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1. Main results

Let F be an open set in RY and for >0 let E7 denote the cylindrical domain E x (0, T7).

Consider quasi-linear, parabolic differential equations of the form
ug—div A(z,t,u, Du) = B(z,t,u, Du) weakly in Er, (1.1)

where the functions A: Ep xRV RN and B: Er x R¥NT! SR are only assumed to be

measurable and subject to the structure conditions

A(,t,u, Du)-Du> Co| DulP —CP,
|A(, t,u, Du)| < Ci|DufP~' +CP~1, ae. in Br, (1.2)
|B(z,t,u, Du)| < C|DulP~*+CP~1,

where p>2, Cy and C; are given positive constants, and C is a given non-negative
constant. A function

u€ Coc(0,T; LE (E))NLE

loc loc

(0,73 WP (E)) (1.3)

loc
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is a local, weak solution to (1.1) if for every compact set K CE and every sub-interval
[t1,t2]C(0,T] one has

/ up dx
K

for all bounded test functions

to to ta
+/ /[fugotJrA(x,t,u,Du)Dga}dxdt:/ /B(x,t,u,Du)gpdmdt
t1 t1 JK t1 JK
(1.4)

©eWr2(0,T; LA(K))NLY

loc loc

(0,T; Wy P(K)). (1.5)

The parameters {N,p, Cy,Cy,C} are the data, and we say that a generic constant v=
~v(N, p,Co, C1,C) depends upon the data, if it can be quantitatively determined a priori
only in terms of the indicated parameters.

For 0>0 let K, be the cube centered at the origin on RY with edge 20, and for
yeRN let K o(y) denote the homothetic cube centered at y. For >0 set also

Qg (0) =K,x(=00",0], Q,(0)=K,x(0,0¢"],
and for (y,s)€RY xR,

(4, 8)+Q (0) = Ko(y) x (s —00", 5],
(y,5)+Qy (0) = Ko(y) x (s, s+00"].

Let u be a continuous, non-negative weak solution to (1.1)—(1.5), fix (z¢,to)€Er such

that u(zg,%0)>0 and construct the cylinders

p—2
c
o, t * (), here = — 1.6
( 0 O)+Q4Q( ) w (u(xo,t0)> ( )
and c is a given positive constant. These cylinders are “intrinsic” to the solution, since

their length is determined by the value of u at (zo,to).

THEOREM 1.1. (Intrinsic Harnack Inequality) Let u be a continuous, non-negative,
weak solution to (1.1)~(1.5). There exist positive constants ¢ and vy depending only upon
the data, such that for all intrinsic cylinders (xo,t0)+Q7,(0) as in (1.6), contained in
Er, either u(xo,tg)<yCo, or

p—2
C
<~ inf , P, f=(—-o-") . 1.
u(zo,to) vKir(lxo)u(x to+600"), 0 (u(mto)) (1.7)
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Remark 1.1. The constants v and ¢ deteriorate as p— oo, in the sense that

v(p),c(p) — 00 as p— oo,

However, they are “stable” as p—2, in the sense that there exist positive constants v(2)

and ¢(2), that can be determined a priori only in terms of the data, such that

limy(p)=~(2) and lime(p)=c(2).

Thus, by formally letting p—2 in (1.7), one recovers the classical Moser’s Harnack in-

equality of [12].

The theorem has been stated for continuous solutions, to give meaning to u(zo, o).
However, it continues to hold for non-negative weak solutions of (1.1)—(1.2) for almost all
(w0, to) € Ep and for corresponding cylinders (xo, to) +Q,(0) C Ep. The intrinsic Harnack
inequality, in turn, can be used to prove that local solutions of (1.1) are locally Hélder

continuous within their domain of definition. This is the content of the next theorem.

THEOREM 1.2. (Harnack inequality and Holder continuity) Any locally bounded weak
solution to (1.1)—(1.2), with no sign restriction, is locally Hélder continuous in Ep. A

locally quantitative Holder estimate is established in §10.

The Holder continuity of weak solutions of (1.1)—(1.2) was first established in [5].
The Harnack inequality (1.7) permits an independent proof. Summarizing, we have the

following result.

