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On the weak-type (1,1) of the uncentered
Hardy-Littlewood maximal operator associated
with certain measures on the plane

Anna K. Savvopoulou and Christopher M. Wedrychowicz

Abstract. Suppose p is a positive measure on R? given by u=vx\, where v and \ are
Radon measures on 8! and R, respectively, which do not vanish on any open interval. We prove
that if for either v or A there exists a set of positive measure A in its domain for which the upper
and lower s-densities, 0<s<1, are positive and finite for every x€ A then the uncentered Hardy—
Littlewood maximal operator M, is weak-type (1, 1) if and only if v is doubling and X is doubling
away from the origin. This generalizes results of Vargas concerning rotation-invariant measures
on R™ when n=2.

1. Introduction

Let p be a positive Borel measure on R™, finite on compact sets and with
w(B)>0 for all Euclidean balls B. We define the uncentered Hardy-Littlewood
mazximal operator associated with p by

M f(w)=swp e [ Wlduty) tor Ly ®),
where the B are open balls.

The case when pu=vxA+hdy, where v is Lebesgue measure on the unit
sphere 8”71 and \ is a measure on R* are the rotation-invariant measures on R®
which have been studied in several papers. In [3] it was shown that M, is weak-type
(1,1) for all p when n=1, and that if n=2 and duze‘””z_y2 dx dy then M, is not
weak-type (1,1). In [4] the main result is that M, is weak-type (1,1) if and only
if A is doubling away from the origin (see Section 3 for the definition) when n>2.
This includes the result concerning the Gaussian on R? as a special case as it is
easy to see that this measure is not doubling away from the origin.
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In the present paper we will restrict our attention to product measures on R?
of the form pu=vx\, where v is a measure on the circle 8! and \ is a measure
on R*. Technically we must extend u to all of R? by writing p=v X A+hd,0)-
However in what follows there is no loss of generality in assuming that A=0 i.e. that
1({(0,0)})=0, as the weak-type (1,1) for vx X will be preserved if hd ¢ is added
to u, and the analysis of Section 5 takes place away from the origin. Our results will
generalize those of [4] when n=2, by taking v equal to Lebesgue measure on 8.

After some preliminaries we prove that M, is weak-type (1,1), when v is a
doubling measure and A is doubling away from the origin. We will next turn to
establishing a partial converse of this statement.

The following are our main results. It is assumed that p is a Borel measure
which is positive on Euclidean balls and finite on compact sets.

Theorem 1.1. Let u=vx\ be a measure for which v is doubling and X\ is
doubling away from the origin. Then M, is weak-type (1,1).

We will use the upper and lower s-densities of Radon measures to provide
a characterization of some measures p=v x A where the converse to Theorem 1.1
holds. We recall the following definitions.

Definition 1.2. For a Radon measure o defined on R™ we define the lower and
upper s-densities respectively by

] i i CB@ 1)
03 (o, z) = hrﬁ%)nf B
o(B(z,r))

0*°(o, x) = lim sup ,
(0,2) 10 (2r)s

where B(x,r) is the closed ball centered at x with radius r and s>0.

Theorem 1.3. Let u=vx\ be a positive measure on R? with pu(B)>0 for
all Buclidean balls B and p(K)<oo for all compact sets K. Suppose either of the
following holds:

(1) v is a Radon measure for which there exists a set AC8', v(A)>0, with
0<0i(x,v)<0*(z,v)<oco for all k€ A; or

(2) A is a Radon measure for which there exists a set ACR™, A\(A)>0, with
0<02(x, \)<0**(z, A)<oo for all x€A;
then M,, is weak-type (1,1) if and only if v is doubling and X is doubling away from
the origin.
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When s=1 we have the following slightly stronger result.

Corollary 1.4. If the Lebesgue decomposition of either v or A\ has a non-zero
absolutely continuous part, then M, is weak-type (1,1) if and only if v is doubling
and A is doubling away from the origin.

We also obtain the following under the assumption that one of the factors v
and \ satisfies the somewhere doubling property. See Section 3 for the definition.

