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ABSTRACT. In this paper, we show a further improvement of the integral Heinz mean
inequality and prove

1 2 2 2 2 2
5 147X +24XB + XB7|| < ) [|[A°X +tAXB+ XB?|| forall te (-2,2].

Then we show some refinements of unitarily invariant norm inequalities, in particular
we proved that: If A, B, X € M, with A and B positive definite, and f, g are two

continuous functions on (0, c0) such that h(z) = j;gi; is Kwong, then

[4% e xg(B) + 9 x (B BE|| < & | 4°X + 24xB + XB?|

holds for any unitarily invariant norm, where k = max{%u €o(A)Uo(B)}.

1. INTRODUCTION

A capital letter means an n X n matrix in the matrix algebra M,, ||| denotes a
unitarily invariant norm on M, that is, |[UAV| = ||A|| for all matrices A,U,V with
U,V unitary, and o(A) is the set of all eigenvalues of A € M,,. The Schur product of
A = (a;j) € M, and B = (b;;) € My, is denoted by Ao B, i.e., Ao B = (a;;bi;).

The following double inequality due to Bhatia and Davis (see [2]) asserts that

2 H‘A%XB% < |[|ATX B + AYTXBT|| < |AX + XB] (1.1)

for A, B, X € M, with A, B positive semidefinite and 0 < r < 1. Afterwards, Wang et
al. [10] proved that

2|AXB| < ||A"XB* "+ A* "XB"|| for 1<2r<3. (1.2)
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Recently Kaur et al. [4] showed the following refinement of the Hermite-Hadamard
inequality which improved the left-hand side of (1.1).

Let A, B, X € M,, with A, B positive semidefinite. Then, for any real numbers «, 3,
we have

3
/ (A°XB'Y™ 4+ A" X B°)dv

atpB +8 a+p a+p

‘HATXBl_aT + A2 XB 2

il
S [
la— 3]
1
5 ‘HAO‘XBl_O‘ + Ao XBY 4 APXBIO 4 Al—ﬁXBﬁm . (1.3)

IN

The right-hand side of (1.1), called the Heinz inequality, was generalized by Zhan [11]
in the following sense.

Theorem ZH. Let A, B, X € M,, with A, B positive semidefinite. Then
2
|A"XB* 7"+ A*"XB"|| < 3 |A*X +tAX B+ XB|| (1.4)
for any real numbers 7, t satisfying 1 <2r <3 and -2 <t < 2.
Singh and Vasudeva [9] showed that if A, B, X € M, with A, B positive definite,
and f is any matrix monotone function on (0,00), then for —2 < ¢ < 2

H(A%f(A)Xf(B)—lgé + AR F(A)IXf(B)B3|| < t—|—22 I|A2X +tAX B + X B2|| (1.5)

A continuous real-valued function f defined on an interval (a,b) with a > 0 is called
a Kwong function [1] if the matrix

() + f(Aj))
Kr= < Ai + A ij=1,2,

is positive semidefinite for any distinct real numbers Ay, -+, A, in (a,b). It is easy
to see that if f is a non-zero Kwong function then f is positive and % is Kwong.
Kwong [6] showed that the set of all Kwong functions on (0,00) is a closed cone and
includes all non-negative operator monotone functions on (0,00). Also Audenaert [1]
gave a characterization of Kwong functions by showing that, for fixed 0 < a < b, a
function f on an interval (a,b) is Kwong if and only if the function g(x) = /zf(y/x)
is operator monotone on (a?,b?). Afterwards, Najafi [8] obtained a more generalized
norm inequality of the Heinz inequality.

IF(A)Xg(B) +9(A)Xf(B)| < |AX + X B|

for any continous functions f(x), g(z) with % Kwong and f(z)g(z) < .
For a comprehensive inspection of the results concerning the above norm inequalities,
the reader is referred to [3, 5, 7, 10].

In this paper we show some improvements of the above inequalities (1.1)-(1.5). Es-
pecially, we prove that if A, B, X € M, such that A and B are positive semidefinite,

then

IN

l4 X B> + 2 XB|| < L ||4°X +24XB+ XB|

s 12X+ eax B+ x|
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holds for 1 <2r <3 and -2 <t <2.