COROLLARY 1.1. Let u be a local, weak solution to (1.1)—(1.5). Then u is locally
Holder continuous in Ep. Moreover, if w is non-negative, it satisfies the intrinsic Har-

nack inequality in the form (1.7).

The proof of these theorems is flexible enough to apply, by minor changes, to local
weak solutions of equations of the porous medium type. These results are collected and
stated in §11.

The singular case 1<p<2 is still open and it will be the object of future investiga-
tions. Likewise, singular cases of quasi-linear versions of equations of the porous medium

type remain to be investigated.

2. Novelty and significance

Equation (1.1) with the structure conditions (1.2) is a quasi-linear version of the degen-
erate, homogeneous equation
N
Up— Z (|DulP2a;j(z, t)ug, )z, =0 weakly in Er, (2.1)

i,j=1
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where the coefficients a;; are measurable and locally bounded in Er and the matrix
(ai;) is almost everywhere positive definite in Ep. If (a;;)=I, then (2.1) reduces to the

degenerate, prototype parabolic p-Laplace equation
ug—div |DulP"2Du=0 weakly in Er. (2.2)

Both (2.1) and (2.2) satisfy the structure conditions (1.2) with C'=0. Accordingly, non-
negative, weak solutions of these equations satisfy the intrinsic Harnack inequality (1.7)
with C'=0.

2.1. The linear case p=2

The Harnack inequality for local, non-negative solutions of the heat equation ((1.7), with
p=2 and C'=0), was established independently by Hadamard [8] and Pini [15], by local
representation of solutions in terms of heat potentials. In [12], Moser established the
same Harnack inequality for weak solutions of (2.1) for p=2, by energy based, measure-
theoretical arguments, and relying on a fine analysis of properties of parabolic BMO
spaces. Moser’s proof is non-linear in nature, and it can be extended to the quasi-linear
versions (1.1)—(1.2) with p=2 ([17], [1]).

At almost the same time as Moser’s paper [12], Ladyzhenskaya, Solonnikov and
Uraltseva [9], established, by means of De Giorgi-type measure-theoretical arguments,
that weak solutions of such quasi-linear equations (still for p=2), are locally bounded and
locally Holder continuous. It turns out that the Harnack inequality of Moser can be used
to establish the Holder continuity of solutions. On the other hand, it was observed in [4]
that the Holder continuity implies the Harnack inequality for non-negative solutions.

Thus a summary of the quasi-linear theory for the “linear” case p=2, is that Holder
continuity and Harnack inequality for non-negative solutions, present the same order
of difficulties, and establishing either of them, requires independent measure-theoretical

arguments.

2.2. The degenerate case p>2

Consider linear elliptic equations with bounded and measurable coefficients, of the form

N
Z (aij(T)ug,)e; =0 weakly in £ (2.3)

ij=1

and their quasi-linear versions

div A (z,u, Du) = B(x,u, Du) weakly in E, (2.4)
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where A and B satisfy the structure conditions (1.2). A seminal result of Moser [11] is
that non-negative, local solutions of (2.3) satisfy the Harnack inequality. It was observed
by Serrin [16] that the same Harnack estimate continues to hold for non-negative solutions
of (2.4), for all p>1. On the other hand, De Giorgi [2] proved that solutions of (2.3) are
locally Holder continuous, and Ladyzhenskaya and Uraltseva [10] observed that indeed
the same Holder regularity continues to hold for solutions of (2.4), for all p>1. In either
case, the extension from the “linear” case p=2 to the “non-linear” case p#2 is possible
by tracking down the topology of LP versus the topology of L2.