Theorem 1.5. If either v or X is somewhere doubling, then M,, is weak-type
(1,1) if and only if v is doubling and X is doubling away from the origin.

The converse of Theorem 1.1 does not hold in full generality. In Example 5.9
we give an example of a measure p=vx\ where M, is weak-type (1,1) and v is
not doubling and A is not doubling away from the origin.

2. Some basic inequalities

We begin by defining a few fundamental objects, and then state some simple
geometric propositions. The proofs may be established using basic trigonometry
and will therefore either be sketched or left to the reader. The notation, however,
will be employed throughout the paper.

The following object appeared in [4].

Definition 2.1. Given a ball B=B(zg, R) we define its associated sector Sp as

R
Sp= {x ER™: |zo| - R < |z| < |xo|+ R and ang(x, ) < arcsin(—) }
Ty

if |zg|>R, where ang(z, zg) is the angle between the rays emanating from 0 and
ending at z and zg.
When |zg|<R we have

Sp={zeR": |z| <|zo|+R}.

Definition 2.2. We define the azxis of the ball B to be the ray emanating from
the origin which passes through the center of B.

Notation 2.3. (1) By Fp we will mean a ray emanating from the origin making
an angle 6 with some other specified ray.
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For (2)—(4) let B be a ball of radius R<|zo].

(2) By r1(0) and r4(0) we will denote the lengths along Fy, if any, where Fy
intersects the boundary of B. We will set r(8)=r2(0)—7r1(6). Thus r(0) is the
length of the segment of Fy which is inside B.

(3) By Ap we will denote the annulus

{z: |xg| =R <|z| < |zo|+ R}

(4) By ¢1(0) and g2(f) we denote the lengths of the two line segments in Fp
contained in Ap\ B when such segments exist for §. They are thus the lengths of
the gaps between the boundary of the annulus and the boundary of B.

(5) We will let g(8)=|xo|+R—r(0), when R>|zg|.

In the following propositions 6 is an angle made with respect to the axis of the
ball.

Proposition 2.4. Let B be a ball with center xo and radius R, where |xo|/4<
R<|zo|. Then for small enough 0, independent of xy and R, we have

291 (0)
0 0 <
(2) 2g2(0) <10,

(Jwo|+R)—4g2(0) —
r(0) ()

) 7(6) 9:00)

Proof. We prove (1), leaving (2) and (3) to the reader.
(1) Assume without loss of generality that the axis of B is the positive y-axis.
Thus we may write xg=(0,yo). It follows that

r1(0) =yocos(f) —\/ R2—y2sin? 0 and 79(0) = yo cos(#)+1/ R2—y3 sin? 6.

As g1(0)=r1(0)—(yo—R), we have

5(yo—R)—g1(0) =6(yo— R)+1/ R2 —y3 sin® 6 —yq cos 6.

Set R=oy for i§0<1 to obtain

> 100.

5(yo—R)—g1(0) =yo(6(1—0)+V 02 —sin® §—cos ).

As a function of o, using a derivative argument, the right-hand side is seen to be
greater than or equal to 0 over the interval [i, 1] when 6 is small enough. [
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The following two propositions follow similarly and the proofs are omitted.

Proposition 2.5. Let B be a ball with center xo and radius R with R<|x¢|/4.
Then there exists an N independent of xo and R such that when 0 <arcsin(R/|zo|)/N
we have

R <r(9).

Proposition 2.6. Let B be a ball with center xo and radius R with R>|x|.
Then for 8 small enough, independent of x¢ and R, we have

(4) 0 - 100,

g(0) —

3. Doubling measures

Throughout the remainder of the paper i will be a measure on R? which is the
product of a positive measure v on 8!, with v(8')<oo and v(I)>0 for every interval
in 8!, and a positive measure A on R* with A\(J)>0 for all intervals J in R* and
A(K) <o for all compact sets K in R*. We will let |I| denote the Lebesgue measure
of an interval I, I the closure of the interval, and I° the interior of the interval. As
usual A~ B implies there exist constants C1 >0 and C>0 such that C; <A/B<Cj.
By kI or kB for some interval I or ball B we mean the ball or interval concentric
with the original one and having radius k-times that of the original radius. We
are identifying the circle with [0, 27) where arithmetic is mod 2. Geometrically 0
increases as we move counterclockwise in the plane.

