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ABSTRACT. Let A = (4, --,A,) and B = (By,---, B,) be operator distri-
butions, that is, A;,B; >0 (1<i<n)and Y . A, => " B, =1 We give
a new relative operator entropy of two operator distributions as follows: For

t,s € R\ {0},
(Z?:l Ai Bi)* — 1

ts
where At B = A2(A2 BA7 )'A2. This includes relative operator entropy
S(A|B), Rényi relative operator entropy I;(A|B) and Tsallis relative operator
entropy T;(A|B).

In this paper, firstly, we discuss fundamental properties of K; s(A|B). Sec-
ondly, we obtain Shannon type operator inequalities by using K; s(A|B), which
include previous results by Furuta, Yanagi-Kuriyama-Furuichi and ourselves.

Kt75(A‘B) =

9

1. INTRODUCTION

In this paper, an operator means a bounded linear operator on a Hilbert space
H. An operator T is said to be positive (denoted by 7' > 0) if (T'z,z) > 0 for all
x € H, and also an operator 7' is said to be strictly positive (denoted by 7' > 0)
if T' is positive and invertible.
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For A B > 0, we consider a path passing through A and B as follows: Ag; B =
A2(AT BA7?)'Az for t € R. We remark that for 0 <t < 1, Af, B is known as
the weighted geometric mean, which is denoted by A §; B

For discrete probability distributions p = (p1, p2, -+ ,pn) and ¢ = (q1, G2, -+ , Gn),
that is, pi,¢g > 0 (1 < 4 < mn) and > ;p; = >, ;¢ = 1, the relative
entropy (Kullback—Leibler divergence, Kullback—Leibler distance) is defined by
s(plg) = > L pilog % ([12, 14]). We remark that if ¢ = (L,2,...,1), then
s(plq) = logn — h(p), where h(p) = —> ., p;logp; is the famous Shannon en-
tropy. The relative entropy plays an important role in the classical information
theory as a notion to measure the difference between two probability distributions.
We also remark that s(p|g) > 0 holds for any probability distributions p and g,
which is equivalent to Shannon inequality (Shannon lemma, Gibbs’ inequality)
— > i pilogp; < =370 pilog g;.

As an operator version of s(p|q), for A, B > 0, relative operator entropy

S(A|B) = A2 log(A? BA7)A:
is introduced in [4], and Furuta [2] introduced its generalization
S,(A|B) = A2(A7 BA? )'log(A BA®)A?

for t € R. We remark that S(A|I) = —Alog A is operator entropy given by
Nakamura—Umegaki [13], and we denote S(A|I) by H(A). S;(A|B) can be
considered as a tangent at ¢ of Af B. If t = 0, then S(A|B) = So(A|B).
Yanagi-Kuriyama—Furuichi introduced Tsallis relative operator entropy in [16].
For A, B > 0 and t € R, Tsallis relative operator entropy is defined by

A3(AZBAZ) A —A Ay, B-A

T.(A|B) = . = ; (t #0),
To(A|B) = lir%Tt(A]B) = S(A|B).
—
We call an operator sequence A = (Ay,--- , A,) operator distribution if A; > 0

(1<i<mn)and ) ., A; =1, since it can be regarded as an operator version of
discrete probability distribution. We remark that operator distribution is called
POVM (positive operator valued measure) in quantum information theory. In
8, 10], we define relative operator entropy S(A|B), generalized relative operator
entropy S;(A|B), Tsallis relative operator entropy 7;(A|B) and Rényi relative
operator entropy I;(A|B) of two operator distributions A = (Ay,---, A,) and
B = (B, ,DB,) as follows: For t € R,

S(AB) = ZSA|B S,(A|B) = ZStA|B
Ty (A|B) = ZTtA|B

I(AB) = - logZAi %Bi (ift#0) and Io(A|B) =lim I,(A[B).
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On the other hand, for two operator distributions A = (Ay,---, A,) and B =
(By,- -+, By,), Furuta [2] had shown an operator version of Shannon inequality
(briefly, operator Shannon inequality) and its reverse one.

i A; B A,

=1

—log < S(AB) <0. (1.1)

Yanagi—Kuriyama—Furuichi [16] showed a substitution of (1.1) by using Tsallis
relative operator entropy.
(T ABT A - T
t

<T,(AB) <0 for0<t<1. (1.2)

Recently, as an extension of operator Shannon inequality, we obtained

S(A[B) < I,(A[B) < T,(A[B) <0, (1.3)
0 < -T(B[A) < -1 (B|A) < 51 (A[B), (1.4)
T,(AB) < Si(A|B) < =T (B[A)
for 0 <t <1in [8].
In [10] (see also [9]), we introduced generalizations of S(A|B), I,(A|B) and

T;(A|B) by using power mean, and we obtain generalizations of (1.3), (1.4) and
(1.5).

