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A geometric interpretation
of the Schiitzenberger group
of a minimal subshift

Jorge Almeida and Alfredo Costa

Abstract. The first author has associated in a natural way a profinite group to each
irreducible subshift. The group in question was initially obtained as a maximal subgroup of a free
profinite semigroup. In the case of minimal subshifts, the same group is shown in the present paper
to also arise from geometric considerations involving the Rauzy graphs of the subshift. Indeed, the
group is shown to be isomorphic to the inverse limit of the profinite completions of the fundamental
groups of the Rauzy graphs of the subshift. A further result involving geometric arguments on
Rauzy graphs is a criterion for freeness of the profinite group of a minimal subshift based on the
Return Theorem of Berthé et al.

1. Introduction

The importance of (relatively) free profinite semigroups in the study of pseu-
dovarieties of finite semigroups is well established since the 1980’s, which provides
a strong motivation to understand their structure. The algebraic-topological struc-
ture of free profinite semigroups is far more complex than that of free semigroups.
For instance, Rhodes and Steinberg showed that the (finitely generated) projec-
tive profinite groups are precisely the closed subgroups of (finitely generated) free
profinite semigroups [34].

In the last decade, a connection introduced by the first author with the research
field of symbolic dynamics provided new insight into the structure of free profinite
semigroups, notably in what concerns their maximal subgroups [3], [5] and [6].
This connection is made via the languages of finite blocks of symbolic dynamical
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systems, also known as subshifts [28]. In symbolic dynamics, irreducible subshifts
deserve special attention: they are the ones which have a dense forward orbit.
For each irreducible subshift X over a finite alphabet A, one may consider the
topological closure in the A-generated free profinite semigroup Q4S5 of the language
of finite blocks of X'. This closure is a union of J-classes, among which there is a
minimum one, J(X), in the J-ordering [7]. The J-class J(X') contains (isomorphic)
maximal subgroups, which, as an abstract profinite group, the authors called in [9]
the Schitzenberger group of X, denoted G(X).

The approach used in [5] and [9] consists in obtaining information about G(X)
using ideas, results and techniques borrowed from the theory of symbolic dynam-
ical systems. The minimal subshifts, considered in those papers, are precisely the
subshifts X for which the J-class J(&X) consists of J-maximal regular elements
of QAS [5]

The subshifts considered in [5] and [9] are mostly substitutive systems [24]
and [32], that is, subshifts defined by (weakly) primitive substitutions. Substitu-
tive subshifts are minimal subshifts which are described by a finite computable
amount of data, which leads to various decision problems. The authors showed
in [9] how to compute from a primitive substitution a finite profinite presentation
of the Schiitzenberger group of the subshift defined by the substitution, and used
this to show that it is decidable whether or not a finite group is a (continuous)
homomorphic image of the subshift’s Schiitzenberger group. The first examples of
maximal subgroups of free profinite semigroups that are not relatively free profinite
groups were also found as Schiitzenberger groups of substitutive systems [5] and [9].

The Schiitzenberger group of the full shift A% is isomorphic to the maximal
subgroups of the minimum ideal of 24S and was first identified in [37], with tech-
niques that were later extended to the general sofic case in [19] taking into account
the invariance of G(X) under conjugacy of symbolic dynamical systems [17]. This
led to the main result of [19] that G(X) is a free profinite group with rank Ry when
X is a non-periodic irreducible sofic subshift.(!) From the viewpoint of the struc-
ture of the group G(X), the class of irreducible sofic subshifts is thus quite different
from that of substitutive (minimal) subshifts.

Substitutive systems are a small part of the realm of minimal subshifts, in
the sense that substitutive systems have zero entropy [32], while there are minimal
subshifts of entropy arbitrarily close to that of the full shift [21]. Therefore, it would
be interesting to explore other techniques giving insight on the Schiitzenberger group
of arbitrary minimal subshifts. That is one of the main purposes of this paper. We
do it by exploring the Rauzy graphs of subshifts, a tool that has been extensively
used in the theory of minimal subshifts. For each subshift X and integer n, the

(}) Note that the minimal sofic subshifts are the periodic ones.
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Rauzy graph ¥, (X) is a De Bruijn graph where the vertices (words of length n)
and edges (words of length n+1) not in the language of the subshift have been
removed. This graph is connected if X’ is irreducible. In the irreducible case, we
turn our attention to the profinite completion ﬁn()( ) of the fundamental group of
Y, (X). The subshift X can be seen in a natural way as an inverse limit of the
graphs of the form X5, (X). The main result of this paper (Corollary 8.13) is that
the induced inverse limit of the profinite groups ﬁgn(X ) is G(X), provided X is
minimal. We leave as an open problem whether this result extends to arbitrary
irreducible subshifts.

The study of Rauzy graphs of a minimal subshift often appears associated with
the study of sets of return words, as in the proof of the Return Theorem in [13].
We apply the Return Theorem, together with a technical result on return words
giving a sufficient condition for freeness of the Schiitzenberger group of a minimal
subshift, to show that if the minimal subshift involves n letters and satisfies the
so-called tree condition [13], then its Schiitzenberger group is a free profinite group
of rank n (Theorem 6.5). This result was obtained in [5] for the important special
case of Arnoux-Rauzy subshifts, with a different approach: the result was there first
proved for substitutive Arnoux-Rauzy subshifts, and then extended to arbitrary
Arnoux-Rauzy subshifts using approximations by substitutive subshifts.

2. Profinite semigroups, semigroupoids, and groupoids

2.1. Free profinite semigroups

We refer to [6] as a useful introductory text about the theory of profinite semi-
groups. In [2] one finds an introduction to the subject via the more general concept
of profinite algebra. We use the notation Q4S5 for the free profinite semigroup gen-
erated by the set A. Recall that Q4S is a profinite semigroup in which A embeds
and which is characterized by the property that every continuous mapping ¢: A—S
into a profinite semigroup S extends in a unique way to a continuous semigroup
homomorphism @: Q4S—S. Replacing the word “semigroup” by “group”, we get
the characterization of the free profinite group with basis A, which we denote by
Q4G. We shall use frequently the fact that the discrete subsemigroup of Q45 gener-
ated by A is the free semigroup A", and that its elements are the isolated elements
of Q45 (for which reason the elements of AT are said to be finite, while those in
the subsemigroup Q24S\ AT are infinite). The free group generated by A, denoted
FG(A), also embeds naturally into Q4G, but its elements are not isolated.
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2.2. Free profinite semigroupoids

Except when stated otherwise, by a graph we mean a directed graph with
possibly multiple edges. Formally: for us a graph is a pair of disjoint sets V', of
vertices, and F, of edges, together with two incidence maps a and w from E to V,
the source and the target. An edge s with source x and target y will sometimes
be denoted s: x—y. Recall that a semigroupoid is a graph endowed with a partial
associative operation, defined on consecutive edges (cf. [11], [26] and [38]): for
s: x—y and t: y— z, their composite is an edge st such that st: x—z. Alternatively,
a semigroupoid may be seen as a small category where some local identities are
possibly missing.

Semigroups can be seen as being the one-vertex semigroupoids. If the set
of loops of the semigroupoid S rooted at a vertex c is nonempty, then, for the
composition law, it is a semigroup (for us an empty set is not a semigroup), the
local semigroup of S at ¢, denoted S(c).

The theory of topological /profinite semigroups inspires a theory of topolog-
ical /profinite semigroupoids, but as seen in [7], there are some differences which
have to be taken into account, namely in the case of semigroupoids with an infinite
number of vertices. To begin with, the very definition of profinite semigroupoid is
delicate. We use the following definition: a compact semigroupoid S is profinite
if, for every pair u, v of distinct elements of S, there is a continuous semigroupoid
homomorphism ¢: S—F into a finite semigroupoid such that ¢(u)#¢@(v). There
is an unpublished example due to G. Bergman (mentioned in [33]) of an infinite-
vertex semigroupoid that is profinite according to this definition, but that is not
an inverse limit of finite semigroupoids. On the other hand, it is known that a
topological graph I' is an inverse limit of finite graphs if and only if for every u,vel’
there is a continuous homomorphism of graphs ¢: I'— F into a finite graph F' such
that o(u)#@(v) (see [35] for a proof), in which case I is said to be profinite.

For another delicate feature of infinite-vertex profinite semigroupoids, let I be a
subgraph of a topological semigroupoid S, and let [T'] be the closed subsemigroupoid
of S generated by T', that is, [I'] is the intersection of all closed subsemigroupoids
of S that contain I'. If S has a finite number of vertices, then [T'] is the topological

closure (I') of the discrete subsemigroupoid (I') of S generated by I'. But if S has
an infinite number of vertices, then m may not be a semigroupoid and thus it
is strictly contained in [I'] [7]. If T is a profinite graph, then the free profinite
semigroupoid generated by I', denoted QrSd, is a profinite semigroupoid, in which I’
embeds as a closed subgraph, characterized by the property that every continuous
graph homomorphism ¢: I'— F into a finite semigroupoid F' extends in a unique

way to a continuous semigroupoid homomorphism @: QpSd— F. It turns out that



A geometric interpretation of the Schiitzenberger group 247

[T7=0QrSd. The construction of QrSd is given in [7] (where some problems with
the construction given in [11] are discussed), and consists in a reduction to the case
where T is finite, previously treated in [26].