The parabolic theory is markedly different. Indeed, neither Moser’s nor De Giorgi’s
ideas in the version of [9], nor Nash’s approach [14] seem to apply when p#2, even for
the prototype case (2.2). Some progress was made in the mid 1980s, by the idea of time-
intrinsic geometry, by which the time is scaled, roughly speaking by u?~2. This permits
one to establish that weak solutions of (1.1)—(1.2), for all p>1, are Holder continuous
in Er [5, Chapters IIT and IV]. It was also observed that while the Harnack inequality
in Moser’s form is in general false for p>2, it might hold in this time-intrinsic geometry.
Indeed, it was shown that (1.7), with C'=0, holds for non-negative solutions of (2.2):
the original results are in [3]; see [5, Chapter VI], for a complete account of the theory.
The proof is based on the maximum principle and comparison functions constructed as

variants of the Barenblatt similarity solutions

1 |x| p/(p—1)\(p—1)/(p—2)
h
where ) 1/(1’*1)]9,2
Tp = (A) R A=N(p—2)+p. (2.6)

As p—2, this tends pointwise to the fundamental solution of the heat equation. In this
sense I', is some sort of p-heat potential, and the approach can be regarded as paralleling
that of Hadamard and Pini for the heat equation.

The issue of the Harnack inequality for non-negative solutions of equations of the
type (1.1), with the full quasi-linear structure (1.2), while raised in [1], [17], [9] and [5],
has since remained open.

The novelty of Theorem 1.1 is in producing a proof of the Harnack inequality (1.7)
based only on measure-theoretical arguments. This bypasses any notion of maximum
principle and potentials, and permits an extension to non-negative solutions of quasi-
linear equations of the type of (1.1)—(1.2). Its significance is in paralleling Moser’s
measure-theoretical approach, in dispensing with Hadamard and Pini’s potential rep-

resentations.
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It is worth noticing that the approach in this contribution substantially differs from
the classical ideas of Moser [12], in that no properties of BMO spaces are used, nor cov-
ering arguments, nor cross-over estimates. Our arguments are only measure-theoretical
in nature, and as such hold the promise of a wider applicability.

It is worth noticing that our method also differs from the one developed by Moser

in [13], which makes no use of BMO spaces as well.

3. Main technical novelty: expansion of positivity

Let u be a non-negative, local solution of the heat equation in Er. Let (y,s)+@Q, (1)
with p=2 be a subset of E7, and assume that

{z € Ko(y) sulz, s) <M} < a|Ko(y)]
for some M >0 and some a€(0,1). Then there exists n=n(a)€(0, 1) such that
uznM in (y,5)+Q5,(1).

Thus, information on the measure of the “positivity set” of u at the time level s, over
the cube K,(y), translates into an expansion of the positivity set both in space (from
K,(y) to Ka,(y)), and in time (from s to s+4¢%). This fact continues to hold for quasi-
linear versions of the heat equation and was established in [4]. A similar fact for p>2
is in general false, as one can verify from the Barenblatt solution (2.5)—(2.6). The main
technical novelty of this investigation is that a similar fact continues to hold for the

degenerate equations (1.1)—(1.2), in a time-intrinsic geometry.

LEMMA 3.1. Let u be a non-negative, local, weak solution of (1.1)—(1.2). There exist
positive constants v and b, and n€(0,1), depending only upon the data and independent
of (y,s), o and M, such that if

u(z,s) =M for all € K,y(y), (3.1)
then either M <~Cp, or
u(z,t)y=nM  for a.e. x€ Kap(y) (3.2)
for all
5+Wb)p_2(2g)p <t< 5+Wb)p_2(4g)17. (3.3)

Remark 3.1. The constants b and n are “stable” as p— 2, that is, there exist positive
constants b(2) and 7(2), such that lim, ,, b(p)=>b(2) and lim,_,, n(p)=n(2).
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4. Proof of Lemma 3.1—Preliminaries
4.1. Energy estimates

Let u be a local, weak solution to (1.1)—(1.2) in Er; let k be any real number and consider

the truncation of u given by
(u—k); =max{(u—k),0}, (u—k)-=max{—(u—k),0}.

There exists a constant y=-(data) such that, for every cylinder (y, s)+Q, (¢) C ET, every

k€R and every piecewise smooth, non-negative function ¢ vanishing on 0K,(y),

€ess sup /K()(u—k)icp(%t)dx—/ (u—k)2CP(x, s—00F) dx
e\Y

s—0pP<t<s Ky(y)

y
+Co // |D(u—Fk).C|P dxdr
(1,8)+Q¢ (9)

<4 / / (u—Kk)E|DCP+ (k)2 | ) d dr
(y,5)+Q5 ()

+~C? // [x{(u_k)po}ﬁu—k)i]gp dx dr,
(y,8)+Q¢ (8)

where Cy and C' are the constants appearing in the structure conditions (1.2). Similar

energy estimates hold for cylinders (y,s)+Q; (0)C Er.