2. REFINED ZHAN’S INEQUALITY

In this section, we show a refined version of Zhan’s inequality. First of all, we study
the function at the right-hand side of inequality (1.4).

Theorem 2.1. Let A, B, X € M,, with A, B positive semidefinite. Suppose that
()= —— \HAQX +tAXB+ XB?||, -2,2.
Then W (t) is monotone increasing on (—2,2

. In particular,

A" XB* 7"+ A*"XB"|| < \HAQX +2AXB+ XB?||

[\3“_.._.

2 2
< t+2 |A*X +tAX B+ XB?|| (2.1)

holds for 1 <2r <3 andt € (—2,2].

Proof. It’s suffice to prove the monotonicity of W(t). For any —2 < s < t < 2, there
exists a € (0,1) such that t+2 Then we have

s+2
u(t) = t+ o 1APX +tAX B + X BY|
— H_22(A2X +XBY) +(1- H22)2AXB'H
= 52+ S(AX +5AXB + XB%) + ( 2+a2 . 52)2AXB‘H
- 324(32 (A°X + sAXB+ XB?) + (1 — a)2AXBm

IA

X +sAXB+ XB?)|| + (1 — )2 AX B||
2
< 5 [A*X + sAXB + XB?)|| = ¥(s),

where the last inequality follows from (1.2) and (1.4). Therefore, ¥(¢) is monotone
increasing on (—2,2].
Besides, Zhan’s inequality and the monotonicity of ¥(¢) yield inequality (2.1). O

Next we show a generalized Zhan’s inequality. For this, we need the following lemma.

Lemma 2.2. Let 01,09, -+ ,0, be any positive real numbers. If f and g are two

continuous functions on (0,00) such that h(x) = % is Kwong, then the n x n matriz

— (f(Ui)QU;(ji;:Uf(ij()jgzI(Uj))
i ) J 7j=1,2

s positive semidefinite.
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Proof. Let W = (wj;). Applying the Schur product theorem to the Cauchy matrix

(aiiaj ), and the matrix induced from the Kwong function h, we get the positivity of

the matrix W with entries

v — L J(o)g™oi) + f(o5)97 (o))
" o;+0j o; +0j ’

Il
Lemma 2.3. [5, p. 343] If X = (z;;) is positive semidefinite, then for any matriz'Y,
[X oVl < max @ [[Y].
<i<n

Theorem 2.4. Suppose that A, B, X € M, such that A, B are positive definite, and f,

g are two continuous functions on (0,00) such that h(z) = % is Kwong. Then

[l 48 rx0(8) + o) x 1B B < & 42X + 24x8+ x82)

A)g(A
holds for k = max {{29Q) ) € 5(4) U o(B)}.
Proof. We first prove the special case A = B, i.e.,

MA% [f(A)Xg(A) + g(A)X f(A) Az %(AQX F2AXA + X A%)

<]

‘. (2.2)

Without loss of generality, assume that A is positive definite. Suppose that A =
UXU™ is the spectral decomposition with U unitary and ¥ = diag(oy, 09, -+ ,0,) with
01,09, -+ ,0p > 0. The required inequality is equivalent to

<k

1
WE% [f()U*XUg(E) + ¢(S)U* XU f(2)]8* 5 (S XU + 250" XUS + U XUE?) |

which may be rewritten as

for all [y; j] € M,. This is the same as
IWoVY[ <k[Y| forall Y e M,

1 1

[af(f(a,;)g(aj) + g(Ui)f(Uj))Jj?yi,j}

1
’ <k m |:2(0'z~2 + 2040 + sz)yi,j:|

where

1 oo (o o)a Yo
W:2diag(012g(gi))<f( )9~ (0i) + f(oj)g™ " (05)

2 . 2
o; + 20,05 + o;

1
)diag(aj2 g(aj)) € M,.
In fact, we can conclude that W is positive semidifinite by Lemma 2.2 Then it follows
from Lemma 2.3 and k = max{M]/\ € o(A)Uo(B)} that
[We Y] < max wi [[Y]| = kY]
<i<n

for all Y € M,,. Hence (2.2) holds too.
For the general case, it suffices to replace A and X by

[61 g] and [8 )0(}, respectively.