The free semigroupoid generated by I', denoted I'", is the graph whose vertices
are those of I', and whose edges are the paths of I with the obvious composition and
incidence laws. The semigroupoid I't embeds naturally in QpSd, with its elements
being topologically isolated in QpSd. Moreover, if I' is an inverse limit @Fi of
finite graphs, then F*z@n F;r [7]. Also, one has a natural embedding of QrSd in
T&lﬁpiSd [7]. A problem that we believe remains open and is studied in [7], is
whether there exists some example where QrSd %@ﬁpiSd.

Everything we said about semigroupoids has an analog for categories. We shall
occasionally invoke the free category I'*, obtained from I't by adding an empty path
1, at each vertex v.

2.3. Profinite completions of finite-vertex semigroupoids

A congruence on a semigroupoid S is an equivalence relation 6 on the set of
edges of S such that wfv implies that u and v are coterminal (that is, they have
the same source and the same target), and also that xufzv and uyfvy whenever
the products zu, zv, uy, vy are defined. The quotient S/6 is the semigroupoid with
the same set of vertices of S and edges the classes u/6 with the natural incidence
and composition laws. The relation that identifies coterminal edges is a congruence.
Therefore, if S has a finite number of vertices, the set A of congruences on S such
that S/ is finite is nonempty. Note that if the congruences 6 and p are such that
0Cp, then one has a natural semigroupoid homomorphism S/0—S/p. Hence, when
S has a finite number of vertices, we may consider the inverse limit S=lim pen S/0,
which is a profinite semigroupoid, called the profinite completion of S. Let ¢ be the
natural mapping S —S. Then (S) is a dense subsemigroupoid of S and S has the
property that for every continuous semigroupoid homomorphism ¢ from S into a
profinite semigroupoid 1" there is a unique continuous semigroupoid homomorphism
$: S—T such that Por=¢ [26]. If T is a finite-vertex graph, then QrSd is the
profinite completion of the free semigroupoid I'" [26].

2.4. Profinite groupoids

A groupoid is a (small) category in which every morphism has an inverse. The
parallelism between the definitions of profinite semigroups and profinite groups
carries on to an obvious parallelism between the definitions of topological /profinite
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semigroupoids and topological /profinite groupoids. As groupoids are special cases of
semigroupoids some care is sometimes needed when relating corresponding concepts.
The next lemma addresses one of such situations. For its proof, recall the well known
fact that if £ is an element of a compact semigroup 7', then the closed subsemigroup

(t) has a unique idempotent, denoted ¢*; in case T is profinite, one has ¢t =1im ! [2].

The inverse of ¢-t* in the maximal subgroup of (¢) is denoted #*~1.

Lemma 2.1. Let G be a compact groupoid and suppose that A is a strongly
connected subgraph that generates G as a topological groupoid. Then A also gener-
ates G as a topological semigroupoid.

Proof. Denote by V4 and Vi the vertex sets of A and G, respectively. Let H
be the subgraph of G with vertex set V4 and whose edges are the edges of G with
source and target in V4. Clearly, H is closed and a subgroupoid. Since H contains
A and A generates G as a topological groupoid, we conclude that H=G and thus
Va=Ve.

Consider an arbitrary closed subsemigroupoid S of G containing A. Let s
be an edge of S. Since V4=Vg, there are nets (a;)ie; and (b;);cs of elements
of V4 respectively converging to «(s) and w(s). Because A is strongly connected,
for each (i,j)€IxJ there is some path w;; in A from (b;)jes to (a;)icr. Take
an accumulation point u of the net (u; ;)i j)erxs.- Then u is an element of S
such that a(u)=w(s) and w(u)=a(s). In particular, we may consider the element
(su)*~! of the local semigroup of S at a(s). We claim that u(su)*~t=s"1. Indeed,
s-u(su)?~L=(su)“ is the local identity of G at a(s), while u(su)“~1-s=(us)® is the
local identity at w(s). Hence s~1€S. Since S is an arbitrary closed subsemigroupoid
of G containing A, we conclude that s~! belongs to the closed subsemigroupoid K
of G generated by A. Therefore, K is a closed subgroupoid of G containing A.
Since G is generated by A as a topological groupoid, it follows that K=G. 0O

A groupoid congruence is a semigroupoid congruence 6 on a groupoid such that
ufv implies u~19v~!. If S is a compact groupoid, then all closed semigroupoid
congruences on S are groupoid congruences. Indeed, if u,v€S are coterminal edges
L=y~ (ou=1)*~1 and if moreover ufv, then v~ (vu=")*0u~"' for every

integer k>1, whence v~ 10u~1!.

then v~ w—1

Replacing semigroupoid congruences by groupoid congruences, one gets the
notion of profinite completion of a finite-vertex groupoid analogous to the corre-
sponding one for semigroupoids. These notions generalize the more familiar ones
of profinite completion of a group and of a semigroup, since (semi)groups are the
one-vertex (semi)groupoids. The following lemma relates these concepts.
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Lemma 2.2. Let G be a connected groupoid with finitely many vertices. Then
the profinite completion of a local group of G is a local group of the profinite com-
pletion of G.

Proof. Denote by G the profinite completion of G and let = be a vertex of G.
We must show that the local group é(x) is the profinite completion C?(a:\) of the
local group G(z).

Consider the natural homomorphism A: G—@. Note that it maps G(z) into
the profinite group CA}’(:E), which is generated, as a topological group, by A(G(z)).
Thus, the restriction =A|g(,) induces a unique continuous homomorphism ):
CT(;)—KA}’(JCL which is onto.

Suppose that geCT(;)\{l}. Since CT(;) is a profinite group, there exists a
continuous homomorphism 6: CT(?)%H onto a finite group H such that 0(g)#1.
For each vertex y in G, let p,: x—y be an edge from G. It is easy to check that
the following relation is a congruence on G: given two edges u,v:y—z in G, u~wv
if Oou(pyup;t)=0oi(p,vp;t). Moreover, note that, in case u,v€G(x), u~v if and
only if foi(u)=60oi(v). Therefore, if S=G/~, then S(z) is finite, whence, since S is
a connected groupoid, S is finite. As G is the profinite completion of G, it follows
that the natural quotient mapping v: G—S factors through A as a continuous
homomorphism 7' : G—S. The restriction G(z)—S(z) of 7' is denoted by 7.

Noting that fo. is onto because the image of ¢ is dense, and since

foi(u)=0oi1(v) —— u~v <—= 7(u)=7(),

there is an isomorphism ¢: H—S(x) such that pofor=7|g)=7"0tbor. Again
because the image of ¢ is dense, we deduce that pof=~"01).
All these morphisms are represented in Diagram (2.1).
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As 0(g)#1, we get v"o)(g)=ypo00(g)#1, whence 1(g)#1. Therefore, 1 is an iso-
morphism of topological groups. [

2.5. The fundamental groupoid

For the reader’s convenience, we write down a definition of the fundamental
groupoid of a graph. Let I' be a graph. Extend I' to a graph r by injectively
associating to each edge u a new formal inverse edge u~! with a(u~!)=w(u) and
w(u ) =a(u). One makes (u=!)"'=u. Graphs of the form I' endowed with the
mapping u—u "' on the edge set are precisely the graphs in the sense of J.-P. Serre.
These are the graphs upon which the definition of fundamental groupoid of a graph
is built in [30], the supporting reference we give for the next lines. Consider in
the free category I'* the congruence ~ generated by the identification of uu~! with
la(u) and u~tu with 1y (u), where u runs over the set of edges of I'. The quotient
IIT)=I*/~ is a groupoid, called the fundamental groupoid of T. Note that if
¢: I'1—=T5 is a homomorphism of graphs, then the correspondence II(y): II(T';)—
II(T'2) such that II(p)(x/~)=¢(x)/~ is a well defined homomorphism of groupoids,
and the correspondence p—1II(p) defines a functor from the category of graphs to
the category of groupoids.

It is well known that the natural graph homomorphism from I'* to II(T") (that
is, the restriction to I'* of the quotient mapping I'* —II(T")) is injective. If T is
connected (as an undirected graph), then the local groups of II(I") are isomorphic;
their isomorphism class is the fundamental group of T'. It is also well known that if
' is a connected (finite) graph, then its fundamental group is a (finitely generated)
free group.

Lemma 2.3. Let I' be a strongly connected finite-vertex profinite graph. Then
the natural continuous homomorphism from the free profinite semigroupoid QrSd to
the profinite completion of II(T"), extending the natural graph homomorphism from
T to II(T), is onto.

To prove Lemma 2.3 one uses the following fact [7, Corollary 3.20].

Lemma 2.4. Let ¢: S—T be a continuous homomorphism of compact semi-
groupoids. Let X be a subgraph of S. Then ([ X])C[¢Y(X)]. Moreover, Y([X])=
[V(X)] if o is injective on the set of vertices of S.

