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Abstract. In this article, we study the geometry and operator theory on
quaternionic Hilbert spaces. As it is well-known, Cowen–Douglas operators
are a class of non-normal operators related to complex geometry on complex
Hilbert spaces. Our purpose is to generalize this concept on quaternionic
Hilbert spaces. At the beginning, we study a class of complex holomorphic
curves which naturally induce complex vector bundles as sub-bundles in the
product space of the base space and a quaternionic Hilbert space. Then we in-
troduce quaternionic Cowen–Douglas operators and give their quaternion uni-
tarily equivalent invariant related to the geometry of the holomorphic curves.

1. Introduction

Quaternions play an important role in quantum physics [1, 8]. From the math-
ematical point of view, it has resulted in spectral theorems for unitary and skew-
Hermitian operators on quaternionic Hilbert spaces, and the study of unitary
representations of groups in quaternionic Hilbert spaces [9, 11]. In the case of
finite dimension, quaternionic matrices have been widely studied (see for example
F. Zhang’s survey [14]) and specially, the right eigenvalue problems were studied
in [5, 6]. In the case of infinite dimension, normal operators and unitary opera-
tors on quaternionic Hilbert spaces were well studied by K. Viswanath [13] and
C. Sharma and T. Coulson [12].

On the other hand, since the beginning of the last century, mathematicians
have been interested in creating a theory of quaternionic valued functions of
one quaternionic variable, which would somehow resemble the classical theory of
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holomorphic functions of one complex variable. In recent years, F. Colombo et al.
developed a new theory of regular functions of one quaternionic variable, which
led to a functional calculus for quaternionic linear operators (see for example the
monograph [3]).

In this article, our work relates to above two aspects. The basic idea is to
introduce an analogue on quaternionic Hilbert space, of a class of non-normal
operators given by Cowen and Douglas [4].

Definition 1.1. For Ω a connected open subset of C and n a positive integer, let
Bn(Ω) denotes the operators T in L(H) which satisfy:

(a) Ω ⊆ σ(T ) = {ω ∈ C : T − ω not invertible};
(b) Ran(T − ω) = H for ω in Ω;
(c)
∨

Kerω∈Ω(T − ω) = H; and
(d) dim Ker(T − ω) = n for ω in Ω.

As it is well-known, the study of Cowen–Douglas operators are related to com-
plex Hermitian geometry. In [4], Cowen and Douglas investigated that Bn(Ω) cor-
respond to holomorphic curves on complex Hilbert space, which naturally induce
n-dimensional Hermitian holomorphic vector bundles, and proved that unitary
classification of Bn(Ω) is equivalent to the isomorphic classification of holomor-
phic curves. Furthermore, Jiang and Ji considered the similarity classification of
holomorphic curves in [10].

Roughly speaking, Cowen–Douglas operators are a class of operators with
”rich” point spectrum. We will generalize Cowen–Douglas operators on quater-
nionic Hilbert space as a class of quaternionic operators with ”rich” right eigen-
values. The generalized operators correspond to a class of ”holomorphic” curves.
The definition of ”holomorphy” means leaf-wise holomorphy on a holomorphic
foliation of H\R in the spirit of Feres and Zeghib [7], which is different from slice
regularity given by F. Colombo et al.

In order to describe the generalization of Cowen–Douglas operators on quater-
nionic Hilbert space, we will investigate both geometry and operator theory on
quaternionic Hilbert spaces. In section 2, some basic notations are given. We
introduce a class of complex holomorphic curves in quaternionic Hilbert space
in section 3, namely homogeneous leaf-wise holomorphic curves which naturally
induce complex vector bundles as sub-bundles in the product space of the base
space and a quaternionic Hilbert space. Then we give further discussions of their
geometric properties in section 4 and section 5. In particular, a rigidity the-
orem is obtained. In the last section, we describe an analogue of the class of
Cowen–Douglas operators on quaternionic Hilbert spaces, which are related to
the geometry of homogeneous leaf-wise holomorphic curves. Some examples are
also exhibited.

2. Preliminaries

Let H be the skew field of real quaternions. Its elements are of the form of

q = t0 + it1 + jt2 + kt3, ti ∈ R, i = 0, 1, 2, 3.
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where

i2 = j2 = k2 = −1, ij = −ji = k, jk = −kj = i and ki = −ik = j.

R = {q; t1 = t2 = t3 = 0} will be identified with the real field and C =
{q; t2 = t3 = 0} with the complex field. q∗ = t0 − it1 − jt2 − kt3 will denote the

conjugate of q and |q| =
√
t20 + t21 + t22 + t23 the absolute value of q. Re(q) = t0

and Im(q) = it1 + jt2 + kt3 are called the real part and imaginary part of q
respectively. Let

S , {it1 + jt2 + kt3; t1, t2, t3 ∈ R and t21 + t22 + t23 = 1} = {x ∈ H;x2 = −1}.
S is said the imaginary unit sphere and the elements in it are said imaginary

units. For any non-real quaternion q, define Iq = Im(q)
|Im(q)| ∈ S. Thus,

Proposition 2.1. For any q ∈ H \R, there exist, and are unique, t0, r ∈ R with
r > 0, and Iq ∈ S such that q = t0 + Iqr.

For each I ∈ S, denote CI , {x = t+ rI; t, r ∈ R} and C+
I , {x = t+ rI; t, r ∈

R and r > 0}. Notice that each CI can be seemed as a complex plane. In the
spirit of Feres and Zeghib [7], we consider a holomorphic foliation {C+

I ; I ∈ S}
of H \ R, by which we mean that each of C+

I , I ∈ S, carries the structure of a
complex manifold and that this structure varies continuously on H \R. Then we
can define leaf-wise holomorphic functions on H \ R respect to {C+

I ; I ∈ S}. For
Ω ⊆ H, denote ΩI = Ω ∩ CI and Ω+

I = Ω ∩ C+
I .

For each p, q ∈ H, if there exists an invertible element x ∈ H such that xp = qx,
then p and q are said to be similar equivalent in H. Moreover, if this x is a q-
unitary, then p and q are said to be q-unitary equivalent in H. Since H is a
field, there is no difference between the two equivalence and we use ’∼’ to denote
this equivalent relation. It is not difficult to see that, for p, q ∈ H, p and q are
equivalent in H if and only if |p| = |q| and Re(p) = Re(q). The concept of axially
symmetric set was introduced in [2]. Now we give an equivalent definition of it.

Definition 2.2. A set Ω in H is said to be axially symmetric, if for any ω ∈ Ω,
the equivalence class of ω contains in Ω. For a set Ω in H, the axially symmetric
completion of Ω is the minimal axially symmetric set containing Ω.

Let U an open set of C and z0 ∈ U . A quaternion-valued function f on U
is called right differentiable at z0, if the limit lim

4z→0
(f(z0 +4z) − f(z0))(4z)−1

exists. In fact, we have some equivalent forms of this definition.

