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ABSTRACT. In this paper, we prove some weak and strong convergence results
for a generalized three-step-three-mappings iteration scheme using a more sat-
isfactory definition of nonself mappings. Our results approximate common
fixed points of three nonself total asymptotically nonexpansive mappings in a
uniformly convex Banach space.

1. INTRODUCTION AND PRELIMINARIES

Let E be a real normed space, K a nonempty subset of £ and T': K — K a
mapping. Denote by F(T) the set of fixed points of T, that is, F(T) = {x €
K : Tz = 2z} and assume that F(T) # (. Throughout this paper, N denotes
the set of positive integers. A mapping T : K — K is called asymptotically
nonexpansive if there exists a sequence {k,} C [1,00) with k, — 1 such that
Tz — T"y|| < ky ||z —yl| for all z, y € K and n € N. Goebel and Kirk [/]
proved that if K is a nonempty closed and bounded subset of a uniformly convex
Banach space, then every asymptotically nonexpansive self-mapping has a fixed
point.

Definition 1.1. [I]Let K be a nonempty closed subset of a real normed linear
space E. A mapping T : K — K is called total asymptotically nonexpansive if
there exist nonnegative real sequences {u,}, {l,} with u,, l, — 0 as n — oo and
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a strictly increasing continuous function ¢ : RT — R with ¢(0) = 0 such that
[Tz = T"y|| < [lo = yll + pnd(lz —yll) + 1o, neN (1.1)
for all z, y € K.
Remark 1.2. If ¢ () = A, then (1.1) reduces to
[Tz = T"y|| < (1 + pn) |2 =yl +1n, neN.

If (A) = A, I, = 0 for all n € N, then a total asymptotically nonexpansive
mapping becomes an asymptotically nonexpansive mapping. If we put pu, = 0
and [, = 01in (1.1)for all n € N, then we have the class of nonexpansive mappings.

The notion of total asymptotically nonexpansive mappings was introduced by
Alber et al. [I]. They proved some strong and weak convergence results for
this kind of mappings. Mukhamedov and Saburov [8] studied strong convergence
of an explicit iteration process involving totally asymptotically I-nonexpansive
mappings in Banach spaces. Chidume and Ofoedu [2] studied families of nonself
total asymptotically nonexpansive mappings.

A subset K of F is said to be a retract if there exists a continuous mapping
P : EF — K such that Pr = z for all x € K. Every closed convex subset of
a uniformly convex Banach space is a retract. A mapping P : F — F is said
to be a retraction if P> = P. Let P : E — K be a nonexpansive retraction
of F into K. A nonself mapping T : K — FE is called nonself asymptotically
nonexpansive if for a sequence {k,} C [1,00) with lim, ..k, = 1, we have
T (PT)" 'z — T(PT)" 'y|| <k, |z —y] for all z,y € K and n € N. Khan and
Hussain [6] studied the convergence for nonself asymptotically nonexpansive map-
pings in Banach spaces. Chidume et al. [3] established demiclosedness principle
and gave strong and weak convergence results for such mappings in uniformly
convex Banach spaces.

As a generalization of asymptotically nonexpansive nonself mappings, we intro-
duce the following class of nonself total asymptotically nonexpansive mappings

Definition 1.3. [2]Let K be a nonempty closed and convex subset of a real
normed linear space E. Let P : E — K be a nonexpansive retraction of £ onto
K. A nonself map T : K — FE is said to be total asymptotically nonexpansive if
there exist nonnegative real sequences {p,},{l,,} with p,, [, — 0 asn — oo and
a strictly increasing continuous function ¢ : R™ — R with ¢(0) = 0 such that

|T(PT)" e = T(PT)" Yy|| < |z — yll + gt — yl) + 1oy nEN  (1.2)
for all z, y € K.
Remark 1.4. If ¢ () = A, then (1.2) reduces to
|T(PT)" 2 — T(PT)"Yy|| < (1 + ) |2 — yl| + 1o, n €N,
A nonself total asymptotically nonexpansive mapping becomes

e a nonself asymptotically nonexpansive mapping if ¢ (A\) = A, [,, = 0 for
alln € N
e a nonself nonexpansive mapping if u, = 0 and [,, = 0 for all n € N.
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As a matter of fact, if T' is a self-mapping, then P is an identity mapping.
In addition, if T": K — F is asymptotically nonexpansive and P : F — K is
a nonexpansive retraction, then PT : K — K is asymptotically nonexpansive.
Indeed, for all z,y € K and n € N it follows that

|(PT)"x — (PT)"y|| |PT(PT)"'a — PT(PT)"'y||
|T(PT)"'x — T(PT)" 1y
|z =yl + png(llz — yll) + ln-