238 H. ZUO, Y. SEO, M. FUJII

Remark 2.5. Theorem 2.4 can be seen as a reﬁnement of (1.5) if we let f be a operator
monotone functwn on (0,00) and g(z) = xf~Y(x). Then x=1f?(x) is Kwong [6] and

k = max {f ])\ € o(A)Uo(B)} =1. Hence, for —2 <t <2, we have

43 s xp(B) B + Aty xpB)BE|| < S|I4PX 424X B+ X B

2
< ——||A’X +tAXB + XB?|)
t+2
holds for A, B, X € M,, with A, B positive definite.
Using the method in the proof of Theorem 2.4 again we get the following theorem.

Theorem 2.6. Suppose that A, B, X € M, such that A, B are positive definite. If f
and g are two continuous functions on (0,00) such that h(x) = ]gc(—g is Kwong, then

\Hf(A)Xg(B) FoAXTB) < 5 || 42X +24XB+ XB|

holds for k' = max {{&4X ) € 6(4) U(B)}.

Example 2.7. Take f(x) = log(l + x) and g(x) = z defined on (0,00). Then
f(x)g(z)~! is Kwong but not operator monotone; cf. [8]. Theorem 2. leads to the
following inequality:

|

for A, B, X € M, with A, B positive semidefinite, where \g = max {\|A € c(A)Uo(B)}.

Example 2.8. Let s,r € R. Due to F(z) = x*" defined on (0,00) is Kwong if and
only if —1 < s—r <1, it follows from Theorem 2.j that if A, B, X € M, with A, B
positive semidefinite and |s —r| < 1, then

log(1
Az (log(I + A)XB + AX log(I + B))B3||| < w

| 4*°X + 24X B + XB?||

|4 x B+ axB)BY| < g |A2X + 24X B + XB?|

- - - 1
for kS: max{\**" Y\ € o(A) Uo(B)}. In particular, if 1 < 2r <3, putr’ =r — 3,

s =35 — 1 in the above inequality, then Zhan’s inequality (1.4) follows.

3. REFINED INTEGRAL HEINZ MEAN INEQUALITY

Now we prove a stronger matrix version of the integral Heinz mean by using the
same integration technique as that in [4].

Theorem 3.1. Let A, B, X € M, with A and B positive semidefinite. Then, for any
positive real number «, 3, it holds that
1
oo — ]
i H‘QAMXB

B8
/ (A’XB'"™" + A" XB")dv

=957 4 9A =" xB*2” 4 A°XB'* 4 A'OXB* + APXB' 1 A" PXBP I
Proof. 1t’s enough to prove the special case A = B. Without loss of generality, let A be
positive definite and v < §. Since the norm considered here is unitarily invariant, we

can assume that A is diagonal, i.e., A = diag(o1,09, -+ ,04), 01 > 09 > -+ > 05, > 0.
Note that

B
/ (A’XA'"™" 4+ A" X AY)dv

= Zo(2ATEI XA oA XA L ACX AT L ATOX A £ APXATE 4 AP X AP,
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whence Z = (z;j),

ff(exp(log(oi)v +log(o;)(1 — v)) + exp(log(o;)(1 — v) + log(c;)v))dv

N aip atB ot
’ 1— - 1— 1— B _1-8 1-8_5
2 2 2 2 o a a_o
20,7 oy + 20, o;° +ojo; T 4o, Tof oo T +o; T
B _1-8 1-8_B a l-a 1—a _a
_ 1 0; 0 -0, "0; —0;0; + o; o
logo; —logoj o 252 1-23% 1-edl ol d-a | l-a_a B _1-8_ 1-8 _§
7 20, o, + 20, o, +oio; " +o; Cof+o70; " +o; Vo
B—a B—ay/ o 1-0 1-8_«a
_ 1 (0 —0; )(of o; " +o; Uj)
logo; —logo; o 5% o 1-8 1-6_ay 5% B—a B—ay( a 1-8 1-8_a
720, % (0 o; V4o, oS )aj + (o 7"+ 0} ) (0 o; " +o, oS )
—a B—a B—a B—a
1 o, =~ —0j 1 o, —o;°
B—= B—«a = B—o B—a? for i # J

