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WEIGHTED COMPOSITION OPERATORS FROM CAUCHY
INTEGRAL TRANSFORMS TO LOGARITHMIC

WEIGHTED-TYPE SPACES

AJAY K. SHARMA

Communicated by K. Gurlebeck

Abstract. We characterize boundedness and compactness of weighted com-
position operators from the space of Cauchy integral transforms to logarithmic
weighted-type spaces. We also manage to compute norm of weighted compo-
sition operators acting between these spaces.

1. Introduction and Preliminaries

Let D be the open unit disk in the complex plane C, ∂D its boundary, dA(z) the
normalized area measure on D (i.e. A(D) = 1), H(D) the class of all holomorphic
functions on D, H∞ the space of all bounded holomorphic functions on D with
the norm ‖f‖∞ = supz∈D |f(z)| and M the space of all complex Borel measures
on ∂D. Let

ηa(z) =
a− z
1− āz

, a, z ∈ D,

that is, the involutive automorphism of D interchanging points a and 0. Let ν be
a positive continuous function on D (weight). A weight ν is called typical if it is
radial, i.e. ν(z) = ν(|z|), z ∈ D and ν(|z|) decreasingly converges to 0 as |z| → 1.
A positive continuous function ν on the interval [0, 1) is called normal if there are
δ ∈ [0, 1) and τ and t, 0 < τ < t such that

ν(r)

(1− r)τ
is decreasing on [δ, 1) and lim

r→1

ν(r)

(1− r)τ
= 0;
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ν(r)

(1− r)t
is increasing on [δ, 1) and lim

r→1

ν(r)

(1− r)t
=∞.

If we say that a function ν : D→ [0,∞) is a normal weight function, then we also
assume that it is radial. We denote by LAln(ν) the logarithmic weighted-type
space of functions f ∈ H(D) for which

||f ||LAln(ν) = sup
z∈D

ν(|z|)|f(z)| ln 2

1− |z|2
<∞.

Likewise we write LAln,0(ν) for little logarithmic weighted-type space of holomor-
phic functions f on D for which

lim
|z|→1

ν(|z|)|f(z)| ln 2

1− |z|2
= 0.

With the norm ‖ · ‖LAln(ν), the space LAln(ν) is a Banach space and the little
logarithmic weighted space LAln,0(ν) is a closed subspace of LAln(ν).
A function f ∈ H(D) is in the space of Cauchy integral transforms K, if it admits
a representation of the form

f(z) =

∫
∂D

dµ(ζ)

1− ζz
(1.1)

where µ ∈M. The space K becomes a Banach space under the norm

‖f‖K = inf

{
‖µ‖ : f(z) =

∫
∂D

dµ(ζ)

1− ζz

}
,

where ‖µ‖ denotes the total variation of measure µ. It is clear that the Banach
space K is the quotient of Banach space M of Borel measures by the subspace of
measures whose Cauchy transforms vanish. By the E. and M. Riesz theorem it
follows that the Borel measure µ has a vanishing Cauchy transform if and only

if it has the form dµ = fdm, where f ∈ H1
0 , the subspace of L1 consisting of

functions with mean value 0 whose conjugate belongs to the Hardy space H1,
and dm is the normalized Lebesgue measure on ∂D. Hence K is isometrically

isomorphic to M/H1
0 . Since M has a decomposition M = L1⊕Ms, where Ms is the

space of all Borel measures which are singular with respect to Lebesgue measure,

and H1
0 ⊂ L1, it follows that K is isometrically isomorphic to L1/H1

0 ⊕ Ms.
Consequently, K has an analogous decomposition K = Ka ⊕ Ks, where Ka is

isometrically isomorphic to L1/H1
0 and Ks is isometrically isomorphic to Ms. It

is known that
H1 ⊂ K ⊂ ∩0<p<1H

p,

where Hp is the Hardy space. For more about the space K, see [3], [4], [5] and
[9].