Thus a more satisfactory definition of a nonself total asymptotically nonexpan-
sive mapping is as follows.

<
<

Definition 1.5. Let K be a nonempty subset of real normed linear space E.
Let P : F — K be a nonexpansive retraction of E into K. A nonself mapping
T : K — F is called total asymptotically nonexpansive with respect to P if there
exist nonnegative real sequences {y,},{l,} with p,, I, — 0 as n — oo and a
strictly increasing continuous function ¢ : Rt — R* with ¢(0) = 0 such that for
all v, y € K,

I(PT)"z — (PT)"yll < |z =yl + pmé(lz —yl) + 1o, neN.  (13)

Proposition 1.6. Let K be a nonempty subset of E which is also a nonexpansive
retract of a real normed linear space E and let {Ti}?:1 : K — FE be three nonself
total asymptotically nonexpansive mappings. Then there exist nonnegative real
sequences {p,} and {l,} , n € N with p,, l, — 0 asn — oo and strictly increasing
continuous function ¢ : RT — RY with ¢(0) = 0 such that

|(PTy"s — (PT)yl < 1 — yll + pnd(lo —yll) + by n €N (14)
for all x, y € K and each i =1,2,3.

Proof. Since T} : K — F is a nonself total asymptotically nonexpansive mappings
for each i = 1,2, 3, there exist nonnegative real sequences {1}, {lin} ,n > 1 with
Lin, lin — 0 as n — oo and strictly increasing continuous function ¢; : R — Rt
with ¢;(0) = 0 such that for all z, y € K,

I(PTy)"x — (PT3)"y|| <l = yll + pndi(l|z — yll) + lin, n €N
Setting

Hp = 1Max {,Ulna H2n, ﬂSn} ) ln = Inax {llm l2n7 an} )
¢(a) = max{¢1(a),¢2(a),ds(a)} fora >0,
we obtain nonnegative real sequences {u,} and {l,}, n € N with p,,l, — 0 as

n — oo and strictly increasing continuous function ¢ : R™ — RT with ¢(0) =0
such that

|(PT:)"x — (PT)"yll < o=yl + pndilllz — yll) + lin
< ||:L‘ - y” + /~Ln¢(||x - y”) + lm n e Nv

for all x, y € K, and each i = 1,2, 3. O
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In [5], strong convergence results for a modified three step iterative process
in the setting of Banach spaces were proved. In 2011, Rashwan and Altwqi [9]
approximated common fixed points of three nonself asymptotically nonexpansive
mappings in a real uniformly convex Banach space using the following iteration
scheme:

Let K be a nonempty closed convex subset of a real uniformly convex Banach
space E which is also a nonexpansive retract of E. Let T; : K — E (i =1,2,3)
be three nonself asymptotically nonexpansive mappings with sequences ., [, C
0, 00) such that "7, p, <00,y 1, < oo. Then for a given z; € K,

Tpp1 = P((1— an)yn + T (PT)" Yn)
2z, = P ((1 — V)T + VT3 (PT?,)”_1 a:n) ,n €N,

where {a,}, {0}, {7} are sequences in [0, 1] .
If v, = 0, then (1.5) reduces to the iteration scheme defined by Thianwan [11]
as follows:

{ Tn+1 = P ((1 - an)yn + anTl (PTl)nil yn>
yo = P((L=Bu)zn+ BT (PT)" " 2a) €N,

where {a,},{8,} are sequences in [0, 1].
If v, = 0,3, = 0, then (1.5) reduces to the iteration scheme defined by Chidume
et al. [3] as follows:

Tppr =P ((1 — ap)Tp + a, T (PT)"_1 xn) ,n €N,

where {a,} is a sequence in [0, 1].