4.2. A De Giorgi-type lemma

Henceforth we will assume that w is non-negative, and for a fixed cylinder

(y7 S)+Q2_g(0) C ETa
denote by p+ and w non-negative numbers such that

Wty > esssup u, p-< essinf w and w>pp—p-.
(,8)+Q3,(0) (4,8)+Q2,(0)

Denote by £ and a fixed numbers in (0, 1).

LEMMA 4.1. There exists a number v depending upon the data and 0, &, w and a,
such that if

(0> e — €010 (1, 5)+Q3, (O)]] < ¥1Q3, (0), (42),

then either E&w<Co, or

u py—alw a.e in (y,5)+Q,(0). (4.3),



188 E. DIBENEDETTO, U. GIANAZZA AND V. VESPRI

Likewise, if
{u<p-+Ewin((y, s)+Q2,(0)]| < v|Q2,(0)]; (4.2)-

then either Ew<Co, or
u>p_+afw a.e in (y,s)+Q,(0). (4.3)-

Proof. The statement is similar to Lemma 4.1 of [5, Chapter III]. We give a brief
outline of the proof of (4.2)_—(4.3)_, to trace the precise dependence of v on 0, a, £
and w. Assume that (y,s)=(0,0) and for n=0,1,2, ..., set

2 Ku=K, and Q,=K,x(~0c,0].

Qn:Q+2n7

Apply (4.1) over K,, and @, to (u—k,)_, for the levels

1

Fn = po+Eaw, where &, =aé+— €.

21’L

The cutoff function ¢ is taken of the form ((z,t)=(1 ()2 (t), where

1, in K1, 1 2t
G= { ; N_H DG < = )
0, inR \Kn, On—On+1 0
0, fort<—fgr, 1 2p(n+)
@:{ , 0<C2,t<9 5 S T
1, fort>—00,,4, (on—0n41) Y

The energy inequality (4.1), with these stipulations, yields that

esssup/ (u—kn)%gp(%t)dx—i—// |D(u—Fky)_C|P dedr
Ky n

—0oh <t<0
< an —k,)P dxd —|—f1 —k,)2 dxd
\ng n(u n)- dxdr 7 n(u n)- drdr

+70// (X{u<tny +(u—ky)?) dxdr
Q’!L

T (1t (C’Q)p+<o@>f’) {u <k} Q0

oP §w
2P (gw)? 1
<y oP <1+9(§w)p2)|{u<kn}an|7

provided éw>Cp and p<C~!, which we assume. Next, the first term on the left-hand

side, is estimated below by

U— Py < (Ew)P2 u—k,)2 (P da.
/Knu ) (P o< @ [ (uek)Perd

Kn
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Therefore,

7,
ess sup — u—Fk (z,t dx—l—// C|Pdxdr
—0oh <t<0 (fw)r—2 [( n)-¢ ¢l

2P (£00)P 1
AT (1+9(§w)p2)mn,

Ap ={u<k,}NQn.

(4.4)

where we have set

Combining this with the embedding of Proposition 3.1 of [5, Chapter I], gives that

(% ) (6w)? An+1|<//QM u—k)? do dr
</ k) () dedr

N/(N+p)
< (// [(ufkn)_g]p.(NH?)/N dx dT) |An|p/(N+p)

(p/N)-N/(N+p)
<'y< ess sup / [(u—kn)_C]pdx>
—0oh <t<0J K, (t)

N/(N+p)
(] s )

277 (Ew)P 1 (p—2)p/(N+p)| 4 |1+p/(p+N)
STy (H (Ew) 2>(€”) o |

To render the estimate dimensionless, set ¥;,=|A4,|/|@n|- Then

4" 1+0(Ew)P— Ltp/(N+p)
Yt LS {0 [(ew)r—2 v

By Lemma 4.1 of [5, Chapter 1], Y,,—0 as n— oo, provided

1_q VTP [0(5(’0)1’*2]]\[/1) B
fos (Wdata)) [1+6(cw)p—2)e+M/e ~ (4.6)

