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On the highest prime-power which divides n! 

By OrE HEMER 

This paper  deals  wi th  the  following problem1:  Le t  p be a given pr ime and 
consider the  numbers  1 . 2 . 3 . . . n = n !  for n -  1 , 2 , 3  etc. F ind  the  in tegra l  
exponents  m with  the  p rope r ty  t h a t  p~ cannot  be the  highest  power of p d ividing 
n! for any  n. We call  these numbers  m the except ional  exponents  of p. 

h h 

P u t  n = ~ a ~ p ~  and s = ~ a ~ ,  where ao, a l ,  . . . , a h  are integers such t ha t  
v--0 v=0  

0--< a~ ~< p - -  1. When  e(n)  denotes  the  exponent  of ~he highest  power of p 
d ividing n!,  we have b y  Legendre ' s  formula  

e(n) = ~  In] n- - s  

The smallest  except ional  exponent  is c lear ly m -  p, for e(p 2 -  1 ) =  p - - 1  
and e(p2) = p + 1. As n increases, new numbers  m will appear  as often as n 
is a mul t ip le  of p~. 

n = ph gives h -  1 new numbers  m. Fo r  s impl ic i ty  we write eh for e (ph). 
Since ph=p. ph-1, this  gives the  recursion formula  

e I = 1, ea = peh-1 + ]. 
Thus 

e h = p h  l + p a - 2 _ ~ . . . §  1 

as can easi ly be shown b y  induct ion.  
Hence 

p h  1 
m ~ =  e h - - ~  ( ~ =  1 ,2 ,  h - - l )  

p - - 1  "" "' 

Ph-- 1 
p--1 

are the  new except ional  exponents  for n = ph. Consider the  general  case 

h 

n=~,a~p ~, ( 0 ~ a ~ g p - - 1 ) .  

1 Proposed by T. NAGE~ in Problem 43, p. 123 in his "Elemen~r taiteori", Uppsala 1950. 
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pV+q q 

Since H k and I t  k are divisible by  the same power of p if only p ~ + q < p , , + l ,  
k = p V + l  k = l  

we have 
h 

e ( n )  = 

The ident i ty  
h h 

h ~ a v p v - ~ a v  
~ 6 / . r  ev = v = l  v==l n - -  s 

v=l p - - 1  p - - 1  

proves Legendre 's  formula. 
h h 

If  n = ~ a,. p ' ,  the highest multiple of p * <  n is ~ a~ p~ and the general 
v = 0  t ,=2 

expression for the exceptional exponents will be 

h 

m = ~.~ a, e, - -  5, ( 5 =  1 , 2  . . . .  , r - - l ) ,  

where a r r  0 as the first number  in the sequence as, a a , . . . .  
m a y  also be writ ten 

m = e ( n ) - -  a l - -  5. 

Of course this 

Then the set of integers m is identical with the set 

h 

(1) Zave -5, 
v = 2  

where h = 2, 3 . . . .  and the  a, are combined in all manners  with 0 <-- a~ -<. p - - l ,  
a h r  O. 

Since e~ = ~ pl, these sums can also be written as the polynomials 
i = 0  

h--1 

(2) ~ b, p" - -  Q (e = 1, 2 . . . . .  r - -  1), 
v = 0  

h 

where b~= ~] ai if 0 < v < h - - 1  and b o = b l .  
i = ~ + 1  

Hence 

bo = bl  > b2 >-- "'" >-- bh-1 > bh = O, b, - -  b,  +1 <- p - -  I 

br ~ bl as the first number  in the sequence b,. 
The first expression (1) is more practical  than  (2) as appears from the  

following table of the exceptional exponents m for p = 3. The table shows how 
the integers m can successively be determined from increasing values of h 
and av (1) or b, (2). The values of n where the exceptional exponents  appear  
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and their corresponding e(n) are calculated and given in the table. Since 
v--1 

p" = ~ (p - - 1 )  pi + pZ we get for n the successively increasing sequence p2, 2 p2, 
i = 2  

3 p2, . . .. 

p = 3  gives e l =  1, e 2 = 3 . l  + 1 --4, c a =  13 and e4=40 .  

Table 

9 

18 
27 
36  
4 5  
54 
63 
72 
81 
90  
99  

108  
a n d  so  on .  

! "2 
P 

3 

[ 

1 
2 
0 1 
1 1 
2 1 
0 2 
1 2 
2 2 
0 0 
1 0 
2 0 
0 1 

1 1 0 4 
2 2 O  
1 1 1 0 13 
2 2 1 17 
3 3 1  21 
2 2 2 0 26 
3 3 2  30 
4 4 2  34 
1 1 1 1 0 40  
2 2  1 1 . 4 4  
3 3 1 1 48  
2 2 2 1 53 

3 
7 

l l ,  12 
16 
20  

24,  25 
29 
33 

37,  38,  39 
43  
47  

51,  52 

I I  

In this section we shall examine the frequency of the integers m. 
Let u(n) be the number of exceptional exponents m among the integers 

1, 2, . . . ,  e(n). As before we write for brevity ua for u(ph). Then it is easy 
to see that we have the same recursion formula 

Here is 
~1 : O~ 

u ^ = p u n _ x +  1. 

u 2 = 1 = e I a n d  u h  = eh-1 .  

h h 
Hence for n = ~a~p"  and e(n) = ~a~e~ 

v=O v = l  

Since e (n) - 

and 

h h 

U ( n )  : ~ a v u v  : ~ a v e ~ - I  
v~2  ~,=2 

h 
e (n)  = p u (n)  + ~ a~. 