In wake of the Definition (1.5), we study the following iteration scheme. Let
K be a nonempty closed convex subset of a real normed linear space E with
retraction P. Let T; : K — F (i = 1,2,3) be three nonself total asymptotically
nonexpansive mappings with respect to P and sequences p,,l, C [0,00) such
that > 0 | pi, < 00,> o 1, < oo. Then for a given z;, € K,

Tp+1 = (1 - an)yn + oy, (PTl)n Yn
Zn = (1 =)z + v (PT3)" x,,n €N,

where {a,}, {6}, {7} are sequences in [0, 1]. Following the method of Rashwan
and Altwqi [9], it is not difficult to see that our process is able to compute common
fixed points at a rate better than (1.5). It is noteworthy that our iteration process
is better than [9] because we use a better definition of nonself mappings.

In this paper, we study convergence of the iterative scheme (1.6) involving
three total asymptotically nonexpansive mappings on a nonempty closed convex
subset of a uniformly convex Banach space.

In the sequel, we need the following useful known concepts and lemmas in order
to prove our main results.
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Let & be a Banach space with dimension £ > 2. The modulus of £ is the
function dg : (0,2] — [0, 1] defined by

5k (€) :inf{l -

A Banach space FE is uniformly convex if and only if §g (¢) > 0 for all £ € (0, 2].
A Banach space E is said to satisfy Opial’s condition [12] if, for each sequence
{z,} in E such that {z,,} converges weakly to = implies that

1
sG] el =1 =1 e=lle -l

limsup ||z, — z|| < limsup ||z, — y|| (1.7)
for all y € E with y # x. It is well known that (see [7] ) inequality (1.7) is
equivalent to

lim sup ||z, — x| < lim sup ||z, — y]| .
n—oo n—oo

A family {T; : i = 1,2, 3} of three nonself mappings of K" with the set of com-
mon fixed points F = ()o_, F'(T}) # 0 is said to satisfy condition (B) on K if
there is a nondecreasing function f : Rt — Rt with f(0) =0 and f (r) > 0 for
all > 0 such that for all z € K,

mas {llr — Tiall} > f (d (. 7).
Definition 1.7. Let K be a closed subset of a real Banach space E and let T :
K — K be a mapping. T s said to be demicompact, if for any bounded sequence
{z,} in K such that ||z, — Tz,|| — 0 as n — oo, there exists a subsequence
{zn, } C {zn} such that x,, — 2* € K.

Definition 1.8. Let K be a closed subset of a real Banach space E and let
T : K — K be amapping. T is said to be semiclosed (demiclosed) at zero, if for
each bounded sequence {x,} in K, the conditions x, converges weakly to x € K
and Tz, converges strongly to 0 imply Tx = 0.

Lemma 1.9. [10]Let {a,},{b,} and {c,} be sequences of nonnegative real num-
bers satisfying the inequality

a1 < (1+by)a, +c¢p, neN.

If S e < oo and > 7 b, < oo, then
(i) lim,, .o a,, exists;
(i) In particular, if {a,} has a subsequence {a,, } converging strongly to zero,
then lim,,_, a, = 0.

Lemma 1.10. [13]Let p > 1 and D > 0 be two fized real numbers. Then a
Banach space E is uniformly convex if and only if there is a continuous, strictly
increasing and convex function g : Rt — R* with g (0) =0 and

Az + (1 =X yll" < Al + (1= M) Iyl = wp (A) g (lz = yl)

forallx,y € Bp and 0 < X\ < 1, where Bp s the closed ball with center zero and
radius D, w, (A) = A (1 = NP + X (1 = A).
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2. MAIN RESULTS

In this section, we prove some convergence results for the iteration scheme (1.6)
for three nonself total asymptotically nonexpansive mappings in Banach spaces.
3

Throughout this paper, we denote by F := [ F (T;), the set of common fixed

=1
points of T1,T,, T3 and assume that F is singleton, In order to prove our main
results, the following lemmas are needed.