Proposition 2.3. Let U an open set of C and z0 ∈ U . If f is a quaternion-valued
function on U , then the following statements are equivalent:

(1) f is right differentiable at z0;
(2) Write z = x+ iy, x, y ∈ R and z0 = x0 + iy0. ∂f

∂x
|x=x0 = ∂f

∂y
|y=y0 · i;

(3) Write f = g + jh, g and h are complex-valued functions on U . Both g and
h are complex differentiable at z0.

Notice that the quaternion-valued function f is defined on a domain in C but
not on a domain in H. Thus the previous proposition is easy to obtain. Moreover,
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if f is right differentiable at every point in open set U , we call that f is right
analytic on U . Consequently, we call that f is right analytic at z0 if f is right
analytic on a neighborhood of z0.

Similarly, we call a quaternion-valued function f defined on a domain in C is
right coanalytic, left analytic or left coanalytic if the limits

lim
4z→0

(f(z0 +4z)− f(z0))(4z)−1,

lim
4z→0

(4z)−1(f(z0 +4z)− f(z0))

or
lim
4z→0

(4z)−1(f(z0 +4z)− f(z0))

exist respectively. Replace i to I, we also can define them on CI . In the sequel,
a holomorphic function on CI (or C+

I ) always means that it is right analytic on
CI (or C+

I ). In addition, left coanalytic property will be also used in section 4.

Definition 2.4. Let V be (right) a vector space over a field K ( which may be
R, C or H). A quaternionic inner product on V is a map < ·, · >H: V × V → H
with the properties,

(i) < x, y >H= (< y, x >H)∗,
(ii) < xp+ yq, z >H=< x, z >H p+ < y, z >H q,
(ii’) < x, yp+ zq >H= p∗ < x, y >H +q∗ < x, z >H,
(iii) < x, x >H≥ 0, and < x, x >H= 0 if and only if x = 0,
for all x, y, z ∈ V and p, q ∈ K.
Obviously, ‖ x ‖= √< x, x >H is a norm on V . Furthermore, a right vector

space over the quaternions together with a quaternionic inner product on it which
makes the resulting normed linear space complete is called a quaternionic Hilbert
space.

Definition 2.5. Let Hq be a quaternionic Hilbert space. A subset M in H is
called a right linear manifold, if for any x, y in Hq and any p, q in H, xp + yq is
also in M .

Definition 2.6. If Hq is a quaternionic Hilbert space, a linear operator T : Hq →
Hq is a function whose domain of definition is a right linear manifold, domT , in
Hq and such that T (xp+ yq) = T (x)p+ T (y)q for x, y in domT and p, q in H. T
is bounded if there is a constant c > 0 such that ‖Tx‖ ≤ c‖x‖ for all x in domT .

Throughout the rest of this article, we will denote by Hq a separable quater-
nionic Hilbert space and Hc a separable complex Hilbert space, L(Hq) and L(Hc)
the set of all bounded (right) linear operators on Hq and Hc respectively. If fix
an orthonormal basis (ONB in brief) {en}∞n=1 in a quaternionic Hilbert space Hq,
then for x ∈ Hq, we have x =

∑∞
n=1 enxn and consequently write

x = (x1, x2, . . .)

under this ONB, where xn ∈ H. For T ∈ L(Hq), we can write

T =

q11 q12 . . .
q21 q22 . . .
...

...
. . .

 e1

e2
...

,
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where qij ∈ H. Moreover,

Tx =

q11 q12 . . .
q21 q22 . . .
...

...
. . .

x1

x2
...

 =


∑∞

j=1 q1jxj∑∞
j=1 q2jxj

...

.
We also denote by T ∗ the conjugate operator of T . In particular, an operator

U ∈ L(Hq) is quaternion unitary if U∗U = UU∗ = I, where I is the identity
operator on Hq. For ω ∈ H, we will use T−Iω denote the operator on Hq defined
by

(T − Iω)x = Tx− xω, for x ∈ Hq.

Similarly, we define T − ωI by

(T − ωI)x = Tx− ωx, for x ∈ Hq.

Notice that T − ωI is right linear while T − Iω is not right linear respect to
quaternion field. However, T − Iω will be considered in this paper since it is
related to the right eigenvalues of quaternionic operators.

3. A class of complex holomorphic curves in quaternionic Hilbert
space

Let Ω be an axially symmetric domain in H\R. In this section, we will introduce
a class of sub-bundles in Ω×Hq. In fact, they are complex vector bundles on Ω,
while it is also important of the manner of embedding in Ω × Hq. To describe
the manner of embedding, let us see some fundamental properties of quaternion
field firstly.

For each p, q ∈ H, denote A (p, q) , {x ∈ H;xp = qx}. In particular, A (q, q)
which means the commutant of q in H is just CIq . It is easy to see the following
results.

Lemma 3.1. For any I, J ∈ S, I and J are equivalent in H. In fact, for any
I = it1 + jt2 + kt3 ∈ S, let

ΛI =

{
j, if I = −i

i(t1+1)+jt2+kt3√
2+2t1

, if I 6= −i
,

then ΛI ∈ S and ΛIi = IΛI .

Lemma 3.2. Let p, q ∈ H \ R and 0 6= x ∈ A (p, q). Then A (p, q) = {xa; a ∈
CIp} = {bx; b ∈ CIq}.

Let K be a subfield of H. For n vectors {vi}ni=1 in Hq, denote
∨

K{vi, i =

1, . . . , n} = {v ∈ Hq; v =
n∑
i=1

viki, ki ∈ K} and the vectors in
∨

K{vi, i = 1, . . . , n}

is said to be spanned by {vi}ni=1 on K. Moreover, for a infinite subset A of Hq,
denote by

∨
KA the closure of all vectors finitely spanned by A on K. {vi}ni=1 are

called right linear independent on K, if
n∑
i=1

viki = 0, ki ∈ K implies that every ki is

zero. Furthermore, a n-dimensional K-subspace V of Hq is a subset spanned by n
vectors {vi}ni=1 which are right linear independent on K, and denote dimKV = n.
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Denote by Gr(n,K,Hq) the set of all n-dimensional K-subspace of Hq. If
K = R, one can see Gr(n,R,Hq) is a real Grassmann manifold. We are interested
in the case K = CI . Notice that for every I ∈ S, Gr(n,CI ,Hq) is a subset of
Gr(2n,R,Hq).

Each q ∈ A (I, J) \ {0} induces a map Rq : Gr(n,CI ,Hq) → Gr(n,CJ ,Hq)
defined by

Rq(V ) = {vq−1; v ∈ V } for anyV ∈ Gr(n,CI ,Hq).

Proposition 3.3. Let I, J ∈ S. For any p, q ∈ A (I, J) \ {0}, Rp = Rq.

Proof. Suppose p, q ∈ A (I, J) \ {0}. It follows from lemma 3.2 that there exits
λ ∈ A (I, I) \ {0} such that q = pλ. Then for any V ∈ Gr(n,CI ,Hq),

Rq(V ) = {vq−1; v ∈ V } = {vλ−1p−1; v ∈ V } = {vp−1; v ∈ V } = Rp(V ).