Definition 3.1. For a measure v as above on 8! we say v is doubling if v(2I)<
Cv(I) for some C>0 and every interval I C8'. We say that v is doubling somewhere
or somewhere doubling if there exists an interval I C8' such that v(2.J)<Cv(J) for
some C'>0 whenever J and 2.J are contained in I. We say that v is nowhere doubling
if it is not somewhere doubling.

Definition 3.2. For a measure \ as above on R* we say that \ is doubling away
from the origin if there exists a constant C'>0 such that

M[a, a+2r)) <CA([a+ 37, a+3r])

whenever r<10a.

We define A to be somewhere doubling analogously to the definition given for v.
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Remark 3.3. Verifying the doubling conditions on closed intervals implies them
for all intervals. This is because Cv(I°)>v(I) and CA(I°)>A(I) where I° is the
interior of a closed interval 1.

We now set out some basic properties of doubling measures which will be useful
in proving the main results of the paper. By adjacent we will mean that TUJ is an
interval of any kind and INJ=g.

Propositions 3.4 and 3.5 are well known. We refer the reader to [1].

Proposition 3.4. The following are equivalent for a measure v on ' with
v(I)>0 for non-empty intervals I:

(1) v is doubling;

(2) v(I)~v(J) for adjacent intervals I and J with |I|=|J|.

The extension of Proposition 3.4 to measures which are doubling away from
the origin is straightforward.

Proposition 3.5. Let A be a measure on R*. Then the following are equiva-
lent:

(1) X is doubling away from the origin;

(2) if |I|<10a then A(I)~X(J), whenever I and J are adjacent intervals with
[I|=|J| and a=inf(JNJ).

Proposition 3.6. Suppose v is a non-doubling measure on 8' and X\ is non-
doubling away from the origin on R*. Then

(1) there exist adjacent intervals I and J in 8%, whose union is open, with
|[I|>n|J| and v(J)/v(I)>n for any positive integer n;

(2) there exist adjacent intervals I and J in R™, with 10inf(IUJ)>|I|, whose
union is open, with |I|>n|J| and XN(J)/AI)>n. Furthermore we may take I and
J so that if IUJ=Q and Q=(a,b) then [IUJ|/a—0 as n—oc.

Proof. (1) Let ap=1. Define a sequence by a;=n Zz;é a;, and set T=3"7_ a;.
Now choose a half-open interval U and an adjacent open interval V', such that
v(U)/v(V)>T, and |U|=|V|. This is possible since v is not doubling. Divide U
into n adjacent intervals Uy, Us, ..., U, of equal length, where U; is adjacent to V.
At least one of these intervals satisfies v(U;) >a;v(V'). Let U;, denote the first such
interval. Now set J=VU(UZ":_11 Ui) and I=U;,. Then
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ig—1 ig—1

V(J) SV(V)—F Z aiu(V) :y(V) Z a; = V(:l/) a;, < V(Uio).
=1 i=0

n

(2) The proof of the first part of (b) is analogous to that of (a). For the
statement |IU.J|/a—0 we suppose it is false. This implies that there exists an ng
and %>K >0 such that if n>ng, and I and J are adjacent intervals where the
following hold:

(a) 11| >nlJ;

(b) [TUJ|/a<K <35, where IUJ=][a,b];
then A(J)/A(I)<n.

Take an interval A=(c,c+2r) with r<10c and let B=(c+7r/2,c+3r/2). Let
M =max{100n0, 100/ K} and set A=|A|/M=2r/M. Set for 1<k<M?/4,

B r kA r (k—1)A
B’“_<C+§_M’C+§_ M ]

;L r (k—1)A r (k—1)A
Bk<c+2 7 ,c+2 i +A ).