Proof of Lemma 2.3. Denote by ﬁ(F) the profinite completion of II(I") and by h
the natural continuous semigroupoid homomorphism QpSd—1II(T"). By Lemma 2.4,
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the image of h is the closed subsemigroupoid of ﬁ(f‘) generated by h(T). Since
II(T") is generated by h(T") as a profinite groupoid, it follows from Lemma 2.1, that
h is onto. [

3. Subshifts and their connection with free profinite semigroups

An element s of a semigroup S is said to be a factor of t if t belongs to the ideal
generated by s, in which case we also write t<7s; the element s is then a proper
factor of t if t is not a factor of s. If (two-sided) ideals are replaced respectively
by right ideals or left ideals, then the corresponding relations are denoted < and
<¢. For Ke{J, L, R}, the so-defined relations <) are quasi-orders determining
equivalence relations <, N>y, which is also denoted K. These relations are known
as Green’s relations on the semigroup S (cf. [16]).

A subset X of a semigroup S is factorial if the factors of elements of X also
belong to X. A subset X of S is prolongable if for every x€ X there are s,t€.S such
that xs, tx€X. It is irreducible if for every u, v€ X there is we .S such that uwve X.
Using standard compactness arguments, one can show (see [19] for a proof) that if
S is a compact semigroup and X is a nonempty, closed, factorial and irreducible
subset of S, then X contains a regular J-class, called the apexr of X and denoted
J(X), such that every element of X is a factor of every element of J(X).

Let A be a finite set. Endow A% with the product topology, where A is viewed
as discrete space. Let o be the homeomorphism A%— A% defined by o((z;)icz)=
(7i11)iez, the shift mapping on A%. A subshift of AZ is a nonempty closed subset
X of A% such that o(X)=X. A finite block of an element x=(x;);cz of AZ is a word
of the form z;x;y1...x;y, (which is also denoted by x[mgrn]) for some n>0. For a
subset X of A%, denote by L(X) the set of finite blocks of elements of X. Then
the correspondence X'+ L(X) is an isomorphism between the poset of subshifts of
AZ and the poset of factorial, prolongable languages of A™ [28, Proposition 1.3.4].
A subshift X is irreducible if L(X) is irreducible. We are interested in studying the
topological closure of L(X) in Q4S, when X is a subshift of AZ. It was noticed
in [7] that L(X) is a factorial and prolongable subset of Q4S, and that if X is

irreducible then L(X) is an irreducible subset of 24S. Therefore, supposing X’ is

irreducible, we can consider the apex J(X) of L(X). Since J(X) is regular, it has
maximal subgroups, which are isomorphic as profinite groups; we denote by G(X)
the corresponding abstract profinite group.

In this paper we concentrate our attention on an important class of irreducible
subshifts, the minimal subshifts, that is, those that do not contain proper subshifts.
This class includes the periodic subshifts, finite subshifts X for which there is a
positive integer n (called a period) and z€ A% such that o™ (x)=x and X={c* ()]
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0<k<n}. Tt is well known that a subshift X' is minimal if and only if L(X) is
uniformly recurrent, that is, if and only if for every ue€L(X) there is an integer
n such that every word of L(X) with length at least n has u as a factor (cf. [29,
Theorem 1.5.9]).

For a subshift X' of AZ, denote by M(X) the set of elements u of 245 such that
all finite factors of u belong to L(X). One has L(X)CM(X), and there are simple
examples of irreducible subshifts where this inclusion is strict [17]. In what follows,
a mazimal reqular element of Q4S is a regular element of Q45 that is J-equivalent
with its regular factors. The maximal regular elements of Q4S are precisely the

elements of Q4S\ A% all of whose proper factors belong to A*.

Theorem 3.1. Let X be a minimal subshift. Then L(X)=M(X) and L(X)\
AT =J(X). The correspondence X+ J(X) is a bijection between the set of minimal
subshifts of AZ and the set of J-classes of maximal reqular elements of Q4S.

Theorem 3.1 is from [5]. In [7], an approach whose tools are recalled in the
next section, distinct from that of [5], was used to deduce the equalities L(X)=
M(X)=J(X)UL(X), when X is minimal.

A fact that we shall use quite often is that every element of Q4S\ A% has a
unique prefix in AT with length %k, and a unique suffix in AT with length &, for
every k>1 (cf. [1, Sect. 5.2]). Let Z§ and Z~ be respectively the sets of nonnegative
integers and of negative integers. For u€Q4S\A*, we denote by U the unique
element (gci)iezar of A% such that x[o,x] is a prefix of u, for every k>0, and by w

the unique element (z;);cz- of AZ such that T(_p,—1] is a suffix of u, for every
k>1. Finally, we denote by 0. the element of AZ that restricts in A2 to % and
in AZS to .

The part of the next lemma about Green’s relations R and £ was observed
in [4] and in [7, Lemma 6.6]. The second part, about the H relation, is an easy
consequence of the first part, and it is proved in a more general context in [8,
Lemma 5.3].

Lemma 3.2. Let X be a minimal subshift. Two elements v and v of J(X) are
R -equivalent (respectively, L-equivalent) if and only =" (respectively, W:T)
Moreover, if t€ X, then the H-class G, formed by the elements u of J(X) such that
W =x is a mazimal subgroup of J(X).

We retain for the rest of the paper the notation G, given in Lemma 3.2.
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4. Free profinite semigroupoids generated by Rauzy graphs

Let X be a subshift of AZ. The graph of X is the graph ¥(X) having X as
the set of vertices and where the edges are precisely the pairs (z,o(x)), with source
and target being respectively equal to z and o(z). The graph 3X(X) is a compact
graph, with the topology on the edge set being naturally induced by that of X.

Denote by L, (X) the set of elements of L(X’) with length n. The Rauzy graph
of order n of X, denoted X,,(X), is the graph defined by the following data: the set
of vertices is L, (X), the set of edges is L, 4+1(X), and incidence of edges in vertices
is given by

a1G2...0n0n 41
a103...0p ————————>02...0np0p 41,

where a; € A.
Remark 4.1. If X is irreducible, then 3, (X) is strongly connected.

In the case of a Rauzy graph of even order 2n, we consider a function p,,
called central labeling, assigning to each edge ajas...a2,a2,+1 (a;€A) its middle
letter an41-

Remark 4.2. Extending the labeling u, as a semigroupoid homomorphism
Yon(X)T— AT, one sees that the set of images of paths of ¥, (X) by that ho-
momorphism is the set of elements of AT whose factors of length at most 2n-+1
belong to L(X).

For m>n, we define a graph homomorphism py, n: Lom (X) =22, (X) as fol-
lows: if W€ Loy, (X)ULgy41(X) and if w=vuv’ with v,v’€ A™~", then p, ., (w)=u.
Note that p,, preserves the central labeling, that is, iy 0pm, n(w)=pm (w) for every
edge w of X, (X). The family of onto graph homomorphisms {p,, , | n<m} defines
an inverse system of compact graphs. The corresponding inverse limit lim ¥, (X))
will be identified with ¥(X) since the mapping from X(X) to @Egn(k' ) sending
r€X to ([—p n—1])n and (2,0(x)) to (Z[_p n))n is a continuous graph isomorphism.
The projection 3(X)— X9, (X) is denoted by p,. Let u be the mapping defined on
the set of edges of X(X') by assigning z¢ to (z,o(z)). Then pu=p,op,, for every
n>1.

We proceed with the setting of [7]. As in that paper, denote by f]gn(.)() and
by i(X ) the free profinite semigroupoids generated respectively by X, (X) and
by ¥(X). The graph homomorphism p., : Zom (X) =22, (X) extends uniquely to
a continuous homomorphism py, ,: igm(?( )—>§32n(X ) of compact semigroupoids.
This establishes an inverse limit @ggn(X ) in the category of compact semi-
groupoids, in which the graph (X ):@ Yon(X) naturally embeds. The canonical
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projection @ign(éf)%i%(éf) is denoted py. Recall that the free profinite semi-

groupoid S(X) also embeds in lim S35, (&), and that we do not know of any example
where the inclusion is strict.

Theorem 4.3. ([7]) If X is a minimal subshift then f](X):@ign(X):
ST

In [7] one finds examples of irreducible subshifts X" for which one has X(X)+#
().

Viewing A as a virtual one-vertex graph, whose edges are the elements of A,
the graph homomorphism i, : 3a,(X)— A extends in a unique way to a continu-
ous semigroupoid homomorphism fiy, : f)gn(X )—)ﬁAS. The equality pm=/ptnoPm n
yields fin0Dm n=/flm, when m>n>1, and so we may consider the continuous semi-
groupoid homomorphism f: @ ign (X)—Q4S such that 1=/, 0p, for every n>1.
Recall that a graph homomorphism is faithful if distinct coterminal edges have dis-
tinct images. It turns out that fi,, is faithful (cf. [7, Proposition 4.6]) and therefore
S0 is fi.

Let us now turn our attention to the images of ji,, and ji. For a positive integer
n, let M,,(X) be the set of all elements u of Q4S5 such that all factors of u with
length at most n belong to L(X).