Here, we introduce a new operator entropy including 7;(A|B) and I,(A|B) as a
different generalization from [10)].

Definition 1. Let A = (Ay,--- ,A,) and B = (By,- -, B,) be operator distribu-
tions. Fort,s € R\ {0},

Yo A B) -1
ts '

K s(AIB) = (

We define Ky o(A|B) and Ko s(A|B) by the limit of K; s(A|B) as a parameter tends

to 0, respectively.

In this paper, firstly, we discuss fundamental properties of K, (A|B). Sec-
ondly, we obtain Shannon type operator inequalities by using K; ((A|B), which
include (1.1), (1.2) and (1.3). Lastly, we introduce Shannon-Nakamura—Umegaki
operator entropy and give fundamental properties.



292 H. ISA, M. ITO, E. KAMEI, H. TOHYAMA, M. WATANABE

2. PROPERTIES OF K, (A|B)
First, we state relations among T;(A|B), I,(A|B) and K, s(A|B).

Proposition 2.1. Let A = (Ay,--- ,A,) and B = (By,- -, B,) be operator dis-
tributions.

(i) Kio(A[B) = I,(A[B) fort € R\ {0}.

(i) K1 (A]B) = T(A[B) for t € R\ {0},
(i) Fort>0and0<s <1, S(AB)<IL(AB) < K; (AB) <T,(AB).
(iv) Fort <0 and 0 < s <1, T,(AB) < K;(A|B) < I,(A|B) < S(A|B).

If 0 <t <1, then (iii) in Proposition 2.1 ensures
S(AB) < I,(A|B) < K;,(A[B) < Ty(A|B) <0 (2.1)
by (1.2), so that (2.1) is an improvement of (1.3) by using K; ;(A|B).

Jensen’s operator inequality [7] plays an important role to prove our results.

Theorem 2.A (Jensen’s operator inequality [7]). Let f(x) be an operator concave
function on an interval J. Let {C;}1, be operators with Y ., CfC; = 1. Then

/ (Z c;Aici) > ic:fm e

holds for every selfadjoint operators {A;}_, whose spectra are contained in J.

S

Proof of Proposition 2.1. (i) Since lim a4

= loga for a > 0, we have

s—0 S
Lo (i Aile Bi)* —
Kio(A[B) = - lim - logZA = I,(A[B).
(ii) We obtain (ii) as follows:
LA LB 1 NAB— A
K1 (AB) = iz ft _y Ak B A p = T, (A|B).
i=1

8_

(iii) Since loga < <a—1holdsfora>0and 0 < s <1,

Zz 1A B) [<Z?=1Aiht8i_[

st - t ’

—logZA 0 B <

that is, It(A|IB%) < K s(AIB) < T:(A|B) holds for t > 0 and 0 < s < 1. The
relation S(A|B) < [,(A|B) has already shown in (1.3).

(iv) By the similar way to the proof of (iii), we have T;(A|B) < K, (A|B) <
I;(AB) for t <0 and 0 < s < 1.
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Since f(z) = logx is operator concave for > 0, we have
L NS A AT 4y a
L(AB) = n logZIAi (A BiA? ) A;
LS~ 43 log(AT BAT VA
<- ;Ai log(A;* B;A;? )' A
"1 -1 -1l
=S AFlog(AT BAT) A} = S(APB)
i=1
for t < 0 by using Theorem 2.A. Hence the proof is complete. 0
Remark. We remark that IH(AB) = %irré I;(A|B) = S(A|B) holds by (iii) and
—>
(iv) in Proposition 2.1.
Next, we discuss monotonicity of K; s(A|B) on s.

Proposition 2.2. Let A = (A}, -+ ,A,) and B = (By,- -, B,) be operator dis-
tributions.