Thus, this choice of v yields Y, =0, which is equivalent to (4.3)_. Similar arguments for
the corresponding statement (4.2),—(4.3), yield the same expression in (4.6) with the
proper interpretation of Yp. O



190 E. DIBENEDETTO, U. GIANAZZA AND V. VESPRI

4.3. A variant of Lemma 4.1

Assume now that some information is available on the “initial data” relative to the

cylinder (y,s)+Q5,(0), say for example
u(z,s) =2EM  for ae. x € Kap(y) (4.7

for some M >0 and £€(0,1]. Then, writing the energy inequalities (4.1) for (u—k)_,
for k<M, over the cylinder (y,s)+@Q3,(0), the integral extended over Ky, at the time
level t=s, vanishes in view of (4.7). Moreover, by taking cutoff functions {(x,t)=(;(x)
independent of ¢, also the integral involving (;, on the right-hand side of (4.1) vanishes.
We may now repeat the same arguments as in the previous proof for (u—&,M)_, over

the cylinders @n, where

1—a

gn:a€+2T§a én:Knx(an(QQ)p}

This leads to an analog of (4.4) without the factor 1+1/0(£w)P~2 on the right-hand side,
with @,, replaced by @n, and with A,, replaced by

An = {u<§nM}van7

provided £ M >Cg. Proceeding as before gives an analog of (4.5) in the form

~ 4P
Y41 <
TS (1-a)p

[0(€M)P—2]p/ (N4p) y 1+p/(N+p)

where Y,,=|A,|/|Qy|. This, in turn, implies that Y, —0 as n—oo, provided

~ )
KNG s

for a constant §€(0,1) depending only upon the data and a, and independent of &, M,

o and . We summarize this in the following result.

LEMMA 4.2. Let M and & be positive numbers such that both (4.7) and (4.8) hold.
Then either Ew<Co, or

uzalM a.e. in K,(y)x(s, s+6(20)"]. (4.9)
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5. Proof of Lemma 3.1 —Continued
5.1. Changing the time variables
By taking 0=5(¢M)?~P, condition (4.8) is always satisfied and yields
0
u(ms—&—(&\f;_Q) >alM for a.e. x € Ky(y).

Next, observe that if (4.7) holds for some £€(0, 1), it continues to hold for all £, <¢, and
the conclusion of Lemma 4.2 continues to hold with £ replaced by ., provided in (4.8)
we choose §=§(£, M)?~P. For 7>0 let

&= f(i_), where f(7)=¢"/P2), (5.1)
and let 6 be chosen accordingly. Then for all 720,
p—2
u(x,s+ [J;(]\;)} 6gp) 2(1;1\7/_[) for a.e. z € K,(y).
Set I
w(x, T) def m(égp)l/(p_z) u(x, s+ [Jg(]\;)} 5@3"). (5.2)

COROLLARY 5.1. Let (4.7) hold. Then for a.e. x€K,(y) and all 720,

def

w(z, ) = a(6eP)Y P2 Z gy, (5.3)

5.2. Relating w to the evolution equation

Since u>0, by formal calculations, we get that

_ (£ (5 110 ))pl L @) s o2
wT(fM (5gP)Y/(P=2 ut+p—2 301 (60P)V/(P=2) g
p—1
> (J;(A?(égp)l/(p_z)) [div A(z,t,u, Du)+ B(x,t,u, Du)] (54)

=div A(z, 7, w, Dw)+B(z, 7, w, Dw),
where A: Ep xRNT15RY and B: Ep x RV SR satisfy the structure conditions

A(z,7,w, Dw)-Dw > C’0|Dw|p—ép,
|A(x,7,w, Dw)| < C1|Dw[P~'+CP~',  ae.in Er, (5.5)
|B(x, 7, w, Dw)| < C|Dw|P~14-CPL,
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where Cy, C7 and C are the constants appearing in the structure condition (1.2), and

~ f() pl p—
C(r)= C’gM(é )M e=2), (5.6)