Let ψ ∈ H(D) and ϕ be a holomorphic self-map of D. Define a linear operator

Wψ,ϕf(z) = ψ(z)f(ϕ(z))

for f ∈ H(D) and z ∈ D. The operator Wψ,ϕ is called a weighted composition
operator. We can regard this operator as a generalization of a multiplication
operator Mψ induced by ψ and a composition operator Cϕ induced by ϕ, where
Mψf(z) = ψ(z)f(z) and Cϕf(z) = f(ϕ(z)). In fact, Wψ,ϕ = MψCϕ. For more
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about these operators, see [6] and [15].
It is well known that every holomorphic self-map ϕ of D induces a bounded
composition operator on K. In fact, Bourdon and Cima [3] proved that

‖Cϕ‖K→K ≤
2 + 2

√
2

1− |ϕ(0)|
which was improved to

‖Cϕ‖K→K ≤
1 + 2|ϕ(0)|
1− |ϕ(0)|

(1.2)

by Cima and Matheson [4]. Moreover, equality is attained for certain linear
fractional maps.
Isometries in many Banach spaces of analytic functions are weighted composition
operators for example see [7] and [8]. It is of interest to provide function-theoretic
characterizations indicating when ψ and ϕ induce bounded or compact weighted
composition operators on spaces of holomorphic functions. For some recent results
in this area, see [1],[2], [10]-[14], [16]-[26] and the references therein. In this paper,
we provide, in a concise way, a function theoretic characterizations indicating
when ψ and ϕ induce bounded or compact weighted composition operators from
the space of Cauchy integral transforms to logarithmic weighted-type spaces. We
also manage to calculate the norm of the operator Wψ,ϕ : K → LAln(ν) which
is one of the problems that recently attracted some attention. Throughout this
paper constants are denoted by C, they are positive and not necessarily the same
at each occurrence. We write A � B if there is a positive constant C such that
CA ≤ B ≤ A/C.

2. Boundedness and Compactness of Wψ,ϕ : K → LAln(ν) and
Wψ,ϕ : K → LAln,0(ν)

In this section, we characterize the boundedness and compactness of Wψ,ϕ :
K → LAln(ν) and Wψ,ϕ : K → LAln,0(ν).

Theorem 1. Let ν : D → [0,∞) be a normal weight function, ψ ∈ H(D) and ϕ
a holomorphic self-map of D. Then Wψ,ϕ : K → LAln(ν) is bounded if and only
if

M := sup
ζ∈∂D

sup
z∈D

ν(|z|)
|1− ζϕ(z)|

|ψ(z)| ln 2

1− |z|2
<∞. (2.1)

Moreover, if Wψ,ϕ : K → LAln(ν) is bounded then

‖Wψ,ϕ‖K→LAln(ν) = M. (2.2)

Proof. First suppose that Wψ,ϕ : K → LAln(ν) is bounded. Consider the family
of functions

fζ(z) =
1

1− ζz
, ζ ∈ ∂D. (2.3)
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Then ‖fζ‖K = 1, for each ζ ∈ ∂D (see, e.g., [3, p. 468]). Thus by the boundedness
of Wψ,ϕ : K → LAln(ν) we have that

‖Wψ,ϕfζ‖LAln(ν) ≤ ‖Wψ,ϕ‖K→LAln(ν),

for every ζ ∈ ∂D and so

M := sup
ζ∈∂D

sup
z∈D

ν(|z|)
|1− ζϕ(z)|

|ψ(z)| ln 2

1− |z|2
≤ ‖Wψ,ϕ‖K→Wψ,ϕLAln(ν). (2.4)

Conversely, suppose that (2.1) holds. Let f ∈ K. Then there is a µ ∈ M such
that ‖µ‖ = ‖f‖K and

f(z) =

∫
∂D

dµ(ζ)

1− ζz
. (2.5)

Replacing z in (2.5) by ϕ(z), using a well-known inequality and multiplying
such obtained inequality with ν(|z|)|ψ(z)| ln 2

1−|z|2 , we obtain

ν(|z|)|ψ(z)| ln 2

1− |z|2
|f(ϕ(z))| ≤

∫
∂D

ν(|z|)
|1− ζϕ(z)|

|ψ(z)| ln 2

1− |z|2
d|µ|(ζ). (2.6)

Thus

ν(|z|) ln
2

1− |z|2
|Wψ,ϕf(z)| ≤ sup

ζ∈∂D
sup
z∈D

ν(|z|)
|1− ζϕ(z)|

|ψ(z)| ln 2

1− |z|2

∫
∂D
d|µ|(ζ)

= sup
ζ∈∂D

sup
z∈D

ν(|z|)
|1− ζϕ(z)|

|ψ(z)| ln 2

1− |z|2
‖f‖K.