Observe that

(a) B{CB;

(b) |Bul/|BL|=1/M <1/ny;

(¢) |BrUBy|/(c+r/2—kA/M)<(A+A/M)/(r/10+7/2—kA/M)<100/M < K;
and therefore

(d) M(Bg)<noA(By,)-
We also note that for 1<k<M?/4 we have B}, CBj,_1UBj,_,. From this it follows
easily that there exists a constant Cy>0, independent of A and r, such that

M2
A(By) < CoA(B]) < CoA(B) forall 1<k< I

Hence
M?/4

)\( kszl Bk) :)\((c,c—ng SCOMT2A(<c+g,c+3§)).

A similar argument gives

3r M? r 3r
- < Ch— — = 1).
A<[6+2,c+2r)>00 1 A<<c+2,c+2>>

Therefore A is doubling away from the origin which is a contradiction. O
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4. A positive result

In this section we will establish a positive result. Our strategy will be similar
to that in [4] in that we will show that p(B)~u(Sp) and then divide the Euclidean
balls into two groups to deduce the weak-type (1,1) inequality. We assume that
p=vx\ where v is a doubling measure on 8! and ) is doubling away from the
origin on R*.

Proposition 4.1. p(B)~u(Sg).

Proof. Suppose N is chosen large enough to satisfy Proposition 2.5 and if
0<2m/N then Propositions 2.4 and 2.6 are satisfied by 8. We examine three cases

separately:
R< @, @ <R<|zg| and |zo|<R.

Case 1. R<|xo|/4. Write B=B;UDBy where Bj is the half of B counterclock-
wise from the axis of B and By is the other half. Let Sk and S% be the corresponding
halves of Sp. We will prove that 1(S%)~u(Ba). That u(Sy)~u(By) will follow by
a similar argument.

Divide S% and Bs along N sectors of equal angle arcsin(R/|zo])/N and la-
bel these sectors Si,S53,..., Sy, where S7 is bounded by the axis of B, and set
B=arcsin(R/|zo|). Let 6 be an angle made by a ray passing through S! and the
axis of B. Since 0<f<arcsin(R/|zo|)/N, Proposition 2.5 implies that r4(6) —r1(0)=
r(6)>R. This and the fact that R<|xo|/4 gives

A|zo| =R, |xo|+R) < CA(r1(6),72(0)).
It follows that
p(BNSy) ~ p(S1).
Since v is doubling, by repeatedly applying Proposition 3.4 we get that p(S;)~u(S1)
for N>i>1, the similarity depending on N alone. Therefore

N
(SE) < u(S1)+Y (i) < Crpu(BNS1)+(N —1)Cop(BN Sy )

i=2
< C1pu(B2)+(N—=1)Copu(Bs) < C3u(By).
Case 2. |zo|>R>|zo|/4. We note in this case that arcsin(R/|zo|)=3>arcsin ;.

By parts (1) and (2) of Proposition 2.4 and the fact that A is doubling away from
the origin, we have for Fy a ray passing through S;, where S; is as before,

Al(lzol =R, |zo[+R)) = A(r1(6),72(0))) +A((Jzo| = B, 71.(0)]) +A([r2(0), [x0| + R))
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< A((r1(0),72(0))) +A((r1(0) —91(0), 71 (0) +391(0)))
FA((r2(0) —392(0), 72(0) +92(0)))
< A((r1(6),72(0)))+CA(r1(6),71(0)+291(6))
+COA((r2(0) —292(0), 2(0)))-
Since these measures are all over segments in BNFy and in light of part (3) of

Proposition 2.4, the claim follows as before.

Case 3. R>|xg|. Using Proposition 2.6 for § small enough we have,

A0, 7(0))) +A([r(0), 7(0) +9(6)))
A((0,7(0)))+A((r(0) =39(6), () +9(6)))
A((0,7(60))) +CA((r(0) —29(0),7(6)))

and the conclusion follows as before. O

A0, [zo|+R)) A(
(

IN

IA

Proposition 4.2. When R<|zo|/4, u(Sp)~un(S2p).

