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1. Introduction

1.1. Automorphisms and birational transformations

Let X be a quasi-projective variety of dimension d, defined over the field of complex num-
bers. Let Aut(X) denote its group of (regular) automorphisms and Bir(X) its group of
birational transformations. A good example is provided by the affine space A of dimen-
sion d>2: Its group of automorphisms is “infinite-dimensional” and contains elements
with a rich dynamical behavior (see [34], [3]); its group of birational transformations is
the Cremona group Crq(C), and is known to be much larger than Aut(Ag).

We present two new arguments that can be combined to study finitely generated
groups acting by automorphisms or birational transformations. They lead to new con-

straints on groups of birational transformations, in any dimension.
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The first argument is based on p-adic analysis and may be viewed as an extension of
two classical strategies from a linear to a non-linear context. The first strategy appeared
in the proof of the theorem of Skolem, Mahler, and Lech, which says that the zeros
of a linear recurrence sequence occur along a finite union of arithmetic progressions.
This method plays now a central role in arithmetic dynamics (see [6], [7], [55]). The
second strategy has been developed by Bass, Milnor, and Serre when they obtained
rigidity results for finite-dimensional linear representations of SL,(Z) as a corollary of
the congruence subgroup property (see [2], [62]). Here, we combine these strategies for
non-linear actions of finitely generated groups of birational transformations.

Our second argument makes use of isoperimetric inequalities from geometric group
theory and of the Lang—Weil estimates from diophantine geometry. We now list the main

results that follow from the combination of those arguments.

1.2. Actions of SL,,(Z)

Consider the group SL, (Z) of nxn matrices with integer entries and determinant 1. Let
I’ be a finite-index subgroup of SL,,(Z); it acts by linear projective transformations on
the projective space P%‘l, and the kernel of the homomorphism I'+PGL,,(C) contains
at most two elements. The following result shows that I' does not act faithfully on any

smaller variety.

THEOREM A. Let I' be a finite-index subgroup of SL,,(Z). Let X be an irreducible,
complez, quasi-projective variety. If T' embeds into Aut(X), then dimc(X)>n—1. If
dimgc(X)=n—1, then there is an isomorphism T: X%P’éﬁl which conjugates the action

. . . . 1
of T' on X to a linear projective action on P& .

Let k and k’ be fields of characteristic zero. Every field of characteristic zero which
is generated by finitely many elements embeds into C. Since finite-index subgroups of
SL,,(Z) are finitely generated, Theorem A implies: (1) the group SL,(Z) embeds into
Aut(AL) if and only if d=n; (2) if Aut(A) embeds into Aut(A{,) (as abstract groups),
then d<d'. Previous proofs of assertion (2) assumed k to be equal to C (see [27], [45]).

1.3. Lattices in simple Lie groups

Theorem A may be extended in two directions, replacing SL,,(Z) by more general lattices,
and looking at actions by birational transformations instead of automorphisms. Let S
be an absolutely almost simple linear algebraic group which is defined over Q; fix an
embedding of S in GL,, (over Q). The Q-rank of S is the maximal dimension of a

Zariski-closed subgroup of S that is diagonalizable over Q; the R-rank of S is the maximal
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dimension of a Zariski-closed subgroup that is diagonalizable over R. The subgroup S(Z)

is a lattice in S(R); it is cocompact if and only if the Q-rank of S vanishes (see [8]).

THEOREM B. Let X be an irreducible complex projective variety. Let SCGL,, be a
linear algebraic group, over the field of rational numbers Q. Assume that S is absolutely
almost simple, and that the lattice S(Z) is not cocompact in S(R). If a finite-index
subgroup of S(Z) embeds into Bir(X), then

dimc(X) > rankg (S).

If dim(X)=rankr(S)>2, then Sr is R-isogeneous to SLgim(x)+1,R-

As a corollary, the Cremona group Cra(k) does not embed into Crq (k') if k and k'

have characteristic zero and d>d'.

Remark 1.1. If rankg(S)>2, every lattice I' of S(R) is almost simple: Its normal
subgroups are finite and central, or cofinite (see §4.2 and 8.1). Thus, the assumption “T
embeds into Bir(X)” can be replaced by “there is a homomorphism from T' to Bir(X)
with infinite image”. Using the Margulis arithmeticity theorem, one can replace S by
any simple real Lie group H with rankg (H)>2, and S(Z) by any non-uniform lattice of
H in the statement of Theorem B.

Remark 1.2. The statement of Theorem B concerns non-uniform lattices, because
the proof makes use of the congruence subgroup property, and the congruence kernel
is known to be finite for all those lattices. There are also uniform lattices for which
this property is known and the same proof applies (for instance for all lattices in Q-
anisotropic spin groups for quadratic forms in m>5 variables with real rank >2; see [43],
[64]).

Remark 1.3. The main theorems of [11], [19] extend Theorem B to all types of
lattices (including cocompact lattices) in simple real Lie groups, but assume that the
action is by regular automorphisms on a compact Kéhler manifold. When X is compact,
Aut(X) is a complex Lie group: It may have infinitely many connected components,
but its dimension is finite. The techniques of [11], [19] do not apply to arbitrary quasi-
projective varieties (for instance to X =A%) and to groups of birational transformations.

See [17], [13], [26] for groups of birational transformations of surfaces.

Ezample 1.4. There is a lattice in SO7 g(R) which acts faithfully on a rational surface
by regular automorphisms: This is due to Coble (see [16, §3.4]). A similar phenomenon
holds for general Enriques surfaces (see [23]). Thus, lattices in simple Lie groups of large

dimension may act faithfully on small-dimensional varieties.
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1.4. Finite fields and Hrushovski’s theorem

Let T be a finite-index subgroup of S(Z), where S is as in Theorem B. To prove Theo-
rems A and B, we first change the field of definition, replacing C by the field of p-adic
numbers Q,, for some large prime number p; indeed, since the ring generated by the coef-
ficients of the formulae defining the variety X and the generators of the group I'CBir(X)
is finitely generated, we may embed this ring in Z,, for some large prime p.

Then, we prove that there exists a finite extension K of Q, and a p-adic polydisk
in X (K) which is invariant under the action of a finite-index subgroup I of I', and on
which I acts by Tate analytic diffeomorphisms. Those polydisks correspond to periodic
orbits for the action of I’ on X (F'), where F is the residue field of the non-archimedean
field K. Thus, an important step toward Theorem B is the existence of pairs (m,T"),
where m is in X (F), I' is a finite-index subgroup of T', and all elements of I are well
defined at m and fix m (no element of I'” has an indeterminacy at m). For cyclic groups of
transformations, this follows from a theorem of Hrushovski (see [41]). Here, we combine
the Lang—Weil estimates with isoperimetric inequalities from geometric group theory:
The existence of the pair (m,I”) is obtained for groups with Kazhdan property (T) in
Theorems 7.10 and 7.13; the argument applies also to other types of groups (see §7.2.5).

Once such invariant polydisks are constructed, several corollaries easily follow (see

87.4.2). For instance, we get the following result.

THEOREM C. If a discrete group A with Kazhdan property (T) acts faithfully by
birational transformations on a complex projective variety X, the group A is residually

finite and contains a torsion-free, finite-index subgroup.

1.5. The p-adic method

When an invariant p-adic polydisk is constructed, a theorem of Bell and Poonen provides
a tool to extend the action of every element 7 in our group into a Tate analytic action
of the additive group Z,. When I' has finite index in S(Z), as in Theorem B, and
rankg (S) >2, this may be combined with the congruence subgroup property: We prove
that the action of the lattice extends to an action of a finite-index subgroup of the p-adic
group S(Z,) by Tate analytic transformations (Theorem 2.11). Thus, starting with a
countable group of birational transformations, we end up with an analytic action of a
p-adic Lie group to which Lie theory may be applied. This is how Theorems A and B are
proven; our strategy applies also to actions of other discrete groups, such as the mapping
class group of a closed surface of genus g, or the group of outer automorphisms of a free

group (see §6 and §[1]). Let us state a sample result.
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Given a group T, let ma(T") be the smallest dimension of a complex irreducible variety
on which some finite-index subgroup of I" acts faithfully by automorphisms. Let Mod(g)
be the mapping class group of a closed orientable surface of genus g. It is known that
ma(Mod(g))<6g—6 for all g>2 (see §6.1), and that ma(Mod(1))=1 (because a finite-
index subgroup of GL(Z) embeds into PGLy(C)).

THEOREM D. If Mod(g) acts faithfully on a complex variety X by automorphisms,
then dim(X)>2g—1. Thus, 29—1<ma(Mod(g))<6g—6 for every g>2.

1.6. Margulis super-rigidity and Zimmer program

Let T be a lattice in a simple real Lie group S, with rankg(S)>2. According to the
Margulis super-rigidity theorem, unbounded linear representations of the discrete group
I' “come from” linear algebraic representations of the group S itself. As a byproduct,
the smallest dimension of a faithful linear representation of I' coincides with the smallest
dimension of a faithful linear representation of S (see [51]).

The Zimmer program asks for an extension of this type of rigidity results to non-
linear actions of I', for instance to actions of I' by diffeomorphisms on compact manifolds
(see [67], [68], and the recent survey [32]). Theorems A and B are instances of Zimmer
program in the context of algebraic geometry.

When I'=SL,,(Z) or I'=Sp,,,(Z), Bass, Milnor, and Serre obtained a super-rigidity
theorem from their solution of the congruence subgroup problem (see [2, §16] and [62]).
Our proofs of Theorems A and B may be considered as extensions of their argument to

the context of non-linear actions by algebraic transformations.

1.7. Notation

To specify the field (or ring) of definition K of an algebraic variety (or scheme) X, we
use the notation Xg. If K’ is an extension of K, X(K’) is the set of K’'-points of X.
The group of automorphisms (resp. birational transformations) of X which are defined
over K’ is denoted Aut(Xk/) (resp. Bir(Xk/)).

1.8. Acknowledgement

Thanks to Yves de Cornulier, Julie Déserti, Philippe Gille, Sébastien Gouezel, Vincent
Guirardel, and Peter Sarnak for interesting discussions related to this article. We thank
the referees for numerous insightful remarks, and in particular for their suggestions re-
garding §2.4, §6 and §7. This work was supported by the ANR project BirPol and



244 S. CANTAT AND J. XIE

the foundation Del Duca from the French Academy of Sciences, and the Institute for

Advanced Study, Princeton.

2. Tate analytic diffeomorphisms of the p-adic polydisk

In this section, we introduce the group of Tate analytic diffeomorphisms of the unit
polydisk U :Zg, describe its topology, and study its finite-dimensional subgroups. The

main result of this section is Theorem 2.11.

2.1. Tate analytic diffeomorphisms
2.1.1. The Tate algebra (see [59, §6])

Let p be a prime number. Let K be a field of characteristic zero which is complete with
respect to an absolute value |- | satisfying |p|=1/p; such an absolute value is automatically
ultrametric (see [44, Examples 2 and 3 in §1.2]). Good examples to keep in mind are
the fields of p-adic numbers Q, and its finite extensions. Let R be the valuation ring
of K, i.e. the subset of K defined by R={z€ K:|x|<1}; in the vector space K%, the unit
polydisk is the subset RY.

Fix a positive integer d, and consider the ring R[x]=R[x1,...,X4] of polynomial
functions in d variables with coefficients in R. For f in R[x], define the norm || f]| to be

the supremum of the absolute values of the coefficients of f:

151=sup . 1)
where f:ZI:(ih.__?id) arx!. By definition, the Tate algebra R(x) is the completion of
R[x] with respect to the norm ||-||. The Tate algebra coincides with the set of formal
power series f=>", arx!, I€Z, converging (absolutely) on the closed unit polydisk R?.
Moreover, the absolute convergence is equivalent to |ar|—0 as ||| —o0.

For f and g in R{x) and ¢ in R, the notation f€p®R(x) means ||f||<|p|® and

f=g (modp®) (2.2)

means || f—g|/<|p|®; we then extend such notation componentwise to (R(x))™ for all
m>1. For instance, with d=2, the polynomial mapping f(x)=(x1+p, X2 +px1X2) satis-
fies f=id (modp), where id(x)=x is the identity.
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2.1.2. Tate diffeomorphisms

Denote by U the unit polydisk of dimension d, that is /=R?. For = and y in U, the
distance dist(x,y) is defined by dist(z,y)=max; |x; —y;|, where the z;’s and y;’s are the
coordinates of x and y in R?. The non-archimedean triangle inequality implies that
|h(y)| <1 for every h in R(x) and y€U. Consequently, every element g in R(x)¢ deter-
mines a Tate analytic map g:U —U.

If g=(g1,.--,ga) is an element of R(x)¢, the norm ||g|| is defined as the maximum of

the norms ||g;|| (see equation (2.1)); one has

lgll <1 and dist(g(z),g(y)) <|lgl dist(z,y), (2.3)

so that g is 1-Lipschitz.

For indeterminates x=(x1,...,x4) and y=(y1, ..., ym ), the composition
R(y) x R{(x)"™ — R(x)
is well defined, and hence coordinatewise we obtain

R{y)"x R(x)™ — R(x)".

In particular, with m=n=d, we get a semigroup R(x)%.

The group of (Tate) analytic
diffeomorphisms of U is the group of invertible elements in this semigroup; we denote it

by Diff*" (). Elements of Diff*" (i) are transformations f:U —U given by

f(X) = (fh ceey fd)(x)’

where each f; is in R(x) and f has an inverse f~1:U/ —U that is also defined by power
series in the Tate algebra. The distance between two Tate analytic diffeomorphisms
f and g is defined as ||f—g||; by the following lemma, this endows Diff*" (/) with the

structure of a topological group.

LEMMA 2.1. Let f, g, and h be elements of R(x)%. Then,

(1) Mg rli<llgll;

(2) if f is an element of Diff*(U), then ||gofll=Igll;

(3) llge(d+h) =gl <|IAl;

(4) ||f~t=id||=|f=id]|| if f is a Tate analytic diffeomorphism.

Proof. Let s€R and ¢>0 satisfy |p|°=|s|=]||g||. Then (1/s)g is an element of R(x)<.
It follows that (1/s)gef is an element of R(x)? too, and that [gof||<|p|¢. This proves
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assertion (1). The second assertion follows because g=(geo f)o f~!. To prove assertion (3),
write h=(hq, ha, ..., hq), where each h; satisfies ||h;||<||h||. Then go(id +h) takes the form

go(id+h) =g+ A1 () +)  Ai(h)

i>2

where each A; is a homogeneous polynomial in (x1,...,x4) of degree i with coeflicients
in R. Assertion (3) follows. For assertion (4), assume that f is an analytic diffeomorphism
and apply assertion (2): ||f~—id|=|lid —f]|. O

This lemma easily implies the following proposition (see [18] for details).

PROPOSITION 2.2. For every real number ¢>0, the subgroup of all elements fe
Diff* (U) with f=id (mod p°) is a normal subgroup of Diff*" (U).

LEMMA 2.3. Let f be an element of Diff*"(U). If f(x)=id (mod p®), with ¢=1, and
pV divides 1, then the I-th iterate of f satisfies f'(x)=id (modp°*N). In particular, if
f=id (mod p), then P =id (mod p*).

Proof. Write f(x)=x+sr(x), where 7 is in R(x)? and s€ R satisfies |s|<|p|¢. Then,
Fo F ) =s7(x) + 81 (3c-+57(x)) =%+ 257 (%) + 5%z ()
for some us € R(x)9. After k iterations, one gets
F(00) = x4 s () + 5% (x),
with uy, € R(x)?. Taking k=p, we obtain

FP(x) = x+psr(x)+sup (x) =x (mod p™*),

because ¢>1. Then, fP°(x)=x (mod pc*+2) and 7" (x)=x (mod p+¥). O

2.2. From cyclic groups to p-adic flows
2.2.1. From cyclic groups to R-flows

The following theorem is due to Bell and to Poonen (see [55], as well as [6, Lemma 4.2]
and [7, Theorem 3.3]).

THEOREM 2.4. Let f be an element of R(x)? with f=id (mod p®) for some real
number ¢>1/(p—1). Then, f is a Tate diffeomorphism of U=R? and there exists a
unique Tate analytic map ®:U x R—U such that

(1) ®(x,n)=f"(x) for all n€Z;
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(2) ®(x,t+5)=P(D(x,s),t) for all t,sER,;

(3) ®:teR—D(-,t) is a continuous homomorphism from the abelian group (R,+)
to the group of Tate diffeomorphisms Diff*™ (U);

(4) ®(x,t)=x (mod pc~ Y@=V for all teR.

We shall refer to this theorem as the “Bell-Poonen theorem”, or “Bell-Poonen ex-
tension theorem”. An analytic map ®:U x R—U which defines an action of the group
(R,+) will be called an R-flow, or simply a flow. See below, in §2.2.2, how it is viewed
as the flow of an analytic vector field. A flow ® will be considered either as an analytic

action ®:U x R—U of the abelian group (R, +), or as a morphism
O:t e R—s O, =d(+, t) € Diff*™ (U);
we use the same vocabulary (and the same letter ®) for the two maps. The Bell-Poonen

theorem implies that every element f of R(x)? with f=id (modp?) is included in an
analytic R-flow.