Lemma 4.4. Let X be a subshift. For every positive integer n, the equality
ﬂn(ZQn(X)):MQn-i-l(X) holds.

Proof. We clearly have i, (X2, (X)T)=Map11(X)NAT (cf. Remark 4.2). Not-
ing that My, 1(X) is closed and open, that AT is dense in Q24S, and that Yy, (X)T
is dense in Xy, (X), the lemma follows immediately. O

Note that M;(X)DMy(X)DM3(X)D... and M(X)=),>; Mn(X). There-
fore, the image of [ is contained in M(X), by Lemma 4.4. One actually has
ﬂ(m S0 (X))=M(X) (cf. 7, Proposition 4.5)), but we shall not need this fact.

The next two lemmas were observed in [7, Lemmas 4.2 and 4.3]. We introduce

some notation. We denote by |u| the length of a word in A1, and let |u|=+oc for
’U,GQAS\AJF.

Lemma 4.5. Consider a subshift X. Let q: x[_y, n—1]—=Y[—n,n—1] be an edge
of ign(X), where x,y€X. Let u=fi,(q). If k=min{|ul,n} then xor_1) is a prefiv
of u and y_y,—1) s a suffir of u.
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Lemma 4.6. Consider a subshift X. Let q: x—y be an edge of hm Egn(X)
Let u=fi(q). If u€QsS\ AT then o = (x%)zew and @ =ys)ien—. If u€A+ then q

is the unique edge of 2(X)* from x to o!"(x).

We denote by IIs, (X) the fundamental groupoid of ¥, (X), and by h,, the nat-
ural homomorphism s, (X) —1IIa, (X). The graph homomorphism p,, », : B (X)—
Yon(X) induces the groupoid homomorphism ¢, n=I(pm n): Mopm (X) =1, (X),
characterized by the equality gy, nohm=hpopm. . Let ﬁgn( ) be the proﬁmte
completion of Iy, (X), and let Ry, : ign (X)%ﬁgn(X) and Gm.n: Hgm(X)%Hgn(X)
be the natural homomorphisms respectively induced by h,, and ¢, ,. Then the
following diagram commutes:

Dm,n

(4.1) m J J o

ﬁ2m(X) A—> ﬁgn(X)

dm,n

The family (¢mn)m,» defines an inverse system of profinite groupmds We denote
by h the continuous semigroupoid homomorphism from @Zgn(é\f ) to hm Hgn(X )
established by the commutativity of Diagram (4.1).

For the remainder of this paper, we need to deal with the local semigroups of
the various semigroupoids defined in this section. Given n, we denote respectively
by Yo, (X, z)T, ign(X,x), HQ’,L\(X,Z‘), ﬁgn(X,J?) th/e\ local semigroups at vertex
Pon (2) =2y n—1] Of Bon(X)F, Xon (X)), 2, (X) and Iy, (X).

Remark 4.7. If X is irreducible, then ﬁzn()( ,x) is the profinite completion of
the fundamental group of the strongly connected graph 3s,(X) (cf. Lemma 2.2).

5. Return words in the study of G(X’) in the minimal case

Consider a subshift X of A%. Let u€ L(X). The return words(?) of u in X are
the elements of the set R(u) of words v€ A" such that vue L(X)NuAt and such
that u occurs in vu only as both prefix and suffix. The characterization of minimal

(%) What we call return words is sometimes in the literature designated first return words,
as is the case of the article [13], which is further cited later in this paper. The terminology that
we adopt appears for instance in [12], [22] and [23].



256 Jorge Almeida and Alfredo Costa

subshifts via the notion of uniform recurrence yields that the subshift X is minimal
if and only if, for every ue L(X), the set R(u) is finite.

Let n>0 be such that |u|>n. Consider words u; and us with u=wujus and
|lui|=n. Let R(u1,usz) be the set of words v such that ujvus € L(X) and ujve
R(u)uy. In other words, we have R(uy,uz)=uy (R(u)u;). In particular, R(uy,us)
and R(u) have the same cardinality. The elements of R(uj,us) are called in [9]
n-delayed return words of w in X, and return words of uj.us in [23]. Note that
R(uq,us2) is a code (actually, a circular code [23, Lemma 17]).

Fix z€X. Denote by R,(z) the set R(x[_, _1],Z[o,n—1]). Clearly, if X' is a
periodic subshift with period N, then the elements of R, (x) have length at most N.
On the other hand, we have the following result.

Lemma 5.1. (Cf. [22, Lemma 3.2]) If X is a minimal non-periodic subshift
then lim,, . min{|r|:r€ R, (z)} =00 for every z€X.(®)

Let u€ R, (z). The word w=x[_p _1jux|o ,—1) belongs to L(X). Its prefix and
its suffix of length 27 is the word x[_,, ,—1). Hence, the graph X, (X) has a cycle
s rooted at the vertex x(_y ,_1) such that u,(s)=u. Since p, is faithful, we may
therefore define a function \,,: R, (z)—Xa, (X, z)" such that ju,o\, is the identity
1R, (z) o0 Ry ().

To extract consequences from these facts at the level of the free profinite semi-
group 245, we use the following theorem from [31].

Theorem 5.2. If X is a finite code of AT, then the closed subsemigroup of
QAS generated by X is a profinite semigroup freely generated by X.

Assuming that X is a minimal subshift, as we do throughout this section,
the code R, (x) is finite. Therefore it follows from Theorem 5.2 that the profi-
nite subsemigroup (R, (z)) of Q4S is freely generated by R, (z), and so the map-
ping A, extends in a unique way to a continuous homomorphism A, : (R, (z))—
izn(.)( ,x) of profinite semigroups. Note that the following equality holds by defi-
nition of A,:

(3) Lemma 5.1 is taken from [22, Lemma 3.2], but the limit which appears explicitly in [22,
Lemma 3.2] is limp—oco min{|r|:r€ R(z[g ,—17)}=00. However, R(z,t) is clearly contained in the
subsemigroup of AT generated by R(t). In particular, min{|r|:u€ Rn}>min{|r[:u€ R(z[ ,_1)},
and so our formulation of Lemma 5.1 follows immediately from the one in [22, Lemma 3.2].
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If m>n, then the inclusion R,,(x)C(R,(z)) clearly holds.

Lemma 5.3. Let X be a minimal non-periodic subshift and let x€X. Then
we have (5, (R (2))=G,.

Proof. Denote by I the intersection (), ~; (Rn(x)). The inclusion G, C1I ap-
pears in [9, Lemma 5.1]. Let us show the reverse inclusion. If w is an element
of (R,(z)), then it labels a closed path of Xy,(X) at x(_, 1. Therefore, ev-
ery factor of w of length at most 2n+1 belongs to L(X). Since w is an arbi-
trary element of (R, (z)), this implies that every factor of length at most 2n+1
of an element of (R,(x)) belongs to L(X). Therefore, if u€l, then every fi-
nite factor of u belongs to L(X). On the other hand, by Lemma 5.1 the ele-
ments of I do not belong to A*. We conclude from Theorem 3.1 that ICJ(X).
Let n>0. By Lemma 5.1, there is m>n such that the length of every element
of R, (x) is greater than n. Since the elements of R,,(x) label closed paths
at T|_pym—1), we know that Ry, (x)Cxp,_1)ATNATz_, 1. Hence, we have

IC(Rm(2)) C2(0,—1)Q24SNQAST[_p, _1). Since n is arbitrary, we deduce from the
definition of G, that ICG,. O

If X={x} is the singleton periodic subshift given by z=...aaa.aaa..., then
R, (z)={a} for all n, and Lemma 5.3 does not hold in this case. However, denoting
by (R,(x)),, the profinite semigroup (R, (z))\ A", we get the following result, which
can be easily seen to apply to periodic subshifts.

Lemma 5.4. Let X be a minimal subshift and let x€eX. Then we have

We shall consider the inverse systems with connecting morphisms the inclu-
Sions i nt (R () = (Rp(x)) and ip pn|: (Rm(x)) . — (Rn(2)).,. Note that we can
identify G, with @(Rn(x»oo via Lemma 5.4 (each g€G, is identified with the
sequence (g),>1). Also, one has Gmgﬁl (R (x)), with equality in the non-periodic
case, as seen in Lemma 5.3.

Let m>n, and let r€(R,,(x)). Then, the equalities

fin (ﬁm,noxm(r)) = flm (;\m(r)) =7= (5\” (T))

hold by (5.1). Since fi,, is faithful, this shows that the following diagram commutes:
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zm,n

(B (2)) ———— (Rn(2))

(5.2) l J S

Egm(X,],‘ —) Egn(X J,‘)

The commutativity of Diagram (5 2) yields the existence of the homomorphism
A= hm/\ from L( 2 (2)) to @122”(/’\? x). Note that @Egn(ﬂ?,x) is the local
semigroup S(X,z) of £(X) at vertex z (cf. Theorem 4.3).