(i) Fort >0, K;s(A|B) is increasing for s € R.
(ii) Fort <0, K;s(A|B) is decreasing for s € R.
(iii) Kos(AB) = S(A|B) for s € R\ {0}.

Proof. We have (i) and (ii) immediately since for a > 0,

a®—1
f(s) = =70
loga  (s=0)

is increasing for s € R.
We prove (iii) as follows: For each s € R\ {0}, there exists a natural number
m such that |s| < m. Therefore, if ¢ > 0, then

Ki _m(AB) < K s(AB) < Ky, (A|B) (2.2)
holds by (i). Similarly, if ¢ < 0, then
Kt,m(A“B) S Kt,s<A|B) S Kt,—m(A|B) (23)

holds by (ii).
Put X; =31, A; 1 B;. Then, since X, = I, we have

Xm—T (X,—D(X" 4 X244

Kt,m(AHB): tt _ ( t )( t + t + + )

m tm
mel me2 . I
_ Tt(A\IB%) Ay + X, + +
m

— S(AIB) ast—0
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and
Xt -1 X -1
Therefore we obtain lir% K, s(A|B) = S(A|B) by (2.2) and (2.3). O
—

Remark. The same argument to the proof of (iii) in Proposition 2.2 yields

Koo(AB) = lim = K..(AB) = S(A[B)

(t,5)—(0,0)
so we can allow the case ¢ = 0 in (i) and (ii) in Proposition 2.1, and the case

s = 01in (iil) in Proposition 2.2.

When we consider monotonicity of K; ;(A|B) on ¢, we might want to put s = ?

Then we have the following result on monotonicity of K, s (A[B) on .

Theorem 2.3. Let A = (Ay,--- ,A,) and B = (By,--- , By,) be operator distri-
butions.

(i) For B >0, Kté(AHB%) is increasing for t such thatt < —f or f <'t.
(ii) For g >0, Kt,_Tﬁ(A“B) is increasing for t such thatt < —p or f <'t.
(iii) I;(A|B) is increasing for t € R.

In order to prove Theorem 2.3, we use the following lemma.

Lemma 2.4. Let {C;}I, be invertible operators with ;" , C;C; = I and {X;},

be strictly positive operators.

(i) For a fixzed p > 0, the function g1(\) = (Z C;kX{\C’i) defined on
J = (—OO, _ﬁ] [

15 increasing on the interval J.

00)
(ii) The function ga(N) = X

(Z C*X)‘C’) is increasing for A € R,

where ¢g2(0) = Z C?(log X;)C

Proof. (i) By Theorem 2.A,

>=

(Z C;X{\Ci> > Z CrXI'C; for0<p<A (2.4)
i=1

=1
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since f(x) = zx is operator concave. Applying Loewner—Heinz theorem “A >
B >0 ensures A* > B® for any «a € [0,1]” to (2.4), we have

mw):<§:QW$a> g(}quja) =g (\) (2.5)

for 0 < B < p < \. Replacing X; by X; ! and taking inverses to (2.5), we have
8

—

T

—K

B
gi(=A) = <Z C;Xi_/\ci) < (Z Cin_”Ci> = g1(—p)
=1 i=1

for —A < —pu < —p < 0. Therefore g;()\) is increasing for A such that A < —f or
B <A
(ii) Taking logarithm to (2.4), we have

1 . * 1 - * A
92(p) = ; log (Z G X#Oz) < Y log (Z Ci X; Ci) = g2(N)

i=1 =1

for 0 < p < A. By Theorem 2.A,

g2(p) = L log (Z C;XZHC@) > L Zq’*(bg XH)C; = ZCZ'*(lOg X;)Ci = g2(0)
H i=1 g i=1

since f(z) = logx is operator concave. Therefore go(0) < go(p) < go(A) for
0<pu <A Wealso get go(—A) < go(—p) < g2(0) for =\ < —p < 0 by replacing
X, by Xi_l. Hence the proof is complete. O

-1 -1 1
Proof of Theorem 2.5. (i) By putting X; = A2 B;A,> and C; = A? in (i) in
Lemma 2.4, we have that

[

B
(st satyat} - (Sann) o
i=1 i=1 ’

is increasing for ¢ such that t < —f or g < t.