Lemma 2.1. Let K be a nonempty closed convex subset of a real Banach space E
which is also a nonexpansive retract of E and T1,T5, T3 : K — E be three nonself
total asymptotically nonexpansive mappings defined by (1.4) such that Y07 | fi, <
00, Y o0 1, < 0o. Assume that there exist M, M* > 0 such that ¢ (\) < M*\ for
all X\ > M. Suppose that {x,} is defined by (1.6) and F is singleton. Then the
sequence {x,} is bounded and for each q € F, lim, . ||z, — q|| exists.

Proof. Let q € F. Since T3 is a nonself total asymptotically nonexpansive map-
ping, we have from (1.6) that

lzn —qll < (1 =) |20 —qll + 9 [[(PT3)" 2, — q|
< (=) lon = qll + v llzn — qll + pnd (|20 — gl) + 1]
|2n — |l + Yttn® (|20 — qll) + Ynln- (2.1)

Since ¢ : RT — R* is a strictly increasing continuous function, it follows that
d(A) < ¢(M) whenever X < M. Moreover, by the hypothesis, ¢ (A) < M*\ for
all A > M. In either case, we have

O(N) < o(M) + M*A (2.2)

for some M, M* > 0. Thus from (2.1) and (2.2) , we get

IN

Zn — qll + Ynpin [@ (M) + M ||z, — ql]] + Yl
< (L+ Mo (M) ) |zn — gl + M*¢ (M) (pn + 1)

Izn — dll

= (L+ Rupn) [l — qll + By (pn + 1) (2.3)
where Ry = M*¢ (M) > 0.
Next,
1yn —all < (1= B) llzn — all + Ba [[(PT2)" 20 — g
< (1 =680) 1z = all + Ba[llzn = all + pad (|20 — gll) + L]
= (L4 M Bopn) |20 = qll + & (M) B pin + Bnln
< (14 MG (M) ) 20 — gl + M6 (M) (11 + 1)

—~

L+ Riptn) |20 — qll + B (b + 1) - (2.4)
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From (2.3) and (2.4) , we get

Hyn_qH < (1+R1Mn) ||Zn—(J|| + Ry (Mn+l )
< (T4 Rupn) [(1+ Rupn) (|2 — gll + B (o + 1n)] + Ra (g + 1)
= [1 + (2R1 +R Mn) //Jn] Hxn - QH + (2R1 + Rlﬂn) (:un + ln)
(

1t Rogia) 2 — qll + R (s + 1) (2.5)

where Ry = 2R; + R2p, > 0.
Thus

(1 = an) lyn — gqll + an [[(PT1)" yn — 4l

(1= an) [lyn — qll + an [llyn — all + pa® (I1yn — qll) + 1]

190 — qll + anpin [¢ (M) + M |lyn — qll] + anls

(1 + M*anun) ”yn - QH + ¢ (M) Qpfly + Qply,

(1+ M) (M) pin) lyn — qll + M (M) (ptn + 1)

(1 + Rlﬂn) Hyn - QH + Ry (:un + ln) . (2'6)

[zns1 — gl

VANRVANVAN

IN

From (2.5) and (2.6), we are able to write

(L4 Rupn) [y — all + R (p + 1)
(1 + Riptn) [(1 + Rajtn) Hwn - CI” + Ry (,Un + ln)]
+Ry (pon + 1)
(1+ Rypin) (1 + Ropy) ||z — ¢l
+ (1 + Riptn) Ro (ptn + 1n) + Ry (pn + 1)
= [L+ ptn (R1 + Ry + Ri Ropn)] |2 — ¢
+ (R1 + Ro + Ry Ropt) (pn + 1)
= (14 Rsp) lzn — qll + Rs (i + 1) (2.7)

[l

IAINA

where Ry = Ry + Ry + Ry Ropi,, > 0.
Since Y 07 | pin, < 00 and Y o 1, < 0o, by Lemma 1.9, we have lim,,_.« ||z, — ¢||
exists. H

Theorem 2.2. Let K be a nonempty closed convex subset of a real Banach space
E which is also a nonexpansive retract of E and T1,T5, T3 : K — E be three
continuous nonself total asymptotically nonexpansive mappings defined by (1.4)
such that > 07 | iy, < 00,y o 1, < 0o. Assume that there exist M, M* > 0 such
that ¢ (N) < M*X for all X > M. Suppose that F is singleton. Then the sequence
{z,} defined by (1.6) converges strongly to a common fized point of Ty, Tz, Ty if
and only if liminf, . d (z,,F) =0, where d (z,F) = infjer ||z, — ¢|| ,n € N.