Let EOO(X) be the subgraph of L(X)\X(X)* obtained by deleting the edges
in X(X)*

Remark 5.5. When X is a minimal non-periodic subshift, the local semigroup
Yoo(X,x) of ¥o (X) at = coincides with X (X, ).

It turns out that f]oo(X ,x) is a profinite group whenever X" is minimal. Indeed,
the following theorem was announced in [3] and shown in [7, Theorem 6.7].

Theorem 5.6. Let X' be a minimal subshift. Then fJOO(X) s a profinite con-
nected groupoid.

It should be noted that the notion of profiniteness for semigroupoids is being
taken as compactness plus residual finiteness in the category of semigroupoids. If
the semigroupoid turns out to be a groupoid, one may ask whether profiniteness in
the category of groupoids is an equivalent property. The answer is affirmative since
it is easy to verify that, if ¢:G—S is a semigroupoid homomorphism and G is a
groupoid, then the subsemigroupoid of S generated by ¢(G) is a groupoid.

In the statement of [7, Theorem 6.7], it is only indicated that oo (X) is a
connected groupoid but we note that, if a compact semigroupoid is a groupoid,
then edge inversion and the mapping associating to each vertex the identity at that
vertex are continuous operations. Thus, f]oo()( ) is in fact a topological groupoid.

A preliminary version of the next theorem was also announced in [3], and a
proof appears in the doctoral thesis [18]. We present here a different proof, based
on Lemma 5.3.

Theorem 5.7. For every minimal subshift X and every x€ X, the restriction
A: G =X (X, x) is an isomorphism. Its inverse is the restriction fi|: Yoo (X, z)—
G,.
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Proof. By Lemma 5.4, we know that G,=(,, (Rn(7)),, and so from (5.1)

we deduce that fioA(g)=g for every g€G,. This shows in particular that A(g) must
be an infinite path whenever g€ G, whence A(G,) is indeed contained in fJOO(X, x).
It also shows that the restriction fi|: A(G,)— G, is onto. Such a restriction is also
injective, as S\(GI)QEJ(X ,x) and [ is faithful. Therefore, all it remains to show is
the equality A\(Gy)=%00 (X, ).

Let s€S.0(X,z) and let g=/(s). By Theorem 4.3, s is the limit of a net of
finite paths of the graph X(X). Since the labeling i of finite paths clearly belongs
to L(X), we have g=/i(s) €L(X)\ AT by continuity of fi. It follows that fi(s)€J(X)
by Theorem 3.1. Since s is a loop rooted at x, applying Lemma 4.6, we conclude
that fi(s)€Gy. Hence, we have fi(s)=g=/(A\(g)). As ji is faithful, we get s=\(g),
concluding the proof. 0O

oo’

The notion of isomorphism between subshifts is called conjugacy. If X and Y
are conjugate subshifts, then 3(X) and X()) are isomorphic, which combined The-
orem 5.7 leads to the following result.

Corollary 5.8. If X and ) are conjugate minimal subshifts, then the profinite
groups G(X) and G(Y) are isomorphic.

Actually, a more general result was proved in [17] using different techniques:
if X and Y are conjugate irreducible subshifts, then the profinite groups G(X’) and
G(Y) are isomorphic.

6. An application: a sufficient condition for freeness

In this section, we establish the next theorem, where FG(A) denotes the free
group generated by A.

Theorem 6.1. Let X be a minimal non-periodic subshift, and take t€X. Let
A be the set of letters occurring in X. Suppose there is a subgroup K of FG(A) and
an infinite set P of positive integers such that, for every n€P, the set R,(x) is a
free basis of K. Let K be the topological closure of K in Q4G. Then the restriction
to G, of the canonical projection pg: QaS—Q4G is a continuous isomorphism from
G, onto K.

The following proposition, taken from [9, Proposition 5.2], plays a key role in
the proof of Theorem 6.1.
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Proposition 6.2. Let X be a minimal non-periodic subshift of AZ and let
x€X. Suppose there are M >1 and strictly increasing sequences (pp)n and (gn)n of
positive integers such that R(Jc[,pm,l] , Jc[o’qn]) has exactly M elements vy 1,...,7n M,
for every n. Let (r1,...,ra) be an arbitrary accumulation point of the sequence
(Tnds ooy Tnat)n i (QaS)M. Then (ry,...,rar) is the mazimal subgroup G, of J(X).

In the proof of Theorem 6.1 we shall apply the following lemma, whose proof
is an easy and elementary exercise that we omit.

Lemma 6.3. Let S125,2532... be a descending sequence of compact sub-
spaces of a compact space S1. Suppose that @: S1—T is a continuous mapping
such that p(Sn)=T for every n>1. If I=(, 5, Sn, then we have ¢(I)=T.

We shall also use the following tool.

Proposition 6.4. ([20, Corollary 2.2]) Suppose that B is the basis of a finitely
generated subgroup K of FG(A). Let K be the topological closure of K in QAG.
Then K is a free profinite group with basis B.

We are ready to prove Theorem 6.1.

Proof of Theorem 6.1. By Lemma 5.3, we have G, =[,,cp (Rn(z)). On the
other hand, for every ne P, since by hypothesis the set pg(R,,(z))=R, () is a basis
of K, we have pg( (R, (z)))=K. It then follows from Lemma 6.3 that pg(G,)=K.

By assumption, for every n€ P, the set R, (x) has M elements, where M is the
rank of K. Therefore, by Proposition 6.2, we know that G, is generated by M ele-
ments. On the other hand, K is a free profinite group of rank M, by Proposition 6.4.
Hence, there is a continuous onto homomorphism v: K —G,. We may then con-
sider the continuous onto endomorphism ¢ of K such that ¢(g)=pg(¥(g)) for every
g€ K. Every onto continuous endomorphism of a finitely generated profinite group
is an isomorphism [36, Proposition 2.5.2], whence ¢ is an isomorphism. Since 1)
is onto, we conclude that v is an isomorphism. This shows that the restriction
pa|: Gx— K is the continuous isomorphism potp~!: G, —K. 0O

We proceed to apply Theorem 6.1 and two of the main results of [13] to deduce
the freeness of the Schiitzenberger group of the minimal subshifts satisfying the tree

condition, which we next describe.
Let X be a subshift of AZ. Given we L(X)U{1}CA*, let

Ly={acAlawe L(X)},
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Ry,={acAlwaec LX)},
E,={(a,b)e AxAlawbe L(X)}.

The extension graph G, is the bipartite undirected graph whose vertex set is the
union of disjoint copies of L,, and R,,, and whose edges are the pairs (a,b)€E,,,
with incidence in a€L,, and b€ R,,. The subshift X satisfies the tree condition if
Gy is a tree for every we L(X)U{1}.

The class of subshifts satisfying the tree condition contains two classes that
have received considerable attention in the literature: the class of Arnouz-Rauzy
subshifts(*) (see the survey [25]), and the class of subshifts defined by regular interval
exchange transformations (see [13] and [14]).

It is shown in [13, Theorem 4.5] that if the minimal subshift X satisfies the tree
condition, then, for every weL(X), the set of return words R(w) is a basis of the
free group generated by the set of letters occurring in X. This result is called the
Return Theorem in [13]. Combining the Return Theorem with Theorem 6.1, noting
that, for every z€X, the set R, () is conjugate to R, (z|_p, n—1)), we immediately
deduce the following theorem.

Theorem 6.5. If X is a minimal subshift satisfying the tree condition, then
G(X) is a free profinite group with rank M, where M is the number of letters
occurring in X.

There are other cases of minimal subshifts X', not satisfying the tree condition,
for which G(X) is known to be a free profinite group. Indeed, it is shown in [5]
that if X' is the subshift defined by a weakly primitive substitution ¢ which is group
invertible, then G(X) is a free profinite group. The weakly primitive substitution

pla)=ab, @(b)=cda, ¢(c)=cd, and ¢(d)=abec

is group invertible, but the minimal subshift defined by X is a subshift that fails
the tree condition [13, Example 3.4].

The special case of Theorem 6.5 in which the subshift is an Arnoux-Rauzy
subshift was previously established in [5] by the first author by extending the case
of substitution Arnoux-Rauzy subshifts, for which the substitutions are group in-
vertible.

(*) The Arnoux-Rauzy subshifts over two-letter alphabets are the extensively studied Stur-
mian subshifts, but we warn that in [13] the Arnoux-Rauzy subshifts are called Sturmian.
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7. The groupoids K, (X)g

Let X be a subshift of AZ. For every positive integer n, if X, is the subshift of
AZ consisting of those elements x of A% such that Tk kan—1) € L(X) for every k€Z,
then one clearly has L(X,,)=M,,(X)NA*. Since M,,(X) is a clopen subset of 245,
it follows that L(X,,)=M,,(X). From this fact one deduces the following lemma.
For the sake of uniformity, we denote M(X)=(,,~; Mn(X) by M (X).

Lemma 7.1. For every neZ*U{oo}, if the subshift X is irreducible then so
is the set My, (X).

