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On the highest prime-power which divides n!

By Ove HeEmERr

I

This paper deals with the following problem®: Let p be a given prime and
consider the numbers 1-2-3...n=n! for n =1, 2, 3 etc. Find the integral
exponents m with the property that p™ cannot be the highest power of p dividing
n! for any n We call these numbers m the exceptional exponents of p.

Put n= Zavp and s = zap, where dg, @y, . . ., ap are integers such that

0 <a1,<p—1 When e(n ) denotes the exponent of the highest power of p
dividing »!, we have by Legendre’s formula

The smallest exceptional exponent is clearly m = p, for e(p?* —1) =p—1
and e(p?) = p + 1. As n increases, new numbers m will appear as often as n
is a multiple of p2

n = p* gives h—1 new numbers m. For simplicity we write e, for e (p").

Since p* = p - p*~1, this gives the recursion formula

e =1, en=pep1 + L

Thus
o i1 h—2 4.4 p"_l
e =17 + p"Te 4 1= p—l
as can easily be shown by induction.
Hence
h
pt—1
= —p = ep— =1,2 ..,h—1
m= e=a—0 (=12 ..,h—1)

are the new exceptional exponents for n = p". Consider the general case
h .
n=JSap, (O0<a<p—I)
v==0

! Proposed by T. NAGELL in Problem 43, p. 123 in his ‘“Elementar talteori”, Uppsala 1950.
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Pta ¢
Since H k and H k are divisible by the same power of p if only p”+ ¢ <<p* 71,
k=p"+1 k=1
we have

The identity

proves Legendre’s formula.

3 n
If n=a,p, the highest multiple of > <n is > a,p’ and the general
=0 r=2

expression for the exceptional exponents will be
)
m=Yae—po, (=12, ..,7r—1),
y=2
where a,s<0 as the first number in the sequence ay, as, .... Of course this
may also be written
m = e(n)—a; — .

Then the set of integers m is identical with the set

3
(1) ZZ“‘” e —o,
where A = 2,3, ... and the a, are combined in all manners with 0 < a, < p—1,
ap # 0.

v—1
- Since e, = Y p', these sums can also be written as the polynomials

o v

h=1

(2) Shr—e (@=12...r—1),

3
where b, = > a; if 0<y<h—1 and by = b;.

i=v+1
Hence
bp=b=by= - =Zbh1>bpr=0, b,—b1=p—1

by > b, as the first number in the sequence b,.

The first expression (1) is more practical than (2) as appears from the
following table of the exceptional exponents m for p = 3. The table shows how
the integers m can successively be determined from increasing values of
and a, (1) or b, (2). The values of »n where the exceptional exponents appear
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and their corresponding e(n) are calculated and given in the table. Since
vr—1

P’ =2 (p—1)p' + p* we get for n the successively increasing sequence %, 2%,

5 =2
3p5, ...

p=3gives ey =1, ¢, =31+ 1=4, ¢; =13 and ¢4 = 40.

Table
— | 1 - —
n { k| axagaq | bbby by by e(n) "
:
L - A | i 110 4 3
iR | 2 220 ] 7
27 ©3 01 1110 13 | 11, 12
36 ! 11 2 21 17 16
EV P21 331 21 | 20
54 - o2 2220 26 24, 25
63 I 332 30 29
72 ;22 4 42 34 33
8L | 4 | 0 0 1 11110 40 | 37, 38, 39
90 | P10 1 2211 © 44 43
99 | b2 01 3311 48 47
108 o011 2221 53 51, 52
and so on. |
11

In this section we shall examine the frequency of the integers m.

Let w«(n) be the number of exceptional exponents m among the integers
1,2, ..., e(n). As before we write for brevity us for u(p"). Then it is easy
to see that we have the same recursion formula

up = P up—1 + 1.
Here is
=0, ug=1=1¢ and up=ep1.