The formal differential inequality (5.4) can be made rigorous by starting from the weak
formulation (1.4), by operating the corresponding change of variables from ¢ into 7, and
by taking test functions ¢>0. We will be using (5.4) in space-time domains contained
in Kgo(y)xR", where y€ E is a point for which (4.7) holds. In what follows we assume
that y coincides with the origin and write energy estimates for (w—k)_, of the type of
(4.1), over cylinders Qg,(0) C Er. Precisely

ess sup / (w—Fk)2CP(z, T daz—l—// ¢|Pdxdr
0<7<0(80)P J Kg,

2 / / V2 ADCIP + (w—k)2 |G |) da dr (5.7)
407 (6) //(f( Xty >0+ (w—K)P]C? da dr

for a non-negative, piecewise smooth cutoff function that vanishes on the parabolic
boundary of Qg,(0).

6. Proof of Lemma 3.1—Concluded
6.1. Expanding the positivity of w

The bound from below of Corollary 5.1, valid for all 7>0, will be expanded in the space

variables over the cube Kj, for “times” 7 sufficiently large. For this, set
Quo(0) = Kapx ((40)"0, (80)"0)].

PROPOSITION 6.1. Let (4.7) hold and let ko be defined by (5.3). Then for every
v>0, there exist 0€(0,1) depending only upon the data, y=~(o) depending only upon o
and the data, and 0=0(ko, o) depending only upon ko, o and the data, such that either
EM <~(0)Co, or

{w < 0ko}N1Quy(0)] < v/ Qu, (6)]. (6.1)

Proof. In (5.7) take ¢ that equals 1 on Qu,(f), and such that |D{|<(40)~! and
€| <[0(40)P] L. Take also levels

1
kj= gko for =0,1,...,jx, where j, € Nis to be chosen.
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Discarding the first term on the left-hand side gives

P

vk} lio—p = _
D(w—Fk;)_|P dxdr < —2—|Qu,(0)|(1+0~ k2P +CP(40)Pk;P).
[, 1Ptk drdr < g1 O 0+07 K+ P4 )

2 Y2
O=k>P=("—) .
(%)

From the definition (5.6) of C' and the definition (5.3) of ko, we estimate

Choose

_ oC Y
Crlagts” < (i) (£ ).

Therefore, if EM >~(j.)Co, the last term is majorized by an absolute constant depending

only upon the data, and the previous inequality becomes

kP
|D(w—k;)_|Pdrdr < —2|Q4,(0) (6.2)
//949(9) ! (49)”} )|
for a constant v depending only upon the data and independent of j.. Set

Aj(r) ={w(-,7) <kj}NKap,  Aj={w <k;j}NQu,(H).

0(80)?
4] = / 1A ()] dr.

6(40)?

By the measure-theoretical Lemma 2.2 of [5, Chapter I,

Therefore

N+1
L/ \Duw| da
|K4Q\Aj (7_)| kjp1<w(-,7)<k;

for all 7€(0(40)?,0(8p)P]. For all such 7, by Corollary 5.1, one has

(kj—kjr)Ajp1(T)] <

| Ko\ A;(T)] =Kl
Therefore

1
SRl <ve [ D ds.
kjp1<w(-,7)<k;

Integrate this in dr over (6(40)?,0(80)?) and majorize the resulting integral on the right-
hand side by Holder’s inequality and by means of (6.2), to obtain that

1 1/p B
SkilAjal <79(// | DwlP dxdT) |A;\ A |P=D/P
Aj\Aj41

1/p
<79<// ( )lD(w—kj)|Pda:dT) |Aj\AjH|<P—1>/P
Qu,(0

< k| Qag(0) 1P| Aj\ Ay | P12,
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From this, by taking the p/(p—1)-power of both sides, we get the recursive inequalities
|Aj1 [P/ P70 <A Qug(O)Y PV A5\ Ajia .