Proof. Clearly, for every n>1, if X is irreducible then so is X,,, whence M,,(X)
=L(X,) is irreducible. Let u,v€ M (X). For each n>1, there is w, € M,,(X) such
that uw,veM,,(X). If w is an accumulation point of (wy),ez+ then we M, (X)
for every n, since M,,(X) is closed and w,, € M,,(X) for every m>n. This shows
Moo (X) is irreducible. O

In view of Lemma 7.1, and since clearly M, (X)) is closed and factorial (ir-
respectively of X being irreducible or not), we may consider the apex K, (X) of
M, (X) when X is irreducible.

The irreducibility of X also implies that, for every positive integer n, the
semigroupoid ign(X ) is strongly connected, since Xg,(X) is then itself strongly
connected.

A subsemigroupoid T of a semigroupoid S is an ideal if for every t€T and
every s€S, w(s)=a(t) implies steT, and w(t)=a(s) implies ts€T. In a strongly
connected compact semigroupoid S, there is a minimum ideal Ker S. This ideal
Ker S may be defined as follows. Consider any vertex v of S and the local semigroup
S(v) of S at v. Then S(v) is a compact semigroup, and therefore it has a minimum
ideal K,. Let Ker S be the subsemigroupoid of S with the same set of vertices
as S and whose edges are those edges of S that admit some (and therefore every)
element of K, as a factor. Note that K,=(Ker S)(v).

The next lemma is folklore. The relations <7 and J in semigroupoids extend
naturally the corresponding notions for semigroups, namely, in a semigroupoid s< 7
t means the edge t is a factor of the edge s.

Lemma 7.2. If S is a strongly connected compact semigroupoid, then Ker S
is a closed ideal of S that does not depend on the choice of v. Moreover, the edges

in Ker S are J-equivalent in S; more precisely, they are <g-below every edge of S.

We next relate Ker S, (X) with Koy (X).



A geometric interpretation of the Schiitzenberger group 263

Lemma 7.3. Consider an irreducible subshift X and a positive integer n. Then
we have the equality fi,(Ker Xg,(X))=Kopt1(X).

Proof. Let s€eKer f)gn(X) and let we Kap41(X).

By Lemma 4.4, there is t€ 5o, (X) such that fi,,(t)=w. But ¢ is a factor of
s by Lemma 7.2, and so w is a factor of fi,(s). Again by Lemma 4.4, we have
fin(8)EMapi1(X). The <z-minimality of Ko,41(X) then yields ji,, (s) € Kopi1(X),
establishing the inclusion fi, (Ker Son (X)) CKopi1(X).

On the other hand, since ign(.)( ) is strongly connected, there is an edge r
in 3,(X) having s has a factor and such that tr is a loop. Let £=(tr)*. Since
Ker §2n<X) is an ideal, we have € Ker f]zn(/'l’), and so the idempotent fi,, (¢) belongs
to Ko,11(X) by the already proved inclusion. But w={i, (t) € Ko,41(X) is a prefix
of the idempotent fi,,(¢), and so wRfi,,(£) by stability of 24S. Hence, we have w=
fin (O)w=fi, (£t). Since ft€Ker £y, (X), this shows the reverse inclusion Koy (X)C
fin(Ker £5,(X)). O

Corollary 7.4. Let X be an irreducible subshift. Fix a positive integer n. For
every vertex v of Yo, (X), there is an idempotent loop € of Yoy, (X) rooted at v such
that ﬂ(f) €K2n+1 (X)

Proof. The graph ign(é\,’ ) is strongly connected, and so every element of
Ker ¥, (X) is a factor of a loop ¢ rooted at v. The loop £=¢“ then satisfies the
desired conditions, by Lemma 7.3. [

Let S be a semigroup. The category Sg is defined by the following data:

(1) the vertex set is the set of idempotents of S;
(2) the edges from e to f are the triples (e,u, f) with u€eSf;
(3) the composition is defined by (e, u, f)(f,v,g)=(e, uv, g).

Note that (e, e, e) is a local identity at each idempotent e of S. This is the instance
for one-vertex semigroupoids of the so-called Karoubi envelope [27] or Cauchy com-
pletion (cf. [15, Sect. 6.5]) of a semigroupoid. The category Sg was introduced in
semigroup theory by Tilson in his fundamental paper [38]. Since the construction
S+ Sg is functorial, if S is profinite, then Sk becomes a profinite category by con-
sidering the product topology in S xS x S. In this paper we are interested in dealing
with the profinite category (Q24S)g. For an irreducible subshift X and n€ZTU{cc},
denote by K, (X)g the subgraph of (Q245)r whose vertices are the idempotents of
K, (X) and whose edges are the edges (e, u, f) of (Q4S)g with uc K,,(X).
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Proposition 7.5. Let X be an irreducible subshift. For every neZ*U{oo},
the graph K,(X)g is a closed subcategory of (24S)g. Moreover, K, (X)g is a
profinite groupoid.

Proof. We know that K, (X)g is topologically closed in (24S)g because the
set of idempotents of Q4S and every J-class of Q45 are closed.

As shown in [10, Lemma 8.2], if w is a finite factor of a product pgr with
p,q,7€0Q4S and g¢ AT, then w is a factor of pg or of gr. Therefore, the composi-
tion in (Q4S)g of two edges of K, (X)g belongs to K, (X)g, and so K,(X)g is a
subcategory of (Q45)g.

If (e,u, f) is an edge of K, (X)g, then eRuL f by stability of Q4S. It follows
from the basic properties of Green’s relations that there is some v in K, (X) such
that fRvLe, uv=e and vu=f. Hence (f,v,e) is an edge of K,(X)g that is an
inverse of (e, u, f), thereby establishing that K, (X)g is a groupoid.

To conclude the proof, it remains to show that K, (X)g is residually finite as
a topological groupoid. Since it is a subgroupoid of the category (24S)g, which
is residually finite as a topological category, the topological groupoid K, (X)g is
residually finite as the subcategory generated by the image of a homomorphism of
a topological groupoid into a finite category is easily seen to be a groupoid. [

In the minimal case, we may combine Proposition 7.5 and Theorem 5.7 to
obtain an alternative characterization of the profinite groupoid f)OO(X ) in terms
of the local structure of the free profinite semigroup Q4S. For this purpose, we
introduce some notation that is also useful in the next section.

Suppose X is a minimal subshift. For each x€X’, let £, be the identity at x
in the groupoid f)oo(.)c') (cf. Theorem 5.6). Let e, be the idempotent fi(¢;). Recall
that e, is the identity element of G, (cf. Theorem 5.7).

Remark 7.6. For every minimal subshift, the mapping xeXl—%xeiw(X) is
continuous, and therefore so is the mapping z€X —e, €J(X).

By Theorem 3.1, we know that K (X)=J(&X). By Proposition 7.5, we know
that J(X)g is a profinite groupoid. Note that for each x€X, the profinite groups
G, and the local group of J(X)g are isomorphic, the mapping u€G (e, u, ey)
being a continuous isomorphism between them. The following gives a sort of first
geometric characterization of the groupoid J(X)g.

Theorem 7.7. For every minimal subshift X, we have a continuous groupoid
isomorphism F: Yoo (X)—= J(X) g defined on vertices by F(x)=e; and on edges by
F(S):(ea(s)7 ﬂ(s)a ew(s))'
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Proof. Note first that F is clearly a functor between categories, as i is itself
a semigroupoid homomorphism. The continuity of F' follows from the continuity
of fi and Remark 7.6. Let e be an idempotent of J(X), and take z="¢.¥. Since
e, €G,, we have e, =e in view of Lemma 3.2, whence F(x)=e. On the other hand,
if F(x)=F(y), then z=y, also in view of Lemma 3.2. This establishes that F is
bijective on vertices.

Fix an element z€X. Consider the isomorphism u€ G, (e, u, e, ), from G,
onto the local group of J(X)g at e. Composing it with the restriction of ji to the
local group f]oo (X, ) we get, thanks to Theorem 5.7, a continuous isomorphism,
which is precisely the restriction of F' mapping EAIOO(X ,x) onto the local group of
J(X)E at e.

Finally, it is an easy exercise to show that if H is a functor between two
connected groupoids S and T that restricts to a bijection between the corresponding
sets of vertices and to a bijection between some local group of S and some local
group of T', then H is an isomorphism of groupoids. [

The following lemma is useful in the sequel.

Lemma 7.8. Let X be an irreducible subshift. If e is an idempotent in K. (X),
then there is a sequence (en)n of idempotents e, € K,,(X) such that lime, =e.

Proof. For each positive integer n, choose v, € K, (X). Since ee M,,(X) and
M., (X) is irreducible, there are z,,t, €Q4S such that ez,v,t,e belongs to M, (X),
whence (e, ez,vptne, e) is a loop of K, (X)g, and so is (e, ez,vptpe, €)® in view of
Proposition 7.5. Therefore, the idempotent e, =(ez,v,t,e)* belongs to K, (X).