�

Due to it, we denote the induced map by RA (I,J).

Definition 3.4. Let Ω be a subset of H \ R. A map f : Ω → Gr(2n,R,Hq) is
called a classical curve if f(p) ∈ Gr(n,CIp ,Hq) for each p ∈ Ω.

Definition 3.5. Let f be a classical curve on an axially symmetric subset Ω of
H \ R. If for any p, q ∈ Ω with p ∼ q, RA (Ip,Iq)f(p) = f(q), then f is said to be
homogeneous.

Remark 3.6. Given any I ∈ S. It follows from the definition that a homogeneous
curve f is determined by its restriction f |Ω+

I
on Ω+

I . In addition, f |Ω+
I

induces

a complex vector bundle on Ω+
I as a subbundle in Ω+

I ×Hq.

Definition 3.7. Let Λ be a domain in C+
I , I ∈ S. A function g : Λ →

Gr(n,CI ,Hq) is said to be holomorphic if there exist n right analytic Hq-valued
functions g1(λ), . . ., gn(λ) on Λ such that g(λ) =

∨
CI{g1(λ), . . . , gn(λ)} for each

λ ∈ Λ. We call {gi(λ)}ni=1 a frame of g.

Definition 3.8. Let Ω be a domain in H \ R. A classical curve

f : Ω→ Gr(2n,R,Hq)

is said to be leaf-wise holomorphic if, for every I ∈ S, its restriction f |Ω+
I

: Ω+
I →

Gr(n,CI ,Hq) is holomorphic. Moreover, the natural vector bundle Ef (induced
by f) on Ω is called a n-dimensional leaf-wise holomorphic complex vector bundle,
that is,

Ef = {(v, λ) ∈ Hq × Ω; v ∈ f(λ)} and π : Ef → Ω, π((v, λ)) = λ.

Given two leaf-wise holomorphic classical curves f, f̃ : Ω → Gr(2n,R,Hq). If

there exists an quaternion unitary operator U ∈ L(Hq) such that f̃ = Uf , then

f and f̃ are said to be congruent and Ef and Ef̃ are said to be equivalent.
At the end of this section, we give a similar conclusion to remark 3.6. In fact,

it suffices to discuss the property of holomorphy.
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Proposition 3.9. Let Ω be an axially symmetric domain in H \ R and let f :
Ω → Gr(2n,R,Hq) be a homogeneous curve. If f |Ω+

I
is holomorphic for some

I ∈ S, then f is leaf-wise holomorphic on Ω.

Proof. According to definition 3.7, there exist n right analyticHq-valued functions
f1(λ), . . ., fn(λ) on Ω+

I such that f(λ) =
∨

CI{f1(λ), . . . , fn(λ)} for each λ ∈ Ω+
I .

Let fi(λ) =
∑∞

j=0 x
(i)
j (λ− λ0)j, i = 1, 2, . . . , n, x

(i)
j ∈ Hq.

For any J ∈ S, we will show that f |Ω+
J

: Ω+
J → Gr(n,CJ ,Hq) is holomorphic.

Since Ω is an axially symmetric domain, for any z ∈ Ω+
J , there exist p ∈ Hq \ {0}

and λ ∈ Ω+
I such that z = pλp−1. Define gi(z) =

∑∞
j=0 x

(i)
j p
−1(z − z0)j for

i = 1, 2, . . . , n, where z0 = pλ0p
−1

Since

fi(λ)p−1 =
∞∑
j=0

x
(i)
j (λ− λ0)jp−1 =

∞∑
j=0

x
(i)
j p
−1(z − z0)j = gi(z),

we have ∨
CJ

{g1(z), . . . , gn(z)} = Rp(f(λ)) = f(z) for any z ∈ Ω+
J .

In addition, {gi(z)}ni=1 obviously are right analytic Hq-valued functions which im-
plies that f |Ω+

J
: Ω+

J → Gr(n,CJ ,Hq) is holomorphic. Therefore, from definition

3.8, f is leaf-wise holomorphic on Ω. �

4. Quaternionic extended Hermitian metrics on complex
holomorphic vector bundles

Definition 4.1. Let V1 and V2 be two complex vector spaces. Φ : V1 × V2 → H
is called a quaternion-valued right conjugate bilinear functional if it satisfies the
following conditions:

(1) Φ(αξ + βξ′, η) = Φ(ξ, η)α + Φ(ξ′, η)β,
(2) Φ(ξ, αη + βη′) = αΦ(ξ, η) + βΦ(ξ, η′),
where ξ, ξ′ ∈ V1, η, η′ ∈ V2 and α, β ∈ C. Moreover, define Φ∗ : V2 × V1 → H

by
Φ∗(η, ξ) = (Φ(ξ, η))∗,

for any ξ ∈ V1 and η ∈ V2.

Remark 4.2. One can write Φ = ϕ + jψ, where ϕ is a complex-valued conjugate
bilinear functional from V1×V2 to C and ψ is a complex-valued bilinear functional
from V1 × V2 to C. ϕ is called the complex part of Φ and ψ is called the skew
part of Φ.

Definition 4.3. Let (E,M, π) be a holomorphic vector bundle with rank n. For

an open set U ⊆M , a map H̃ : E |U ×E |U→ H is called a quaternionic extended
Hermitian function on U if it satisfies the following conditions,

(1) For any (z, ω) ∈ U × U , H̃ |Ez×Eω is a quaternion-valued right conjugate
bilinear functional on Ez × Eω;

(2) For any (z, ω) ∈ U × U , H̃ |Ez×Eω= (H̃ |Eω×Ez)∗;
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(3)H̃ is right analytic respect to z and left coanalytic respect to ω.
Denote by H (U) all of the quaternionic extended Hermitian functions on U .

Moreover, for any given point x ∈ M , denote by Hx the set of all quaternionic
extended Hermitian functions on some open neighborhood of x.

Remark 4.4. The condition (2) means that

H̃(ξ, η) = (H̃(η, ξ))∗, for any ξ, η ∈ E |U .

Similar to remark 4.2, each H̃ ∈H (U) can be write in the form of K+ jG where

K is called the complex part of H̃ and G is called the skew part of H̃. Notice
that both K and jG are also elements in H (U). Moreover, the condition (3)
holds if and only if K is analytic respect to z and coanalytic respect to ω, and G
is analytic respect to both z and ω.

Now one can obtain an equivalent relation ”∼x” on Hx. For H̃1, H̃2 ∈ Hx,

H̃1 ∼x H̃2 if and only if there exists an open neighborhood V of x such that

H̃1 |EV ×EV = H̃2 |EV ×EV . Denote by [H̃1]x the equivalence class of H̃1. Further-

more, we define Fx = {[H̃]x; H̃ ∈Hx}. Let F =
⋃
x∈M

Fx. For U an open subset

of M . Define

F (U) ={s : U → F ; for each x ∈ U, s(x) ∈ Fx and there exist an open set V

with x ∈ V ⊆ U and H̃ ∈H (V ) such that [H̃]y = s(y) for any y ∈ V }.