(0 At Byt — 1
8

Therefore we obtain that K, s (A|B) = is increasing for ¢
't

such that t < —p or g <'t.
"ALB)TY T
(ii) Since K, -5 (A[B) = (i Ai b Bi) ) , we have (ii) by (2.6).

(iii) Similarly to (i), we obtain (iii) by using (ii) in Lemma 2.4. O

By Proposition 2.2 and Theorem 2.3, we can obtain monotonicity of K; (A[B)
on t.

Theorem 2.5. Let A = (Ay,---,A,) and B = (By,---, By,) be operator distri-
butions.
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(i) For 0 <s <1, K;s(A|B) is increasing for t € R.
(ii) T:(A|B) is increasing fort € R.

Proof. (1) We may assume 0 < s < 1 since K;o(A|B) = I,(A|B) by (i) in Propo-
sition 2.1 and [;(A|B) is increasing for ¢ € R by (iii) in Theorem 2.3.
If 0 <t <u, then

K, 5(A|B) < K, 1 (A|B) < K, <(A|B) (2.7)

holds by (i) in Theorem 2.3 and (i) in Proposition 2.2 since 0 < ts <t < w.
If u <t <0, then

Kus(AB) < K, 15 (A|B) < K, (A|B) (2.8)

holds by (ii) in Proposition 2.2 and (ii) in Theorem 2.3 since u <t < ts < 0.
By letting t — 40 in (2.7) and ¢t — —0 in (2.8), we have

Ky s(AB) < Kos(AB) = S(A[B) < Ky s(A[B)
for v < 0 < w by (iii) in Proposition 2.2. Therefore K (A|B) is increasing for
t E(i]i%'VVe have (ii) by putting s = 1 in (i), or immediately obtain since for a > 0,
L s
ft) =
loga  (t=0)

is increasing for ¢ € R. O

3. SHANNON TYPE INEQUALITIES

In this section, we get several Shannon type inequalities. First, we obtain an
extension of (1.1) and (1.2).

Theorem 3.1. Let A = (A, ,A,) and B = (By,- -, B,) be operator distri-
butions.

(i) For0 < p <t <1,
K1 5(AB) < K_, 5 (AIB) < K_5 _1(A[B)
< Ty(A[B) < K, s (A]B) < 0.
(i) For0 <<t <1,
K_15(A[B)
< Kz 1(AB)

t

)

<
<

YN

(AB) < T_5(A[B)
0.

K_
K, -5 (A[B)

t

IN

- ‘

(iii) For0 <t <1,
I 1(AB) <1 ,(AB) < S(AB) < L,(AB) <0.
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We remark that (iii) in Theorem 3.1 implies (1.1) since

zn: A; Bt A,

=1

I_y(A[B) = —log

Y

and also (i) in Theorem 3.1 implies (1.2) since
(i AiBT'A) P 1T

K_1-p(AIB) = 5

Proof of Theorem 3.1. (i) By (i) in Theorem 2.3, we have
K1 (AB) < K_, 5 (A[B) < K_5 1 (A[B)

and
T5(AB) = Kz, (A|B) < Ku?(AHB%) < K 5(AB) = 0.
Since f(x) = —x~! is operator concave, by Theorem 2.A, we have
11 -1 1y -1
i Aig Bi) =1 {Z?:1 AZ (A BiA;? )wAf} -1
K_s1(A[B) = (2= -
p p
1 —1 —1 1
D AT(A? BiA? )PAY — 1
< fm B o = T5(A[B).

Therefore the desire inequality is obtained.

(ii) is shown by the similar way to the proof of (i).

(iii) holds by (iii) in Theorem 2.3, or we can get (iii) by letting 5 — +0 in (i)
or (ii). O

Combining Theorem 3.1 and the results shown in section 2, we have the fol-

lowing Theorem 3.2. We remark that (i) in Theorem 3.2 is a generalization of
(2.1).

Theorem 3.2. Let A = (Ay,--- ,A,) and B = (By,- -+, By,) be operator distri-
butions.