~ logo; —logo; (U% +a%)2 ~ logo; —logo; U_f"; +o.2
) ? J

Lo
and z;; = BTTQ. On taking o, > = exp(t;) we conclude that Z is positive semidefinite

if and only if so is the matrix with entries

tanh((t;—t;)/2 oo .
A e e R
p—a " 1, if i = j.
The above matrix is positive semidefinite since the function tal;hx is positive definite
[2, p. 223).
In addition, since all diagonal entries of the matrix Z are 7%, we have | Z o Y| <
max z; 1Y = BTTQ ||| for all Y € M,,. Therefore, this proves the required inequality
<i<n
in Theorem 3.1 for the case of A = B. O

Puta=r, 3 =2—r for any r € [%, %} and replace A, B by A?, B?, respectively, in

Theorem 3.1, then we achieve a refinement of inequality (1.2).

Corollary 3.2. Let A, B, X € M, with A and B positive semidefinite and r € [%, %]
Then

< SlRAXB+ AXBT 4 #TXB < JAXBT 4 AT XB.

From Theorem 3.1 we have the following integral inequalities as an improvement of
inequality (1.1).

Corollary 3.3. Let A, B, X € M,, with A, B positive semidefinite and r € [0,1]. Then

1

2[AXB| < ——=
|2 — 27|

2—r
/ (A’X B> 4 A*"" X B")dv

Further,

2—r
/ (A’XB*" 4 A*" "X B")dv|| = 2||AXB| .

lim ————
r—1 ‘2 — 27”‘|

1 1—7r
2 WA%XB% < / (A" X B + A" X B")dv

’1 - 27”| T

1
< 3 H‘QA%XB% +ATXBYT + ATX BT

1

< ‘Ha(A"XBl_" + ATTXB) +2(1 - ) ASXBE|| for S <a<1
< ||AXB'"+ AVTX B
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Proof. Put a« =1, f =1—r in inequality (1.3) and Theorem 3.1, respectively, then we
get the first inequality and the second inequality. The last inequality follows from the
triangle inequality and inequality (1.1). Now we just need to prove the third inequality.
For 0 <r <1,let ®(a) = H‘a(ATXBl_T + AYTXBT) +2(1 — a)A%XB% on [3,1].
Then
1 1
() =5 H(A?"XBH + A"TXB" + 243X B}

= H‘u - ;)(QA%XB%) + ;[a(A’"XBl_T + AYTXBT) +2(1 — a)A2 X B2
« «

1
<(1--—) WQA%XB%
2c
1.1

1 1 1
<(1— —)d(= 7’“ ATXBY" + AVTXDB") + 2(1 — a)As X B3
< (1= 5)2(3) + 5 [l v )+ 2(1 - a)4bX B}

Therefore, for % < a < 1, we have the desired inequality as follows.

1

2
Remark 3.4. The fact that the function ®(a) is non-decreasing on [%, 1] can be proved
i the same way as in Theorem 2.1.

1
+ 5 H)a(A’“XBl—T +AYTXBY) 4 2(1 - a)A3 X B3
(6

O

< H‘a(ATXBl_T +AYTXB) +2(1 - a)A2 XB?

A"XBY "+ A" TXB" 424 XB?

By the symmetry of the integral function and Theorem 3.1 we have the following
corollary:

Corollary 3.5. Let A, B, X € M, with A, B positive semidefinite and r € [0,1]. Then

142r 3—2r 3—2r 14+2r

1
< ZH‘ZLA%XB%+A1_7"XBT+A’"XBI""—|—A T xBE + A X B

1

1—r
m / (AUXBl_U =+ Al_UXBU)dU

< ||AY"XB"+ AT XB"|.

Proof. Since 42 = (1 4+r) and MAI_’"XB” + ATXBI_T“‘ is convex on [0, 1], we have

1 1—r
— / (A’XB'"™" 4+ A" X B")dv
[1—27| ||/,
_ 2 / AOXB AT B
‘1 - 2T| T
< i 242XB2 + A" "XB" + A'XB"T 424 1 XB i 4247 XB i
< i 2A3XBE + AVTXBT + AT XB| + % H‘AHT”XB¥ + AT X BT
1 1
< ;|paixBi+ arxB A xB | 4 MzA%XB%
1
+Z H‘Al—TXBT + ATXBl—’I‘m
< ||AYTXBT+ AT XBYT|.
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