Proof. Assume that the axis of B makes an angle ag with the x-axis. Then

2R
w(Sep) =v (ao—arcsin —
|20

< C1Cyv <a0 —arcsin

2R
ap+arcsin |:v—) A((|o] —2R, |zo|+2R))
0

R R
—— ap+arcsin —> A|zo| =R, |zo|+R)
|zo |zo
= C1Cou(Sp)
since arcsin(2R/|zo|)/ arcsin(R/|zo|) <C, v is doubling and A is doubling away from
the origin. O

Proposition 4.3. If R>|x|/4 we have u(B)~u(Ap), where

AB:{SBv ZfRZ|$0|,
{z: |zo| —R<|x|<|zo| + R}, if R<|z0l.

Proof. This follows immediately from the fact that p(Sp)<Cu(B), the as-
sumption that v is doubling, and that arcsin(R/|zo|)>arcsind for balls with

We are able to conclude the argument exactly as in [4].
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Theorem 4.4. If py=vx\ where v is doubling and X\ is doubling away from
the origin, then M, is weak-type (1,1).

Proof. See [4], p. 15. O

5. Partial converses to Theorem 4.4

We continue to assume that pu=vx \ is a Borel measure which is positive on
open balls and finite on compact sets.

Definition 5.1. A measure o defined on R* or 8! will be called uniform at a
point if there exists an z€R* or £€8', respectively, for which the following two
properties hold:

(1) there exist pp>0 and a constant C'>0 such that for all 0<p<po,

o((z—p,x+p)) <Co((x—p/2,2+p/2));

(2) for any sequences of positive numbers ¢, —0 and p,—0 with &,/p,—0,
and a collection of open intervals J, with J,C(z—pn,x+p,) and |J,|=2¢, we
have

o(Jyn)

(@pmaton)

Lemma 5.2. Let o be a Radon measure defined on R* or 8' for which there
exists a set of positive measure A in R or 8!, respectively, on which

0<0i(o,x) <0*(0,x) <oo for all x € A.
Then o is uniform at a point.

Proof. We assume that o is defined on 8!, the argument for R* being identical.
Let r¢ be small enough so that there exist Cy, C; >0 such that the set

Aoz{x€81:02>%

has 0(Ag)>0. For o-almost every z€ Ay we have
o(B(@,r)~Ao)

. o(B(x,r)—Ao) .o
lim 22 TA0) o
R O R IER0)

> (1 >0 for allrgro}

=0.

See Corollary 2.14(1) on page 38 of [2] for the last equality.
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Let

B .. o(B(z,r)—Ag)

Choose any point x of A;. Suppose there is a constant K >0, sequences €, —0 and
pn—0 with &, /p, —0, and intervals J,, C(z— pyn, z+p,) with

o(Jn)>Ko((x—pp,x+pn)) and |J,|=2e,.

Assume that for some subsequence of intervals {J,,, }7°, there is a z;€J,, NA; for
all k. Let N=ny, for some large k, and write Jy=[y—en,y+en]. Then

KCi(pn)* < Ka([a:—%’,ﬂ '%ND < Ko((z—pn, z+pn))

< CT(JN) SU([Z]C72€N,Z]€+2€N]) SCQ(4€N)S.

This implies that [KC /C24%) Vs<en /pn, a contradiction for k large enough. Hence
for M large enough A1NJ,,=92 for all m>M.
Since A1NJ,,, =@ for all m>M we have

KCipr, < Ko((z—pm, z+pm)) < o(Jp)

O‘([.’E—pn,“ $+Pm] _Al)
(2pm)*

< o([z=pm,x+pm]— A1) < (2pm)°.

This implies that
KCy _ o([z=pm, 2 +pm]— A1)
2 = 2om)"
as m—00, a contradiction. Hence (2) of Definition 5.1 holds. That (1) of Defini-
tion 5.1 holds is trivial given that z€A4,. O

—0

Lemma 5.3. If o is a measure on RY or 8! which is somewhere doubling,
then o is uniform at a point.

Proof. Because somewhere doubling is a local property we give the proof as-
suming o is defined on 8!, the case of R* being identical. Let Iy be an interval
for which there exists a C'>0 such that o(2.J)<Co(J) for every JCIy with 2JCIj.
Let x denote the center of Iy and write Io=(z—r,z+r) for some r. Let U denote
the collection of intervals contained in Iy/16.