Then F is a sheaf, Fx is the stalk at x, and F (U) is the collection of all sections
of F on U .

Notice that a section s ∈ F (U) may be not an element of H (U), while the
local restrictions of s are quaternionic extended Hermitian functions. To express
this statement in precise, we firstly define that an open set V ⊆ U is called

representable for s if there exists H̃ ∈ H (V ) such that [H̃]x = s(x) for every

x ∈ V . Moreover, this H̃ is called the representable function of s on V . It
follows from the definition of F (U) that for each x ∈ U , there exists an open
neighborhood of x which is representable for s.

Given a section s ∈ F (U). For every x ∈ U , write s(x) = [H̃]x. It follows from

remark 4.4 that we have H̃ = K+ jG where K and G are complex part and skew

part of H̃ respectively. Then define sc : U → F by sc(x) = [K]x, one can see
sc ∈ F (U). sc is called the complex part of section s. Similarly, ss(x) , [G]x is
called the skew part of section s.

For a section s ∈ F (U), write the complex part sc(x) = [K]x and denote ∆U

the diagonal of E |U ×E |U , that is {Ex × Ex;x ∈ U . Define Hs : ∆U → C by

Hs(ξ, η) = H(ξ, η),

for every ξ, η ∈ ∆U . We call Hs the diagonal complex restriction of s on U . It is
not difficult to see that Hs is a Hermitian structure on E |U except for positivity
by the conditions in definition 4.3.
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Definition 4.5. A global section s of F is called a quaternionic extended Her-
mitian (Kähler) metric (QEHM or QEKM in brief) on holomorphic vector bun-
dle (E,M, π), if the diagonal complex restriction Hs of section s is a Hermitian
(Kähler) metric. Moreover, A holomorphic vector bundle with a QEHM (or
QEKM) is briefly called QEHB (or QEKB).

To get a QEHM on a holomorphic vector bundle, the following result is useful
which is easily obtained from the definition of QEHM.

Theorem 4.6. Let (E,M, π) be a holomorphic vector bundle. A QEHM (QEKM)

s is determined by a family of pairs (Uθ, H̃θ), θ ∈ Θ, with the following properties.
(1) {Uθ}θ∈Θ is an open cover of M .

(2) H̃θ ∈H (U) for θ ∈ Θ and they are compatible, that means, if Uθ ∩Uτ 6= φ

then H̃θ = H̃τ on E |Uθ∩Uτ ×E |Uθ∩Uτ .
(3) For any θ ∈ Θ, the diagonal complex restriction Hθ of H̃θ is a Hermitian

(or Kähler) metric on Uθ.

In particular, if M is representable for s, then s is determined by only one

function H̃ ∈ H (M). In this case, we say that (E,M, π, s) is representable and

H̃ is the totally representable metric.
Let (E,M, π) and (E ′,M, π′) be two holomorphic vector bundles and Ψ : E ′ →

E a holomorphic isomorphism. Suppose that s is a QEHM on (E,M, π). Then
Ψ induces a QEHM sΨ on (E ′,M, π′). According to theorem 4.6, choose a family

of representable functions (Uθ, H̃θ), θ ∈ Θ. Define Ψ∗(H̃θ) : E ′ |Uθ ×E ′ |Uθ→ H
by

Ψ∗(H̃θ)(ξ, η) = H̃θ(Ψ(ξ),Ψ(η)),

for any ξ, η ∈ E ′ |Uθ . Then (Uθ,Ψ∗(H̃θ)) satisfy the properties in theorem 4.6 and
consequently determine a QEHM sΨ. Notice that the QEHM sΨ induced by Ψ is
independent on the choice of representable functions.

Definition 4.7. Let (E,M, π, s) and (E ′,M, π′, s′) be QEHBs and Ψ : E ′ → E a
holomorphic isomorphism. Then Ψ is called a holomorphic q-isometry if s′ = sΨ.

Let (E,M, π,H) be a Hermitian holomorphic vector bundle with Hermitian
metric H and (E,M, π, s) a QEHB. If Hs = H, then (E,M, π, s) is called a
q-extension of (E,M, π,H) and (E,M, π,H) is called a complex restriction of
(E,M, π, s).

Proposition 4.8. Each QEHB (E,M, π, s) has a unique complex restriction.

The proof is simple.

Proposition 4.9. Each Hermitian holomorphic vector bundle (E,M, π,H) has
a q-extension.

Proof. For each trivialization (U,ϕ), ϕ : E|U → U×Cn, there exists the Hermitian

metric H(z, z). Naturally, we can define H̃(z, w) = H(z, w) as required. �
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Remark 4.10. Two q-extensions of a Hermitian holomorphic vector bundle (E,M,
π,H) may be not holomorphic q-isometric. More precisely, Let (E,M, π, s) and
(E ′,M, π′, s′) be QEHBs. (E,M, π,Hs) and (E ′,M, π′, Hs′) being holomorphic
isometric does not imply (E,M, π, s) and (E ′,M, π′, s′) being holomorphic q-
isometric. It is shown in the following example.

Example 4.11. Let M = {z ∈ C; |z − i| < 1} and let the two QEHBs (M ×
C,M, π, s), (M×C,M, π, s′) define as follows: s(x) = [H̃]x, s

′(x) = [H̃ ′]x, x ∈M ,

where H̃ : (M ×C)× (M ×C)→ H, H̃((z, α), (w, β)) = βα and H̃ ′ : (M ×C)×
(M × C) → H, H̃ ′((z, α), (w, β)) = βα + jβ(z − w)α. Obviously, the complex
restrictions of the two QEHBs are the same. However, the two QEHBs are not
holomorphic q-isometric since for any complex holomorphic function h on M

h(w)(βα)h(z) 6= βα + jβ(z − w)α.

5. A rigidity theorem: congruence and q-isometry

Let Ω be an axially symmetric domain in H \R and let f : Ω→ Gr(2n,R,Hq)
be a homogeneous leaf-wise holomorphic curve. Then f |Ω+

i
: Ω+

i → Gr(n,C,Hq)

induces a QEHB (Ef |Ω+
i
,Ω+

i , π, s), where the QEHM s is determined by H̃ :

Ef |Ω+
i
×Ef |Ω+

i
→ H,

H̃(ξ, η) =< ξ, η >H

for any ξ ∈ f(z) and any η ∈ f(w).
In addition, any frame {f1, . . . , fn} of f |Ω+

i
induces a QEHM sf on (Ω+

i ×
Cn,Ω+

i , π). sf is determined by H̃f : (Ω+
i × Cn)× (Ω+

i × Cn)→ H,

H̃f (α, β) =<
n∑
i=1

fi(z)αi,
n∑
i=1

fi(w)βi >H

for any α = (α1, . . . , αn) ∈ {z} × Cn and β = (β1, . . . , βn) ∈ {w} × Cn.