Proof. The necessity is obvious. Let us assume that liminf, . d (z,, F) = 0 and
prove that the sequence {x,} converges to a common fixed point of T}, Ty, T5.
We first show that {z,} is a Cauchy sequence in E. Let b, = Rapn,c, =
R3 (pin, + 1) . The inequality (2.7) combined with the fact 1+ ¢ < exp(t) for all
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t > 0 yields for all m € N

| Trgm — QH < exp (bnym-1) (Hxn+m—1 - QH + Cngm-1)

: n+m—1 n+m—1 n+m—1
< exp( Z bi> lxn — ql| + ( Z C¢> exp( Z b¢>

i=n

< exp (Z bi) |2 — gl + (Z Ci) exp ( bi) :

Thus for all m € N and ¢ € F, we have

|Trgm — 20l < Hxn+m - QH + Hxn — 4|

< (1 + exp (Z bl)> |zn — ¢l + exp (Z bi) ZCi
< A (Hxn —q| + Zc)
< A <d (2, F) + icl> , (2.8)

where 0 < A—1=exp (D> ;0 b;) < oo. Since lim,, oo d (z,, F) = 0and > oo, ¢; <
00, given € > ( there exists an integer ny > 0 such that for all n > ng, we have
d(xy, F) < 55 and Y7 ¢; < 55. Thus for all integers n > ng and m € N, (2.8)
gives

[Znim — 2| < e
This means that {z,} is a Cauchy sequence in E. Completeness of E now guar-
antees the existence of * € E such that z,, — z*.

Next, we show that z* is a common fixed point of T},7T5,T3. Suppose that
x* ¢ F. Since F is closed subset of E, one has d(z*, F) > 0. However, for all
q € F, we have

12" = qll < llzn = 27| + lzn — gl -
This implies that
d(z*, F) < ||z, — z*|| + d(zn, F).

Since z, — x*,d(z*, F) = 0 as n — 00.This contradicts d(z*, F) > 0. Hence, z*
is a common fixed point of T3, 75, T3 as required. O

Lemma 2.3. Let K be a nonempty closed conver subset of a uniformly convex
Banach space E which is also a nonexpansive retract of E and Ty, T5, T3 : K — E
be three nonself total asymptotically nonexpansive mappings defined by (1.4) such
that Y"7 | pn < 00, oo 1, < 00. Assume that there exist M, M* > 0 such that
& (AN) < M*X for all X > M. Suppose that F is singleton and {ou,}, {6}, {1}
are sequences in [0, 1] which satisfy the following conditions:

(i) 0 <liminf, .. a, <limsup,,_, . o, <1

(11) 0 <liminf, . 5, < limsup,_, . G, <1
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(111) 0 < liminf,, vy, < limsup,,_ . 7 < 1.
Then imy, .o ||(PT;)" %, — x| = 0 for all i=1,2,3.

Proof. By Lemma 2.1, lim,, ., ||z, — ¢|| exists. Assume that, for ¢ € F, lim,, .,
|zn, — ¢l| = 7. If r = 0, the conclusion is obvious. Suppose r > 0. Since {z,, — ¢}
is bounded, {z, — ¢} and {y, — ¢} are also bounded. As T; are nonself to-
tal asymptotically nonexpansive mappings, we can prove that the sequences
{(PT\)"yn, — ¢} , {(PT5)"z, — q} , {(PT3)"x, — q} are all bounded. Using (1.6)
and Lemma 1.10, we have for some constant D; > 0 that

ln —all” =
<

IN

(L =) (20 — @) + 7 (PT3)" @, — Q)||2

(1 =) lzn = all* + 9 | (PT5)" 2 — g

Y1 = )a1 ([0 — (PT3)" z,]])

|0 = all* + D1 (ptn + 1)

(L = )1 ([l2n — (PT3)" zal]) - (2.9)