Now add these for j=0,1, ..., j,—1, and majorize the sum on the right-hand side by the

corresponding telescopic series. This gives
(G =D A [P/ P7D < 7] Quy (0)[7 P71,
Rewrite this as
5 (p—1)/p
Al (2) 1w (63)

This proves the proposition for the choices

~y (p=1)/p
and V:() . (6.4)

Jx O

g =

2~

PROPOSITION 6.2. Assume that (4.7) holds. There exist 0€(0,1) and v(o)>1, that
can be determined a priori only in terms of the data, such that either EM <~(o)Co, or

w(-,T)= %ako a.e. in Kopx < (6o)? (8)” ] (6.5)

(oko)P=2" (oko)P—2

Proof. Apply (4.2)_—(4.3)_ of Lemma 4.1 to w over the cylinder
Q40(0) = (0, 7)) +Q4,(0) for 7. =6(80)".

The parameter {w is replaced by okg and p_ >0 is neglected. Taking into account (4.6),

. I
and choosing a=3 gives

w(z, )= %O’ko for a.e. (z,7) € (0, T*)+Q§g(9),
provided £M >~(0)Cp and

Hw < oko}NQup(8)] <~ (N+p) [0(cko)P—2]N/P s
|Qu,(0)] S [1+0(cko)r—2|@+N/p — %

where J, depends only upon the data. Choosing now v=d, from (6.4) determines o and

therefore 6 quantitatively. O
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6.2. Expanding the positivity of u

Return to the definitions (5.1)-(5.3) of f(-), w and ko. As 7 ranges over the interval in
(6.5), f(7) ranges over

def 2P—26P 2P—28p def
b1 exp( ——— ) < f(r) <exp| ———m ) Wby,
o () <10 <o (s )

where b; and by are constants that can be determined a priori only in terms of the data

and are independent of o, M and u. Translating Proposition 6.2 in terms of v and ¢ gives

M ge
Ufb d:an for a.e. x € Ka,(y)
2

u(z,t) >
for all times
b Y2 b V2
- 207 <t < - 40)P
S+(77M) (20) S+(77M> (40)

for a proper b depending only upon the data. Lemma 3.1 then follows with b=>bP2.

7. Stabilizing 1 in Lemma 3.1, as p—2

The proof shows that the constants b and 7 in (3.2)—(3.3) depend on p as
p—2

_ h kp72
b~ exp <’ybp—2 ) and n= exp(’ynp_2>

for constants v, vy, h, k>1 depending only upon the data and independent of p. Thus

the ratio (b/n)P~2 that determines the “waiting time” needed to preserve positivity,
deteriorates as p—oo. However it is “stable” as p—2 and (3.3) remains meaningful for
p near 2. On the other hand, n(p)—0, as p—2, and (3.2) becomes vacuous. The next

lemma realizes a stable dependence of n(p) for p near 2.

LEMMA 7.1. Let u be a non-negative, local, weak solution of (1.1)—(1.2) in Er.
There exist constants v.>1, by, n.€(0,1) and p.>2, depending only upon the data and
independent of (y,s), o, M and p, such that if

u(z,s) =M  for all v € K,(y) (7.1)
and 2<p<px, then either M <Cvy,o0, or
u(z,t) = nM  for all x € Kop(y) (7.2)

for all

by
P P
s+ (4o)? <t<s+ = (80)". (7.3)

*
Mp—2
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Remark 7.1. The constants ., b, and 7, are “stable” as p—2, that is there exist
positive constants b(2), n(2) and (2) such that

lim b, (p) =b(2), limn.(p)=n(2) and ;gngv*(p)zv(?)-

p—2 p—2

In particular, the same conclusion continues to hold for the “linear case” p=2.

7.1. Proof of Lemma 7.1

Assume that (y, s) is the origin of RN+, The assumption (7.1) implies that
[{u(-,0) < M}NKs,| < (1-8"N)[Kg,|. (7.4)

PROPOSITION 7.1. There exist numbers by, £, €(0,1) depending only upon the data,
and independent of u, M, o and p, such that either M <Co, or

Hu(-,t) <&M INKg,| < (1-327V)|Kg,|

for all 0<t<b,M?*~P(8p)P.