~ t - - 8  
- - - -  we have 

p - - 1  

n - -  8 8 - - a  o 

u(n) p ( ~ - l )  v p - - 1  
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and if we only take the numbers  n which are divisible by p into consideration 

gives 
n = p �9 n~ 

u (n)  = n ~ - -  s .  
p 1 

The first of these v, (n) exceptional exponents  m is p and  the last is 

o r  

e ('J~) a 1 - -  ] 

h 

p u(n) + ~ a ~ - -  1. 
v = 2  

a n d  

Hence 

and 

E x a m p l e :  Let p be 5 and examine n! for n--< 10365. 

10 3 6 5 =  3 . 5 5 " -  1 . 5 4 +  2 . 5 3 + 4 . 5 2  + 3 - 5  

s=-- 3 +  1 + 2 +  4 +  3 =  13. 

10 365 --  13 
e(10365) = 4 = 2588 

2 073 - -  13 
u, (10 365) = ~ . . . . .  515. 

The greatest of these 515 exceptional exponents is 

Fur ther  

Hence 

Since 

we }lave 

e ( n ) - - a l - - 1 = 2 5 8 8 - - 3 - - 1  = 2584. 

h 

v--1 

e ( n ) - - h ( p - - 1 )  < u(n)--< . . . .  

P 

e ( n )  - 1 

p 

ph __ I 
e ( n )  > -  eh  - p--1 

h log p <- log {1 + ( p - -  1) e(n)} < log e(n) + 0(1). 

p - - 1  
Now is - - < 1  even for p = 2 .  Thus 

p log p 

h ( p  - -  1) 

P 
< log e (n) + 0 (1) 
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and if n is great enough 

and 

1 log e (n) u (n) 1 
p e(n) < ~ n )  ~< 

In  a similar way  it is easy to show tha t  for p ~ 2 and n great enough 

] l o g n < e ( n ) <  1 
p - - 1  n n p - - 1  

1 log n ~ u(n)  < l 

p (~ - 1) n n ~ (~ - -  ] )  

I I I  

I t  is clear tha t  the preceding methods can be applied to determine the 
smallest integer n! divisible by a given prime-power pq and further by  an 

arbi t rary integer H Pqi" This problem is already solved 1 but  some remarks 
i--1 

may  be added. 
Write 

h 

q = ~, c ~ e ~ + p . e k  ( 0 ~ c ~ _ ~ p - - ] ,  e 0 = 0  ). 
v k + l  

Since e, = p e~ i + 1 this expression for q is always possible and unique. 
Ch, Ch-1 . . . .  are determined successively as large as possible. 

h h 
k = 0 gives q = ~ c, e, = e(n) where n = ~c~  p" is the smallest integer such 

~,--1 v--1 

tha t  n! is divisible by  pq but  not  by  pq+l. 
Then Legendre 's  formula gives 

h 
n = ( p - - 1 ) . q +  ~ c ~ . "  

k > 0 gives q ~ e(n) for any  n because 

h h 

~_, c,e~ + p e ~ =  ~c~e~ + k 
v = k + l  ~,=1 

where ck = c~-1 . . . . .  cl = p - -  1. 
Hence q is one of the exceptional integers m and number  k in the sequence 

q - - k +  1, q - - k +  2, . . . .  
I f  cr ~ p - - 1  as the first of the numbers  ck+a, ck+2, . . .  then 

h h + l  
n = ~ , c , p ' + p = Z a ,  p ~ 

y = l  v= r  

1 See A.  J .  KEMPNER, A m e r .  M a t h .  M o n t h l y ,  25, 1918, p. 204. 
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where  a,. = cr § 1 a n d  av -- c~ for v > r is t h e  smal les t  i n t ege r  n which  m a k e s  
n!  d iv is ib le  b y  pq. I n  t h e  specia l  case t h a t  a l l  t h e  coef f ic ien ts  c~.~1 . . . . .  c1~ = 
- - p - - 1  we h a v e  ch 1-1 = O, r = h - ~  1 and  n = ph+~. O the rwise  ah+m = 0. 

n!  . 
H e n c e  is d iv i s ib le  by  p,.-k b u t  by  no h ighe r  p o w e r  of p. 

p q  

T h e n  we also h a v e  
h + l  

n =  (p - - 1 )  (q + r - -  k) + ~ a ~ .  
v ~ r  

E x a m p l e  1.  

T h e n  
C 1 

H e n c e  

L e t  p = 5  a n d  q = 8 3 4 .  

=: 1~ e 2 = 5" 1 + 1 = 6, e 3 = 31, et = 156, e 5 = 781. 

834 = e 5 + e 3 + 3 e 2 + 4 e 1. 

h 

k = 0  a n d  n = ( p - - 1 )  q +  ~ , c , . = 4 . 8 3 4 + 9 = 3 3 4 5 .  
v = l  

3 3 4 5  ! . 
5s34 is an  in t ege r  n o t  d iv i s ib le  b y  5. 

o r  

a n d  

E x a m p l e  2. L e t  p = 5  a n d  q =  1716.  

T h e n  
1 716 = 2e5 + 4 e  3 + 5 e 2 .  

This  gives  k = 2 and  r = 4. 
H e n c e  

n = 2 p S + p 4 = 2 . 5 5 + 5 4 = 6 8 7 5  

h + l  

n = ( p - -  1) (q + r - -  k) + ~ a ~  = 4 . 1  718 + 3 = 6 8 7 5  
v ~ r  

6 8751 . 
5171 e is d iv i s ib le  b y  52 b u t  n o t  by  53 . 

T r y c k t  d e n  10 m a r s  1951 
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