(i) For0<p<t<land0<s<l1,
K_15(AB) < K_, 5(A[B) < T 3(AB) < K_5:(A[B) < I_5(A[B)
< S(A|B) < I5(A|B) < Ks,s(AIB) < T5(A|B) < K, s (A|B) < 0.
(il) For0<t<1land0<s<1,
K, (AB) < K, (A|B) <0 and K_,(A|B) < K;_.(A|B) <0.
(iii) For0< g <1,
I-) AB'Ai < Ky 5(AB) < I (A|B) < K_; _3(AB) < Ts(A[B) < 0.

=1
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Proof. (i) We get
T3(AJB) < K, 3 (A[B) < 0
and
K_15(AB) < K_, s(A[B) < T 5(A[B)

by (i) and (ii) in Theorem 3.1. The rest holds by (iii) and (iv) in Proposition 2.1.

(ii) By putting f = ts in (i) and (ii) in Theorem 3.1, we have (ii).

(iii) By (ii) in Proposition 2.2, we have

K 11(AB) < K 15(A[B) < K_10(A[B) < Ky _5(A[B),

that is,

I-) AiB'Ai < K_145(AB) < I_1(AB) < K_, _s(A|B)
=1

for 0 < f < 1. The rest holds by (i) in Theorem 3.1. O

4. OPERATOR VALUED a-DIVERGENCE AND
SHANNON—-NAKAMURA—UMEGAKI OPERATOR ENTROPY

In this section, we state two topics related to relative operator entropies.

Based on a-divergence of two probability distributions by Amari [1], Fujii [3]
defined an operator valued a-divergence as follows: For strictly positive operators
A and B, and for a € (0, 1),

1
a(l —a)
where AV, B = (1 — a)A+ aB is the weighted arithmetic mean. Fujii-Mi¢i¢-
Pecarié-Seo [5, 6] showed

Do(A|B) = (];IE% D,(A|B) =B —A— S(A|B) and

Di(A|B) = lim Da(A|B) = A— B + Si(A|B).
a—

Do(A|B) = (AVa B~ At B)= = {B~ A-T.(AIB)},

We remark that Dg(A|B) is a divergence introduced by Petz [15]. Tt is easily
seen that D;(A|B) = Dy(B|A) since we can show S;(A|B) = —S(B|A) by using
an equation f(XX*)X = X f(X*X) for a continuous function f on an interval .J
and an operator X such that spectra of X X* and X*X are contained in J.

In [11], we define operator valued a-divergence D, (A|B) of two operator dis-
tributions A = (Ay,--- ,A,) and B = (By,---, B,) as

Do (A|B) = ZDQ(AABZ-).

We note that it was shown in [11] that

Do (A[B) = 1_—1TQ(A]]B%) for a € (0, 1),

—

Do(A|B) = —S(AB) and D;(A[B) = Do(B|A) = Si(AB),
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so that (2.1) is equivalent to
0<(1—-a)Da(AB) < —K;s(A|B) < —I;(A[B) < Do(A|B)

forO0<t<land 0 <s< 1.

Next, as an operator version of Shannon entropy and as an expression of
Nakamura—Umegaki operator entropy H(A) by using an operator distribution,
we introduce Shannon—Nakamura—Umegaki operator entropy of an operator dis-

tribution A = (A4, -+, 4,) as

= zn:H(AZ-) = zn:Ai log At
i=1 i=1

Then the following fundamental properties hold.

Proposition 4.1. Let A = (Ay,---, A,) be an operator distribution and %]I =
(%[7... 7%]),

(i) S(A|LI) = H(A) — (logn)1.

(ii)) 0 < H(A) < (logn)I.

Proof. (i) Since S(A;|21) = A;log(A;! - 1) = A;log A;' — (logn)A; holds for
i=1,-,m,

S(A[LT) =) {A;log A7 — (logn) A} = H(A) — (logn)I.

=1

(ii) We have H(A) > 0 since —xlogz > 0 for 0 < z < 1 and the spectrum of
A; is included in (0,1] for ¢ = 1,--- ;n. We have H(A) < (logn)I by (1.1) and
(). O

Remark. In the proof of (ii) in Proposition 4.1, by using (2.1) instead of (1.1),
we have

0< H(A

logZA1 P< — {nlts (Z Ail_t) + (log n'® — 1)]}

=1

1 1
; {n—ZAl "+ (logn' — 1)[} < (logn)I

H—ll—t

for 0 <t < 1since A; b (21) = LA " holds for i = 1,--- ,n
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