Proposition 5.1. Let f : Ω → Gr(2n,R,Hq) be a homogeneous leaf-wise holo-
morphic curve on Ω (an axially symmetric domain in H\R) and let {f1, . . . , fn} be
a frame of f |Ω+

i
. Then the two QEHBs (Ef |Ω+

i
,Ω+

i , π, s) and (Ω+
i ×Cn,Ω+

i , π, sf )

are holomorphic q-isometric.

Proof. Define Ψ : Ef |Ω+
i
→ Ω+

i × Cn,

Ψ(
n∑
i=1

fi(z)αi) = (z, (α1, . . . , αn)).

Then it follows from the construction of sf that Ψ is a holomorphic q-isometry.
�

Moreover, in the sense of holomorphic q-isometry, the QEHBs (Ω+
i ×Cn,Ω+

i , π, sf )
induced by f is independent on the choice of the frame of f |Ω+

i
.
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We denote by u the algebraic sum. For instance, if f : Ω→ Gr(2n,R,Hq) is a
curve, then

up∈Ωf(p) , {x;x =
n∑
i=1

xi for any n ∈ N, where xi ∈ f(pi) and pi ∈ Ω}.

Lemma 5.2. Let Ω be an axially symmetric domain in H \ R and let f : Ω →
Gr(2n,R,Hq) be a homogeneous leaf-wise holomorphic curve. Then

up∈Ωf(p) = Hq

if and only if ∨
H

{f(λ);λ ∈ Ω+
i } = Hq.

Proof. It is easily proved by the homogeneity of the curve f . �

Furthermore, we can give equivalent descriptions of the condition up∈Ωf(p) =
Hq locally.

Proposition 5.3. Suppose that Ω0 and Ω are two axially symmetric domain in
H \ R with Ω0 ⊆ Ω. Let f : Ω → Gr(2n,R,Hq) be a homogeneous leaf-wise
holomorphic curve. Then

up∈Ωf(p) = Hq

if and only if
up∈Ω0f(p) = Hq

Proof. Suppose up∈Ωf(p) = Hq. Let {f1, . . . , fn} be a frame of f |Ω+
i

. Consider

x ∈ Hq which is orthogonal to f(p) for p ∈ Ω0. Since the right analytic Hq-valued
functions < fi(z), x >H vanish on (Ω0)+

i and (Ω0)+
i is a nonempty open set in C+,

they also vanish on Ω+
i and hence x = 0. Thus, up∈Ω0f(p) = up∈Ωf(p) = Hq.

The contrary is obvious. �

Proposition 5.4. Let Ω be an axially symmetric domain in H \ R and let f :
Ω→ Gr(2n,R,Hq) be a homogeneous leaf-wise holomorphic curve. Given a frame
{f1, . . . , fn} of f |Ω+

i
and λ0 ∈ Ω+

i . Then

up∈Ωf(p) = Hq

if and only if ∨
H

{f (j)
i (λ0); i = 1, . . . , n and j = 0, 1, . . .} = Hq.

Proof. Since fi(z) are right analytic Hq-valued functions, they have Taylor series

with coefficients f
(j)
i (λ0) in some ball Ω0 ∩ C+ of λ0. Then together with lemma

5.2,
∨

H{f
(j)
i (λ0); i = 1, . . . , n and j = 0, 1, . . .} = up∈Ω0f(p). Therefore, we

obtain the conclusion by proposition 5.3. �

Similar to the rigidity theorem for complex holomorphic curves given by Cowen
and Douglas in [4], we also get a rigidity theorem for homogeneous leaf-wise
holomorphic curves.
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Theorem 5.5. (Rigidity) Let Ω be an axially symmetric domain in H \ R and

let f, f̃ : Ω → Gr(2n,R,Hq) be two homogeneous leaf-wise holomorphic curves

such that up∈Ωf(p) = up∈Ωf̃(p) = Hq. Then f and f̃ are congruent if and only if
the induced QEHBs (Ω+

i ×Cn,Ω+
i , π, sf ) and (Ω+

i ×Cn,Ω+
i , π, sf̃ ) are holomorphic

q-isometric.

Proof. Suppose that f and f̃ are congruent, i.e. there exists a quaternion unitary

operator U ∈ L(Hq) such that U(f(λ)) = f̃(λ) for λ ∈ Ω. It is easy to see that
U induces a holomorphic q-isometry between the two QEHBs (Ef |Ω+

i
,Ω+

i , π, s)

and (Ef̃ |Ω+
i
,Ω+

i , π̃, s̃). In addition to proposition 5.1, the induced QEHBs (Ω+
i ×

Cn,Ω+
i , π, sf ) and (Ω+

i × Cn,Ω+
i , π, sf̃ ) are holomorphic q-isometric.

Now suppose that the two induced QEHBs (Ω+
i × Cn,Ω+

i , π, sf ) and (Ω+
i ×

Cn,Ω+
i , π, sf̃ ) are holomorphic q-isometric, then (Ef |Ω+

i
,Ω+

i , π, s) and (Ef̃ |Ω+
i

,Ω+
i , π̃, s̃) are holomorphic q-isometric. Denote the q-isometric map by Φ, the

representable function of s by H̃f : Ef |Ω+
i
×Ef |Ω+

i
→ H and the representable

function of s̃ by H̃f̃ : Ef̃ |Ω+
i
×Ef̃ |Ω+

i
→ H. Since Φ is holomorphic q-isometric,

we have

< ξ, η >H= H̃f (ξ, η) = H̃f̃ (Φ(ξ),Φ(η)) =< Φ(ξ),Φ(η) >H

for any ξ ∈ f(z) and any η ∈ f(w), where z, w ∈ Ω+
i .

Let fi(z), f̃i(z), i = 1, . . . , n be right analytic Hq-valued frames for f |Ω+
i

and

f̃ |Ω+
i

respectively. We want to show

< f
(m)
i (z), f

(l)
j (w) >H=< f̃

(m)
i (z), f̃

(l)
j (w) >H (5.1)

for z, w ∈ Ω+
i , i, j = 1, . . . , n and m, l = 0, 1, 2, . . ..

Firstly, it is obvious for m = l = 0.
Assume that the equation (5.1) holds for some 0 ≤ m, l. Then

< f
(m+1)
i (z), f

(l)
j (w) >H

= < lim
∆z→0

(f
(m)
i (z + ∆z)− f (m)

i (z))(∆z)−1, f
(l)
j (w) >H

= lim
∆z→0

< (f
(m)
i (z + ∆z)− f (m)

i (z))(∆z)−1, f
(l)
j (w) >H

= lim
∆z→0

< f
(m)
i (z + ∆z)− f (m)

i (z), f
(l)
j (w) >H (∆z)−1

= lim
∆z→0

< f̃
(m)
i (z + ∆z)− f̃ (m)

i (z), f̃
(l)
j (w) >H (∆z)−1

= lim
∆z→0

< (f̃
(m)
i (z + ∆z)− f̃ (m)

i (z))(∆z)−1, f̃
(l)
j (w) >H

= < lim
∆z→0

(f̃
(m)
i (z + ∆z)− f̃ (m)

i (z))(∆z)−1, f̃
(l)
j (w) >H

= < f̃
(m+1)
i (z), f̃

(l)
j (w) >H .