Given two adjacent intervals I; and Is of equal length in I5/16, somewhere
doubling implies that

%0([1) < o(I) < C2o(I).
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Thus given an interval I CIy/16 writing I=1;UI,UI3Uly, where the interval I; is
adjacent to ;11 and I/2=1I,UI3, we see that there is an >0 such that

(1—|—’I7)0’(é> <o(I) forall IT€l.

Set po=r/16, and take p<py. Let J be an interval in (x—p, z+p) where p/2" 1<
|J|<p/2"™ for some n>10. Then

1

R

((a=2p.2+20)) < G mro(a=p.o+o),

(1+n

(2) in Definition 5.1 now follows easily, while the truth of (1) is trivial. O

We let

I : 8! xR — 81,

Iy: 8! xRT — R*

denote the projections onto 8' and R* respectively. Note that IIy is an isometry
when restricted to rays passing through the origin.

Theorem 5.4. Let u=vx X where v is uniform at a point. If \ is not doubling
away from the origin, then the M, is not weak (1,1).

Proof. Assume A is not doubling away from the origin. Using Proposition 3.6(2)
take a sequence of intervals U,=(an,b,)CR" with U,=U7UUY, n|U?|<L|UY,
nA(UF)<A(UT) and (b,—ayn)/a,—0. Assume for convenience that U is to the
left of Uy in R*. Let x€8! be a point given by Definition 5.1 and py and C be the
corresponding constants. Let By and By be two open balls of radius r=(b, —a,)/4,
both of whose points closest to the origin are on the circle |y|=a,, and which touch
only at one point z, where II;(z)=z. Let I, =II;(B1UBs) and J,=I1;(A,NB1)
where A, =8'x U7

A routine calculation gives

bn*an

O bn* n
and | J,| < a

I,)| = 4 arcsi & On=ln
[l aresin 3a,,+b, ~ V/n3an+b,

Thus for n large enough, since (b, —a,)/a,—0, we have |I,,|<pog, |I,]—0, and
|Jn|/|1n|—0. Let B denote the collection of open balls with radius (b, —ay)/4 whose
boundary points closest to the origin are on I,,/2x{a,} and note that z€(\ g5 B.
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Let D=Jgcg B. Let B be any ball in B. Set J=II;(BNA,) and U=(an, a,+2r).
Then |J|=|Jy]|. Set

d={J: JCI,,J an open interval and |J|=|J,|}

and k,=sup ;g v(J)/v(Il,). By (2) of Definition 5.1, k,—0 as n—o0. For large
enough n we have

u(B) = n(BNA,)+u(B—A,)
< v(NNU) +v(L)NUS)

< B (LA +0(1) - A(OY)
< (bt JttAw)

oot
<0 (bt 2 )ul)

Therefore

i({westm s 00> iy ) 24)

while a weak-type (1,1) inequality would imply that u(D)<2KC(k,+1/n)u(D) for
some K >0 (see [3]), which is a contradiction as k, —0 as n—oo. 0O

Theorem 5.5. Let u=vx\. If X is uniform at a point and v is not doubling
then M, is not weak-type (1,1).

Proof. Using Proposition 3.6(1) take a sequence of open intervals U,, = (ay,, by, ) C
8t with U, =UrUUZ, n|U|<|UR|, nv(UR)<v(UP) and the U* adjacent. Assume
for convenience that a,, is clockwise from b,, and U7 is counterclockwise from Uj'.
Set At=(b,—a,)/(n+1) and AY=(b,—an)/v/n, so Uy'=(b,—A},b,). Let z be
the point in R* given by Definition 5.1 and py and C be the corresponding con-
stants. Let 2 be the point on Fj, Ay for which Ilz(z)=x. Let By and By be two
balls both tangent to Fj, whose boundaries touch only at z and whose radii are
both equal to d(z, Fy, )=|z| sin A} =|z|sin A}, where d(z, F}, ) denotes the distance
of z to the ray Fj . Let p; and py denote the points of tangency of By and Bs
respectively to Fy_ . Let S denote the line segment with endpoints p; and ps and
let V,,=II3(S) and I,,=2V,,. Then it is obvious that |I,,|=4|z|sin Aj.
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Let B denote the collection of balls tangent to Fy, with radius d(z, Fp, ) whose
point of tangency to F;, , call it pp for B€ B, satisfies [Ia(py) €1, /2=V,,. Then z€B
for every B€B. For BEB denote by T the segment on Fj, _ap that is contained
in B. And let J=II5(T5). The following are seen to hold for sufficiently large n:

(1) |~ (bn—an)/Vn,

(2) [J] SKl(bn_an)/”3/4v

(3) [J1/Hn] S Kz /0%,
where the similarities, and constants depend only on |z|. Let A=UZxR* D=
Uges B, d={JClIy: | J| <K (b —ay)/n3/4} and k,=sup 5 A(J)/A(I,). Then for
large enough n we have

w(B) = n(BNA)+u(B\A)
< MIn)v(U3) +MJ)v(UY)
< —AIn)v(UT) +A()v(UT)

1
n
1
n

IA

AUn)v(UT) +kn AL v (UT)

1 I,
co(Ter (e
1
< C(E ‘H%)N(D)-
The conclusion follows as in the proof of Theorem 5.4. [

The following is now easily established.

Theorem 5.6. If v and \ are Radon measures and

(1) there is a set ACS8', v(A)>0, with 0<63(x,v)<0%(x,v)<oco for zEA; or

(2) there is a set ACR*Y, A\(A)>0, with 0<6%(z, \)<0*°(x,\)<oco for €A,
then M, is weak-type (1,1) if and only if v is doubling and A is doubling away from
the origin.

Proof. The converse here is Theorem 4.4. Assume that M, is weak-type (1,1)
and (1) holds. Then Lemma 5.2 and Theorem 5.4 imply that A is doubling away
from the origin. Lemma 5.3 and Theorem 5.5 then imply that v is doubling. A
similar argument may be applied under the assumption of (2). O

When s=1 we have the following as a consequence of the above and the
Lebesgue density theorem.
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Corollary 5.7. If the Lebesgue decomposition of either v or A\ has a non-zero
absolutely continuous part, then M, is weak-type (1,1) if and only if v is doubling
and X\ is doubling away from the origin.

A similar argument to that used in the proof of Theorem 5.6 can be used to
give the following result.

Theorem 5.8. If either v or X is somewhere doubling, then M,, is weak-type
(1,1) if and only if v is doubling and X\ is doubling away from the origin.

We end with an example showing that the converse to Theorem 4.4 is not true
in general. In the following p will be an atomic measure.

Example 5.9. Let S={q,}°; be a dense set in R? and p be a measure sat-
isfying p(R?\S)=0 for which there exists a constant C'>0 such that Cpu(g,)>
Y mon H(@m) for all n. It is clear that

p({gi: My f(qi) > 2}) < C'ulgnny)s

where n(\) is the smallest index of the points in this set. Since for some B with

n(\) €D,
A< [ Wldns s [ flan
w(B) Jp ~ 1(gnny) JB

we have (1(gn(x)) <(1/A) [5|f]dp and M, is weak-type (1,1).

A product measure p=vx A\ satisfying the above may be found as follows.
Let {r,}5°; and {s,}5%, be countable dense sets in §' and R* respectively. Let
v(r,)=2"2" and A\(s,,)=2"2". Enumerate the g, by setting ¢, to be the pair (r;, s;)
with greatest p-measure, g2 to be the pair with second greatest p-measure to be and
so on. Only two points may have the same measure, so in the event of a tie choose ar-
bitrarily. Observe that the pairs (n,m) and (i, j) satisfy 272" 272" >2-2'2=%' if and
only if (max{n,m}, min{n, m})<(max{i,j}, min{s,j}) lexicographically. Hence if
Gn=_(rp, ), with p<t, we have

oo o
11 1 1 1 11
Z N(Qm)SQ( Z 2272?4'27227) <Cl22tﬁ+c2ﬁ2?§cﬂ(ﬂh)~

m>n i=t+1j=1 j=p
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