COROLLARY 2.5. Let f be an element of R{x)? with f=id (mod p®) for some real
number ¢>1/(p—1). Then, f is a Tate diffeomorphism of U=R? and, if f has finite
order in Diff*(U), then f=id.

To prove it, assume that f has order k>1 and apply the Bell-Poonen theorem. For
every x€U, the analytic curve t+—®(z,t)—x vanishes on the infinite set Zk; hence, it
vanishes identically, f(z)=®(x,1)=z for all z€l/, and f=id.

Remark 2.6. Theorem 2.4 is not stated as such in [55]. Poonen constructs a Tate
analytic map ®:U x R—U which satisfies property (1) for n>>0; his proof implies also
Properties (3) and (4). We now deduce property (1) for n€Z. We already know that the
relation ®(x,n+1)=fo®(x,n) holds for every integer n>0. Thus, for every x in U, the
two Tate analytic functions t+—®(z,t+1) and t+— fo®P(x,t) coincide on Z,, and hence
on R, by the isolated zero principle. This implies ®(x,t+1)=fo®(x,t) in R(x,t)%. Take
t=—1 to deduce that f is an analytic diffeomorphism of & and f~!=®(-, —1). Then, by
induction, one gets ®(x,n)=f"(x) for all n€Z. Property (2) follows from (1) for s and

t in Z, and then for all values of s and ¢ in R by the isolated zero principle.

2.2.2. Flows and Tate analytic vector fields
Consider the Lie algebra ©(U) of vector fields X:Zle u;(x)0;, where each u; is an
element of the Tate algebra R(x). The Lie bracket with a vector field Y=)", v;(x)0; is
given by
¢ ¢ 0v; ou,;
[X,Y]:;w](x)aj, with wJ:Z(uzale—’UZaxz>

i=1
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LEMMA 2.7. Let ®:UxR—U be an element of R{(x,t)¢ that defines an analytic
flow. Then, X=(0®/0t)|i=¢ is an analytic vector field. It is preserved by ®;: for all
teR, (9;).X=X. Moreover, X(z9)=0 if and only if ®(x¢)=xz¢ for all tER.

The analyticity and ®;-invariance are easily obtained. Let us show that X (z¢)=0 if
and only if zg is a fixed point of ®; for all . Indeed, if X vanishes at z, then X vanishes
along the curve ®(zo,t), t€ R, because X is ®;-invariant. Thus, 9;P(xo,t)=0 for all ¢,

and the result follows.

COROLLARY 2.8. If f is an element of Diff*™(U) with f=id (modp®) for some
c¢>1/(p—1), then f is given by the flow D, at time t=1, of a unique analytic vector
field X¢. The zeros of Xy are the fized points of f.

Two such diffeomorphisms f and g commute if and only if Xy, X,]=0.

Proof. The first assertion follows directly from Lemma 2.7 and the Bell-Poonen
theorem (Theorem 2.4). Let us prove the second assertion. If X; commute with X,
then ®; and ®, commute too, meaning that ®(®,(z,t),s)=P,(P(z,s),t) for every
pair (s,t)€ Rx R. Taking (s,t)=(1,1), we obtain fog=gof. If f and g commute, then
D (Py(x,n),m)=f"og"=0,(Ps(x,m),n) for every pair (m,n) of integers, and the prin-
ciple of isolated zeros implies that the flows ® ; and @, commute; hence, [ X, X,]=0. O

2.3. A pro-p structure

Recall that a pro-p group is a topological group G which is a compact Hausdorff space,
with a basis of neighborhoods of the neutral element 14 generated by subgroups having
a (finite) power of p as index. In such a group, the index of every open normal subgroup
is a power of p. We refer to [28] for a good introduction to pro-p groups.

In this subsection, we assume that K is a finite extension of Q,. The residue
field, i.e. the quotient of R by its maximal ideal mx={z€K:|z|<1}, is a finite field of
characteristic p. It has g elements, with ¢ being a power of p, and the number of elements
of the ring R/mb% is a power of p for every k. We also fix an element 7 that generates

the ideal my.

2.3.1. Action modulo m¥%

Recall that ¢ denotes the polydisk R?. Let f be an element of Diff*" (/). Its reduction
modulo m’}( is a polynomial transformation with coefficients @ in the finite ring R/ m’}(;

it determines a permutation of the finite set (R/mb%.)?. Thus, for each k>1, reduction
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modulo m%- provides a homomorphism 6y: Diff*” (/) —Perm((R/m%,)¢) into the group
of permutations of the finite set (R/mb%)?.

Another way to look at the same action is as follows. Each element of Diff*" (i)
acts isometrically on U with respect to the distance dist(z,y) (see §2.1.2); in particular,
for every radius r, Diff*™ (/) acts by permutations on the set of balls of U of radius r.
Since the set of balls of radius |7|~* is in bijection with the set (R/mk )¢, the action of
Diff*" (1) on this set of balls may be identified with its action on (R/m&%.)? after reduction
modulo m¥,.

As a consequence, we have that an element f of Diff*"(Uf) is the identity if and only
if dist(f(z),z)<|n|¥ for all z and all k, and this is true if and only if its image in the

group of permutations of (R/m&%)? is trivial for all k.

2.3.2. A pro-p completion

Given a positive integer r, define Diff*" (U), as the subgroup of Diff*"(U) whose elements

are equal to the identity modulo p". For r=1, we set
D =Diff*(U), = {f € Diff*" () : f=id (mod p)}. (2.4)

By definition, f is an element of D if it can be written f=id +ph, where h is in R(x)9.
Thus, D acts trivially on (R/pR)¢ (here, pR=mY with |r¢|=1/p for some ¢).

Now we show that the image ;,,,(D) in Perm((R/p™R)?) is a finite p-group. Indeed,
by Lemma 2.3, for any f€D, we have f*" =id (modp™). Thus, fP"  acts trivially on
(R/p™R)?. Tt follows that the order of every element in 6;,,(D) is a power of p. Since
Oem (D) is a finite group, Sylow’s theorem implies that 6y, (D) is a p-group.

We endow the finite groups Perm((R/p™R)?) with the discrete topology, and we
denote by D the inverse limit of the p-groups g, (D)CPerm((R/p™R)%); D is a pro-
p group: It is the closure of the image of D in [[,, Perm((R/p™R)?) by the diagonal
embedding (0, )m>1. We denote by T the topology of D (resp. the induced topology on
D); the kernels of the homomorphisms 6y, form a basis of neighborhoods of the identity
for this topology.

Since the action on (R/p™R)? is the action on the set of balls of radius p~™ in U,
the Tate topology is finer than the topology 7: The identity map f+ f is a continuous
homomorphism with respect to the Tate topology on the source, and the topology T on

the target; we shall denote this continuous injective homomorphism by

D> f+—feD.
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Remark 2.9. Fix a prime p and consider the field K =Q,, with valuation ring R=Z,,.
Assume that the dimension d is 2. The sequence of polynomial automorphisms of the
affine plane defined by h,(z,y)=(x,y+p(x+z*+23+...4+2")) determines a sequence of
elements of D. No subsequence of {hy}, converges in the Tate topology, but in the
compact group D one can extract a converging subsequence. A better example is provided
by the sequence gy (z,y)=(z,y+5n(x)) with s,(z)=2"(z?""P"" —1). This sequence
converges towards the identity in ﬁ, because s,, vanishes on Z /p™Z, but does not converge

in D for the Tate topology.

2.4. Extension theorem
2.4.1. Analytic groups (see [47, §IV], or [28], [60] and [10, Chapter III])

Let G be a topological group. We say that G is a p-adic analytic group if there is a
structure of p-adic analytic manifold on G which is compatible with the topology of G

Lis p-adic analytic (see [28,

and the group structure. The group law GxG3(x,y)—~zy~
Chapter 8]). If such a structure exists, it is unique (see [28, Chapter 9]). The dimension
dim(@G) is the dimension of G as a p-adic manifold.

If G is a compact, p-adic analytic group, then G contains a finite-index, open, normal
subgroup Gy which is a (uniform) pro-p group. Moreover, Gy embeds continuously in
GL4(Z,) for some d (see [28, Chapters 7 and 8]).

Let g be an element of the pro-p group G. The homomorphism p: meZ—g¢gmeG
extends automatically to the pro-p completion of Z, i.e. to a continuous homomorphism
of pro-p groups

¢z, —G.

For simplicity, we denote @(t) by g* for t in Z, (see [28, Proposition 1.28], for embeddings
of Z,, into pro-p groups).

LEMMA 2.10. Let G be a p-adic analytic pro-p group of dimension s=dim(G). Let
I" be a dense subgroup of G. There exist an integer r>=s and elements v, ..., ¥ in I such
that the map m: Zy, —G, m(t1, v te)=(71)1 .. ()b, satisfies the following properties:

(1) 7 is a surjective, p-adic analytic map;

(2) the restriction of m to {(t;)::t;=0 if j>s} is a local diffeomorphism onto its
mage;

(3) as | runs over the set of positive integers, the sets w((p'Z,)") form a basis of

neighborhoods of the neutral element in G.

Proof. Let g be the Lie algebra of G; as a finite-dimensional Q,-vector space, g

coincides with the tangent space of G at the neutral element 1. There are finite-
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index open subgroups H of G for which the exponential map defines a p-adic analytic
diffeomorphism from a neighborhood of the origin in g(Z,) onto the group H itself (see
the notion of standard subgroups in [10], [28]). Let H be such a subgroup.

Since I' is dense in G, its intersection with H is dense in H. Each o; I’'NH corre-
sponds to a tangent vector v;€g such that exp(tv;)=al for t€Z,. Since I' is dense in
H, the subspace of g generated by all the v; is equal to g. Thus, one can find elements
aq, ..., of I'y with s=dim(G), such that the v; generate g. Then, the map m: Zg—>H
defined by

T(t1, . ts) =exp(tivy) ...exp(tsvs) = alt ... als
is analytic and, by the p-adic inverse function theorem, it determines a local analytic
diffeomorphism from a neighborhood of zero in g to a neighborhood V' of 1. The group
G can then be covered by a finite number of translates h;V, j=1, ..., s’. Since I is dense,
one can find elements /3; in I' with Bj_lhjev. The lemma follows if one sets r=s+s’,

vi=a; for 1<i<s, and v, =0;_s for s+1<i<r. O

2.4.2. Actions by Tate analytic diffeomorphisms.

Let G be a compact p-adic analytic group. Let I' be a finitely generated subgroup of G.
We say that G is a virtual pro-p completion of ' if there exists a finite-index subgroup 'y
of T" such that (1) the closure of Ty in G is an open pro-p subgroup Gg of G, and (2) Gy
coincides with the pro-p completion of I'y. Note that, by compactness of G, the group
Gy has finite index in G. A good example to keep in mind is I'=SL,,(Z) in G=SL,,(Z,)
(see §4.2.3 below).

We now study homomorphisms from I' to the group Diff*" (/). Thus, in this para-
graph, the same prime number p plays two roles, since it appears in the definition of the

pro-p structure of GG, and of the Tate topology on Diff*"(l).

THEOREM 2.11. Let p be an odd prime, and let G be a compact, p-adic analytic
group. Let T' be a finitely generated subgroup of G. Assume that G is a virtual pro-p
completion of T.

Let ®:T'—Diff* (U); be a homomorphism into the group of Tate analytic diffeomor-
phisms of U which are equal to the identity modulo p. Then, there exists a finite-index
subgroup To of T for which ®|p, extends to the closure Go=LyCG as a continuous

homomorphism

o: GQ — lef‘m(l/l)l

such that the action GoxU—U given by (g,x)—®(g)(z) is analytic.
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Denote Diff*™(U/); by D, as in equation (2.4). Recall from §2.3.2 that D embeds
continuously into the pro-p group D. Let Ty be a finite-index subgroup of I' whose
closure Gy in G is the pro-p completion of I'y. We obtain:

(1) The homomorphism Fo—>ﬁ extends uniquely into a continuous homomorphism
d from Go=T to D.

Then, the following property is automatically satisfied:

(2) Let f be an element of D. By the Bell-Poonen extension theorem (Theorem 2.4),
the homomorphism t€Z+— f* extends to a continuous morphism Z,—D via a Tate ana-
lytic flow. If f denotes the image of f in ﬁ, then nr—>(f)” is a homomorphism from Z to
the pro-p group ﬁ; as such, it extends canonically to the pro-p completion Z,, giving rise
to a homomorphism teZpH(f)tef). These two extensions are compatible: (f/T):(f)t
for all ¢ in Z,,.

Thus, given any 1-parameter subgroup Z of I'; we already know how to extend ®: Z C
I'—D into ®:Z,CGo— D in a way that is compatible with the extension P: Goﬂﬁ.

For simplicity, we now denote I'g by I' and Gy and G.

LEMMA 2.12. Let (ay)n be a sequence of elements of T that converges towards 1g
in G. Then (®(a))n converges towards the identity in Diff*™ (U).

Proof. Write ap,=7(t1(n), ....t.(n))=(71)"" ... (7)™ where 7 and the v; are
given by Lemma 2.10 and the t;(n) are in Z,. Since «,, converges towards lg, we may
assume, by Lemma 2.10, that each (¢;(n)) converges towards zero in Z, as n goes to oo.
By the Bell-Poonen theorem (Theorem 2.4), each f;:=®(v;) gives rise to a flow t— f},
t€Z,; moreover, || fi—id||<p™ if |t|<p™ (apply Lemma 2.3 and the last assertion in the

Bell-Poonen theorem). Thus, the lemma follows from Lemma 2.1 and the equality
B(an) = f; . L. (2.5)

To prove this equality, one only needs to check it in the group lA), because D embeds
into D. But, in ﬁ, the equality holds trivially because the homomorphism Iy — D extends
to Go continuously (apply properties (1) and (2) above). O

LEMMA 2.13. If (am)m>1 s a sequence of elements of T' that converges towards an
element aoo of G, then (®(aum))m converges to an element of Diff*™(U) which depends

only on Q-

Proof. Since (ay,)m converges, q,, ooz:n} converges towards the neutral element 1¢
as m and m’ go to co. Consequently, Lemma 2.12 shows that the sequence (®(a;))m is
a Cauchy sequence in Diff*"(U/), and hence a convergent sequence.(!) The limit depends

(1) Write @(amoa;}):id—kammz, where €,, ./ is equivalent to the constant map zero in R(x)¢

modulo |p|k(m’m,), with k(m, m’) that goes to co as m and m’ do. Then, apply Lemma 2.1.
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only on a.., not on the sequence (a, )., (if another sequence ()., converges toward

(0, consider the sequence oy, o), az,al, ...). O

We can now prove Theorem 2.11. Lemmas 2.12 and 2.13 show that ® extends, in a
unique way, to a continuous homomorphism ®: G— D. Moreover, this extension coincides
with Bell-Poonen extensions Z,—D along 1-parameter subgroups of G generated by
elements of I'. According to Lemma 2.10, one can find s elements 71, ...,7s of I, with
s=dim(G), such that the map

(ﬁl, ...,ts) I—)ﬂ'(tl, ...,td) :’yil ’}/is

determines an analytic diffeomorphism from a neighborhood of zero in Z3 to a neighbor-
hood of the identity in G. By the Bell-Poonen theorem, the map

Z5XUD (t, ooy b, ) —> D7) o0 @ () (2)

is analytic. Thus, the action of G on U determined by ® is analytic. This concludes the
proof of Theorem 2.11.

3. Good models, p-adic integers, and invariant polydisks

Start with an irreducible complex variety X of dimension d, a finitely generated group
I, and a homomorphism ¢: "= Bir(X). First, we explain how to replace the field C, or
any algebraically closed field k of characteristic zero, by the ring of p-adic integers Z,,
for some prime p, the variety X by a variety Xz, which is defined over Z,, and the
homomorphism ¢ by a homomorphism into Bir(X: Z,,)~

In a second step, we look for a polydisk U :Zg in Xz,(Qp) which is invariant under
the action of T' in order to apply the Bell-Poonen extension theorem (Theorem 2.4)
on Y. This is easy when o(I") is contained in Aut(X), but much harder when I' acts by

birational transformations; §7 addresses this problem.

3.1. From complex to p-adic coefficients: good models

Let k be an algebraically closed field of characteristic zero. Let X =X} be a quasi-projec-
tive variety defined over k, for instance X =A%, the affine space. Let I" be a subgroup of

Bir(Xx) with a finite, symmetric set of generators S={v1,...,Vs}-
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3.1.1. From complex to p-adic coefficients

Fix an embedding of X into a projective space IP’{(V and write
X =Z(a)\Z(b),

where a and b are two homogeneous ideals in k[xo, ..., x| and Z(a) denotes the zero-set
of the ideal a. Choose generators (F;)?_; and (Gj)?zl for a and b, respectively.

Let C be a finitely generated Q-algebra containing the set B of all coefficients of the
Fj, the G, and the polynomial formulas defining the generators 74 €S; more precisely,
each 7y is defined by ratios of regular functions on affine open subsets V;=X\ W, and one
includes the coefficients of the formulas for these regular functions and for the defining
equations of the Zariski closed subsets W;. One can view X and I' as defined over

Spec(C).