Similarly, we have

< f
(m)
i (z), f

(l+1)
j (w) >H=< f̃

(m)
i (z), f̃

(l+1)
j (w) >H .
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Therefore, by induction principle, we obtain

< f
(m)
i (z), f

(l)
j (w) >H=< f̃

(m)
i (z), f̃

(l)
j (w) >H

for z, w ∈ Ω+
i , i, j = 1, . . . , n and m, l = 0, 1, 2, . . ..

Next, we will define the quaternion unitary operator as required. According to
proposition 5.4, one can see∨

H

{f (m)
i (z); i = 1, . . . , n and m = 0, 1, . . .} = Hq,

and ∨
H

{f̃ (m)
i (z); i = 1, . . . , n and m = 0, 1, . . .} = Hq.

Thus we can define Uz from Hq to Hq by

Uzf
(m)
i (z) = f̃

(m)
i (z),

for 1 ≤ i ≤ n and all m ∈ N. Moreover, Uz is isometric, since equation (5.1)
implies

< Uzf
(m)
i (z), Uzf

(l)
j (z) >H=< f̃

(m)
i (z), f̃

(l)
j (z) >H

for 1 ≤ i, j ≤ n and all m, l ∈ N, and thus is well-defined. Therefore, Uz is a
quaternion unitary operator on Hq. We should also show that Uz is independent
on the choice of z. Given any z0 ∈ Ω+

i . If z belongs to a small open neighborhood
of z0, then

f
(m)
i (z) =

∞∑
j=0

f
(m+j)
i (z0)

(z − z0)j

j!
.

Since Uz0 is bounded, we have

Uz0(f
(m)
i (z)) =

∞∑
j=0

Uz0(f
(m+j)
i (z0))

(z − z0)j

j!

=
∞∑
j=0

f̃
(m+j)
i (z0)

(z − z0)j

j!

= f̃
(m)
i (z)

= Uz(f
(m)
i (z)),

hence Uz = Uz0 and Uz is independent of z ∈ Ω+
i . If we set U = Uz, then

Uf(z) = f̃(z) for z ∈ Ω+
i . By the homogeneity of f and f̃ , we obtain they are

congruent. �

6. Analogues of Cowen–Douglas operators on quaternionic
Hilbert spaces

Firstly, let us recall the right eigenvalues of T ∈ L(Hq) defined by

Σr(T ) = {ω ∈ H; there exists nontrivial x ∈ Hq such that Tx = xω.}
Now, it is time to introduce the definition of quaternionic Cowen–Douglas oper-
ators.
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Definition 6.1. For Ω a connected open subset of H\R and n a positive integer,
let RQBn(Ω) denote the operators T in L(Hq) which satisfy:

(a) Ω ⊆ Σr(T );
(b) Ran(T − Iω) , {Tx− xω | x ∈ Hq} = Hq for ω in Ω;

(c) uω∈ΩKer(T − Iω) = Hq, where Ker(T − Iω) , {x ∈ Hq| Tx = xω};
(d) For ω in Ω, dimCIω (Ker(T − Iω)) = n. n is called the index of T at ω (or

on Ω).

We call the operators in RQBn(Ω) right Cowen–Douglas operators on quater-
nionic Hilbert spaces or briefly right quaternionic Cowen–Douglas operators.

Remark 6.2. Let T ∈ RQBn(Ω). For any ω in Ω, Ker(T−Iω) is an n-dimensional
CIω -subspace of Hq, i.e., for any x ∈ Ker(T − Iω) and q ∈ CIω ,

T (xq) = (Tx)q = (xω)q = x(ωq) = x(qω) = (xq)ω,

which implies xq ∈ Ker(T − Iω). In fact, it is isomorphic to an n-dimensional
complex vector space since CIω is naturally isomorphic to C.

Lemma 6.3. Let T ∈ L(Hq) and ω ∈ Σr(T ). Then for any q ∈ H \ {0}, we have
qωq−1 ∈ Σr(T ) and {Ker(T − Iω)}q−1 = Ker(T − Iqωq−1).

Proof. Suppose x ∈Ker(T − Iω).Then

T (xq−1) = xωq−1 = (xq−1)(qωq−1).

�

Proposition 6.4. Let Ω be a connected open subset of H\R and T ∈ RQBn(Ω).

If Ω̃ is the axially symmetric completion of Ω, then T ∈ RQBn(Ω̃).

Proof. We will show that T satisfies conditions (a− d) in definition 6.1.

a) It follows from lemma 6.3 that Ω̃ ⊆ Σr(T ).

b) For any p ∈ Ω̃, there exist ω ∈ Ω and q ∈ H \ {0} such that p = qωq−1. For
any y ∈ Hq, it follows from Ran(T −Iω) = Hq that there exists x ∈ Hq such that
Tx−xω = yq. Then (Tx)q−1−(xω)q−1 = y, that is T (xq−1)−(xq−1)(qωq−1) = y.
Hence y ∈ Ran(T − Ip).

c) uω∈ΩKer(T − Iω) = Hq obviously implies uω∈Ω̃Ker(T − Iω) = Hq since

Ω ⊆ Ω̃.
d) For any q ∈ H \ {0} and ω ∈ Ω, since {Ker(T −Iω)}q−1=Ker(T −Iqωq−1),

we have
dimCI

qωq−1
(Ker(T − Iqωq−1)) = n.

�

Remark 6.5. The condition (c) in definition 6.1 is equivalent to
∨

H{Ker(T −
Iω); ω ∈ Ω+

i } = Hq, and the condition (d) in definition 6.1 is equivalent to

dimCKer(Tc − ω) = n for ω ∈ Ω+
i .

In the research of quaternionic linear operators, complex representation is a
useful technology. Let {ei}∞i=1 be an ONB of Hq. Denote H1 =

∨
C{en;n =

1, 2, . . .} and H2 =
∨

C{enj;n = 1, 2, . . .}. Then H1 ⊕ H2 is a complex Hilbert
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space. For every x ∈ Hq, we can write uniquely x = u + jv where u ∈ H1

and v ∈ H2. Then the complex representation of x is xc = (u, v) in H1 ⊕ H2.
Moreover, for every quaternionic linear operator T on Hq, we can give a complex
representation of T defined by Tc : H1 ⊕H2 → H1 ⊕H2

Tc =

[
T1 −T2

T2 T1

]
H1

H2
,

where T1 and T2 are complex linear operators determined by T . If a linear op-
erator is seemed as an infinite dimensional matrix, we can write T = T1 + jT2.
Computing directly, one can get the following result.

