K = B ,  and  claim 

Z ( B , )  ~- <b', g;, g'2, . . . , g'k> 

for  suitable g~ in P.  To see this, suppose w is a word in the  generators  of B 
such t h a t  w' 6 Z ( B / K ) .  L e t  s be the  exponen t  of Yl in w. Then  [xl, w] = 

[xl, yl] s 6 K .  I f  ( p , s ) =  1 t hen  [x1,?/1]= b P r 6 K -  Hence  [x~ ,y~]6K for all i. 
Hence  B .  is abelian con t r a ry  to Theorem 3 of  [1]. Hence  s is divisible b y  p.  
Similarly, the  exponen t  of  any  o ther  x or y symbol  in w is divisible b y  p.  Now 
let  

b~ = b~a~. (8) 

Since cr is no t  an  isomorphism on B, c~ is not  an isomorphism on Z ( B )  os t h a t  
(p, q ) =  p. Moreover,  in view of (8) 

A = (A • <b'>)r ,  = A T , < a l > .  (9) 

Now (b'-~a)~x = b~-qax I. But  then  we see, ((b') '-~a)7, = a l  ~ and  since t ~ 1 
mod  p,  

A = (A X <b'>)7, = [A<(b') '-~a>]7, = AT ,<aq>.  (10) 

Since (p, q ) =  p,  (9) and (10) imply  A = A~, .  

TttEOlCE)~ 3. I n  (7) let JI <~ J2 <-- . . .  ~ j , ,-1 < j ,  < k and e~ = k -  j~. Suppose  
fur ther  that m~ - -  n~ ~ 0 mod pJ~, i = 1, 2 . . . .  n. T h e n  A • B is hopfian.  
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Proof .  Our no ta t ion  is as in the previous theorem. I f  b p J" ~ K, as in Theorem 2, 
! t t 

we could deduce t h a t  Z ( B . )  --= <b', gl, g2 �9 �9 �9 gk>, gi C Pj and we could then  proceed 

exac t ly  as before. We m a y  assume b Pi" E K .  Let  e be the  least positive integer 

such t h a t  for t = p i , ,  b ' E K .  Let  

F = <xl, 5'1, x2, Y2, �9 �9 �9 xo-1, Y~-I, b> , 

A 1 = <A, x,, y~, x~+l, y~+l, �9 �9 �9 x , ,  y,>/<b'>, B I  = F / < b ' > .  

Then the defining relations for B imply  ( A • 2 1 5  1. Note  tha t  A 1 
is the  direct  p roduc t  of  A and  a f ini te  abelian group so tha t  A~ is hopf ian  b y  

Theorem 3 of  [1]. Now a induces an endomorphism 7 of  A I •  1 in the na tura l  

way.  I f  K x is the kernel of  7 fl 171, and B~ = B 1 / K  1, then  7 induces a surjective 
endormorphism 0 of  A I •  2 in the na tura l  way. Now let F 1 = kernel a f l  _~ 

and K 1 = F1/<b~>. Then JB2 ~ F / F  1. With  the aid of the defini t ion of  e we see 
t h a t  the center of  l~]F 1 is genera ted  by  elements b F  1, g l F x . . ,  g ,F 1 for certain 
g~ E F where each g~ is a p : t h  power in F .  We m a y  now mimick  the proof  of  

Theorem 3 and  obta in  AIO , = A 1 a contradict ion of  the hopf ic i ty  of  A 1. 
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