LEMMA 3.1. (See [48, §4 and §5] and [6, Lemma 3.1]) Let L be a finitely generated
extension of Q and B be a finite subset of L. The set of primes p for which there exists
an embedding of L into Q, that maps B into Z, has positive density among the set of

all primes.

By positive density, we mean that there exist e>0 and Ny>0 such that, among the
first N primes, the proportion of primes p that satisfy the statement is bounded from
below by ¢ if N> Nj.

Apply this lemma to the fraction field L=Frac(C') and the set B of coefficients. This
provides an odd prime p and an embedding : L—Q,, with «(B)CZ,. Applying ¢ to the
coefficients of the formulas that define X and the elements of I', we obtain what will be
called a “model of the pair (X,I") over Z,”; in particular, I' embeds into Bir(Xz, ), or in
Aut(Xz,) if T is initially a subgroup of Aut(Xy). The following paragraphs clarify this

idea.

3.1.2. Good models

Let R be an integral domain. Let Xy and Yi be separated and reduced schemes of finite
type defined over R. Assume, moreover, that the morphism X g — Spec(R) is dominant
on every irreducible component of Xg. Let & and V be two dense open subsets of Xg.
Two morphisms of R-schemes f:U—Ygr and g: V—Yg are equivalent if they coincide on
some dense open subset W of UNV; rational maps f: Xp--+Yg are equivalence classes
for this relation ([38, §7.1]). For any rational map f, there is a maximal open subset

Dom(f)C X g on which f induces a morphism: if a morphism V—Yp is in the equivalence
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class of f, then V is contained in Dom(f). This open subset Dom(f) is the domain of
definition of f ([38, §7.2]); its complement is the indeterminacy locus Ind(f).

A rational map f is birational if there is a rational map ¢:Yg--+Xpg such that
gef=Id and fog=Id. The group of birational transformations f: Xp--+Xpg is denoted
Bir(XRg); the group of regular automorphisms is denoted Aut(Xg). Consider a birational
map f: X --+Y and denote by g the inverse map f~!. The domains of definition Dom(f)
and Dom(g) are dense open subsets of X and Y, respectively, for the Zariski topology.
Then, set Ur, f=(f|pom(s)) " (Dom(g)). As f is birational, Ug, s is open and dense in X.
The restriction of f to this open subset is an open immersion of Ug s into Y; indeed,
f(Ur,s) is the open set (g|pom(g)) " (Ur,f) and g is a morphism on f(Ug,s) such that
ge f=Id. Moreover, Ug s is the largest open subset of X on which f is locally, for the
Zariski topology, an open immersion. In what follows, we denote by B, the complement
of Ug,s in Xg: this nowhere dense Zariski closed subset is the set of bad points; on its
complement, f is an open immersion.

For yeSpec(R), denote by X, the reduced fiber of Xr above y. If X,NBg s is
nowhere dense in X, then f induces a birational transformation f,: X,--+X,; we have
Ind(fy) CX,NBR, ¢, and this inclusion may be strict.

If n is the generic point of Spec(R), we can always restrict f to X,,. This map
f f, determines an isomorphism of groups : Bir(Xr)—Bir(X,). More precisely, the
following holds: let K be the fraction field of the integral domain R; let Xg be a separated
and reduced scheme over R; assume that Xpg is of finite type over R, and that the
morphism Xg—Spec(R) is dominant on every irreducible component of Xg; then, the
map i: Bir(Xgr)—Bir(Xg) is bijective. Indeed, i is injective because Xg is of finite type
over R and the map Xr—Spec(R) is dominant on every irreducible component of Xg.

It is surjective, because f, can be defined on a dense affine open subset
U =Spec(R[x1, ..., Tm]/I)

of Xr by polynomial functions G; with coefficients in K. There is an element d of R
such that the functions dG; have coefficients in R; then, f, extends as a morphism on
Spec(R[1/d,x1, ...,xm,]/T)). (See [18, §9.1] for details.)

Let k be an algebraically closed field of characteristic zero. Let Xy be an irreducible
variety which is defined over k. Let T' be a subgroup of Bir(Xy) (resp. Aut(Xy)). Let R
be a subring of k. We say that the pair (X,I") is defined over R if there is a separated,
reduced, irreducible scheme Xp over R for which the structure morphism X g — Spec(R)
is dominant, and an embedding I'—Bir(Xg) (resp. in Aut(Xg)) such that both Xy and
I' are obtained from X by base change: Xy=Xpr Xgpec(r)Spec(k) and similarly for all
elements fel.



256 S. CANTAT AND J. XIE

Let p be a prime number. A model for the pair (X,TI") over the ring Z, is given by
the following data. First, a ring RCk on which X and I" are defined, and an embedding
t: R—Z,. Then, an irreducible scheme Xz, over Z, and an embedding o:I'=Bir(Xz,)
(resp. in Aut(Xz,)) such that

(i) Xz,~Xp Xgpec(r)SPeC(Z)y) is the base change of X and o(f) is the base change
of feBir(Xg) for every f in I

A good model for the pair (X,I") over the ring Z, is a model such that

(ii) the special fiber X, of Xz —Spec(Z,) is absolutely reduced and irreducible

and its dimension is

dimpp (XFP) = dime (XZp X Spec(R) SpeC(Qp));

(iii) for all f€T', the special fiber Xp, is not contained in Bz, ,(y)-
If K is a finite extension of Q, and Ok is its valuation ring, one can also introduce

the notion of good models over Ok . The following is proven in the appendix.

PROPOSITION 3.2. Let X be an irreducible complex projective variety, and T' be
a finitely generated subgroup of Bir(X) (resp. of Aut(X)). Then, there exist infinitely
many primes p=3 such that the pair (X,T") has a good model over Z,.

3.2. From birational transformations to local analytic diffeomorphisms
3.2.1. Automorphisms and invariant polydisks

Now, for simplicity, assume that X is the affine space A%. Let p be an odd prime number,
and let I" be a subgroup of Aut(A%p); all elements of I' are polynomial automorphisms of
the affine space defined by formulas with coefficients in Z,. Reduction modulo p provides
a homomorphism from I'" to the group Aut(A%p): every automorphism feI' determines
an automorphism f of the affine space with coeflicients in F,. One can also reduce
modulo p?,p?, ....

If Ry is a finite ring, then A%(Ry) and GL4(Rp) are both finite. Therefore, the
automorphisms f€Tl' with f(m)=m (modp?) and df,,=Id (modp) for all points m in
Ad(Zp) form a finite-index subgroup I'g of I'. Every element of I'y can be written

F(0) =p* Ag+(Id+pB1) (x)+ > Ar(x),
k>2
where A is a point with coordinates in Z,, B; is a d xd matrix with coefficients in Z,,
and ), Ax(x) is a finite sum of higher-degree homogeneous terms with coefficients in
Z,. Rescaling, one gets

p~ f(px) =pAo+(Id +pBy)(x)+ Y pF 1 Ak(x).
k>2
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Thus, the Bell-Poonen extension theorem (Theorem 2.4) applies to p~! f(px), because
p=3.

A similar argument applies to automorphism groups I' of any quasi-projective variety
X of dimension d. One first replaces Q, by a finite extension K to assure the existence of
at least one point m in X (R/mpg) (with R the valuation ring of K). Then, the stabilizer
of m modulo m is a finite-index subgroup, because X (R/mf ) is a finite set; this group
fixes a polydisk in X (K) and the Bell-Poonen theorem can be applied to a smaller,
finite-index subgroup. This provides the following statement, the proof of which is given
in [7] (Propositions 4.4 and 2.2), when the group I is cyclic. Propositions 3.2 and 3.4

are inspired by [7] and also imply this statement.

PROPOSITION 3.3. (see [7]) Let Xz, be a quasi-projective variety defined over Zy,
and let T' be a subgroup of Aut(Xgz,). Then, there exist a finite extension K of Q,, a
finite-index subgroup T'y of T', and an analytic diffeomorphism ¢ from the unit polydisk
U=RICK? to an open subset V of X(K) such that V is Ig-invariant and the action of
Ty on V is conjugate, via @, to a subgroup of Diff*™ (U);.

Combining this result with Proposition 3.2, we get: If a finitely generated group I'
admits a faithful action by automorphisms on some irreducible d-dimensional complex
variety, there are a finite-index subgroup I'g in I', a prime p, and a finite extension K of
Q, such that I'g admits a faithful action by Tate analytic diffeomorphisms on a polydisk
UC K?. This will be used as a first step in the proofs of Theorems A and D.

3.2.2. Birational transformations and invariant polydisks

Let us now deal with invariant polydisks for groups of birational transformations. Let
Xz, be a projective variety defined over Z,, and let I' be a subgroup of Bir(Xz,) with a
finite symmetric set of generators S. Let Xg, be the special fiber of Xz, . We assume
that the special fiber is not contained in Bz, s for any s€S; this implies that Xg,
is not contained in Bz, , for every gel'. By restriction, we obtain a homomorphism
I'—=Bir(XF,). These assumptions are satisfied by good models.

Let K be a finite extension of Q,, Ok be the valuation ring of K, and F be the
residue field of Of; by definition, F=Of /mp, where my is the maximal ideal of Ok.
Denote by |- |, the p-adic norm on K, normalized by |p|,=1/p. Set

XOK = sz XSpec(Zp) SpeC(OK).

The generic fiber
XZp X Spec(Zy) SpeC(K)
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is denoted by X, and the special fiber is
Xr = Xz, XSpec(z,) Spec(F).

Denote by r: X (K)— Xg(F)=X(F) the reduction map. Let z be a smooth point in
X (F) and V be the open subset of X (K) consisting of points z satisfying r(z)=z.

PROPOSITION 3.4. (See also [7, Proposition 2.2]) There exists an analytic diffeo-
morphism ¢ from the unit polydisk U=O% to the open subset V of X (K) such that,
for every feBir(Xo,) with x¢Bo,. s and f(z)=z, the set V is f-invariant and the
action of f on V is conjugate, via @, to a Tate analytic diffeomorphism on U. Thus, if
I'CBir(Xz,) satisfies

(i) = is not contained in any of the sets Bo, ¢ (for fel),

(ii) f(x)==x (for every fel),
then V is T-invariant and @ conjugates the action of T' on V to a group of analytic

diffeormorphisms of the polydisk U.

Thus, once a good model has been constructed, the existence of an invariant polydisk
on which the action is analytic is equivalent to the existence of a smooth fixed point
z€Xg(F) in the complement of the bad loci Bo, f, f in I'. Periodic orbits correspond
to polydisks which are invariant by finite-index subgroups. This will be used to prove
Theorems B and C.

We shall prove this proposition in the appendix. Note that Propositions 3.4 and 3.2,

together with rescaling argument of §3.2.1, provide a proof of Proposition 3.3.

4. Regular actions of SL,,(Z) on quasi-projective varieties

In this section, we prove the first assertion of Theorem A together with one of its corol-

laries. Thus, our goal is the following statement.

THEOREM 4.1. Let n>2 be an integer. Let ' be a finite-index subgroup of SL,,(Z).
If T' embeds into the group of automorphisms of a complex quasi-projective variety X,
then dim(X)>n—1; if X is a complez affine space, then dim(X)>=n.

4.1. Dimension 1

When dimg (X )=1, the group of automorphisms of X is isomorphic to PGL2(C), if X is
the projective line, and is virtually solvable, otherwise. On the other hand, every finite-
index subgroup of SL,,(Z) contains a non-abelian free group if n>2 (see [39, Chapter 1]).
Theorems A and 4.1 follow from these remarks when n=2 or dim(X)=1. In what follows,

we assume dimg(X)>2 and n>3.



ALGEBRAIC ACTIONS AND p-ADIC ANALYSIS 259

4.2. Congruence subgroups of SL,,(Z); see [2], [62]
4.2.1. Normal subgroups

Let T' be a finite-index subgroup of SL,,(Z). For n>3, the group I is a lattice in the
higher-rank almost simple Lie group SL,(R). For such a lattice, every normal subgroup
is either finite and central, or cofinite. In particular, the derived subgroup [I',T’] has
finite index in T'.

4.2.2. Strong approximation

For any n>2 and m>1, denote by T',,, and T, the following subgroups of SL,,(Z):

I ={BeSL,(Z): B=Id (mod m)},
Iy, ={B €SL,(Z) : there exists a € Z such that B=ald (mod m)}.

By definition, I',, is the principal congruence subgroup of level m.

Let p be a prime number. The closure of I, in SL,(Z,) is the finite-index, open
subgroup of matrices which are equal to Id modulo m; thus, if m=p“r with rAp=1,
the closure of I'y,, in SL,,(Q,) coincides with the open subgroup of matrices M €SL,,(Z,)
which are equal to Id modulo p“.

The strong approximation theorem states that the image of SL,(Z) is dense in the
product [, SL,(Zp) (product over all prime numbers). If I' has finite index in SL,(Z),
its closure in [ [, SL,(Z,) is a finite-index subgroup; it contains almost all SL,(Z,).

4.2.3. Congruence subgroup property

A deep property that we shall use is the congruence subgroup property, which holds
for n>3. Tt asserts that every finite-index subgroup I' of SL,,(Z) contains a principal
congruence subgroup I'y,; if I' is normal, there exists a unique integer m with I',,, CI'CI",.
We shall come back to this property in §8.1 for more general algebraic groups (the
congruence subgroup property is not known in full generality for cocompact lattices).
Another way to state the congruence subgroup and strong approximation properties
is to say that the profinite completion of SL,(Z) coincides with the product [, SLn(Zp).
If I has finite index in SL,,(Z), its profinite completion is a product [[, G4 C][, SL.(Zg),
where each G, has finite index in SL,(Z,), and G4=SL,(Z,) for almost all primes g.

Remark 4.2. Fix n>3. For every prime number g, the group SL,,(Z,) is a perfect
group, because it is generated by the elementary matrices e;;(r), r€Z,, and every ele-

mentary matrix is a commutator. Thus, every homomorphism from SL,,(Z,) to a p-group
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is trivial, because every p-group is nilpotent. Thus, the pro-p completion of SL,,(Z,) is

trivial.

Before stating the following lemma, recall that the concept of virtual pro-p comple-
tion is introduced in §2.4.2.

LEMMA 4.3. Let n be an integer 23. Let T be a finite-index subgroup of SL,,(Z).
Let T, be a principal congruence subgroup contained in I'. If p divides the integer m,
the pro-p completion of T'y, coincides with its closure in SL,(Z,). Therefore, SL,(Zy) is

a virtual pro-p completion of its subgroup I.

Proof. Fix a positive integer m such that I' contains I',,, and p divides m. The
profinite completion of T';,, coincides with the product ] p Gg, where G is the closure of
Iy, in SL,,(Z,). If m=p“r with pAr=1, then G, is the open, pro-p subgroup of SL,,(Z,)
defined by G,={Be€SL,,(Z,):B=Id (mod p*)}. If ¢ does not divide m, G, is equal to
SL.(Z,). If ¢#p and ¢ divides m, then the group G, is an open subgroup of the pro-¢
group {BeSL,,(Z,):B=1d (mod ¢)}. Thus, if ¢#p, then the pro-p completion of G, is

trivial; and the pro-p completion of T',, coincides with its closure Gy, in SL,,(Z,). O

4.3. Extension, algebraic groups, and Lie algebras

Given an analytic diffeomorphism f of the unit polydisk U, its jacobian determinant
is an analytic function which is defined by Jac(f)(x)=det(dfx), where dfyx denotes the
differential of f at x. One says that the jacobian determinant of f is identically equal
to 1 if Jac(f) is the constant function 1. In the following theorem, p is an odd prime,
and K and R are as in §2.1.1.

THEOREM 4.4. Let n>3 be an integer. Let T be a finite-index subgroup of SL,,(Z).
Let U be the unit polydisk R, for some d>1. Let ®:T —Diff*" (i) be a homomorphism
such that f(x)=x (mod p) for all f in ®(T'). If the image of ¥ is infinite, then n—1<d.
If, moreover, the jacobian determinant is identically equal to 1 for all f in ®(T), then
n<d.

Remark 4.5. All proper subalgebras of sl,,(Q,) have codimension >n—1, and there
are two conjugacy classes of algebraic subgroups of codimension n—1 in SL,, q, for n>3.
The stabilizer of a point in the projective space P*~1(Q,), and the stabilizer of a hy-
perplane in that space (see [9, Chapter 5] and §8.2 below). These conjugacy classes are
exchanged by the outer automorphism 6: A— A=, When n=2, 6 is an inner automor-

phism and there is only one conjugacy class.
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Proof. According to Lemma 4.3 and Theorem 2.11, SL,,(Z,,) is a virtual pro-p com-
pletion of I, and there is a principal congruence subgroup I';,, CT" such that ® extends as
an analytic homomorphism ®: G'— Diff*" (/) from the group I',, to its pro-p completion
G :f‘mCSLn(Zp). The differential d®rq provides a homomorphism of Lie algebras

d@ldzs[n(Qp) — @(U),

where O(U) is the algebra of analytic vector fields on U. If the image of ® is infinite, its
kernel is a finite central subgroup of " (see §4.2); hence, there are infinite-order elements
in ®(T"). The vector field corresponding to such an element does not vanish identically;
thus, d®q is a non-trivial homomorphism. Since sl,,(Q,) is a simple Lie algebra, d®rg is
an embedding. Pick w in sl,(Q,)\{0}. Since d®1q is an embedding, there is a point o in
U such that d®1q(w)(0)#0. The subset of elements vesl,(Q,) such that d®iq(v)(0)=0
constitutes a proper subalgebra pg of sl,,(Q,) of codimension at most d. Thus, d>n—1
by Remark 4.5.