Taking the supremum in the last inequality over all z ∈ D it follows that

||Wψ,ϕf ||LAln(ν) ≤ sup
ζ∈∂D

sup
z∈D

ν(|z|)
|1− ζϕ(z)|

|ψ(z)| ln 2

1− |z|2
‖f‖K. (2.7)

This shows that ‖Wψ,ϕf‖LAln(ν) ≤M‖f‖K, henceWψ,ϕ : K → LAln(ν) is bounded.
From (2.4) and (2.7), equality (2.2) follows. �

In the following corollary we give another necessary and sufficient condition for
the boundedness of the operator Wψ,ϕ : K → LAln(ν).

Corollary 1. Let ν : D → [0,∞) be a normal weight function, ψ ∈ H(D), ϕ
a holomorphic self-map of D and dλ(z) = dA(z)/(1 − |z|2)2. Then Wψ,ϕ : K →
LAln(ν) is bounded if and only if

N := sup
ζ∈∂D

sup
z∈D

∫
D

ν(|z|)
|1− ζϕ(z)|

|ψ(z)| ln 2

1− |z|2
(1− |ηa(z)|2)2dλ(z) <∞. (2.8)

Moreover, N �M.

Proof. First assume that the operator Wψ,ϕ : K → LAln(ν) is bounded. Using
Theorem 1 and the identity

(1− |z|2)|η′a(z)| = 1− |ηa(z)|2 =
(1− |a|2)(1− |z|2)

|1− āz|2
,
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we have

N ≤M sup
z∈D

∫
D

(1− |a|2)2

|1− az|4
dA(z) = MC <∞. (2.9)

Conversely, assume that (2.8) holds. Let D(a, (1 − |a|)/2) =
{
z ∈ D : |z − a| <

(1− |a|)/2
}
. Since ν : D→ [0,∞) is a normal weight function, so

ν(|a|) ln
2

1− |a|2
� ν(|z|) ln

2

1− |z|2
, (2.10)

for z ∈ D(a, (1− |a|)/2). Using (2.9), (2.10) and the subharmonicity of the func-
tion |ψ|/|1− ζϕ|, we have

N ≥ sup
ζ∈∂D

sup
z∈D

∫
D(a,(1−|a|)/2)

ν(|z|)
|1− ζϕ(z)|

|ψ(z)| ln 2

1− |z|2
(1− |ηa(z)|2)2dλ(z)

≥ C sup
ζ∈∂D

sup
a∈D

ν(|a|)
|1− ζϕ(a)|

|ψ(a)| ln 2

1− |a|2
= CM,

so that (2.1) holds. Thus by Theorem 1, we have that the operator Wψ,ϕ : K →
LAln(ν) is bounded and M � N , as desired. �

Lemma 1. Let ν : D → [0,∞) be a normal weight function and dλ(z) =
dA(z)/(1− |z|2)2. Then f ∈ LAln(ν) if and only if

I := sup
a∈D

∫
D
|f(z)|ν(|z|) ln

2

1− |z|2
(1− |ηa(z)|2)2dλ(z) <∞. (2.11)

Moreover, the following asymptotic relationship holds

‖f‖LAln(ν) � I.