Let f be an accumulation point of the sequence (e,),. Note that f is an
idempotent such that f<ge and f<ge. As m>n implies e,, € M,,(X) and because
M, (X) is closed, we have feM,, (X) for every n>1, whence feMoo(X). There-
fore, since e€ K, (X) is a factor of f, we must have f€ K. (X). As Q4S is stable,
we conclude that f=e. We have shown that e is the unique accumulation point of
(en)n, and so by compactness we conclude that (ey), converges to e. [

8. A geometric interpretation of G(X) when X is minimal

In this section we present a series of technical results that culminate, for the
case where X is a minimal subshift, in the geometric interpretation of G(X) as an
inverse limit of the profinite completions of the fundamental groups of the Rauzy
graphs Yo, (X) (Corollary 8.13). While some preliminary results are valid for all
irreducible subshifts, we leave open whether our main result generalizes to that case.
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By Corollary 7.4, if X is an irreducible subshift then, for each vertex w of
Y9, (X), we may choose an idempotent loop £, ., of Lo, (X) rooted at w such that
the idempotent ey, , =fin (L n) belongs to Kopi1(X).

Lemma 8.1. Suppose X is a minimal subshift. For every x€ X, the sequence
(€z(_pn_1jm)n cOnVETGES tO €4

Proof. Since M(X) is the intersection of the descending chain of closed sets
(M2 41(X))n, we know that every accumulation point e of (ex[fn,nfl],n)n is an
idempotent belonging to M(X'). We also know that, for a fixed a positive integer &,

the word (g x) is a prefix of e, .n whenever n>k, by Lemma 4.6. By continu-

—nn—1]
ity, we deduce that x x) is a prefix of e. Similarly, x[_j _y) is a suffix of e. Since k
is arbitrary, we conclude from Lemma 3.2 that e=e,. Hence, by compactness, the

sequence (ez[fn 7171]7”')” converges to e, as e, is its sole accumulation point. [

Let u€Q4S. Suppose z€ A% is such that u€z-Q4S. Then there is a unique w
in Q4S such that u=zw [1, Exercise 10.2.10]. We denote w by z~!u. The product
(27 'u)z is denoted simply by z~uz, as there is no risk of ambiguity. Observe that
if u is idempotent then z~tuz is also idempotent. In terms of the element x=(x;);cz
of the minimal subshift X', one sees that e, €xo-Q4S, and so we may consider the
idempotent x Lo, xo.

Lemma 8.2. If X' is a minimal subshift, then for every x€X we have ey ;)=
xalexxo.

Proof. Let w:mglemxo. Then we have U.E?:J(x). Hence, w is an idempotent
in Gg(x), that is, W=€4(z)- |

By the freeness of the profinite semigroupoid EA](X ), we may consider the unique
continuous semigroupoid homomorphism ¥: ¥(X)—Q4S such that ¥(s) =€q(s)"
f1(5)-ey(s) for every edge s of X(X).

Lemma 8.3. Suppose X is a minimal subshift. For every edge s of f)(/'k'), we
have

(81) \I/(S) :ea(s)'/&'(s)'ew(s)~

Moreover, if s is an infinite edge then ¥(s)=/i(s).

Proof. We first establish equality (8.1) for finite paths s belonging to ()T,
by induction on the length of s. The base case holds by the definition of W.
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Suppose that (8.1) holds for paths in 3(X) of length k, where k>1, and let s
be a path in X(X) of length k+1. Factorize s as s=tr with ¢ being a path of length
1 and r a path of length k. Then, by the induction hypothesis, and since ¥ is a
semigroupoid homomorphism, we have,

(8.2) W(s) =U(t)W(r) =ea(s) fi(t)-ewe)  (T) Eu(s)-

Since ¢ has length 1, there is x€X such that t=(z,0(z)). As a(s)=z, w(t)=0c(x)
and [i(t)=z0, and taking into account Lemma 8.2, we obtain ea(s)ﬂ(t)-ew(t):
emmomglerxozea(s)~[L(t). Hence, (8.2) simplifies to

W (s) = eq(s) f1(t) (1) ew(s) = €a(s) f1(S) €u(s),

which establishes the inductive step, and concludes the proof by induction that (8.1)
holds for finite paths.

Denote by ® the mapping S(X)—04S such that ®(s)=e(s)-f1(5)-€u(s) for
every edge s of EAI(X ). We proved that ¥ and ® coincide in ¥(X)T. By continuity
of i and by Remark 7.6, we know that ® is continuous. Hence, as X(X)7 is dense
in 3(X) by Theorem 4.3, we conclude that U=9.

Suppose s is an infinite edge. Since s and £, (s) have the same source, ji(s) and
€q(s) have the same set of finite prefixes by Lemma 4.6. This means that fi(s) and
€q(s) are R-equivalent elements of J(&X'), by Lemma 3.2. Similarly, fi(s) and e,
are L-equivalent. This establishes U(s)=f(s). O

We begin a series of technical lemmas preparing a result (Proposition 8.7)
about the approximation of ¥ by a special sequence of functions in the function
space (Q245)>(¥)| endowed with the pointwise topology.

Lemma 8.4. Suppose X is a minimal subshift. Let ¢ be a continuous semi-
group homomorphism from Q4S into a finite semigroup F. Then there is an in-
teger Ny such that if u is an element of My, (X) with length at least Ny, then

p(u)€p(J(X)).

Proof. Since J(X)CL(X), there is € L(X) such that ¢(z)€p(J(X)). By the
uniform recurrence of L(X), there is an integer M such that every word of L(X) of
length at least M contains z as a factor.

Let e be an idempotent of J(X). Since X is a minimal subshift, by Theorem 3.1
we know that Ko (X)=J(X). Applying Lemma 7.8, we conclude that there is a
sequence (e, ), of idempotents converging to e such that e, € K, (X) for every n>1.
Hence, there is an integer N, with N,>M for which we have ¢(e,)=¢(e) whenever
n>N,.
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Let ue My, (X) be such that the length of u is at least N,. Then z is a
factor of u. We also have ey, <7u by the definition of K, (X’). Hence, we obtain

plen,)<ge(u)<7¢(z). But both ¢(z) and p(en,)=¢(e) belong to p(J(X)), thus
p(u)ep(J(X)). O

Lemma 8.5. Let X, ¢ and N, be as in Lemma 8.4. For allz€X and n>N,,
the equality p(e;)=¢(€x_, ,_,n) holds.

Proof. By Lemmas 4.5 and 4.6, the word w[,_;) is a common prefix of
€x(_pn_ym and e;. Note also that, for n>Ny, Tj0n-1], €x_, ._1n, and e; be-
long to My, (X). In view of Lemma 8.4, we conclude that the elements of the
set

{‘p(x[o,nfl])a (p(ex[,”,n,l],n)a w(ex)}
belong to ¢(J(X)). By stability of F', we deduce that

@(ew[_nn 1] )RW(m[On 1])R@(6x)'

Similarly, we have
90(e$[ nn—1] ) L So(x[—n —1] ) L 90(61).

Hence go(ex[ ) n)He(ey), and since e, n and e, are idempotents, we

actually have gp(ex 7%"7117") wleg). O

[—n,n—1]

Let X be an irreducible subshift. Consider the graph homomorphism 1, :
Yon(X)—(Q24S) defined by

17/}” (5) = (ea(s),na ea(s)m',an (3) "Cu(s),no ew(s),n)

for each edge s of Yo, (X). By the freeness of the profinite semigroupoid f]gn(X),
the graph homomorphism v,, extends in a unique way to a continuous semigroupoid
homomorphism ), : Lo, (X)—(Q24S)E.

Lemma 8.6. For every irreducible subshift X, the image of z/AJn is contained
in the groupoid Kopi1(X)E.

Proof. Let s be an edge of 33,(X). By their definition, the idempotents
€a(s)n and ey (s, belong to K2n+1(X). Take u=eq(s)n fin(5) €u(s),n- We have
U= [l (La(s)n 8 lu(s)n). Since Lo(s)n5-Lu(s),n belongs to ign(){)7 we must have
UE Map1(X) by Lemma 4.4. But u= ea( ),n u-ew(s)yn, and so u€ Koy, 11(X) by the
< 7-minimality of Ko, 41(X), establishing that v, (s) belongs to Ka,11(X)g. Since
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Kon11(X)E is a closed subcategory of (Q24S)g, applying Lemma 2.4 we conclude
that the image of v, is contained in Ko, 41(X)g. O

Denote by 7 the continuous semigroupoid homomorphism (Q4S)z—Q4S de-
fined by ~y(e,u, f)=u. Consider the following sequence of continuous semigroupoid
homomorphisms:

~ Pn . ’([Jn _ v o
E(X) — EQTL(X) E— (QAS)E —— QAS.

Let \Iln:fyoz&n op, be the resulting composite.

For the next proposition, we take into account the metric d of Q4S such that
if u and v are distinct elements of Q4S, then d(u,v)=2""("") where r(u,v) is the
minimum possible cardinality of a finite semigroup F' for which there is a continuous
homomorphism ¢: Q4S— F satisfying o(u)#p(v). The hypothesis which we have
been using that A is finite guarantees that the metric d generates the topology of
Q4S [2] and [3].

Proposition 8.7. Suppose X is a minimal subshift. Endow the function space
(QAS)>X) with the pointwise topology. Then the sequence (V,,), converges uni-
formly to .