Let us now assume that d=n—1. Consider the parabolic subgroup P, of SL,, which
is defined as the stabilizer of the point m=[1:0:0...:0] in the projective space P"~1.
Assume, first, that pe coincides with the Lie algebra py of Py. The quotient of sl,, by pg
can be identified with the tangent space T},,P" =1 of P"~1 at my, and to the tangent space
of U at the fixed point 0. The group P, contains the diagonal matrices with diagonal
coefficients a11=a and a;=b for 2<i<n, where a and b satisfy the relation ab® '=1,
and those diagonal matrices act by multiplication by b/a on T,,,P"~1. Thus, there are
elements ¢ in G fixing the point o in U and acting by non-trivial scalar multiplications
on the tangent space Tolf; such elements have jacobian determinant #1. Since I is dense
in G, and both ® and Jac are continuous, there are elements f in I' with Jac(f)#1.
This concludes the proof of the theorem when pg=pg, or more generally when pg is
conjugate to pg. If pg is not conjugate to pg, we replace ® by ®-0 and apply Remark 4.5
to conclude (note that the outer automorphism 0 preserves I',,, and induces an analytic

automorphism of G). O

4.4. Embeddings of SL,(Z) in Aut(X) or Aut(Ad)

We may now prove Theorem 4.1. According to §4.1, we assume n>3. Let d be the
dimension of X and ¥:T—Aut(X) be a homomorphism with infinite image.

According to §3.1 and Proposition 3.3, one can find a prime p>3, a model of (X,T)
over a finite extension K of Q,, a finite-index subgroup I'" of I', and a polydisk ¢/~ R? in
X (K) such that U is invariant under the action of I and the action of I on U is given
by a homomorphism ®: I — Diff*"({);. Theorem 4.4 implies dim(X)>n—1.
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Assume now that X is the affine space A. If f is an automorphism of A, its
jacobian determinant Jac(f) is constant because Jac(f) is a polynomial function on
A?(C) that does not vanish. Thus, Jac(-) provides a homomorphism from T to (C*,-);
since the derived group [[,T] has finite index in T' (see §4.2.1), one may assume that
Jac(®(y))=1 for all ye€I"”. Then, Theorem 4.4 implies that d>n.

5. Actions of SL,(Z) in dimension n—1

In this paragraph, we pursue the study of algebraic actions of finite-index subgroups
of SL,(Z) on quasi-projective varieties X of dimension d, and complete the proof of
Theorem A. The notation and main properties are the same as in §4, but with two
differences: we study both regular and birational actions, and we add a constraint on
the dimension of X, which corresponds to the limit case in the inequality d>n—1 of
Theorem 4.1. Thus,

(i) T is a finite-index subgroup of SL,,(Z);

(ii) Xc is a complex, irreducible, quasi-projective variety of dimension d=n—1;

(iii) T embeds into Aut(X¢) (resp. in Bir(X¢));

(iv) there is a finite extension K of Q,, and a model of (X,I') over the valuation
ring R of K, together with a polydisk &/ in X (K) which is I' invariant, and on which
I' acts by analytic diffeomorphisms, as in Proposition 3.3: this gives a homomorphism
O: T — Diff*" (U);.

THEOREM 5.1. Under the above four hypotheses (1)—(iv), there exists an isomor-
phism T:X—)Pé (resp. a birational map T:X——-)]P’dc), from X to the projective space
of dimension d=n—1 and a homomorphism 0:T'—PGL,,(C) such that Toy=p(y)eT for

every v in I'.
Theorem A follows from Theorem 4.1, Proposition 3.3, and Theorem 5.1.

Remark 5.2. When I' acts by birational transformations on X, the existence of a I'-
invariant polydisk &/ in X (K) on which I' acts by analytic diffeomorphisms (in particular,
U does not contain any indeterminacy point of I') may look as a strong hypothesis. We
shall obtain such polydisks in §7.3

5.1. Extension

We apply Lemma 4.3 and Theorem 2.11 to the analytic action of I' on ¢. Thus, there

exists a principal congruence subgroup I';,, CI" such that the homomorphism ¢ from T',,
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to Diff** (i), extends as an analytic homomorphism ® from the p-adic analytic group
G=T,,CSL,(Z,) to Diff**(U);.

5.2. Stabilizer of the origin in U

Let Py be the subgroup of SL,,(Q,,) which fixes the point mo=[1:0:...: 0] in the projective
space P"71(Q,); it is a maximal parabolic subgroup of SL,(Q,). We denote by py its
Lie algebra, as in the proof of Theorem 4.4.

LEMMA 5.3. There are an element A in SL,(Z) and a point o' in U with the follow-
ing property. For the homomorphism ®oca: G—Diff*(U),, where ca is either the con-
jugacy ca(M)=AMA=Y, or its composition with the outer automorphism 0: M M ~1,
the stabilizer P'CG of the point o' coincides with PoNG.

Let PCG be the stabilizer of the origin o€U. Since d=n—1, the Lie algebra p of
P has codimension n—1 in g=sl,(Q,), and is therefore maximal. Let P be the Zariski
closure of P in SL,(Qp). Then, PNG coincides with P, and P is conjugate to Fy or
to 8(Fp) in SL,(Q,) (see Remark 4.5). For simplicity, we assume that P is conjugate
to Py; if Pis conjugate to 6(F), one only needs to replace the action of SL,(Q,) on
the projective space by the dual action on the space of hyperplanes in P"~1(Q,), or to
compose ® with 6.

To prove the lemma, we make the following remarks.

(1) There is a point [a] in P"~!(Q,) such that P is the stabilizer of [a] in SL,.(Qyp).
One can write [a]=[a1:...:a,] with a; in Z, for all 1<i<n and at least one |a;| equal
to 1.

(2) There is a matrix B in G such that [B(a)] is in P""1(Z). Indeed, G is the
congruence subgroup of SL,,(Z,,) defined as the group of matrices M with M=Id (mod m);

if one picks an element [a']=[a]:...:a}] of P"~1(Z) with entries a}=a; modulo a large
power of m, then there is an element B of G that maps [a] to [a’]. The stabilizer of the
point o’ :=®(B)(0) in the group G is equal to BPB~! and coincides with the stabilizer

of a point [a']€P"1(Z).
(3) Then, there exists A in SL,(Z) such that A[a’]=[1:0:...:0]. Composing ® with

the conjugation cy4, the stabilizer of o’ is now equal to PyNG.

(4) Being a principal congruence subgroup, I';, is normal in SL,(Z); it is there-
fore invariant under the conjugacy ca: M+ AMA~! (and under the automorphism 6).

Thus, the homomorphism ®oc4 (resp. ®oc4) determines a new homomorphism from T,
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(resp. G) to Diff* (i), which preserves the polydisk U and for which the stabilizer of o
concides with PyNI',, (resp. with PyNG).

Let us now apply Lemma 5.3 to rigidify slightly the situation. We conjugate the
action of I'y, on U by the translation z+x+0'; then we compose the embedding of T, in
Aut(X) by the automorphism c4 of I',, given by Lemma 5.3 to assume that the stabilizer
of the origin in G is the intersection of G with the parabolic subgroup Py. Thus, the
embedding I',;, »Aut(X) and the coordinates of U have been modified.

5.3. Local normal form

Consider the subgroup T of G consisting of all matrices

(¢ )
t Id,_1/)’

where Id,,_1 is the identity matrix of size (n—1)x (n—1) and t is a “vertical” vector of
size n—1 with entries ¢o, ...,1, in Z, that are equal to zero modulo m. By construction,
T is contained in G=T',. The intersection TN Py is the trivial subgroup {Id,}.

The group T is an abelian subgroup of G of dimension d=n—1 that acts locally
freely near the origin of U (if not, this would contradict the maximality of Py). There

are local coordinates z=(za, ..., z,) on U near the origin o such that 7" acts by
®(t)(2z) = (22+t2, ..., 2n+tn);

in these coordinates, the action of the group G is locally conjugate to the linear projective
action of G around the point mg=[1:0:...:0] in P"~1(K) (see the proof of Theorem 4.4).
Note that the local coordinate z; may be transcendental; it is not obvious, a priori, that
z; extends as an algebraic (or rational) function on the quasi-projective variety X. We

shall prove that this is indeed the case in the next subsection (see Lemma 5.5).

5.4. Invariant (algebraic) functions

Our goal, in this subsection, is to prove Lemma 5.5. Consider the 1-parameter unipotent

subgroup Fp2 of P whose elements have the form

e12(s) = <(1) Id:_1>’

with s=(s,0,...,0), s in Z,, and s=0 modulo m. Let ayo=e12(s), s€Z\{0}, be a non-

trivial element of F15NI',. By construction, the analytic diffeomorphism ®(c;2) of U
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transforms the local coordinate z into z3/(14s23), and the set {22=0} is, locally, the
set of fixed points of ®(ay3). Since ®(a;2) is the restriction to U of a birational trans-
formation of X, the hypersurface {z2=0} is the intersection of an algebraic hypersurface
of X with a neighborhood of zero in U.

Let ag1=e21(t) be a non-trivial element of T'NI",, corresponding to the vector t=
(t,0,...,0) (with ¢£0 and =0 modulo m). Then ®(as;)* acts on U and transports the
hypersurface {z2=0} to the hypersurface {zo=tf}. Since {z2=0} is algebraic and ®(c21)
is in Aut(X) (resp. in Bir(X) when the action is by birational transformations), the
hypersurfaces {zo=t¢} are all algebraic.

Denote by T the subgroup of T" whose elements are defined by vectors of type
t=(0,13,...,t,). The action of ®(T») on U preserves the local coordinate z, and is locally
free on each level set {z3=c*'}. Thus, every non-trivial element of ToNT,, fixes infinitely
many algebraic hypersurfaces in X, whose local equations are zo =/t, {€Z; moreover, the

orbits of T5NI" are Zariski dense in these hypersurfaces.

LEMMA 5.4. Let X be an irreducible quasi-projective variety, defined over an alge-
braically closed field K of characteristic zero. Let A be a group of birational transfor-
mations of X. If A preserves infinitely many hypersurfaces of X, then A preserves a

non-constant rational function p€K(X), meaning that pea= for every a€A.

This lemma corresponds to Theorem B of [12]: Theorem B is stated for a single
transformation g but applies to groups of birational transformations, as one easily checks.
Let us apply it to the group 7. From the Stein factorization theorem, we may assume
that the general fibers of the function 75:=¢ are irreducible hypersurfaces of X. Since
the action of T on the hypersurfaces {zo=t¢} is locally free, these hypersurfaces coincide
locally with the fibers of 7. Thus, there is a complete curve Y% and a rational function
To: X --+Y%, both defined over the algebraic closure of K, such that

e 75 is invariant under the action of T5NI", meaning that e 8=, for every S€ToNT;

e the general hypersurface {To=c*'} is irreducible;

e the local analytic coordinate 2o is, locally, a function of 75: there is an analytic
1-variable function ¢2 such that zo=¢s°7m on U.

The transformation ®(ay2) transforms zs into za/(1+4s$22) for some s#0. Thus,
it permutes the level sets of the algebraic function 7. We deduce that the birational
transformation ajs of X induces an infinite order automorphism of Yz fixing the point
T2({22=0}). This implies that Yz is a projective line: there is an isomorphism from Y%
to P that maps the point 75({t2=0}) to the point [0:1]. We now fix an affine coordinate
z on ]P’}—( for which this point is z=0.

The iterates ®(ay2)" of ®(av12) transform the coordinate 2y into 23 /(14-£sz2). Thus, if
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{=p™, one sees that the sequences of hypersurfaces ®(ajy)({z2=c}) and ®(a;y)({z2=c})
converge to the fixed hypersurface {z2=0} as n goes to oo, for every c€ K with small
absolute value. This implies that the automorphism of ]P)}—( induced by «;5 is a parabolic
transformation, acting by

Z— (5.1)

145’2
for some s’. Changing the affine coordinate z of Pr into ez with e=s'/s (hence the
function 75 into 7, and ¢a(z) into ¢o2(x/c)), one may assume that s'=s. Then, both 7
and zy satisfy the same transformation rule under ®(ay2):

zZ2
14529

TQO(P(Q:[Q): and ZQO(D(OQQ): (52)

T2
14572
We deduce that the function ¢o commutes with the linear projective transformation
zz/(14s2):

z  Pa(2)
¢2<1+€sz> = T ls0a(2) for all /€ Z. (5.3)

By construction, ¢s is analytic (in a neighborhood of zero) and maps zero to zero. Chang-
ing ¢o(z) into ¢a(z/(14uz)) for a well-chosen u#0, one may assume that ¢o(z¢)=1x( for
some xo#0. If one applies the functional equation (5.3) with /=0 modulo sufficiently
large powers of p, then the sequence zy=x/(14+¥¢sxg) stays in the domain of definition
of ¢o and ¢o(xp) =2, for all £; thus, ¢y is the identity: ¢o(z)=2. In particular, the local
coordinate zo extends to a global rational function 75 on X.

If one applies the same strategy for i=2,3,...n, one gets d=n—1 rational functions
7, on X. These functions are local coordinates near the origin of ¢. And, from §5.3, we
know that these coordinates provide a local conjugacy from the action of G on U to the
linear projective action of G near [1:0:...:0] in ]P’"Kfl. This concludes the proof of the

following lemma.

LEMMA 5.5. Fach local analytic function z;, i=2,...,n, extends to a global rational

function 1;--+ Xz — K. Altogether, they define a rational map
T Xg--» P"]—(_l,
x—[Lim(z) . i T ()]

This rational map T is dominant. It is equivariant with respect to the action of Ty, on

X and the action of T, CSL,(Z) on IP)"I{l by linear projective transformations.

5.5. Conclusion, in the case of regular actions

We now assume that I' acts by automorphisms on the quasi-projective variety X; the

case of birational transformations is dealt with in the next subsection.
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LEMMA 5.6. Let T: Xg——»IP”Iigl be a rational map which is equivariant with respect
to an action of 'y, on Xg by automorphisms and the linear projective action of T, C
SL,.(K) on ]P’Tfigl. Then, X is a projective variety, and the Iy, -equivariant rational map

T 1S an isomorphism.

Proof. Assume that X is normal and fix a compactification Xz of Xz. Via its
embedding into Aut(X ), the group I',, acts by automorphisms on Xz and by birational
transformations on Xz.

The image of T',, in PGLn(I?):Aut(P%_l) is a Zariski-dense subgroup I", (this is a
simple instance of the Borel density theorem).

Let Ind(7) be the indeterminacy set of 7. Its intersection with Xz is a I',,-invariant
algebraic subset, because I';,, acts by automorphisms on both X and P}i{_l. Its total

transform under 7 is a I

m-invariant locally closed subset of P}i(_l. But all such subsets

are either empty or equal to P?—(_l, because I} is Zariski-dense in PGL,,(K). Thus, Ind(7)
does not intersect Xz.

The image of Xz by 7 is a constructible I'/ -invariant subset of P%_l; as such, it
must be equal to P%‘l, because I, is Zariski-dense in PGL,,(K). Similarly, the total
transform of the boundary Xz \ X% is empty. Thus, X% is complete, and 7 determines
a morphism from Xz to ]P”Il{_l. The critical locus of 7 is a I', -invariant subset of P’;—(_l
of positive codimension: it is therefore empty, and 7 is an isomorphism because IP’%_I is
simply connected.

If X4 is not normal, replace it by its normalization X %, and lift the action of I';,
on Xz to an action by automorphisms on X %- We deduce that X % 1s isomorphic to the
projective space and the action of I';, on X % does not preserve any non-empty Zariski
closed subset; thus, the normalization X % — Xz is an isomorphism. This proves the

lemma. O

Apply this lemma to the rational map 7 given by Lemma 5.5. Since Xz is isomorphic
to the projective space ]P’%_l, the complex variety X¢ is also isomorphic to ]P”é_l. Since
the action of I' on X is an action by automorphisms, it is given by an embedding of "
into PGL,,(C). This concludes the proof of Theorem 5.1, and of Theorem A.

5.6. Conclusion, in the case of birational actions
Let us now assume that X is projective and I' acts by birational transformations on X.
LEMMA 5.7. The equivariant rational mapping T:Xf(——e]P’%_l is birational.

Proof. By construction, 7 is rational and dominant; changing X in a birationally

equivalent variety, we assume that X is normal and 7 is a regular morphism. The
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elements vy of T, satisfy

Toyx =pr—1°T

where vx denotes the birational action of v on X% and ~pn-1 corresponds to the linear
projective action on ]P”Ii;l.