It follows from (1.6) and (2.9) that for some constant Dy > 0,

2
1Yn — d

IN

(1= Bn) (20 — @) + B (PT2)" 2, — 9)”
(1= Ba) 120 = all* + Bu | (PT2)" 2 — g

—Bn(1 = Bn)g2 (120 — (PT2)" znll)

IN

|20 = gll” + D (4 + 1) = (1 = 3)g1 (|20 — (PT3)" 24]])

—Bn(1 = Bn)g2 ([lzn — (PT2)" zal]) - (2.10)
Similarly, from (1.6), (2.9) and (2.10), there is a constant D3 > 0 such that

1 — gl

IN

11— @n) (g0 — @) + @ (PT)" 4 — q)II”
(1= ) llya — all* + e [|(PT)" 9 — al”

— (1 = an)gs ([lyn — (PTy)" Ynll)

IN

Hxn - Q||2 + D3 (:un + ln) - '7n(1 - Vn)gl (Hmn - (PT3>n an)

—Bu(1 = Ba)g2 (|2 — (P12)" 2al|)
_an(l — ) g3 (Hyn - (PTl)n ynH) . (2'11)

From (2.11), we can write

Ya(1=70)g1 (20 = (PT)" all)) < llzn = al* =21 — all*+Ds (pa + 1), (2.12)

Bu(1=82)92 (20 = (PT2)" zall) < [l = all* ~l|2ns1 — al*+Ds (1 + 1) , (2.13)

(1 = an)gs (lyn = (PT)" yall) <l — all® = lznss — all” + D (o + 1) -

(2.14)

Since 0 < liminf, ., 3, < limsup,_,, 6, <1, 0 < liminf, . v, < limsup,,_,
Yo < 1 and 0 < liminf, . v, < limsup,_,. 7 < 1, there exist ny € N and
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my, my, me, ms, ms,mi € (0,1) such that 0 < my < o, <mi, 0 < my < f, < m}
and 0 < mgz < v, < m} for all n > ny. This implies by (2.12) that

my (1 —m3) g1 (llzn — (PT3)" 2all) < [z — all* = 2ns1 — all* + Dy (110 + 1)
(2.15)
for all n > ng. It follows from (2.15) that m > ng

m . 1 " 2 2
;;Ogl(llm (PT3)" ) e (= m) (;O(Hx 1 e
+D3 > (i + ln)>
n=ngo
L |20, — qll* + D i( Y1)
ms (1 - mg) o 3n:n0 Hn n .

Then > 77 g1 ([[2n — (PT3)" 2,]]) < oo and therefore
T g1 (e — (PT3)" 2al}) = 0.

Since g; is strictly increasing and continuous with g; (0) = 0, we have

lim (@, — (PT3)" z,|| = 0. (2.16)
In a similar way, (2.13) and (2.14) imply

lim ||z, — (PT2)" z,]| = 0, (2.17)

T [ly — (PT3)" g = 0. (2.18)

It follows from (1.6) that
120 = @]l < 3 w0 — (PT3)" 2l -
Thus by (2.16),
lim ||z, — z,|| = 0. (2.19)
Again, from (1.6)
19 — zall < Bnllzn — (P12)" 2al|

so that(2.17) yields lim,, e [|yn — 2n|| = 0. From (2.19) and lim,, .« ||y — 20| =
0, we have

lim ||y, — z,|| < lim ||y, — 2z,|| + lim ||z, — || = 0. (2.20)
A combined effect of (2.17) and (2.19) yields
Hxn - (PTQ)n "EnH < Hxn - Zn” + Hzn - (PT2)n Zn” + H(PT?)n Zn (PT2>n xn”
< 2lzn = 2al + 20 — (PT2)" 20l + 110 (120 — 2nl|) + L