Proof. Fix a positive integer k. We want to show that there is a positive integer
Ny, such that if n>Nj, then d(¥,,(s), ¥(s)) <5 for every s€%(X). For that purpose
we use the following auxiliary lemma, whose proof is a standard exercise. It appears
implicitly in the first part of the proof of Proposition 7.4 from [2].

Lemma 8.8. Fiz a positive integer k. There is a continuous semigroup ho-
momorphism ¢ from Q4S onto a finite semigroup F such that

1
(8.3) d(u,v) < o"

— o(u)=¢(v).

Proceeding with the proof of Proposition 8.7, let ¢:Q24S— F be a continuous
homomorphism onto a finite semigroup F' such that the equivalence (8.3) holds. Let
N, be an integer as in Lemmas 8.4 and 8.5. Consider an integer n with n>N,,.
In view of equivalence (8.3), the proposition is proved once we show that, for every
edge s of i()()7 we have

(8.4) <p(\11n(8)) :(p(\ll(s)).
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If s has length 1, that is, if s is an edge (z,0(x)) of X, for some x€ X, then we have

(8.5) U (8) = €a(pn () fin (B (5)) - Cupn () n-

Because n>N,, it follows from Lemma 8.5 that

(8.6) (€a(pn(s))n) =P(Ca(s)) and  @(ew(p, (s)).n) = P(Cw(s))-

Since fin 0P, =i, from (8.5) and (8.6) we obtain (8.4) in the case where s has length
1. Hence, po¥,, and poW are continuous semigroupoid homomorphisms coinciding
in X(X). Since X(X)* is dense in i(X) by Theorem 4.3, it follows that we actually
have oW, =poW, thereby establishing (8.4). O

Suppose X is an irreducible subshift. As the graph X, (X)) is strongly con-
nected, for each edge s: v —wvgy of ¥g,(X) one can choose a path s': va—wv; in
Y9, (X). Denote by s* the edge (s's)“~1s’ of Xy, (X) from vy to v;.

Remark 8.9. For every edge s of 3o, (X), the loops s*-s and s-s* are idem-
potents. Therefore, if ¢ is a semigroupoid homomorphism from Y, (X) into a
groupoid, then ¢(s*)=¢(s)~! for every edge s.

Recall how in Sect. 2.5 we defined the graph T from a graph ', and denote

E;\(jf) by ¥2,(X). Let ¢° be an edge of o, (X), where ¢ is an edge of o, (),
e€{—1,1} and t*=¢. We define

(t€)+ _ {t ife=1,

t* ife=-1.

If s=s159...5; is a path, where each s; is an edge of EM(X), then we define st =
st sy ...s) . Note that s* is an edge of S0, (X) such that a(sT)=a(s) and w(st)=
w(s). We also follow the usual definition s—*

If 1, is the empty path at some vertex v of ign(X), then one takes l,=11=
1::13_’

then one defines ¢(1,) as being the local unit at ¢(v).

:slzl...sglsl_l.
and if ¢ is a semigroupoid homomorphism from s, (X) into a groupoid,
Lemma 8.10. Consider an irreducible subshift X. Let ¢ be a semigroupoid

homomorphism from f]gn(X) into a groupoid, and let t be a (possible empty) path
of ¥an(X). Then we have

(8.7) p(t) =) ).
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Proof. The case where t is an empty path is immediate. We show (8.7) by
induction on the length of ¢. Suppose that ¢ has length 1. Either t€Xo, (X) or
t=1€%,,(X). In the first case we have t¥ =t and (t~!)* =t*, while in the second case
we have tT=(¢t"1)* and (¢t71)T=t"!. In either case, (8.7) follows from Remark 8.9.

Suppose that (8.7) holds for paths of length less than k, where k>1. Let ¢ be
a path of ign(X) of length k, and consider a factorization in ign(X)+ of the form
t=rs with s an edge of S, (X).

Then tT=rTs". Therefore, applying the inductive hypothesis, we get

() =p(sh) ()
=o((s™) ) e(() ) = (7)) =e()"),

which establishes the inductive step and concludes the proof. O

Recall that a spanning tree T of a graph I is a subgraph of I which, with respect
to inclusion, is maximal for the property that the undirected graph underlying 7 is
both connected and without cycles. In what follows, we say that a path t;...t; of r
lies in 7' if for each i€{1,...,k} we have t,€T or t; ' €T.

Fix an element z€ X and, for each n, fix a spanning tree T of the graph s, (X).
For each pair of vertices v1, vy of £, (X), let T, ,, be the unique path of ign(X)
from v; to vy that does not repeat vertices and lies in 7. Note that T}, ., :Té}vy
and that T, , is the empty path at v. For each vertex v let %:Tv,r[f”,nq] and
511:Tw[_n’n_1]7v

For each edge s of 3o, (X), consider the element g5 of the local group I, (X, x)
given by gs=(da(s) 5 Vw(s))/~- Note that g, is the identity of Ily, (&X', ) if s belongs
to T. Denote by Y the set of edges of 3a,(X) not in T. Tt is a well known fact that
the set B={gs|s€Y} is a free basis of the fundamental group Ils, (X, ) [30]. Hence,
B is a basis of the free profinite group ﬁgn(X, x). In view of Lemma 8.6, we may
therefore consider the unique continuous group homomorphism ¢, from ﬁgn(X , )
into the local group of the profinite groupoid Ko, 11(X)g at en=€z_, ,_y.m Such
that

. In particular, we have v, =4, ".

Cn(gs) = '(;n (5:(5) '8'7:(5))

for every se€Y.

Lemma 8.11. Consider an irreducible subshift X. Let u be a loop of San(X)
rooted at vertex x_p ,—1]. Then we have C,(hn(u))=1n(u).

Proof. Since we are dealing with finite-vertex graphs, we have Yo, (X)t=
Yon(X). And since the vertex space of Xy, (X) is discrete, it follows that any
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loop of ign(é\f) rooted at x|_, ,_1) is the limit of a net of finite loops of ign(X)
rooted at z_,, ,,_1). Hence, since Cnofzn and 1), are continuous, the lemma is proved
once we show that the equality ¢, (hy (1))=1, (1) holds whenever u is a finite loop
rooted at x[_,, ,_1]. For such a finite loop u, let

U=UpS1UIS2U2... Uk —1SEUL

be a factorization in 3, (X)* such that wg, ..., u) are (possibly empty) paths that
liein T and s1, ..., si are edges belonging to Y. Let w; be the longest common prefix
of 4}

o (50) and (s, ,) and let z; and ¢; be such that the equalities %,(si)zziwi_l and
da(

w;t; hold in Y, (X). Note that

5i+1) =

(8.8) U =0 (s1)s Uk ="V(sy)s and wu;=zit; forie{l,..,k—1}.

It follows that

hp (1) = gs, Gso---Gsy,
and so
(8.9) Cn (P (1)) =tn (5:(51)‘31‘7:(51)'5::(52)'32'73(52)“5:(%)'Sk‘%j(sk))'

On the other hand, by (8.8), we have 5:(31):%, VI(Sk):“k and, in view of Lem-
mas 8.6 and 8.10, for i€{1, ..., k—1}, the following chain of equalities holds:

7/%( Veo(s:) a(97+1): Z( ) :rtj)
n (w71 7) b (w]) - (1)
G (w) ™ () ()
() = ().

Therefore, (8.9) simplifies to ¢, (hy (1)) =n (1), as we wished to show. [

+

K2

)
).
)

Z;

+

Zi

o
¥n(
(
(

Theorem 8.12. Let X be a minimal subshift. Then, the restriction of the
mapping h to Yoo (X) is an isomorphism of topological groupoids onto l'&ll‘[gn(/'\’).

Proof. By Lemma 2.3, h., is onto for every n>1, which shows that h is onto
(cf. [39, Theorem 29.13]). Therefore, by Theorem 4.3, the equality B(i(X)):
@ﬁgn(X) holds. If s is a finite edge in f](X) then Ea(s)s is an edge in f]oo(X)
such that fz(ﬁa(s)s):ﬁ( ), whence (S L Hzn

Let s, t be elements of S (X) such that h(s)= h(t). Since h is the identity
mapping on vertices, we may assume that s and ¢ are edges and, therefore, they are
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coterminal edges. Then, for every n>1, we have Ay, (pn(ss1))=hy(pn(ts™1)), and
so from Lemma 8.11 we deduce the equality

U (P (5571)) = (P (ts71)).

This shows that W, (ss™1)=W, (ts71) every n>1. From Proposition 8.7 we then
obtain ¥(ss~!)=V(ts~!). By Lemma 8.3, this means that ji(ss~!)=/(ts~!). Since
fi is faithful, we conclude that ss~'=ts~!, whence s=t. This establishes that & is
injective. [

In view of Theorem 5.7, we may now obtain our main result as an immediate
consequence of Theorem 8.12.

Corollary 8.13. If X is a minimal subshift then G(X) is isomorphic with
@Hgn(X,x) as a profinite group, for every r€X.
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