We may assume that X is normal. Embed X in some projective space PV, and
consider the linear system of hyperplane sections H of X. Fix an element v of I,
and intersect X with n—1 hyperplanes to get an irreducible curve C'C X that does not
intersect the indeterminacy set of 4. The image of C' by vx is an irreducible curve (vx).C,
which satisfies 7. ((7x)«(C))=(pr-1)+«7«(C). The degree of the curve (ypn-1).7.(C) is
equal to the degree of 7. (C), because ypn-1 is a regular automorphism of the projective
space; in particular, it does not depend on . This implies that the degree of the curve
(7x)«C in XCP¥ is bounded by an integer D(7) that does not depend on 7. As a
consequence, the degrees of the formulas defining the elements vx of I, in Bir(X5) are
uniformly bounded. The following result shows that T',, is “regularizable” (see [66] and

the references in [15]).

THEOREM 5.8. (Weil regularization theorem) Let M be a projective variety, defined
over an algebraically closed field. Let A be a subgroup of Bir(M). If there is a uniform
upper bound on the degrees of the elements of A, then there exist a birational map e: M --»
M’ and a finite-index subgroup A’ of A such that eoAoc™! is a subgroup of Aut(M) and
goN'oe™1 is a subgroup of the connected component of the identity Aut(M)° in Aut(M).

In our context, this result shows that, after conjugacy by a birational map e: X --»
X', Ty, becomes a group of automorphisms of X’. Lemma 5.6 shows that the rational
map 7o L X ——+IP”IL{*1 is an isomorphism which conjugates the action of I';, on X7, to

the linear projective action on P’Iigl. In particular, 7 is a birational map. O

Thus, 7 is a birational conjugacy between the action of I';,, on X and the action of

I';, by linear projective transformations on the projective space.
LEMMA 5.9. The action of ToT'or™! on ]P”Ii;1 is an action by automorphisms.

Proof. The group T, is a normal, finite-index subgroup of I'. Its image I'/, in
PGL, (K) is Zariski dense. Let v be an element of ', and let vpn—1 denote the bira-

L we have ypn-11", =T ~ypn-1. Since I/, acts by auto-

tional transformation Toyxo7™
morphisms on P’Ii;l, it fixes the indeterminacy set of yp»-1, and this indeterminacy set
must be empty, because I, is Zariski dense in PGL,,(K). This shows that 4pn-1 has no

indeterminacy point and that 7eTor~*CPGL,(K). O

The existence of such a conjugacy 7: X f(——elP”;{l implies also the existence of a
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conjugacy Xc——eIP’réfl over the field of complex numbers. This concludes the proof of
Theorem 5.1.

6. Mapping class groups and nilpotent groups

To describe another application of the p-adic method, we study the actions by automor-
phisms of the mapping class groups Mod(g) and of nilpotent groups.

6.1. Mapping class groups

Recall from §1.5 that ma(T") is the smallest dimension of a complex irreducible variety

X on which some finite-index subgroup of I' acts faithfully by automorphisms.

Remark 6.1. Assume that 'y is a finite-index subgroup of I', and that T’y acts
faithfully on a complex irreducible variety X. Let us show that I' acts faithfully on the
disjoint union of n copies of X. Indeed, I' acts faithfully on the quotient I' xr, X of I'x X
by the action of I'y defined by h-(g,z)=(gh~!, hx); and I'xp, X is a disjoint union of
[[':T'o] copies of X.

Thus, ma(T") is bounded from below by the smallest dimension of a complex variety
X on which T acts faithfully by regular automorphisms (the dimension of X is the
largest dimension of its irreducible components). The following example shows that this

inequality may be strict.

Example 6.2. Consider the direct product H of two non-abelian free groups F, and
Fy . Since PGL2(C) contains a free group, H acts faithfully on the disjoint union of two

projective lines. But H does not act faithfully by automorphisms on an irreducible curve.

THEOREM 6.3. (Theorem D) If Mod(g) acts faithfully on a (not necessarily ir-
reducible) complex variety X by automorphisms, then dim(X)>2g—1. The minimal
dimension ma(Mod(g)) satisfies 2g—1<ma(Mod(g))<6g—6 for all g>2.

Remark 6.4. We shall need the following fact because X is not assumed to be irre-
ducible: In Mod(g), the intersection of two infinite normal subgroups is infinite. Indeed,
if N is an infinite normal subgroup of Mod(g), then N contains two pseudo-Anosov
elements a and b that generate a free group (see [42, Theorem 2]). If M is another
normal subgroup containing a pseudo-Anosov element h, then [w, h]=whw~*h~! is an
element of NNM for every weN. By a theorem of McCarthy [52], the centralizer of a

pseudo-Anosov element is virtually cyclic. Thus, NNM is infinite.
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Figure 1. Simple closed loops on the surface of genus g.

Proof. The upper bound ma(Mod(g))<6g—6 is well known; it comes from the action
of Mod(g) on the character variety parameterizing conjugacy classes of representations
of the fundamental group of the surface of genus g in SL, an affine variety of dimension
6g—6. This action is faithful for g>3 (see [50, Theorem 9.15] and [1, Theorem 4.2]). For
g=2, the kernel of the action of Mod(2) on the character variety is the order-2 subgroup
generated by the hyperelliptic involution. From [1, Theorem 4.3], or [31, Theorem 6.8],
Mod(g) is virtually torsion-free. Consequently, Mod(2) contains a finite-index torsion-free
subgroup; this subgroup acts faithfully on the character variety.

We now fix a finite-index subgroup I of Mod(g), and we assume that I" acts faithfully
on a complex quasi-projective variety X of dimension d (note that X is not assumed to
be irreducible). Our goal is to obtain the lower bound d>2g—1. We identify I' with its
image in Aut(X). Since Mod(g) is virtually torsion-free, there is a finite-index, torsion-
free subgroup in I'; we now replace I' by such a group.

The group I' permutes the irreducible components of X; let IV be the kernel of this
action by permutations. Denote by X; the irreducible components of X, and by I'} the
kernel of the action of I'" on X;. The intersection of the I'} is trivial. AsI"is torsion-free,
either I'; is trivial, or I'; is infinite. Since the intersection of two infinite normal subgroups
of Mod(g) is infinite (Remark 6.4), at least one of the I'} is trivial, and the action of I
on X; is faithful. We replace I by its finite-index subgroup I'” and the variety X by such
a component X;. Thus, in what follows, I'" acts faithfully on the irreducible variety X.

We need to show that d=dim(X)>2g—1. Apply Proposition 3.2 to obtain a prime
number p>3 and a good model of the pair (X,I") over Z,. Then, apply Proposition 3.3.
We obtain a finite extension K of Q,, an analytic polydisk / C X (K ), and a finite-index
subgroup I of T' that preserves U: The action of I on U is given by an embedding
I into Diff*"(Uf)q, the group of Tate analytic diffecomorphisms which are equal to Id
modulo p (see §2.3.2). Again, we replace I' by this finite-index subgroup I'”. Then, the

conclusion is a consequence of the following lemma. O
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LEMMA 6.5. Let p be an odd prime and K be a finite extension of Q. If a finite-
index subgroup T' of Mod(g) embeds in Diff** (U)1, where U~O% is an analytic polydisk
of dimension d, then d>2g—1.

Proof. Elements of I' give Tate analytic diffeomorphisms of ¢ which are equal to the
identity modulo p. Since p>3, we can apply the Bell-Poonen theorem to every element
of ' (take c=1 in Theorem 2.4). In particular, each element y€I' determines a Tate
analytic vector field X, on U; and, if v and 7’ commute, then so do the corresponding
vector fields (Corollary 2.8).

Denote by T, and Tg,, i=1,...,g, the Dehn twists along the simple closed loops
which are depicted in Figure 1. There exists an integer m>1 such that the twists 77
and 77" are all in I'. Observe that the g twists 7,7 commute. For z €U, denote by s(x)
the dimension of the K-vector space spanned by the tangent vectors Xrm (), 1<i<y;
let s be the maximum of s(z), for = in U. I

There exists a smaller polydisk VCU and a subset S of {1,...,¢} such that |S|=s
and the X7m (z), j€5, are linearly independent at every point x of V. Denote by X;
the vector ﬁejld Xrm for jin S. Each X7m, 1<i<g, can be written in a unique way as
a sum ' '

X = F X (6.1)
JjES
where the Fj ;’s are analytic functions on V. Since [XT;?,XTQE_]Zo for every pair of
indices [€{1,...,g} and j€S, we obtain

XiFij=0 (6.2)

for all ie{1,...,g} and j, k€S.

Suppose that S#{1, ..., g}, and pick an index r in {1, ..., g} \\S. Observe that T3 does
not commute with 7" but commutes with the other T})'; hence [XTE: , X;]=0 for every
j€S. Assume by contradiction that, for every x in V, XT[??- (x) is a linear combination of
the X;(z), j€S, and write Xgm =3¢
U. The commutation rules imply X;G;=0 for all indices i and j in S; thus, equations (6.1)
and (6.2) lead to

* XppG;=0 for all indices le{1,...g};

° [XT(;nTaXTg’;]:O-

Thus, by Corollary 2.8, Té’: commutes with T, a contradiction. This means that
there exists a smaller polydisk WCVCU on which the vector fields {X7m }U{X;:j€5}

are everywhere linearly independent. Now, we add r to S and set Xr::XTén.

G;X;, where the G;’s are analytic functions on

Use that the T3 commute, and commute with the ng; for i#j, and repeat this
argument to end up with a set X;, i€ S={1,...,g}, of vector fields which are linearly
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independent on a smaller polydisk; these vector fields correspond to elements of type ng
or Tg", for a disjoint set of curves a; and ;; we denote by A this set of curves. Each
index s€S={1, ..., g} corresponds to a unique curve a; or S5 in A; the vector field X is
determined by T3 or Tjg".

In what follows, we fix an element ® of the mapping class group which maps this
non-separating set of disjoint curves A to ai, @, ...,y. Then, denote by 7/ and ¢/ the
images of the curves 7; and §;, respectively, by ®~! (see Figure 1); these curves are
disjoint from the g curves of A.

Consider the curves 4] and §7, and fix an integer m>0 such that the Dehn twists
T ]{? and Tg?f generate a free subgroup of I' (see [31, Theorem 3.14]). These twists com-
mute with the 7" for all curves v€A. If, on some polydisk PCU, the vector fields Y,
and Z; corresponding to T;? and Tg?, respectively, are combinations Y= y H;X; and
Zl:Zj HJ’»XZ—, then T;’f and qu,f commute on that polydisk, and then they commute
everywhere, a contradiction. Thus, one can add a vector field Y; (or Z;) to our list of
generically independent vector fields. Playing the same game with the curves v, and 0},
for 2<k<g—1, we end up with 2g—1 vectors fields, and deduce that dim(Uf) >2¢g—1. O

The group Out(Fa,45—1) contains a copy of Mod(n, s), the mapping class group of

the surface of genus n with s>1 punctures. The proof of Theorem D also shows that
2n—1<ma(Mod(n, 1)) < ma(Out(Fs,))
(with s=1) and that
2n—1< ma(Mod(n,2)) < ma(Out(Fa,41))

(with s=2). Thus, we obtain m—2<ma(Out(F,,)) for all m>2.

6.2. Nilpotent groups

Let H be a group. Define H(l):[H, H], the derived subgroup of H, generated by all
commutators aba~'b~! with a and b in H, and then inductively H" =[H "~ gr-1D],
The first integer r>1 such that H() is trivial is called the derived length of H; such
an r exists if and only if H is solvable. This integer is denoted by dI(H), and a similar

notation is used for Lie algebras. Then, define the virtual derived length of H by
vdl(H) =min{dI(H"): H' is a finite-index subgroup of H }.

THEOREM 6.6. Let H be a finitely generated nilpotent group. If H acts faithfully

by automorphisms on an irreducible complex quasi-projective variety X, then we have
vdl(H)<dim(X). Thus, ma(H)>vdl(H).
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Let us sketch the proof. Let d be the dimension of X. Apply Propositions 3.2
and 3.3: there is a finite-index subgroup Hy of H and a polydisk U~Z,*C X (Z,) such
that the action of Hy on X(Z,) preserves the polydisk & and determines an embedding
of Hy in Diff® (U);. Consider the Lie algebra h which is generated by the vector fields
Xy, for fin HoCDiff*"(U);. Corollary 2.8 shows that the derived length of b is equal to
the derived length of Hy. To conclude, apply the following lemma, the proof of which is
the same as in [15, Proposition 3.9], or [29, Theorem 1.1].

LEMMA 6.7. Let b be a nilpotent Lie algebra of Tate analytic vector fields on a
polydisk U. Then, di(h) <dim(U).

7. Periodic orbits and invariant polydisks

Our goal is to produce invariant p-adic polydisks for some groups of birational transfor-
mations of a projective variety defined over a finite extension K of Q,. This is closely
related to the existence of “good” periodic orbits for groups of birational transformations

defined over finite fields; in a first time, we focus on the construction of such orbits.

7.1. Property (7°°) and linear isoperimetric inequalities
In this section, we introduce property (7°°), which may be viewed as a weak form of
Kazhdan property (T) (see [40]), and we relate this property to linear isoperimetric in-
equalities. Then, we prove that property (7°°) is equivalent to property (FM), introduced
in [35] and [22].

In what follows, I will be a group with a finite symmetric set of generators S (the
symmetry means that s€S if and only if s71€S). If h is an element of T, |h|s denotes
the length of h with respect to S; by definition, |h|g is the minimum of the integers m >0

such that h is a product of m elements of S.

7.1.1. Quotients and Schreier graphs

Given a subgroup R of I', consider the quotient space I'/R. The group I' acts on I'/R
by left translations: given h in I', we denote by Lj the translation gR—hgR. Denote
by ¢2(T'/R) the space of £>-functions on I'/R, i.e. functions ¢:I'/R—C which are square
integrable:

H‘PH%(F/R) = Z |p(w)[* < oo
w€el'/R
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The action of " on T'/R by left translations determines a unitary representation g»—)LZ,l
of T on /2(T'/R), where L ypi=poLg-1.

The Schreier graph Gg is defined as follows: The set of vertices of Gr is G%=I"/R;
two vertices g1 R and goRET'/R are joined by an edge if and only if there exists s€S
satisfying go R=sg1 R. When R={e}, Gg is the Cayley graph G:=Gy.y of I'. Those graphs
depend on the choice of the generating set S.

Remark 7.1. If the distance between gR and ¢’ R in the graph G is §, then
dist(Ln(gR), Lr(g'R))

is at most d+2|h|s. When R is a normal subgroup of T', then I" also acts on the right,
gR—gRh=ghR, and this right action is by isometries.

Let Q be a finite subset of I'/R. Denote by xq:I'/R—{0,1} the characteristic
function of €2, i.e. xo(z)=1 if and only if x€. Since  is finite, yq is square integrable.
An element x€( is in the boundary 0N of Q if and only if there exists an element y of
(T'/R)\ 2 which is connected to z by an edge of Ggr; in other words, z€9 if and only if
x€Q) and there exists s€.S such that Ls(z)¢€, that is, if and only if xq(z)=1 and there
exists s€S such that (L¥yq)(z)=0. Thus, we have

Ixe—Li(xo)ll@/m= D (xa(z)—xa(Ls))* < > 12,
z€T/R z€lU,cg QA1)
and hence
Ixa—=Li(xo) |7 ry < 215]109). (7.1)
The Cheeger constant of the Schreier graph Gg is the infimum
h(GRr) = igf ﬁ?l,

where € describes the non-empty finite subsets of I'/ R with [Q2|<1|T'/R| (this constraint
is void when T'/R is infinite).

7.1.2. Uniform, linear isoperimetric inequalities and property (7°°)

Let T" be a group with a finite, symmetric set of generators S. The group I" has property
(7°°) if there exists a constant e=¢(I", S)>0 such that, for every subgroup RCI' of
infinite index and every function £€¢?(I'/R), there exists an element s€S such that
lE—LEE||=el|€||. Property (7°°) does not depend on S, even if the constant £ does (this
follows from Proposition 7.3 below); thus, we refer to property (7°°) as a property of the

(finitely generated) group I', and not of the pair (T, 5).
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PROPOSITION 7.2. Let T be a group with a finite, symmetric set of generators S.
Then, T' has property (7°°) if and only if there is a positive constant ho, such that
h(GR)=2hoo>0 for every subgroup R of T of infinite index.

In fact, h(Gr)=€?/2|S| if ' satisfies property (7°°) with constant ¢ for S.

Proof. Assume that I'/R is infinite. Consider the unitary action of " on ¢2(T'/R)
by left translations. For every finite set QCI'/R, the characteristic function xq is an

element of ¢%(I'/R) and property (7°°) implies the existence of an element s€ S such that

Ixe—Lixellew, ry = cllxaller, r =2

From inequality (7.1), we deduce that (2|S]]09|)*/2>¢|Q|'/2. Hence, h(Gr)>heo for
hoo=¢%/2|5|.