Taking the limit as n — oo, we have
lim (@, — (PT3)" z,|| = 0. (2.21)

n—oo
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Also from

[0 = (PT1)" 2| [0 = ynll + lyn — (PT2)" | + [ (PT2)" yn — (PT1)" |

<
< 2en = yall + llyn — (PT2)" ynll + 1n® (lyn — 2nll) + 1o,

we have
lim ||z, — (PTy)" x| = 0. (2.22)

n—oo

This completes the proof. O

Lemma 2.4. Let K be a nonempty closed convexr subset of a uniformly con-
vex Banach space E which is also a nonexpansive retract of E and T\, T3, T3 :
K — E be three continuous nonself total asymptotically nonexpansive mappings
defined by (1.4) such that Y " | pin, < 00,> o0 1, < 0o. Assume that there exist
M, M* > 0 such that ¢ (\) < M*X for all\ > M. Suppose that F is singleton and
{an}, {6n}, {1n} are sequences in [0, 1] which satisfy the following conditions:
(1) 0 <liminf, ., a, <limsup, . a, <1
(11) 0 <liminf, . 5, < limsup,_ . G, <1
(#7) 0 < liminf, . v, < limsup,,_, . v, < 1.
Then lim,, . ||x, — Tix,|| =0 fori=1,2,3.
Proof. Note that
[z = (PT1)" ynl| [z — (PT1)" 2|l + |(PT1)" 0 — (PT1)"
[2n = (PT1)" @all + 20 = Yull + 40 (lyn — @all) + L.
Since T} is total asymptotically nonexpansive mapping, (2.20) and (2.22) give

lim [z, — (PT1)" | = 0. (2.23)

n—oo

Using (1.6),(2.20) and (2.23), we obtain

H(l - an) (yn - xn) + oy, ((PTl)n Yn — fEn)”
(1 = ) [yn — 2all + n [[(PT1)" yn — 20|

<
<

|Tni1 — 2l <
<

so that
lim ||zp41 — x| = 0. (2.24)

Lemma 2.3 and (2.24) imply

ln = (PTY" al| <l = @]l + Jons = (PT)" 2 |
+PTY ey = (PT
< 2z, — x| + Hxn_l — (PTZ')H_1 xn_1||
a6 (70 = T l]) + .
This gives
lim |z, — (PT)" " @] = 0. (2.25)

Since each T; is continuous and P is nonexpansive retraction, it follows from
(2.25) that

lim ||(PT,)" z, — Tyxn|| = lim ||PT; (PTy)" ' 2, — PTiz,|| =0 (2.26)

n—oo
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fori=1,2,3.
Hence, by Lemma 2.3 and (2.26), we have

20 = Tiwn|l < 20 — (PT)"wnll + [|(PT:)" 20 — Tiwnl| -

Consequently,
lim ||z, — Tiz,|| = 0. (2.27)

O

Theorem 2.5. Let K be a nonempty closed convex subset of a uniformly convex
Banach space E which is also a nonexpansive retract of E and Ty, 15,13 : K — F
be three continuous nonself total asymptotically nonexpansive mappings defined by
(1.4) such that > 07 | pn < 00, > o2 1, < co. Assume that there exist M, M* > 0
such that ¢ (X)) < M*X for all A > M and that one of Ty, T, Ts is demicompact.
Suppose that {x,} is defined by (1.6), F is singleton and {on},{6n}, {7} are
sequences in [0, 1] which satisfy the following conditions:

(i) 0 <liminf, .. a, <limsup,,_, . o, <1

(1) 0 <liminf, . 5, < limsup,_ . G, <1

(111) 0 < liminf,, v, < limsup,,_, . v < 1.

Then the sequence {x,} converges strongly to a common fized point of {Tl}f’:1

Proof. Without any loss of generality, we may assume that 7} is demicompact.
From the facts that lim, . ||z, — Thz,|| = 0 and {x,} is bounded, there exists
a subsequence {x,, } C {x,} that converges strongly to some z* € K as k — 0.
By Lemma 2.4, Tz, — x*, Tz, — x*, T3z, — z*. Continuity of T; gives
Tz, — Tix* for all i =1,2,3. Now using (2.26) , we have

This implies
lim [|(PT;)"™ x,, — T;x*|| = 0 for all i = 1,2, 3. (2.28)

n—oo

Observe that
o = Tha™|| < |lo* — 2, || + |20, — (PT0)™ 2, || + |(PTY)™ 20, — Tha"™]|.

Using (2.28) and Lemma 2.3, we get Ty2* = x* and so z* € F (T1).
To prove z* € F (T3), note that

la* = o] < [l2* = 2oy | + e, — (PT2)™ oy | + [(PT2)™ 2y, — To"|.