Proof. Assume that (2.11) holds. Let E(a, 1/2) =
{
z ∈ D : |ηa(z)| < 1/2

}
. Then

|f(a)| = |fa(η(0))| ≤ 4

∫
|z|<1/2

|f(η(z))|dA(z)

= 4

∫
E(a,1/2)

|f(z)||η′a(z)|2dA(z)

Since ν : D→ [0,∞) is a normal weight function, so

ν(|a|) ln
2

1− |a|2
� ν(|z|) ln

2

1− |z|2

for z ∈ E(a, 1/2). Thus

|f(a)| ≤ C

ν(|a|) ln 2
1−|a|2

∫
E(a,1/2)

|f(z)|ν(|z|) ln
2

1− |z|2
(1− |ηa(z)|2)2dλ(z).

Hence

ν(|a|) ln
2

1− |a|2
|f(a)|

≤ C sup
a∈D

∫
D
|f(z)|ν(|z|) ln

2

1− |z|2
(1− |ηa(z)|2)2dλ(z),
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which implies that if I is finite, then f ∈ LAln(ν) and ‖f‖LAln(ν) ≤ CI. Conversely,
assume that f ∈ LAln(ν), then, we get

I ≤ ‖f‖LAln(ν) sup
a∈D

∫
D

(1− |a|2)2

|1− āz|4
dA(z) ≤ C‖f‖LAln(ν) <∞.

Hence ‖f‖LAln(ν) � I, as desired. �

Using the fact that the family of functions{
fζ =

1

1− ζz
: ζ ∈ ∂D

}
satisfies ‖fζ‖K = 1, ζ ∈ D, by Corollary 1 and Lemma 1, we easily obtain the
following result.

Corollary 2. Let ν : D→ [0,∞) be a normal weight function, ψ ∈ H(D) and ϕ
a holomorphic-self map of D. Then Wψ,ϕ : K → LAln(ν) is bounded if and only if
the family of functions { ψ

1− ζϕ
: ζ ∈ ∂D

}
is norm-bounded in LAln(ν).

By (1.1), it is easy to see that the unit ball of K is a normal family of holo-
morphic functions. A standard normal family argument then yields the proof of
the following lemma (see, e.g. Proposition 3.11 of [6] or Lemma 3 in [13]).

Lemma 2. Let ν : D → [0,∞) be a normal weight function, ψ ∈ H(D) and ϕ
a holomorphic self-map of D. Then Wψ,ϕ : K → LAln(ν) is compact if and only
if for any sequence {fn}n∈N in K with supn∈N ‖fn‖K ≤ 1 converging to zero on
compacts of D, we have limn→∞ ‖Wψ,ϕfn‖LAln(ν) = 0.

Lemma 3. Let f ∈ BK, the unit ball in K and ft(z) = f(tz), 0 < t < 1. Then
ft ∈ K and sup0<t<1 ‖ft‖K ≤ ‖f‖K.

Proof. Let f ∈ BK and ft(z) = f(tz), 0 < t < 1. For 0 < t < 1, let ϕt be defined
on D as ϕt(z) = tz. Then ϕt is a holomorphic self-map of D and ϕt(0) = 0. Also
ft(z) = f(tz) = (f ◦ ϕt)(z) = Cϕtf(z) for all z ∈ D. Therefore, ft = Cϕtf. Since
every self-map of D induces bounded composition operator on K, we have that
Cϕt is bounded on K. Moreover, by (1.2), we have

‖ft‖K = ‖Cϕtf‖K ≤
1 + 2|ϕt(0)|
1− |ϕt(0)|

‖f‖K = ‖f‖K.

Taking supermum over t, 0 < t < 1, we get the desired result. �

Theorem 2. Let ν : D → [0,∞) be a normal weight function, ψ ∈ H(D) and ϕ
a holomorphic-self map of D. Then Wψ,ϕ : K → LAln(ν) is compact if and only if

M1 := sup
a∈D

∫
D
ν(|z|)|ψ(z)| ln 2

1− |z|2
(1− |ηa(z)|2)2dλ(z) <∞ (2.12)
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and

lim
r→1

sup
ζ∈∂D

sup
a∈D

∫
|ϕ(z)|>r

ν(|z|)
|1− ζϕ(z)|

|ψ(z)| ln 2

1− |z|2
(1− |ηa(z)|2)2dλ(z) = 0 (2.13)

for every ζ ∈ ∂D.