The other implication may be obtained as in Hulanicki’s characterization of amenabil-
ity (see [49, Theorems 3.1.5 and 4.3.2]). We do not prove it because it is not used in this

article. 0

7.1.3. Other classical properties and examples
We now compare property (7°°) to other classical properties.

e A group I has property (7) if there exists a constant ¢ >0 such that, for every finite-
index normal subgroup RCT', and for every function &: I'/ R— C which is £2-orthogonal to
the constant functions, there exists a generator s€ S such that || —L%¢|| >¢|€]| (see [49]).
In [5], Bekka and Olivier study property (Ty»), for p#£2, and show that this property is
equivalent to the conjunction of properties (7) and (7°°). In particular, property (Ty»)

implies property (7°°).

e In [22], Cornulier introduces property (FM). Let us describe this property in the
case of a discrete group I'. A discrete I'-set is, by definition, an action of I' on a discrete
set X. A mean on X (or more precisely on £>°(X)), is a linear functional m: {*(X)—R
that satisfies m(1)=1 and m(&)>0 for every bounded function £&: X —R,. A mean is
[-invariant if its values on & and £oy~! are equal for all £€¢°°(X) and y€T. One says
that I" has property (FM) if every discrete I'-set with a I'-invariant mean contains a finite

T-orbit. From [22], we get the following result.
PROPOSITION 7.3. Discrete groups with property (FM) are finitely generated. Prop-
erty (FM) is equivalent to property (7°°).

Thus, we could have started with property (FM), without assuming I' to be finitely
generated, and then deduce property (7°°), which is really the definition that we use in

the sequel.
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Proof. The first assertion is contained in [22, Proposition 5.6]. [22, Remark 5.16]
shows that property (FM) implies property (7°°). The argument is the following. Assume
that there is a sequence of infinite quotient spaces Y,,=I'/R,, and functions &, €¢*(Y;,)
of norm 1 such that ||, — L*&,||<1/n. Consider the discrete I'-set X which is obtained
as the disjoint union of the Y,,, and extend each &, as a function on X by &,(y)=0 if
y€X\Y,,. The linear maps m,(§)=>"_ &, (x)*¢(x) define a sequence of means on X. By
compactness of the set of means, a subsequence {m,, }; converges towards a mean Mmeq.;
by construction, me is I'-invariant. But X does not contain any finite orbit. Thus, (FM)
implies (7°°).

In the opposite direction, assume that I' has property (7°°) but does not have
property (FM). Then, there exists a discrete I-set X, which is a disjoint union of infinite
orbits Y;=I"/R; and which supports an invariant mean m. The existence of m implies
that ¢2(X) contains a sequence of almost invariant vectors &, (see [22, Lemma 5.9] and
[4, Appendix G.3]): &, has norm 1 and ||§, — L&, ||<1/n for all s in the generating set S.
To obtain a contradiction, decompose &, as an orthogonal sum &,=), &, ;, where each
&n.,i 1s the restriction of &, to the orbit Y;. Since I'/R; is infinite, there exists a generator
Sp,i such that ”5”71'_[’:71,7:5%1'”2252 (with e the constant provided by property (7°°)).
Hence, there is a generator s, such that ||, — L} &,[|*=€?/|S|. We get a contradiction
when n?>|S|/e2. O

e A discrete group I' has Kazhdan property (T) if every action of I' on a Hilbert
space H by affine isometries has a fixed point (see [40, Chapters 1 and 4]). Such a
group is automatically finitely generated and, given a finite system of generators, the
following equivalent definition of Kazhdan property (T) will be more useful to us. A
finitely generated group I' has Kazhdan property (T) if, for any finite symmetric set
of generators S, there exists an €>0, with the following property: given any unitary
representation ¢ of I' on a Hilbert space H, either there exists veH\{0} such that
o(T)-v=w, or, for every v€H, there exists s€S such that

l[o—e(s)-vll = ellv]|.

Such a positive number ¢ is called a Kazhdan constant for the pair (T, S). Thus, property
(7°°) turns out to be a weak form of property (T), in which one only considers the
unitary representations ¢2(Y'), where Y is a set on which I' acts transitively. We obtain

the following result.

PROPOSITION 7.4. If T' satisfies Kazhdan property (T) with constant € for the gener-
ating set S, then it satisfies the uniform linear isoperimetric inequality |09 > (€2 /2|S])|Q|
in all its infinite quotients I'/R.
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Ezxample 7.5. Let T' be a non-amenable group with no infinite proper subgroup.
Then T" has property (7°°) (see [5, Proposition 15 and Example 17], or [35, §4.C]). Let T
be an irreducible lattice in SO(n, 2) xSO(n+1,1), for some n>3. Then I" does not have
property (T), but has property (7°°) (see [5, Example 14] and [22, Example 1.14] for a

related construction).

7.2. Finite orbits and finite-index subgroups

Let X be an absolutely irreducible projective variety of dimension d defined over a finite
field F. Let I" be a group with a finite symmetric set of generators S. Assume that the
group I' embeds into the group Bir(Xg) and identify I" with its image in Bir(Xg).

7.2.1. The escaping set E

Let U be a Zariski open subset of X defined over F such that, for every s€S, the map
s|y:U—X is a morphism and an open immersion. Such a set exists because S is finite:
for U, take the complement of all the proper subsets By, for s in S, where B, is defined
as in §3.1.2.

Remark 7.6. One may want to shrink U in certain situations. For instance, given an
element f of the group I', with f#Id, one may remove the set of fixed points of f from
X, and take UC X \{xz: f(z)=x}. Or one can remove the singular locus of X from U.

By construction, the codimension of the Zariski closed set X \U is at least 1. Let

ECU be the subset of points that may escape U when one applies one of the generators:

E:=|]Js(X\U),

seS

where s71(X\U) is the total transform of the Zariski closed set X \U. This escaping set
FE is a proper, Zariski-closed subset of U.

7.2.2. Lang—WEeil estimates (see [46])

By Lang—Weil estimates, there exists a positive constant ¢y such that, given any finite

field extension F' of F, the number of points in U(F') satisfies
[F'|—cy |12 < U (F)| < [F'| -y [F]4712, (7.2)

where d=dim U=dim X (the constant ¢y does not depend on F’).
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Similarly,
|E(F)| < b B[ e [F|22/2, (73)

where bg is the number of absolutely irreducible (d—1)-dimensional components of E;

the constants bg and cg depend on E but not on F’.

7.2.3. Regular stabilizers

Fix a finite extension F” of the field F. Given a point x€U (F’), one associates a subgroup
R, of I' which will be called the regular stabilizer of x. To define it, we proceed as follows.
Let (e, g1,...,g;) be a path in the Cayley graph G, and denote by s;11 the element of S
such that g;11=s;11¢;, 1<i<l—1. The path (e, g1, ..., g;) is a regular path if

(i) sy is well defined at xg:=z and maps zy to a point 1 €U,

(ii) for all i<l—1, s;41 maps x; to a point ;41 €U (since x; is in U, s;41 is well
defined at z;).

Thus, the notion of regular path depends on the starting point x. By definition,
the regular orbit of x is the set of all points g;(x) for all regular paths (e, g1, ...,g;). The
regular orbit of z may intersect the escaping set E; when it does, we simply do not apply

an element of S that would make it leave U.

Definition 7.7. An element g€l is a regular stabilizer of x€U(F') if there exists a
regular path (e, g1, ..., g;) in G such that (i) g;=g and (ii) g;(z)=2. The set of all regular

stabilizers is the regular stabilizer of x, and is denoted by R,.
LEMMA 7.8. The regular stabilizer R, is a subgroup of T'.

Proof. Given g and h in R,, and regular paths (e, g1,...,q;) and (e, hy,..., ) in
I' satisfying properties (i) and (ii) of Definition 7.7 for g and h, respectively, one can
define a new regular path (e, hy,..., hy, g1hy, ..., gihy) which fixes x; thus, goh is an
element of R,. Similarly, write g;11=8;119i, $i+1€S, o=z, and z;4+1=s;11(x;) for
0<i<l—1. By construction of U and symmetry of S, s;41 is a regular automorphism
from a neighborhood of z; to a neighborhood of z;;; hence, s Jrll is well defined at z; 1.
One can therefore reverse the regular path and get a path (e, sl_l, 31_711 osl_l, ..., g~ 1) which
starts at 2; and ends at zg. In our case, z;=r=x(, and we conclude that g~! is an element

of R,. O

This proof shows that we can concatenate and reverse regular paths. The evaluation

map ev, takes a regular path (e, g1, ..., g;) and gives a point

evz(e7glv '~~7gl) :gl(x)
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We shall say that an element g€l is very well defined at €U (F”) if there is a regular
path from e to g;=g. For such an element, the image ev,(e, g1, ..., 91)=gi(x)=g(z) does
not depend on the choice of the regular path joining e to g. As a consequence, the
evaluation map is defined on the set of elements of I" which are very well defined at x,
and maps it into the set U(F’). The preimage of x is the regular stabilizer. The image

is the regular orbit of .

7.2.4. The subsets Q,CT'/R,

Fix a point z€U(F’). Given an element g€I'" which is very well defined at x, one gets
a point g(x)€U, as well as a vertex [g]:=gR, in the graph of cosets Gr, for the regular
stabilizer R, of x. We define Q,CI'/R, to be the set of all such vertices [g]. The
evaluation map determines a map ev,: Q, —U(F’) (we make use of the same notation

for simplicity).

PROPOSITION 7.9. Let ¥’ be a finite extension of F. Let x be a point of U(F’).
The subset Q. CT /R, satisfies the following properties:

(1) Qg contains [e];

(2) Q. is connected: for every [g|€SY, there is a path in Gr,, corresponding to a
regular path (e, gi,...,g1) in T, which connects [e] to [g] in Qy;

(3) the evaluation map ev,:[g]—g(x) is well defined (because R, stabilizes x) and
is an injective map ev,:Q, —U(F'), the image of which is the regular orbit of x;

(4) Q. is a finite set, with |Q,|<|U(F')|.

Proof. All we have to prove is that ev, is injective. If g(x)=h(z) with two regular
paths (e, g1, ..., qi=g) and (e, hy, ..., hyy =h), one can reverse the path from e to hy=h and
get a regular path that maps  to h='og(x)=ux; this means that h=leg€R,. O

Thus, one gets a parametrization of the regular orbit of x€U(F’) by the set £,.
An element [g]€£2, is a boundary point of €2, in the graph Gg, if and only if there is a
generator s€.5 such that [sg]€(),; this means that s is not a regular automorphism from
a neighborhood of g(z) to its image s(x): g(x) escapes from U when one applies s, and

therefore g(x)€ E(F’). Since the evaluation map is injective, one gets
09| = |eva (092)| = | Ex(F)],

where E,(F’) is the subset of E(F’) which is equal to ev,(99,).
Since regular orbits are disjoint, the sets E;(F’) and E,(F') are disjoint as soon as

z and y are not in the same regular orbit. Being finite, U (F”) is a union of finitely many
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disjoint regular orbits. Fixing a set {x1, ..., 2, } of representatives of these regular orbits,

we obtain

U(F') = |_| eva, (Qz,).

Let us now assume that I" has property (7°°); thus, by Proposition 7.2, T satisfies a
uniform linear isoperimetric inequality

62

>
091> 5o

]

in all its infinite Schreier graphs Gr. Suppose that R, has infinite index in T" for every
x€U(F’). Then,

m

U(F')|= Z leva, ()| = Z €2,
i=1 i=1

2|9 2|9 2|5
<> oo, =3 2k, o) < 2 jme)

2
9
i=1 i=1

Then, the Lang—Weil estimates stated in equations (7.2) and (7.3) imply that

2
|F/‘d<CU|F/‘d71/2+ lf‘ (bE|F/|d71+CE‘F/|d73/2).
Thus, if the degree of the extension is large enough (e.g. if |[F'|Y/2>cy42|S|(bp+cr)/e%),

one gets a contradiction. This provides a proof of the following theorem.

THEOREM 7.10. Let X be an absolutely irreducible projective variety defined over
a finite field F. Let T be a subgroup of Bir(Xg) with property (7°°) and S be a finite
symmetric set of generators of I'. Let U be a non-trivial, Zariski open subset of X
such that, for every s€S, the map s|y:U—X is an open immersion. If ¥ is a finite
extension of F and |F'| is large enough, there exists a point x in U(F') such that the

reqular stabilizer R, of x is a finite-index subgroup of T.

7.2.5. Abelian groups

Let a>1 be a real number. Say that a graph G satisfies an isoperimetric inequality of

type « if there is a constant ¢>0 such that
|092|* = || (7.4)

for every finite subset Q of G. Let d>2 be an integer. The Cayley graph of the group

Z? satisfies an isoperimetric inequality of type d/(d—1) for any finite symmetric set of
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generators; the isoperimetric inequality satisfied in Proposition 7.2 is of linear type (i.e.
a=1). If G satisfies an isoperimetric inequality of type «a, for some constant ¢>0, it
satisfies the isoperimetric inequality of type § for every 8>« with the same constant c.

Given a group I', with a finite symmetric set of generators S, denote by B(r) the ball
of radius r in the Cayley graph G=G(T",S). The number of vertices in B(r) is denoted
by |B(7)|. Then, define the function ®g by

Dg(t) =min{r:¢<|B(r)|}

(as in [24, §1, p.295]). For instance, if " is a free abelian group of rank d, and S is any
finite symmetric set of generators, one can find a subset S’ of S such that S’ forms a
basis of the vector space '@z Q. The set S’ has d elements; thus, the ball of radius r in
G(T, S) contains at least (1+2r)? elements. This implies that ®g(t)<t'/¢. Coulhon and
Saloff-Coste proved in [24] that

|09 1

Q] 7 8|S|@s(2|02)

for every non-empty finite subset of a group I'. We shall use this inequality to give a short
proof of the following lemma, which provides a uniform constant cg for the isoperimetric

inequality in quotients of abelian groups.

LEMMA 7.11. Let A be a free abelian group of rank k>1, and let S be a finite sym-
metric set of generators of A. Fix an integer 1<k; set q=k—1 and cg=(16|S])~(@=1/q,
Then, given any subgroup R of A of rank at most I, and any finite subset Q of the Cayley
graph G(A/R,S), we have

18Q| 7971 > ¢

Proof. The group R is contained in a subgroup T of A such that A/T is a free
abelian group of rank at least ¢. In the group A/T, with the set of generators given by
the projection of S, the function ®g satisfies ®g(t)<t'/9. The projection A/R—A/T
maps the ball of radius 7 in the Cayley graph G(A/R, S) onto the ball of the same radius
in G(A/T,S). Thus, the function @5 for A/R satisfies the same inequality ®g(t)<t!/9.
This implies that

09] > (8)5)) "2~ /ajg|a-1/s,

and the result follows. O

THEOREM 7.12. Let X be a projective variety, defined over a finite field ¥, and let
d be its dimension. Let A be a free abelian group of rank k<oo, acting by birational
transformations on X (defined over F). Then, there exist a finite extension F' of F, a
point z in X(F'), and a subgroup R of A such that the rank of R is >k—d and every
element of R is defined at the point x and fixes it.
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Proof. Changing F in a finite extension, X in one of its irreducible components, and
A in a finite-index subgroup, we may assume that X is absolutely irreducible. Fix an
algebraic closure F of F. We may assume that d is positive, since otherwise X is just
one point. We fix a system of generators for A and an open subset U of X such that,
on U, every generator restricts to an open immersion s|y: U—X (see §7.2.1). Assume by
contradiction that the regular stabilizer R, of every point of X (F) has rank at most I,
with [<k—d. Denote by « the ratio ¢/(¢—1) with g=k—1>d; we have 1<a<d/(d—1).
Let F’ be a finite extension of F and {z;}; be a set of representatives of the regular orbits

of U(F'). From assertion (3) of Proposition 7.9, we obtain
‘69361‘ = |evwi (89%)' = |E$1 (Fl)|7

and Lemma 7.11 provides a constant ¢>0 such that

U] =3 9] < e 3 00 = 15 (B <o 3 B

From Lang—Weil estimates, one derives
|Fl‘d <CU|FI‘d_1/2+CSt(bE‘F/|d_1+CE|F/|d_3/2)a-

This provides a contradiction if |F'| is large, because (d—1)a<d. O

7.3. Invariant polydisks for groups with property (7°°)

Let Xq, be an absolutely irreducible projective variety. Assume that X is defined over
Z,, that T' is a finitely generated subgroup of Bir(Xz,) with a finite symmetric set of
generators S, and that (Xz,,I") is a good model over Z,,.

THEOREM 7.13. Assume that I' has property (7°°). There ezist a finite extension K
of Qp, a finite-index subgroup I'g of I', and a Tate analytic diffeomorphism ¢ from the
unit polydisk U=(Ox)?CK? to an open subset V of X(K) such that V is To-invariant
and the action of Ty on V is conjugate, via ¢, to a subgroup of Diff*™(U). Moreover,
one can choose this polydisk in the complement of any given proper Zariski closed subset

of the generic fiber.
The following proof constructs I'g as a regular stabilizer R,.