Lemma 6.6. Let T, S be two quaternionic linear operators on Hq and x ∈ Hq.
Then

(T + S)c = Tc + Sc, (TS)c = TcSc and (Tx)c = Tcxc.

Furthermore, for any λ ∈ C, we have

(T − Iλ)c = Tc − λ. (6.1)

According to complex representation and the equation (6.1), one can see

Theorem 6.7. T ∈ RQBn(Ω) if and only if Tc satisfies the following conditions.
(1) Ω+

i ⊆ σp(Tc), where σp(Tc) means the point spectrum of Tc;
(2) Ran(Tc − ω) = H1 ⊕H2 for ω ∈ Ω+

i ;
(3)

∨
C{Ker(Tc − ω),Ker(Tc − ω); ω ∈ Ω+

i } = H1 ⊕H2;
(4) dimCKer(Tc − ω) = n for ω ∈ Ω+

i .

Proof. Obviously, the condition (1) is equivalent to the condition (a) in definition
6.1 and (2) is equivalent to (b). By remark 6.5, the condition (4) is equivalent to
the condition (d) in definition 6.1. Now prove the condition (3) is equivalent to
the condition (c) in definition 6.1. In fact, we need only to prove

(
∨
H

{Ker(T − Iω); ω ∈ Ω+
i })c =

∨
C

{Ker(Tc − ω),Ker(Tc − ω); ω ∈ Ω+
i }.

Notice that for any λ ∈ Ωi, x ∈ Ker(T −λ) if and only if xc ∈ Ker(Tc−λ). Given
any ω ∈ Ω+

i . For any x ∈ Ker(T −Iω) and any q = α+ jβ ∈ H, xq = xα+ (xj)β.
Since ω ∈ Ω+

i , j−1ωj = ω and consequently xj ∈Ker(T − Iω). Then

(xq)c = xcα + (xj)cβ, xcα ∈ Ker(Tc − ω) and (xj)cβ ∈ Ker(Tc − ω),

and hence

(
∨
H

{Ker(T − Iω); ω ∈ Ω+
i })c ⊆

∨
C

{Ker(Tc − ω),Ker(Tc − ω); ω ∈ Ω+
i }.

On the other hand, for any u ∈ Ker(Tc − ω) and v ∈ Ker(Tc − ω), there exist
x, y ∈ Ker(T − Iω) such that xc = u and (yj)c = v. Thus

(
∨
H

{Ker(T − Iω); ω ∈ Ω+
i })c ⊇

∨
C

{Ker(Tc − ω),Ker(Tc − ω); ω ∈ Ω+
i }.

�

Next, it is investigated that quaternionic Cowen–Douglas operators are really
a class of geometric operators.
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Theorem 6.8. For every n ∈ N, each operator T in RQBn(Ω) naturally induces
an n-dimensional homogeneous leaf-wise holomorphic curve fT on Ω.

Proof. Define fT : Ω→ Gr(2n,R,Hq) by

fT (ω) = Ker(T − Iω).

It follows from the proof (d) of proposition 6.4 that fT is a homogeneous curve.
According to proposition 3.9, it suffices to show that fT |Ω+

i
: Ω+

i → Gr(n,C,Hq)

is holomorphic.
For any λ ∈ Ω+

i , since T is in RQBn(Ω) together with and theorem 6.7, λ is a
point of stability for Tc − λ which means Tc − λ is Fredholm and dimC(Ker(Tc −
ω)) = n is constant on some neighborhood of λ. Thus, it follows from a result of
Cowen and Douglas’s paper (proposition 1.11 in [4]), that there exist n analytic
(H1⊕H2)-valued functions {g1(λ), . . . , gn(λ)} as a basis of the space Ker(Tc−λ)
for any λ ∈ Ω+

i . According to the complex representation, proposition 2.3 and
lemma 6.6, {g1(λ), . . . , gn(λ)} correspond to n right analytic Hq-valued functions
{f1(λ), . . . , fn(λ)} as a basis of the space Ker(T − Iλ) on C. Therefore, fT |Ω+

i
:

Ω+
i → Gr(n,C,Hq) is holomorphic. �

Similar to a conclusion of Cowen and Douglas (corollary 1.13 in [4]), we have
the following result.

Proposition 6.9. If Ω0 and Ω are two bounded connected open subsets of H with
Ω0 ⊆ Ω, then RQBn(Ω) ⊆ RQBn(Ω0).

Proof. It is a straightforward corollary of theorem 6.8 and proposition 5.3. �

Now let us show some concrete right quaternionic Cowen–Douglas operators.

Example 6.10. Suppose that {ei}∞i=1 is an ONB ofHq. Let M = {z ∈ C; |z−i| <
1}, M = {z; z ∈M} and M̃ the axially symmetric completion of M . Consider

T =


i 1

i 1
i 1

. . . . . .


e1

e2

e3
...

.

Then

Tc =

[
A 0
0 A

]
H1

H2
,

where

A =


i 1

i 1
i 1

. . . . . .


e1

e2

e3
...

and A =


−i 1
−i 1
−i 1

. . . . . .


e1j
e2j
e3j
...

are complex linear operators on H1 =
∨

C{ei; i ∈ N} and H2 =
∨

C{eij; i ∈ N}
respectively.

Notice that A ∈ B1(M) and A−z is invertible for any z ∈M while A ∈ B1(M)
and A−z is invertible for any z ∈M . Then Tc satisfies the conditions in theorem
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6.7 and hence T ∈ RQB1(M̃). In fact, (1, z− i, . . . , (z− i)n, . . .) is the restriction

on M of the homogeneous leaf-wise holomorphic curve on M̃ induced by T .

Since the multiplication on quaternions is noncommutative, translation maybe
change the indices of quaternionic Cowen–Douglas operators.

Example 6.11. Suppose that {ei}∞i=1 is an ONB ofHq. Let Ω = {z ∈ H\R; |z| <
1}. Consider

B = T − iI =


0 1

0 1
0 1

. . . . . .


e1

e2

e3
...

,

where T is the operator defined in above example. Then

Bc =

[
B1 0
0 B2

]
H1

H2
,

where

B1 =


0 1

0 1
0 1

. . . . . .


e1

e2

e3
...

and B2 =


0 1

0 1
0 1

. . . . . .


e1j
e2j
e3j
...

are complex linear operators on H1 =
∨

C{ei; i ∈ N} and H2 =
∨

C{eij; i ∈ N}
respectively.

Notice that B1, B2 ∈ B1(Ω+
i ). Then Bc satisfies the conditions in theorem 6.7

and henceB ∈ RQB2(Ω). In fact, fu = (1, z, . . . , zn, . . .) and fd = (j, jz, . . . , jzn, . . .).
form a frame of the restriction on Ω+

i of the homogeneous leaf-wise holomorphic
curve on Ω induced by B.