Proof. First suppose that (2.12) and (2.13) hold. Let {fm}m∈N be a bounded
sequence in K, say by L and converging to 0 uniformly on compacts of D as
m → ∞. By Lemma 2, we have to show that ‖Wψ,ϕfm‖LAln(ν) → 0 as m → ∞.
For each m ∈ N, we can find µm ∈M with ‖µm‖ = ‖fm‖K such that

fm(z) =

∫
∂D

dµm(ζ)

1− ζz
.

By (2.13), we have for every ε > 0, there is an r1 ∈ (0, 1) such that for r ∈ (r1, 1),
we have

sup
ζ∈∂D

sup
a∈D

∫
|ϕ(z)|>r

ν(|z|)
|1− ζϕ(z)|

|ψ(z)| ln 2

1− |z|2
(1− |ηa(z)|2)2dλ(z) < ε.

By Lemma 1, applied to the function ψ(fm ◦ ϕ) we have

‖Wψ,ϕfm‖LAln(ν) � sup
a∈D

(∫
|ϕ(z)|≤r

+

∫
|ϕ(z)|>r

)
|fm(ϕ(z))|

× ν(z)|ψ(z)| ln 2

1− |z|2
(1− |ηa(z)|2)2dλ(z).

Since the set |w| ≤ r is compact we have sup|ϕ(z)|≤r |fm(ϕ(z))| < ε for sufficiently
large m, say m ≥ m0. Thus by Fubini’s theorem, we have

‖Wψ,ϕfm‖LAln(ν) ≤ C sup
|ϕ(z)|≤r

|fm(ϕ(z))| sup
a∈D

∫
|ϕ(z)|≤r

|ψ(z)|

× ν(z) ln
2

1− |z|2
(1− |ηa(z)|2)2dλ(z)

+ sup
ζ∈∂D

sup
a∈D

∫
∂D

∫
|ϕ(z)|>r

ν(|z|)
|1− ζϕ(z)|

× |ψ(z)| ln 2

1− |z|2
(1− |ηa(z)|2)2dλ(z)d|µm|(ζ)

≤ C(M1 +

∫
∂D
d|µm|(ζ))ε ≤ C(M1 + ‖fm‖K)ε

≤ C(M1 + L)ε

for m ≥ m0. Since ε > 0 is arbitrary, Wψ,ϕ : K → LAln(ν) is compact.
Conversely, suppose that Wψ,ϕ : K → LAln(ν) is compact. By choosing f(z) = 1
in K, we have

M := sup
a∈D

∫
D
ν(|z|)|ψ(z)| ln 2

1− |z|2
(1− |ηa(z)|2)2dλ(z) <∞.

Let fm(z) = zm, m ∈ N. It is easy to see that {fm}m∈N is a norm bounded
sequence in K converging to zero uniformly on compact subsets of D. Hence by
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Lemma 2, it follows that ‖Wψ,ϕfm‖LAln(ν) → 0 as m→∞. Thus for every ε > 0,
there is an m0 ∈ N such that for m ≥ m0, we have

sup
a∈D

∫
D
|ϕ(z)|2mν(|z|)|ψ(z)| ln 2

1− |z|2
(1− |ηa(z)|2)2dλ(z) < ε. (2.14)

From (2.14), we have for each r ∈ (0, 1)

r2m sup
a∈D

∫
D
ν(|z|)|ψ(z)| ln 2

1− |z|2
(1− |ηa(z)|2)2dλ(z) < ε.

Hence for r ∈ (1/21/(2m0), 1), we have

sup
a∈D

∫
D
ν(|z|)|ψ(z)| ln 2

1− |z|2
(1− |ηa(z)|2)2dλ(z) < 2ε. (2.15)

Let f ∈ BK and ft(z) = f(tz), 0 < t < 1, then by Lemma 3, we have that
sup0<t<1 ‖ft‖K ≤ ‖f‖K, ft ∈ K, t ∈ (0, 1) and ft → f uniformly on compact
subsets of D as t→ 1. The compactness of Wψ,ϕ : K → LAln(ν) implies that

lim
t→1
‖Wψ,ϕft −Wψ,ϕf‖LAln(ν) = 0.