Proof. Given g€Bir(Xz,), recall that Bz, , denotes the complement of the points
of Xz, around which g is an open immersion (see §3.1.2). Since (Xz, ,I') is a good

model over Z,, the singular locus of the scheme Xz and the sets Bz, 4, for g in S, have
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codimension >1 in Xz, and in the special fiber too (see (ii) and (iii) in §3.1.2). Denote

by Sing(Xz,) the singular locus of Xz, and set

Uz, =Xz, \ (Sing(sz)U < U BZM>> .

ses

Let Xg, be the special fiber. By assumption, Uz, NXF, is a non-empty Zariski open
subset of Xy ; let U be any open subset of Uz NXp, (for instance, take for U the
complement of a given divisor). Observe that, for any s€S, the map 3|Uz,, Uz, — Xz, is
an open immersion; hence, s|y: U — Xy, is also an open immersion.

By Theorem 7.10, there exist a finite field extension F’ of F;, and a point z€U (F)
such that the regular stabilizer R, of z is a finite-index subgroup of I'. Let K be a finite
extension of Q, whose residue field is F’.

Every element g of R, is a regular morphism on a neighborhood of = and fixes z.
Denote by W the set of K-points y in X whose specialization in the special fiber Xg/
coincides with z. By Proposition 3.4, one can find an analytic diffeomorphism ¢ from
the unit polydisk U =(Ox)?CK? to an open subset VCW such that V is R,-invariant
and the action of R, on V is conjugate, via ¢, to a subgroup of Diff*" (/). O

Similarly, Theorem 7.12 provides invariant polydisks for subgroups of rank [>k—

dim(X) when I' is a free abelian group of rank k.

7.4. Groups of birational transformations and finite-index subgroups
7.4.1. Groups of birational transformations

A group T is linear over the field k if T is isomorphic to a subgroup of GL, (k) for some
n>1 (see [39]). Similarly, a group I is a group of birational transformations over the field

k if T is isomorphic to a subgroup of Bir(Xy) for some algebraic variety defined over k.

Ezample 7.14. Linear groups over k are groups of birational transformations over k.
Every finite group is a group of automorphisms of some complex irreducible curve (see
[36, Theorem 6']). The modular group Mod(g) of a closed, orientable surface of genus
¢g>3 and the group Out(FF,) are groups of birational transformations in dimension <6g
over C, but Out(F,) is not a linear group if g>4 (see §6 and [50], [33]).

7.4.2. Malcev and Selberg properties

In characteristic zero, linear groups satisfy Malcev and Selberg properties: every finitely

generated linear group is residually finite and contains a torsion-free, finite-index sub-
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group. One does not know whether groups of birational transformations share the same

properties (see [14] and [21]). The following result implies Theorem C of the introduction.

THEOREM 7.15. Let T' be a discrete group with property (7°°). If T is a group of
birational transformations over a field k of characteristic zero, then T' is residually finite

and contains a torsion-free, finite-index subgroup.

Proof. Since T' has property (7°°), it is finitely generated (see §7.1 and Proposi-
tion 7.3); fix a finite symmetric set of generators S for I'; and an embedding of I" in
the group of birational transformations of a smooth projective variety X (over an alge-
braically closed field k of characteristic zero). Pick an element f in I'\{Id} and denote
by Fix(f) the proper Zariski closed set of fixed points of f; more precisely, Fix(f)C X is
defined as the Zariski closure of the subset of the domain of definition of f defined by
the equation f(z)=z. By Proposition 3.2, one can find a prime number p>3, and a good
model I'CBir(Xz,) for (X,T'), such that the special fiber X, of Xz, is not contained
in Fix(f).

Choose a Zariski open subset U of Xy, which is contained in the complement of
Fix(f) and of the sets Bz, for s€.S. We now apply Theorem 7.10. Since I" has property
(17°°), one can find an extension F’ of the residue field F,,, and a point 2 €U (F’), for which
the regular stabilizer R, has finite index in I'. By construction, R, does not contain f.
This shows that IT" is residually finite.

Let U be the polydisk (Og)¢. To prove the second assertion, keep the same nota-
tion and apply Theorem 7.13. This provides an R, -invariant subset V and an analytic
diffeomorphism ¢: U/ —V such that, after conjugacy by ¢, R, acts by Tate analytic dif-
feomorphisms on Y. Then, there exists a finite-index subgroup R/, of R, such that every
element g€ R/, corresponds to a power series

9(2) = Ao+ A1 (2)+ > Ax(2),

k>2

where each A; is homogeneous of degree i, Ag is zero modulo p? and A; is the identity
modulo p. After conjugation by z+pz, the Bell-Poonen theorem (Theorem 2.4) can be
applied to g. Thus, Corollary 2.5 shows that R/, is torsion-free. O

7.4.3. Central extensions and simple groups

Fix two positive integers ¢ and n, with ¢#1,2,4 and n>2. Consider the group Sp,,,(Z),

and the central extension

0—Z/qZ —T —Spy,(Z) — 1,
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which is obtained from the universal cover
0— Z/qZ — Sp,,,(R)/qZ — Sp,, (R) — 1

by taking the quotient with respect to the subgroup ¢Z of the center ZCS~an(R). Since
n>=2, Spy, (Z) has Kazhdan property (T) (see [40]). Since ¢ does not divide 4, the image
of 47 in the center Z/qZ of T is non-trivial and is contained in every finite-index subgroup

of T (see [25]); consequently, I does not contain any torsion-free finite-index subgroup.

COROLLARY 7.16. The group Sp,,,(Z) is a group of birational transformations over
the field Q but, if n>2, there is a finite cyclic central extension T' of Spy,,(Z) that does

not act faithfully by birational transformations in characteristic zero.

In particular, the property “I" is a group of birational transformations” is not stable
under finite central extensions. Similar examples can be derived from [53] and [56]. The
following corollary shows that the simple groups constructed in [30] and [20] do not act

non-trivially by birational transformations.

COROLLARY 7.17. If T is an infinite, simple, discrete group with property (7°°),

and X is a complex projective variety, every homomorphism T'—Bir(X) is trivial.

Proof. A non-trivial homomorphism I'—=Bir(X) is an embedding, as I is simple. If
such an embedding exists, I' contains non-trivial finite-index subgroups, contradicting
the simplicity of T'. O

8. Birational actions of lattices on quasi-projective varieties

In this section, we prove Theorem B, and a corollary which concerns birational actions

of the lattice SL,,(Z) and its finite-index subgroups.

8.1. Lattices in higher-rank Lie groups

Let SCGL,, be an algebraic subgroup of GL,, defined over the field of rational numbers
Q (see [9]). We make the following assumptions:

(i) S is almost R-simple (the Lie algebra gr of S(R) is simple);

(ii) as an algebraic group, S is connected and simply connected (equivalently, S(C)
is a simply connected manifold);

(iii) the real rank of S is greater than 1 (see §1.3);

(iv) the lattice I'=S(Z) of S(R) is not cocompact (i.e. rankg(S)>0).

We refer to [58], [54, §7.4], and [57] for a good introduction to the following result,

and for references to the literature and original contributions.
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THEOREM 8.1. Let S be an algebraic subgroup of GL,,,, defined over the field Q, with
the above four properties. Then S(Z) satisfies the strong approximation and congruence

subgroup properties.

This means that the closure of S(Z) has finite index in [[, S(Z,), and that every
finite-index subgroup of S(Z) contains a congruence subgroup { B€S(Z): B=I1d (modm)}
for some integer m. In other words, the profinite completion of S(Z) coincides with a
finite-index subgroup of [, S(Z,).

LEMMA 8.2. Let S be an algebraic subgroup of GL,, defined over Q, that satisfies
the above four properties. If T' is a finite-index subgroup of S(Z), then S(Z,) is a virtual
pro-p completion of T.

Proof. (See also §4.2.3.) According to [61] (Theorems 5 and 34, and the corollary
to Lemma 64) and to the above Theorem 8.1, there is a prime go such that S(F,) is a
perfect group and S(Z) is dense in S(Z,) for every prime ¢=qo.

Let I' be a finite-index subgroup of S(Z). Let m be a positive integer such that p

divides m, every prime g<qo divides m, and the congruence subgroup
Iy, :={Be€S(Z): B=Id(modm)}

is contained in I'. Let F be the set of prime divisors of m.

Denote by G the closure of Iy, in S(Zg); the profinite completion of I'y, is [[, Gq.
The first congruence subgroup of S(Z,) is an analytic pro-g group, thus, if g€ F'\{p},
G, is a pro-q group and every morphism to a p-group is trivial. Similarly, if ¢¢ F', every
morphism from G¢=5(Z,) to a p-group factors through the quotient S(F), and is trivial
because S(F,) is perfect. This shows that the pro-p completion of Iy, is G, and that
S(Z,) is a virtual pro-p completion of I". O

8.2. Minimal homogeneous spaces (see [65, p.187] and [63])

Given a simple complex Lie algebra s, one denotes by d(s) the minimal codimension of
its proper Lie subalgebras p<s. If S is a complex connected algebraic group with Lie
algebra equal to s, then §(s) is equal to the minimal dimension §(S) of a homogeneous
variety V=S/P with dim(V)>0. Such a maximal group P is the stabilizer of a point
meV; it is a parabolic subgroup of S (see [65, p.187]). If s (resp. S) is defined over a
subfield of C, we use the same notation §(s) (resp. §(S)) to denote J(sQC).

This dimension §(S) has been computed for all complex, simple and connected alge-
braic groups (see [63] for instance). The results are summarized in Table 1, from which

one sees that §(s)>rankc(s) with equality if and only if 5 is sls(s)41(C).



ALGEBRAIC ACTIONS AND p-ADIC ANALYSIS 287

dimension dimension
Lie algebra dimension of the minimal of the smallest
representation homogeneous space
sl,(C), k=2 k-1 k k-1
s0(C), k=7 1k(k-1) k k—2
s5po, (C), k=2 k(2k+1) 2k 2k—1
¢6(C) 78 27 14
e7(C) 133 56 27
es(C) 248 248 57
fa(C) 52 26 15
92(C) 14 7 5

Table 1. Minimal dimensions of faithful representations and minimal homogeneous spaces.

Remark 8.3. Here are a few comments on Table 1. The inequality d(s)>rankc(s)
may be obtained with the following argument. Choose a maximal torus 7" in S. Since S
is almost simple, T acts on V'=S/P with a finite kernel, and hence the isotropy group in
T of a general point of V is finite; thus, dim(V)>dim(T).

The algebra sl (C) has two representations of minimal dimension (the standard
representation on CF and its dual); likewise, SL;(C) has two minimal homogeneous
spaces. (The other simple complex Lie algebras have a unique minimal representation,
up to isomorphism).

The group SO5(C) is isogenous to Sp,(C) and acts on P? (the space of lines in the
smooth quadric QCP* is isomorphic to P3). Similarly, SOg(C) is isogenous to SL4(C)

and acts on P3 too.

8.3. Proof of Theorem B

Changing S into a finite cover, and I' into its pre-image under the covering homomor-
phism, we may assume that the semisimple algebraic group S is simply connected. Iden-
tify T" with its image in Bir(X), and choose a good p-adic model for (X,T'), as in Propo-
sition 3.2.

The group I' is a lattice in the higher rank, almost simple Lie group S(R). As such,
I' has Kazhdan property (T) (see [40, Chapters 2 and 3]); hence, it has property (7°°).
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According to Theorem 7.13, there is a finite-index subgroup I'y in T, a field extension K
of Q, and an analytic polydisk & C X (K) which is I'g-invariant, and on which I'y acts by

Tate analytic diffeomorphisms.

We also know from Lemma 8.2 that S(Z,) is a virtual pro-p completion of I'y. By
Theorem 2.11, there exists a finite-index subgroup I'y of I'g such that the analytic action
of I'; on the polydisk U extends to an analytic action of its closure G;=I";, an open
subgroup of the p-adic group S(Z,).

Let o be a point of U which is not fixed by G1; the stabilizer of o is a closed subgroup
P of Gy: its Lie algebra determines a subalgebra of s of codimension at most dim(X). If
dim(X)<4(S), then P is a finite-index subgroup of Gy, and the action of I'y on X factors
through a finite group. Thus,

dim(X) > 8(S) > rankg (S). (8.1)

If dim(X)=rankgr(S), then §(S)=rankr(S) and s=sl,, with n=dim(X)+1.

Remark 8.4. The inequality (8.1) is stronger than dim(X)>rankg(S). For instance,
if I' is a non-uniform lattice in Fy, then I'" does not act faithfully by birational transfor-

mations in dimension <14.

COROLLARY 8.5. Let I be a finite-index subgroup of SL,,(Z), with n=3. If T acts by
birational transformations on an irreducible complex projective variety X, then either the
image of T in Bir(X) is finite, or dim(X)>n—1. Moreover, if the image is infinite and
dim(X)=n—1, then X is rational, and the action of T' on X s birationally conjugate

to a linear projective action of T' on P71,

Proof. Let I';, be a principal congruence subgroup which is contained in I', with
m=0 (mod 3); then T, is torsion-free. The kernel of the action of I';,, on X is either
trivial, or a finite-index subgroup, because every infinite normal subgroup of I',, has
finite index. Thus, we may now assume that I',, acts faithfully on X by birational
transformations. Theorem B implies that dim(X)>n—1. In case of equality, there is a
good, p-adic model of (X,T') such that a finite-index subgroup of ' preserves a p-adic
polydisk and acts by analytic diffeomorphisms on it. Then, Theorem 5.1 shows that
there is a birational, I-equivariant mapping 7: X --+P"~!, where the action of I on P*~!

is by linear projective automorphisms. O
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9. Appendix
9.1. Proof of Proposition 3.2

As explained in §3.1, there exists a subring R of k, which is finitely generated over Z,
such that X and the birational transformations s€ S are defined over R. This means that
there exists a projective scheme Xz —Spec(R) such that X =Xpr Xgpec(r)Spec(k). Let
7: Xp—Spec(R) be such a model, with generic fiber X (K is the fraction field of R).

LEMMA 9.1. There exists a non-empty, affine, open subset U of Spec(R) such that
the following conditions are satisfied:

(i) U is of finite type over Spec(Z);

(ii) for every point yeU, the fiber X, is absolutely irreducible and

dlmK(y) Xy = dimK XK,

where K (y) is the residue field at y;
(iii) for every s€S and every yeU, the fiber X, is not contained in Bp s.

Proof. (See [7, Proposition 4.3].) To prove the lemma, we shall use the following
fact: For any integral affine scheme Spec(A) of finite type over Spec(Z) and any non-
empty open subset V] of Spec(A), there exists an affine open subset V5 of V; which is of
finite type over Spec(Z). Indeed, we may pick any non-zero element fe€I, where I is the
ideal of A that defines the closed subset Spec(A)\V and set U:=Spec(A4)\{f=0}. Then
U=Spec(A[1/f]) is of finite type over Spec(Z).

Since X is absolutely irreducible, [37, Proposition 9.7.8] gives an affine open subset
V of Spec(R) such that X, is absolutely irreducible for every yeV. We may suppose
that V' is of finite type over Spec(Z). By generic flatness (see [37, Theorem 6.9.1]), we
may change V in a smaller subset and suppose that the restriction of 7 to 7#=*(V) is flat.
Then, the fiber X, is absolutely irreducible and of dimension dim K(y) Xy=dimg Xk for
every point yeV.

For s€S, denote by By s the complement of the points in X around which s is an
open immersion. Observe that By s is exactly the generic fiber of 7T|BR’S : Br,s—Spec(R).
By generic flatness, there exists a non-empty, affine, open subset U of V such that the
restriction of 7 to every irreducible component of (7|p, ) "' (Us) is flat. Let U be the
intersection of the open subsets Uy, for s in S; then, shrink U to suppose that U is of
finite type over Spec(Z). Since

dimK(y) (BR’SﬂXy) = dimK(BK’S) <dimg Xg = dlmK(y) Xy

for every s€S and yeU, the fiber X, is not contained in Bg . O
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By Lemma 9.1, we may replace Spec(R) by U and assume that

e for every yeSpec(R), the fiber X, is absolutely irreducible;

e for every s€S and yeSpec(R), the fiber X, is not contained in Bp ;.

Since R is integral and finitely generated over Z, by Lemma 3.1 there exist infinitely
many primes p>3 such that R can be embedded into Z,. This induces an embedding
Spec(Z,)—Spec(R). Set Xz, :=Xpr Xgpec(r)Spec(Zy). All fibers X, for ycSpec(R), are
absolutely irreducible and of dimension d; hence, the special fiber Xr, of Xz —Spec(Z,)
is absolutely irreducible and of dimension d=dim(X). Since Bz, sNX¥, C Br,sNXF, for
every s€S, the fiber Xg, is not contained in Bz, ;. Thus, Xz provides a good model
for (X,T).