It is obvious that the index of a quaternionic Cowen–Douglas operator is locally
stable. However, it is not true in large scale.

Example 6.12. Suppose that {ei}∞i=1 is an ONB of Hq. Let M1 = {z ∈ C; |z −
i
2
| < 1, |z + i

2
| > 1 and Im(z) > 0} and M2 = {z ∈ C; |z − i

2
| < 1, |z + i

2
| <

1 and Im(z) > 0}, and let Ω1 and Ω2 be the axially symmetric completion of M1

and M2 respectively. Consider

B =


i
2

1
i
2

1
i
2

1
. . . . . .


e1

e2

e3
...

.

We will show B ∈ RQB1(Ω1) and B ∈ RQB2(Ω2).
It is a routine to check conditions (a − c) in definition 6.1. So we need only

consider (d).
The complex representation of B is

Bc =

[
B1 0
0 B2

]
H1

H2
,
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where

B1 =


i
2

1
i
2

1
i
2

1
. . . . . .


e1

e2

e3
...

and B2 =


− i

2
1
− i

2
1
− i

2
1

. . . . . .


e1j
e2j
e3j
...

are complex linear operators on H1 =
∨

C{ei; i ∈ N} and H2 =
∨

C{eij; i ∈ N}
respectively.

Notice that B1 ∈ B1(M1) and B2 − z is invertible for any z ∈ M1 while
B2 ∈ B1(M1) and B1 − z is invertible for any z ∈M1. Then B ∈ RQB1(Ω1). On
the other hand, since B1, B2 ∈ B1(M2), we have B ∈ RQB2(Ω2).

Now let us consider the classification of RQBn(Ω) in the sense of quaternion
unitary equivalence. Denote by sT the QEHM on (Ω+

i × Cn,Ω+
i , π) induced by

fT . Then we have the main result.

Theorem 6.13. Let T, S ∈ RQBn(Ω). Then the following statements are equiv-
alent:

(a) T and S are quaternion unitarily equivalent in L(Hq);
(b) The two n-dimensional homogeneous leaf-wise holomorphic curves fT and

fS are congruent.
(c) The two n-dimensional QEHBs (Ω+

i ×Cn,Ω+
i , π, sT ) and (Ω+

i ×Cn,Ω+
i , π, sS)

are holomorphic q-isomorphic.

Proof. According to theorem 5.5, (b) and (c) are equivalent. It suffices to show
that (a) and (b) are equivalent.

(a) =⇒ (b). If U is the quaternion unitary operator such that UT = SU , then
U(Ker(T − Iω)) = Ker(S − Iω). Hence fT and fS are congruent.

(b) =⇒ (a). If U is the quaternion unitary operator such that UfT (ω) = fS(ω),
then for any x ∈ Ker(T − Iω),

UT (x) = U(xω) = (Ux)ω = S(Ux) = SU(x).

Since
uω∈ΩKer(T − Iω) = Hq,

we have UT = SU . �

At last, we will investigate that quaternion unitary equivalence for quaternionic
operators is strictly stronger than complex unitary equivalence for their complex
representations.

Proposition 6.14. Let F,G ∈ L(Hq). If F and G are quaternion unitarily
equivalent, then their complex representations Fc and Gc are complex unitarily
equivalent.

Proof. Notice that if U is a quaternion unitary operator on Hq, then its complex
representations Uc is a complex unitary operator. Then the result is obtained
immediately. �

However, the inverse is not true. In particular, we have counterexamples in
quaternionic Cowen–Douglas operators.
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Example 6.15. Suppose that {ei}∞i=1 is an ONB ofHq. Let M = {z ∈ C; |z−i| <
1} and Ω the axially symmetric completion of M . Denote

F =


j 1

i 1
i 1

. . . . . .


e1

e2

e3
...

and G =


k 1

i 1
i 1

. . . . . .


e1

e2

e3
...

.

Then F,G ∈ RQB1(Ω) and they are not quaternion unitarily equivalent while
their complex representations are complex unitarily equivalent.

Proof. Write

F = T +K

where

T =


i 1

i 1
i 1

. . . . . .

 and K =


j− i 0 0 · · ·

0 0 0 · · ·
0 0 0 · · ·
...

...
...

. . .

 .
Then T ∈ RQB1(Ω) (see example 6.10) and K is a compact operator. By theorem
6.7, Tc is a Fredholm operator with index 1. Thus, Fc = Tc+Kc is also a Fredholm
operator with index 1 for Kc is compact. To prove F ∈ RQB1(Ω), it suffices
to show that dimCKer(Tc − z) = 1 for z ∈ M and

∨
C{Ker(Tc − z),Ker(Tc −

z); z ∈ M} = H1 ⊕ H2. Let f1(z) = z + j and fn(z) = (z + i)(z − i)n−1 for
n ≥ 2. Put f(z) = (f1(z), f2(z), . . .) under the ONB {ei}∞i=1. Then we can see
Ker(Tc − z) = {λf(z);λ ∈ C} for z ∈ M . Moreover, f(z) is the homogeneous
leaf-wise holomorphic curve induced by F . Since∨

H

{f (j)(i); j = 0, 1, . . .} = Hq,

it follows from proposition 5.4 and theorem 6.7 that∨
C

{Ker(Tc − z),Ker(Tc − z); z ∈M} = H1 ⊕H2.

Similarly, G ∈ RQB1(Ω) and g(z) = (g1(z), g2(z), . . .) is the homogeneous
leaf-wise holomorphic curve induced by F , where g1(z) = z + k and gn(z) =
(z + i)(z − i)n−1 for n ≥ 2.

Now, one can see that F and G are not quaternion unitarily equivalent. By
theorem 6.13, if F and G are quaternion unitarily equivalent, then f(z) and
g(z) are congruent. Consequently, there exists a complex holomorphic function
h on Ω+

i such that f(z) · h(z) = g(z) for all z ∈ Ω+
i . However, f1(z) = z + j

multiplied by any complex number can not be g1(z) = z + k which contradicts
with the assumption. In other words, the two QEHBs (Ω+

i × C,Ω+
i , π, sF ) and

(Ω+
i × C,Ω+

i , π, sG) are not holomorphic q-isomorphic.
On the other hand, it is obvious that the complex restrictions of (Ω+

i ×C,Ω
+
i , π, sF )

and (Ω+
i × C,Ω+

i , π, sG) are the same. Moreover, we will show that the complex
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representations of F and G are complex unitarily equivalent. Notice that

Fc =

[
A −B
B A

]
H1

H2
and Gc =

[
A −C
C A

]
H1

H2
,

where

A =


0 1

i 1
i 1

. . . . . .

 , B =


1

0
0

. . .

 and C =


−i

0
0

. . .

 .
Consider

V =

[
Id 0
0 −iId

]
H1

H2
,

where Id means the identity operator. Then V is a complex unitary operator (no-
tice that V can not be a complex representation of a quaternion unitary operator)
and V F = GV . �
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