We can similarly say that z* € F(73). Therefore, z* € F. According to
Lemma 2.1, the limit lim, . ||z, — 2*|| exists. Hence lim, .z, = z* € F.
This completes the proof. |

Corollary 2.6. Let K be a nonempty closed convex subset of a uniformly convex
Banach space E which is also a nonexpansive retract of E and Ty, T5,T5 : K — E
be three continuous nonself total asymptotically nonexpansive mappings defined
by (1.4) such that > 07 pn < 00,y " 1, < oo and Ty, T», T are satisfying the
condition (B). Assume that there exist M, M* > 0 such that ¢ (\) < M*\
for all A > M. Suppose that {x,} is defined by (1.6), F is singleton and
{an}  {Bn}, {7} are sequences in [0, 1] which satisfy the following conditions:
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(i) 0 <liminf, .. a, <limsup,_ . o, <1
(i) 0 <liminf, . £, < limsup,_ .. G, <1
(i4i) 0 < liminf, . v, < limsup,,_, . Vo < 1.
Then the sequence {x,} converges strongly to a common fized points of {Ti}?:l.

Proof. By Lemma 2.4, lim,,_. ||z, — Tiz,|| = 0 for ¢ = 1,2,3. Since 11,75, T3
satisfy the condition (B), f (d (x,, F)) < maxi<;<s {||zn — Tiz,||} . Thus lim,
f(d(z,,F)) = 0. Since f is a nondecreasing function and f (0) = 0, therefore
lim, oo d (z,, F) = 0. The rest of the proof follows as in proof of Theorem
2.2. O]

Theorem 2.7. Let K be a nonempty closed convex subset of a uniformly convex
Banach space E satisfying Opial’s condition which is also a nonexpansive retract
of E and T1,T5, T3 : K — FE be three continuous nonself total asymptotically
nonexpansive mappings defined by (1.4) such that Y7, pin < 00, oo 1, < 00.
Assume that there exist M, M* > 0 such that ¢ (\) < M*X for all X > M.
Suppose that {z,} is defined by (1.6), F is singleton and {ca,},{Bn}, {7} are
sequences in [0, 1] which satisfy the following conditions:

(i) 0 <liminf, . a, <limsup,_, . o, <1

(i) 0 < liminf, . 3, < limsup,_,. G, <1

(7i) 0 < liminf, o v, < limsup,,_, . v < 1.

If the mappings I — T; (i = 1,2,3) are semiclosed at zero, then the sequence
{z,} converges weakly to a common fixed points of {Tl}f:1

Proof. Let ¢y € F. By Lemma 2.1, lim,,_., ||z, — ¢1|| exists and {x,} is bounded.
Since F is uniformly convex, every bounded subset of F is weakly compact. Since
{z,} is a bounded sequence in K, there exists a subsequence {z,, } C {z,} such
that {z,, } converges weakly to ¢; € K. Using Lemma 2.4, we have

lim ||z, — Tizn, || =0, (2.29)

for i = 1,2,3. Since the mappings I — T; (i = 1,2,3) are semiclosed at zero,
therefore, we have T;q; = ¢q;. That is, ¢; € F.

Finally, let us prove that {x, } converges weakly to ¢;. Suppose on contrary that
there exists a subsequence {xnj} C {x,} such that {xn]} converges weakly to
q2 € K and ¢; # ¢o. Then by the same method as given above, we can also prove
that ¢ € F. Since ¢1,q2 € F, according to Lemma 2.1 lim,,_, ||z, — ¢1]| and
lim, o ||Zn — @2|| exist, and we have

T |z —qff =7, lim flz, =gl = 7o, (2.30)

where 71,7, > 0. Because of the Opial’s condition of E, we obtain

ry = lim sup ||z, — ¢l < LIm sup |z, — @l =1
N} —00 nj—00
and 7o = lim sup Ha:n — q2|| < lim sup Hxn — q1H =17
1, —00 J nj—00 J

This is a contradiction. Hence ¢; = ¢o. This implies that {z,} converges weakly
to ¢1. This completes the proof. O
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