9.2. From fixed points to invariant polydisks

We now prove Proposition 3.4; the notation is from §3.2.2. Since Xo,, is projective, there
exists an embedding v: XOK%]P’gK defined over O . On the projective space P (K),

there is a metric dist, defined by

max; |Tiy; —2;yilp
max; ;] ) (max; |y;|p)

dist,([zo:...:zn], [Yo i - i YN]) = (

for all points [zo:...:xn], [yo:....:yn]EPY(K). Via the embedding ¥|x (x): Xk (K)—P¥,
dist,, restricts to a metric dist,, ;, on X (K). This metric does not depend on the choice

of the embedding ; thus, we simply write dist, instead of dist,, y.

LEMMA 9.2. For w, z€ Xi (K), dist,(w, 2) <1 if and only if the reductions r(w) and

r(2) coincide.

Proof. Set ¥(w)=[x¢:...:xn] and ¥(z)=[yo:...:yn], where the coordinates z; and y;

are in Ok and satisfy max; |2;|,=max; |y;|,=1. Then,

Y(r(w))=I[To:...:Zn] and Y(r(z))=[Fo:...:TN],

where z; and g; denote the images of z; and y; in the residue field F=Ok/mg. By

definition,

dist,([zo:...:zn], [Yo - 1 yn]) :Ig?]x |3y — 2 i p-

If r(w)=r(z), we have Z;=g; for all indices i; thus,

lziy;—xyilp = (@i —vi)y; — (25— y5)yilp < 1
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and dist,(w, z)<1. Now, suppose that r(w)#r(z). Assume, first, that there exists an
index i, say i=0, with Z;7;7#0. Replacing each x; by ;/x¢ and each y; by y;/yo, we get
ro=yo=1. Since r(w)#r(z), there exists j>1 with z,;#y;. It follows that

dist,(w, 2) = |z;y0 —Toy;lp = [7;—y;lp = 1.

To conclude, suppose that z;;=0 for all i€{0, ..., N}. Pick two indices i and j such that
%;#0 and g, #0; thus, ;=0 and Z;=0, and dist,(w, 2) > |z;y; —z,;y:|[p=1. O
Recall that z is a smooth point in X (F) and V is the open subset of Xk (K') consisting

of points z€ Xk (K) satisfying r(z)=x. With suitable homogeneous coordinates, x is the

point [1:0:...:0]€PY. Then, the open set V is contained in the unit polydisk
B:={[l:z1:....25]: 2, €Ok for all i=1,..., N}.

Recall from §2.1.1 that a map ¢ from the unit polydisk =0% C K to B is analytic if
we can find elements ¢;, 1<i<N, of the Tate algebra Ok (x1,...,X4), such that

(X1, ey xg) =[1:01(21, 00y a) i oo i oN (T1, ooy g)]-

PRrROPOSITION 9.3. There exists a one-to-one analytic diffeomorphism ¢ from the
unit polydisk U=(0x)?C K to V.

Proof. Consider the affine chart AY —PJ  defined by z#0. Both x and B are
contained in AgK. Since Xo, is smooth at z, we know that there are polynomial
functions G;€O0k]z1, ..., zn], 1<j<N —d, such that

e X is locally defined by the equations Gy =...=G _4=0; in particular,

V=Xg(K)NB={z€B:G;(z)=0for all i=1,..., N—d};

e the rank of the matrix ((’Lj@,;(O)),;gN_d,jgN is N—d, where G;=G; modulo
mgOklz1, ..., 2N].

Permuting the coordinates z1, ..., 2y, we may suppose that the determinant of the
matrix (0., Gi(0))i j<n—a is different from zero in F. Denote by m: B—(Of)? the pro-
jection [1:21:...:z2x5]+> (21, ..., 24). By Hensel’s lemma, there exists a unique analytic dif-
feomorphism ¢: (O )?—V such that G;((z,¢(z)))=0 for all i<N —d. O

Let f be a birational map in Bir(Xo, ) such that ¢ Bo, ; and f(z)=x. Then,
f fixes the set V of points z€ X (K) such that r(z)=x, and the action of f on V is
conjugate, via o, to an analytic diffeomorphism on the polydisk /. This concludes the

proof of Proposition 3.4.



292

19]
[20]
21]
22]

[23]

S. CANTAT AND J. XIE

References

Bass, H. & LUBOTZKY, A., Automorphisms of groups and of schemes of finite type. Israel
J. Math., 44 (1983), 1-22.

Bass, H., MILNOR, J. & SERRE, J.P., Solution of the congruence subgroup problem for
SL,, (n>3) and Sp,,, (n>2). Inst. Hautes Etudes Sci. Publ. Math., 33 (1967), 59-137.

BEDFORD, E., LyuBicH, M. & SMILLIE, J., Polynomial diffeomorphisms of C2. IV. The
measure of maximal entropy and laminar currents. Invent. Math., 112 (1993), 77-125.

BEKKA, B., DE LA HARPE, P. & VALETTE, A., Kazhdan’s property (T). New Mathematical
Monographs, 11. Cambridge Univ. Press, Cambridge, 2008.

BEKKA, B. & OLIVIER, B., On groups with property (Te,). J. Funct. Anal., 267 (2014),
643-659.

BELL, J.P., A generalised Skolem—Mahler—Lech theorem for affine varieties. J. London
Math. Soc., 73 (2006), 367-379.

BeLL, J.P., GHioCcA, D. & TUCKER, T.J., The dynamical Mordell-Lang problem for
étale maps. Amer. J. Math., 132 (2010), 1655-1675.

BOREL, A., Introduction aux Groupes Arithmétiques. Publications de I'Institut de
Mathématique de ’Université de Strasbourg, XV. Actualités Scientifiques et Indus-
trielles, No. 1341. Hermann, Paris, 1969.

— Linear Algebraic Groups. Graduate Texts in Mathematics, 126. Springer, New York,
1991.

BourBAKI, N., Lie Groups and Lie Algebras. Chapters 1-3. Elements of Mathematics
(Berlin). Springer, Berlin—Heidelberg, 1998.

CANTAT, S., Version k#hlérienne d’une conjecture de Robert J. Zimmer. Ann. Sci. Ecole
Norm. Sup., 37 (2004), 759-768.

— Invariant hypersurfaces in holomorphic dynamics. Math. Res. Lett., 17 (2010), 833-841.

— Sur les groupes de transformations birationnelles des surfaces. Ann. of Math., 174
(2011), 299-340.

— The Cremona group in two variables. European Congress of Mathematics, VI (2012),
211-225.

— Morphisms between Cremona groups, and characterization of rational varieties. Com-
pos. Math., 150 (2014), 1107-1124.

CANTAT, S. & DOLGACHEV, 1., Rational surfaces with a large group of automorphisms. J.
Amer. Math. Soc., 25 (2012), 863-905.

CANTAT, S. & LAMY, S., Groupes d’automorphismes polynomiaux du plan. Geom. Dedi-
cata, 123 (2006), 201-221.

CANTAT, S. & XIE, J., Algebraic actions of discrete groups: the p-adic method (expanded
version). Preprint, 2018. Available at http://perso.univ-rennesl.fr/serge.cantat/
publications.html.

CANTAT, S. & ZEGHIB, A., Holomorphic actions, Kummer examples, and Zimmer program.
Ann. Sci. Ec. Norm. Supér., 45 (2012), 447-489.

CAPRACE, P. E. & REMY, B., Simplicity and superrigidity of twin building lattices. Invent.
Math., 176 (2009), 169-221.

CORNULIER, Y., Sofic profile and computability of Cremona groups. Michigan Math. J.,
62 (2013), 823-841.

— Irreducible lattices, invariant means, and commensurating actions. Math. Z., 279 (2015),
1-26.

Cossec, F.R. & DoLGAcHEV, 1. V., Enriques Surfaces. 1. Progress in Mathematics, 76.
Birkh&user, Boston, MA, 1989.


http://perso.univ-rennes1.fr/serge.cantat/publications.html
http://perso.univ-rennes1.fr/serge.cantat/publications.html

[24]
[25]
[26]
[27]

[28]

[29]
[30]
31]

[32]

[39]
[40]
[41]
[42]
[43]
[44]

[45]

ALGEBRAIC ACTIONS AND p-ADIC ANALYSIS 293

CoULHON, T. & SALOFF-COSTE, L., Isopérimétrie pour les groupes et les variétés. Rew.
Mat. Iberoamericana, 9 (1993), 293-314.

DELIGNE, P., Extensions centrales non résiduellement finies de groupes arithmétiques. C.
R. Acad. Sci. Paris Sér. A-B, 287 (1978), A203—A208.

DESERTI, J., Groupe de Cremona et dynamique complexe: une approche de la conjecture
de Zimmer. Int. Math. Res. Not., 2006 (2006), Art. ID 71701, 27 pp.

— Sur le groupe des automorphismes polynomiaux du plan affine. J. Algebra, 297 (2006),
584-599.

Dixon, J.D., bpu Sautoy, M.P.F., MANN, A. & SEGAL, D., Analytic Pro-p Groups.
Cambridge Studies in Advanced Mathematics, 61. Cambridge Univ. Press, Cambridge,
1999.

EpsTEIN, D. B. A. & THURSTON, W. P., Transformation groups and natural bundles. Proc.
London Math. Soc., 38 (1979), 219-236.

ERrsHOV, M., Golod-Shafarevich groups with property (T') and Kac-Moody groups. Duke
Math. J., 145 (2008), 309-339.

FARB, B. & MARGALIT, D., A Primer on Mapping Class Groups. Princeton Mathematical
Series, 49. Princeton Univ. Press, Princeton, NJ, 2012.

FISHER, D., Groups acting on manifolds: around the Zimmer program, in Geometry, Rigid-
ity, and Group Actions, Chicago Lectures in Math., pp. 72-157. Univ. Chicago Press,
Chicago, IL, 2011.

FOrRMANEK, E. & ProcEsI, C., The automorphism group of a free group is not linear. J.
Algebra, 149 (1992), 494-499.

FRIEDLAND, S. & MILNOR, J., Dynamical properties of plane polynomial automorphisms.
Ergodic Theory Dynam. Systems, 9 (1989), 67-99.

GLASNER, Y. & MonNoOD, N., Amenable actions, free products and a fixed point property.
Bull. Lond. Math. Soc., 39 (2007), 138-150.

GREENBERG, L., Maximal groups and signatures, in Discontinuous Groups and Riemann
Surfaces (Univ. Maryland, College Park, MD, 1973), Ann. of Math. Studies, 79, pp.
207-226. Princeton Univ. Press, Princeton, NJ, 1974.

GROTHENDIECK, A., Eléments de géométrie algébrique. IV. Etude locale des schémas et
des morphismes de schémas IV. Inst. Hautes Etudes Sci. Publ. Math., 32 (1967), 361.

GROTHENDIECK, A. & DIEUDONNE, J.A., Eléments de Géométrie Algébrique. 1.
Grundlehren der Mathematischen Wissenschaften, 166. Springer, Berlin—Heidelberg,
1971.

DE LA HARPE, P., Topics in Geometric Group Theory. Chicago Lectures in Mathematics.
Univ. of Chicago Press, Chicago, IL, 2000.

DE LA HARPE, P. & VALETTE, A., La propriété (T') de Kazhdan pour les groupes locale-
ment compacts. Astérisque, 175 (1989), 158 pp.

Hrusnovski, E.; The elementary theory of the Frobenius automorphism. Preprint, 2004.
arXiv:math/0406514 [math.L0].

IvaNov, N. V., Subgroups of Teichmiiller Modular Groups. Translations of Mathematical
Monographs, 115. Amer. Math. Soc., Providence, RI, 1992.

KNESER, M., Normalteiler ganzzahliger Spingruppen. J. Reine Angew. Math., 311/312
(1979), 191-214.

KoBLiTz, N., p-adic Numbers, p-adic Analysis, and Zeta-Functions. Graduate Texts in
Mathematics, 58. Springer-Verlag, New York, 1984.

KRAFT, H. & STAMPFLI, I., On automorphisms of the affine Cremona group. Ann. Inst.
Fourier (Grenoble), 63 (2013), 1137-1148.


http://arxiv.org/abs/math/0406514

294

[57]

[58]

[59]

[62]

[63]

[64]

[68]

S. CANTAT AND J. XIE

LANG, S. & WEIL, A., Number of points of varieties in finite fields. Amer. J. Math., 76
(1954), 819-827.

LAzArD, M., Groupes analytiques p-adiques. Inst. Hautes Etudes Sci. Publ. Math., (1965),
389-603.

LecH, C., A note on recurring series. Ark. Mat., 2 (1953), 417-421.

LuBoTZKY, A., Discrete Groups, Expanding Graphs and Invariant Measures. Progress in
Mathematics, 125. Birkh&duser, Basel, 1994.

MACBEATH, A. M. & SINGERMAN, D.; Spaces of subgroups and Teichmiiller space. Proc.
London Math. Soc., 31 (1975), 211-256.

MARGULIS, G. A., Discrete Subgroups of Semisimple Lie Groups. Ergebnisse der Mathe-
matik und ihrer Grenzgebiete, 17. Springer-Verlag, Berlin, 1991.

McCARTHY, J., Normalizers and centralizers of pseudo-Anosov mapping classes.
Preprint, 1982. Revised version, 1994. Available at http://users.math.msu.edu/
users/mccarthy/publications/normcent.pdf.

MiLLSON, J.J., Real vector bundles with discrete structure group. Topology, 18 (1979),
83-89.

Pratonov, V. & RAPINCHUK, A., Algebraic Groups and Number Theory. Pure and Ap-
plied Mathematics, 139. Academic Press, Boston, MA, 1994.

POONEN, B., p-adic interpolation of iterates. Bull. Lond. Math. Soc., 46 (2014), 525-527.

RAGHUNATHAN, M. S., Torsion in cocompact lattices in coverings of Spin(2, n). Math.
Ann., 266 (1984), 403-419. Correction in Math. Ann., 303 (1995), 575-578.

— The congruence subgroup problem, in Proceedings of the Hyderabad Conference on
Algebraic Groups (Hyderabad, 1989), pp. 465-494. Manoj Prakashan, Madras, 1991.
RAPINCHUK, A.S., Strong approximation for algebraic groups, in Thin Groups and Super-
strong Approximation, Math. Sci. Res. Inst. Publ., 61, pp. 269-298. Cambridge Univ.

Press, Cambridge, 2014.

ROBERT, A.M.; A Course in p-adic Analysis. Graduate Texts in Mathematics, 198.
Springer-Verlag, New York, 2000.

SERRE, J. P., Lie Algebras and Lie Groups. Lecture Notes in Mathematics, 1500. Springer-
Verlag, Berlin, 2006.

STEINBERG, R., Lectures on Chevalley Groups. Yale Univ., New Haven, CT, 1968.

— Some consequences of the elementary relations in SL,,, in Finite Groups—Coming of Age
(Montreal, QC, 1982), Contemp. Math., 45, pp. 335-350. Amer. Math. Soc., Providence,
RI, 1985.

Stuck, G., Low-dimensional actions of semisimple groups. Israel J. Math., 76 (1991),
27-71.

ToMmANOV, G., On the congruence-subgroup problem for some anisotropic algebraic groups
over number fields. J. Reine Angew. Math., 402 (1989), 138-152.

VINBERG, E. B. (ED.), Lie Groups and Lie Algebras, III. Encyclopaedia of Mathematical
Sciences, 41. Springer, Berlin—Heidelberg, 1994.

WEILL, A., On algebraic groups of transformations. Amer. J. Math., 77 (1955), 355-391.

ZIMMER, R.J., Actions of semisimple groups and discrete subgroups, in Proceedings of the
International Congress of Mathematicians, Vol. 1, 2 (Berkeley, CA, 1986), pp. 1247—
1258. Amer. Math. Soc., Providence, RI, 1987.

— Lattices in semisimple groups and invariant geometric structures on compact manifolds,
in Discrete Groups in Geometry and Analysis (New Haven, CT, 1984), Progr. Math.,
67, pp. 152-210. Birkh&user, Boston, MA, 1987.


http://users.math.msu.edu/users/mccarthy/publications/normcent.pdf
http://users.math.msu.edu/users/mccarthy/publications/normcent.pdf

ALGEBRAIC ACTIONS AND p-ADIC ANALYSIS

SERGE CANTAT

Institut de recherche mathématique de Rennes
Université de Rennes 1

Beaulieu — Batiment 22-23

263, avenue du Général Leclerc

FR-35042 Rennes Cedex

France

serge.cantat@univ-rennesl.fr

Junyr XIE

Institut de recherche mathématique de Rennes
Université de Rennes 1

Beaulieu — Batiment 22-23

263, avenue du Général Leclerc

FR-35042 Rennes Cedex

France

junyi.xie@univ-rennesl.fr

Received July 7, 2015
Received in revised form February 3, 2018

295


mailto:Serge Cantat <serge.cantat@univ-rennes1.fr>
mailto:Junyi Xie <junyi.xie@univ-rennes1.fr>

	1 Introduction
	2 Tate analytic diffeomorphisms of the p-adic polydisk
	3 Good models, p-adic integers, and invariant polydisks
	4 Regular actions of SL_n(Z) on quasi-projective varieties
	5 Actions of SL_n(Z) in dimension n-1
	6 Mapping class groups and nilpotent groups
	7 Periodic orbits and invariant polydisks
	8 Birational actions of lattices on quasi-projective varieties
	9 Appendix
	References