Hence for every ε > 0, there is a t ∈ (0, 1) such that

sup
a∈D

∫
D
|ft(ϕ(z))−f(ϕ(z))|ν(|z|)|ψ(z)| ln 2

1− |z|2
(1−|ηa(z)|2)2dλ(z) < ε. (2.16)

From (2.15) and (2.16), we have

sup
a∈D

∫
|ϕ(z)|>r

|f(ϕ(z))|ν(|z|)|ψ(z)| ln 2

1− |z|2
(1− |ηa(z)|2)2dλ(z)

≤ sup
a∈D

∫
D
|ft(ϕ(z))− f(ϕ(z))|ν(|z|)|ψ(z)| ln 2

1− |z|2
(1− |ηa(z)|2)2dλ(z)

+ sup
a∈D

∫
D
|ft(ϕ(z))|ν(|z|)|ψ(z)| ln 2

1− |z|2
(1− |ηa(z)|2)2dλ(z)

≤ ε(2 + ||ft||∞).

Thus we conclude that for every f ∈ BK, there is an r0 ∈ (0, 1) such that for
r ∈ (r0, 1), we have

sup
a∈D

∫
|ϕ(z)|>r

|f(ϕ(z))|ν(|z|)|ψ(z)| ln 2

1− |z|2
(1− |ηa(z)|2)2dλ(z) < Cε. (2.17)

Since Wψ,ϕ : K → LAln(ν) is compact, we have for every ε > 0, there is a finite
collection of functions f1, f2, · · · , fk ∈ BK such that for each f ∈ BK, there is a
j ∈ {1, 2, · · · , k} such that

sup
a∈D

∫
D
|f(ϕ(z))−fj(ϕ(z))|ν(|z|)|ψ(z)| ln 2

1− |z|2
(1−|ηa(z)|2)2dλ(z) < ε. (2.18)

On the other hand from (2.17) it follows that if δ := max1≤j≤k δj(ε, fj), then for
r ∈ (δ, 1) and all j ∈ {1, 2, · · · , k} we have

sup
a∈D

∫
|ϕ(z)|>r

|fj(ϕ(z))|ν(|z|)|ψ(z)| ln 2

1− |z|2
(1− |ηa(z)|2)2dλ(z) < ε. (2.19)
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From (2.18) and (2.19) we have for r ∈ (δ, 1) and every f ∈ BK

sup
a∈D

∫
|ϕ(z)|>r

|f(ϕ(z))|ν(|z|)|ψ(z)| ln 2

1− |z|2
(1− |ηa(z)|2)2dλ(z) < Cε. (2.20)

If we apply (2.20) to the function fζ(z) = 1/(1− ζz), we have

sup
a∈D

∫
|ϕ(z)|>r

ν(|z|)
|1− ζϕ(z)|

|ψ(z)| ln 2

1− |z|2
(1− |ηa(z)|2)2dλ(z) < Cε,

from which (2.13) follows as desired. �

Theorem 3. Let ν : D → [0,∞) be a normal weight function, ψ ∈ H(D) and ϕ
a holomorphic-self map of D. Then Wψ,ϕ : K → LAln,0(ν) is bounded if and only
if

M := sup
ζ∈∂D

sup
z∈D

ν(|z|)
|1− ζϕ(z)|

|ψ(z)| ln 2

1− |z|2
<∞ (2.21)

and

lim
|z|→1

ν(|z|)
|1− ζϕ(z)|

|ψ(z)| ln 2

1− |z|2
= 0 (2.22)

for every ζ ∈ ∂D.

