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On a closure problem

By ARNE BEURLING

Let f(z) be a measurable function defined on the real line and such that
|/IP is summable for any p=1. Under this condition we shall consider the
closure properties of the set :

1) f@+1) (— o0 <t < )

in the different spaces L? for p = 1. By Cf we shall denote the linear closed
subset of L? spanned by (1) in the strong topology of this space.

According to a theorem of F. Riesz and Banach C} is a proper subset of
L? if and only if there is a non-trivial solution g€ L? (1/p + 1/q = 1) of the
integral equation

@) 0=[f@—8e@)dt = [[®)a—EdE.

If this is the case for a certain p > 1 we get another non-trivial solution by
setting

z+1

hiz) = [ g(@)da,

z

which is bounded and therefore belongs to any space L7, ¢’ >.¢. On applying
the cited theorem once again we find that Cf 7% L? implies C} » L* for
19 <op.

From this we conclude that there will exist in the general case a number
y > 1 such that the system (1) is closed on L? for all p >y but not for any
p <y. If (1) is always, respectively never, closed on L? (p > 1), we obviously
have to define y as 1 or + co. This number y shall be called the “closure
exponent” of f, and our object is to study the relation between y and the
Hausdorff dimension a of the set E where the Fourier transform of f vanishes.
According to two theorems of WiENER [5] we know that y =1 if E is empty,
while y <2 if E is of vanishing linear measure. It is also known (SEcaL [4])
that this latter condition does not imply y << 2 in the general case. We shall
now prove the following
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Theorem. If 0 < a <1 the closure exponent satisfies the inequality

2
< .
3) y=5,

In the proof we shall avail ourselves of the following concept of spectral sets
(ef. [1]). If g(x)e~*!#! is summable for any &> 0, the spectral set A, of g is
formed by those numbers A for which it is true that

fg () e—olzl=ite

— o0

does not converge uniformly to 0 in any interval [t — 4| <daso —~ + 0. The
above theorem is essentially a corollary of the following result in harmonic
analysis in certain Hilbert spaces (cf. [1], pp. 20-27). Let @ (x) be an even
function which is convex and decreasing to 0 for x > 0, and furthermore sum-
mable around z = 0, and let w (z) be the Fourier transform of @ defined by
the formula:

(1 —cosz&)d D' (8).

w (z)

—3

. L
22

<

The capacity Co(4) of a compact set 4 is defined as 1/V, where V is the
least upper bound of the energy integral

[fo@—ydp@du)

for all positive distributions x of the unit mass on 4. It now holds for any
compact 4 that the class of functions g with the properties A, < 4 and

0<]?|g(x)|2w(z)dw < o0
0

is empty, if and only if Cy(4) = 0.
Let us now assume that our theorem is wrong. In that case there will exist
numbers p and B such that Cf # L? and

2 2
4 2 . .
(4) 2>p>2——/3>2——a

This implies that (2) has a non-trivial solution g in the conjugate space L.
From this solution we can derive others by taking convolutions A = g % k, where
k€ L' and has a bounded spectral set. Any % of this form is an entire func-
tion bounded on the real axis and has itself a compact spectral set. Since we
also can chose %k such that k=0, we may without loss of generality assume
that ¢ itself has these properties. In case f€ L' it is known for any solution
g€L> of the integral equation (2) that Ay < E (cf. [2], [3]). Since also g€ L?
we derive from (4) on applying Holders inequality over |z| = 1, that
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~ dx
(5) O<f|g(x)]2w_—ﬁ<oo.

— 00

Except for a numerical factor the functions [« |*~! and |x|~# are Fourier trans-
forms of each other and thus (5) implies that the capacity of A, measured
with respect to @ (z) = [z|~# must be positive. As is well known from potential
theory, this implies that the Hausdorff dimension of A, is = f. Thus

a=dmE =dim A, =

which is contradictary to (4) and so theorem is proved.

It should finally be noted that the theorem just established does not remain
true for all f if we replace the right hand member in (3) by any smaller number.
This is a consequence of Theorem I of the paper by SALEM in the same issue
of this journal.
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