0 5
Hence for n = > a,7p" and e(n) = 3 ave,
1

v=0 y==

B 5
u(n) = Zzav Uy = zza,. €1
p= v=

and
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and if we only take the numbers n which are divisible by p into consideration

n=7p iy
gives
"y —S
un) =+ -
p—1

The first of these u(n) exceptional exponents m Is p and the last is

e(n) —ay—1
or
h

pun) + 2 a—1.
y=2
Example: Let p be 5 and examine n! for n = 10 365.

10365?3~55+1'54+2v‘53-’r»4-52+3-5

and
s=83+1+2+4+3=13
Hence
¢(10365) — 1 56%113 = 2588
and
2073 — 13
u(10365) = =~ " = 515.

The greatest of these 515 exceptional exponents is

e(n)—a;—1=2588 —3—1= 2584

Further
h
1=3Ya<hip—1)
v=1
Hence
e =hp=D) gy <P ]
p 14
Since
13
P 1
S
e(n) = ey p—1
we have
hlogp <log {1+ (p—1)e(n)} <loge(n)+ 0(1).
Now is Z—= < 1 even for p = 2. Thus
p log p

?L(?Lp;l), < log e(n) + 0(1)
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and if n is great enough
1 _loge(n) _u(n)
P e(n) e

In a similar way it is easy to show that for p > 2 and » great enough

_l__ﬁlogn<M 1

;— 1 n n < p— 1
and
S logn _u@m 1
p(p—1) n n p(p—1)
T

It is clear that the preceding methods can be applied to determine the

smallest integer n! divisible by a given prime-power p? and further by an
r

arbitrary integer Hpgi. This problem is already solved! but some remarks
im1
may be added.

Write
)

q = ch€v+p'ek (OSC,,S])—I, e():O)'
r=k+1

Since e, =pe,_; + 1 this expression for ¢ is always possible and unique.
Ch, Cn—1, . .. are determined successively as large as possible.
) h
k=0 gives ¢ =D ¢, e, = e(n) where n = Y ¢, p’ is the smallest integer such
v=1

r=1
that n! is divisible by p? but not by p?*1,
Then Legendre’s formula gives
)

n=(p~l)-q+zlcv..

k>0 gives g+ e(n) for any n because

h A
Soet+per=dce+k
v=k+1 y=1

where cx =cr_1 = =¢, =p— L.

Hence ¢ is one of the exceptional integers m and number % in the sequence
g—k+1,¢g—k+2, ....

If e, <p—1 as the first of the numbers cii1, cptz2, ... then

h Bl
n= Zlc,p”-l- p=>ap
y= y=7

! See A. J. KEMPNER, Amer. Math. Monthly, 25, 1918, p. 204.
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where a, =¢ — 1 and a, = ¢, for v >r is the smallest integer n which makes
n! divisible by p?. In the special case that all the coefficients cpi1, .... 1 =
=p—1 we have ¢441 =0, r=h + 1 and n = p"*. Otherwise ap1 = 0.
'
Hence z is divisible by p"~%* but by no higher power of p.

a4

Then we also have
A+l

n=(p—1)(g+r—k + X a.

v=g

Example 1. Let p =5 and ¢ = 834.

Then ,
er=1,e=5-1+1=26, eg= 31, e, = 156, e5 = 781.
Hence
834 =e5+ e3+ ey + dey.

3
k=0and n=(p—1)qg+ Dec =4-834+ 9=3345.
v=1
3345! . . o
gt s an integer not divisible by 5.

Example 2. Let p =5 and ¢ = 1716.

Then
1716 = 2e5 + 4eg + Dey.

This gives £ = 2 and r = 4.

Hence .
n=2p°+ p*=2-5+5*=6875
or
. h+1
n=(p—1(g+r—k+>a=4-1718+3 = 6875
=7
and

6875 . . ..
~5T’77f5( is divisible by 5% but not by 5°.

Tryckt den 10 mars 1951

Uppsala 1951. Almgvist & Wiksells Boktryckeri AB
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