Proof. First suppose that Wψ,ϕ : K → LAln,0(ν) is bounded. Once again consider
the family of test functions in (2.3). Then ‖fζ‖K = 1. Thus by the boundedness
of Wψ,ϕ : K → LAln,0(ν), we have Wψ,ϕfζ ∈ LAln,0(ν) for every ζ ∈ ∂D and so

lim
|z|→1

ν(|z|)
|1− ζϕ(z)|

|ψ(z)| ln 2

1− |z|2
= 0

for every ζ ∈ ∂D. Again, if Wψ,ϕ : K → LAln,0(ν) is bounded, then for every
f ∈ K, we have that Wψ,ϕf ∈ LAln,0(ν) ⊂ LAln(ν). So by the closed graph
theorem Wψ,ϕ : K → LAln(ν) is bounded. Thus by Theorem 1, we have (2.21).
Conversely, suppose that (2.21) and (2.22) hold. By (2.22), the inner expression
in the second term of (2.6) tends to zero for every ζ ∈ ∂D, as |z| → 1. Also the
inner expression in the second term of (2.6) is dominated by

M := sup
ζ∈∂D

sup
z∈D

ν(|z|)
|1− ζϕ(z)|

|ψ(z)| ln 2

1− |z|2
.

Thus by the bounded convergence theorem, the second term of (2.6) tend to zero
as |z| → 1, so

lim
|z|→1

ν(|z|) ln
2

1− |z|2
|Wψ,ϕf(z)| = 0.

Thus we conclude that if f ∈ K, then Wψ,ϕf ∈ LAln,0(ν). Therefore, the bound-
edness of Wψ,ϕ : K → LAln,0(ν) follows by the closed graph theorem. �

In order to prove the compactness of Wψ,ϕ : K → LAln,0(ν), we require the
following lemma.
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Lemma 4. A subset F of LAln,0(ν) is compact if and only if it is closed, bounded
and satisfies

lim
|z|→1

sup
f∈F

ν(z)|f(z)| ln 2

1− |z|2
= 0.

The proof is similar to that of Lemma 1 in [13], we omit the details.

Theorem 4. Let ν : D → [0,∞) be a normal weight function, ψ ∈ H(D) and ϕ
a holomorphic-self map of D. Then Wψ,ϕ : K → LAln,0(ν) is compact if and only
if

lim
|z|→1

sup
ζ∈∂D

ν(|z|)
|1− ζϕ(z)|

|ψ(z)| ln 2

1− |z|2
= 0. (2.23)

Proof. By Lemma 4, a closed set F in LAln,0(ν) is compact if and only if it is
bounded and satisfies

lim
|z|→1

sup
f∈F

ν(|z|)|f(z)| ln 2

1− |z|2
= 0.

Thus the set {Wψ,ϕf : f ∈ K, ‖f‖K ≤ 1} has compact closure in LAln,0(ν) if and
only if

lim
|z|→1

sup{ν(|z|) ln
2

1− |z|2
|Wψ,ϕf(z)| : f ∈ K, ‖f‖K ≤ 1} = 0. (2.24)

Let f ∈ LAln,0(ν) with ‖f‖LAln(ν) ≤ 1. Then there is a µ ∈ M such that ‖µ‖ =
‖f‖K and

f(z) =

∫
∂D

dµ(ζ)

1− ζz
.

Then by (2.6), we have

ν(|z|) ln
2

1− |z|2
|Wψ,ϕf(z)| ≤

∫
∂D

ν(|z|)
|1− ζϕ(z)|

|ψ(z)| ln 2

1− |z|2
d|µ|(ζ)

≤ ‖µ‖ sup
ζ∈∂D

ν(|z|)
|1− ζϕ(z)|

|ψ(z)| ln 2

1− |z|2

= ‖f‖K sup
ζ∈∂D

ν(|z|)
|1− ζϕ(z)|

|ψ(z)| ln 2

1− |z|2
.

Hence by (2.23), we have

lim
|z|→1

sup{ν(z)|Wψ,ϕf(z)| ln 2

1− |z|2
: f ∈ K, ‖f‖K ≤ 1} = 0.

Conversely, suppose that Wψ,ϕ : K → LAln,0(ν) is compact. Taking the test
functions in (2.3) and using the fact that ‖fζ‖K = 1 we obtain that (2.23) follows
from (2.24). �
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