Proof. Write the energy inequality (4.1) for (u—M)_ over Qg,(¢) for 0=b,M?*P,
where b, is to be chosen. The cutoff function ( is taken independent of ¢, equals 1 on

K. 8,0, for some 0,.€(0,1) to be chosen, vanishes on the boundary of Kg, and

1
D<——.
ID0< 15

These choices in (4.1) give that

: _ MY (2, 0) da+ —2E ¢
[ wmanreois [ aoareows 2800

for all 0<t<b,M?2~P(89)P, provided M >Cyp. Estimate from below

/KU*SQ(U—M)Q(x,t) dx>/ (= M2 (2. 1) di

Ko, son{u(- t)<€.M}
2 (175*)2M2|{u( T t) < g*M}me‘SgL

Next, by using (7.1), estimate from above

/ (u—M)2 (z,0) de < M*(1-8V)|Kg,|.
K,

8¢



HARNACK ESTIMATES FOR QUASI-LINEAR PARABOLIC EQUATIONS 197

By the definition of Qgg(ﬁ), with =b,M?"P the last term is majorized by

b, M?
AT
Combining these estimates yields
1—-8N Yb,
ot SMINK, g,| < Kg,l.
(.0 < M) Kol < | gz (e | Ko

Finally,

|{U(,t) <£*M}QKSQ| < ‘{U’<’t) <€*M}HKU*8Q|+‘K8Q\KU*8Q|

{1—81\7 N by
S l(1-6)2 (1-o)r(1-&)

for all 0<t<b,M>?~P(8p)P. Choose &, so small that

2+<1—aff>} Kol

1-8—N

——<1-167".

(1-¢.)?
Then, &, being fixed, choose o, and b, so small that the term in square brackets on the
right-hand side is majorized by 1—32~. O

To proceed, set t,.=60(80)” and consider the cylinder with “vertex” at (0,%,):
Qgg(e) = (Ovt*)+Q§g(0)7 where sz*MQ_p-

PROPOSITION 7.2. For every v,€(0,1) there exist constants p.>2, n.€(0,1) and
v« >1, depending only upon the data and independent of uw, M and g, such that for all
2<p<px, either M<Cvy.p, or

[{u <20 M}NQ7,(0)] < v |Q1,(0)]-

Proof. Write down the energy inequalities in (4.1), for (u—k;)_, over the cylinder
Q5,(0) for a cutoff function ¢ that equals 1 on Q7,(0), and is such that |D¢|<(40)7! and
I¢:]<[0(40)P) 1. The levels k; are taken as
_eM
=5
Discarding the first term on the left-hand side gives

k;

for 7=0,1,..., j«, where j, € N is to be chosen.

kY
// |D(u—Fk;)- P dxdr < =2
Q35,(0) (20)P
vy

kY G \P—2
(2] e

(LK P MP7201)|Q5, (6)]
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provided M >(C27-p. Such a j, will be chosen shortly depending only upon the data and
independent of u, M, p and p. Assuming momentarily that such a choice has been made,

choose p, such that 2<p,<2+;-! and let 2<p<p,. This yields the energy estimates

p

[, 1Ptk paar< a0 (7.5)
for a constant v depending only upon the data and independent of u, M, o and p, pro-
vided M >C"y,p for v,=27+. The energy estimate (7.5), derived for 2<p<px, is formally
analogous to the energy estimates (6.2), valid for all p>2. They only differ in the meaning
of the parameter 6 that determines the time-length of the cylinders Q4,(¢) and Q},(0),
respectively. In the former, 6§ was taken “large” of the order of k'?:p so that 0’1k]2.:p ~1.
This is precisely the effect of the intrinsic geometry. In the latter, since p~2, it suffices to
take O~ M?2~P_ since 27+(P=2) a1 for p sufficiently close to 2. The proof of Proposition 7.2

can now be concluded as in Proposition 6.1. Precisely, setting
Aj={u<k;}NQ;,(0) for §=b,M>"P

and proceeding as in that context, we arrive at the analog of (6.3):

(p—1)/p
< (]) Q5,00

*

|4,

for a constant v depending only upon the data and independent of u, M, ¢ and p. This

proves the proposition for the choices

(p—1)/p
27]*:257** and v, = (]Z) . O

7.2. Proof of Lemma 7.1 —Concluded

It suffices to show that v, €(0,1) can be chosen a priori, depending only upon the data
and independent of u, M, ¢ and p, such that

u(z,t) >n.M for all (x,t) € Q3,(0), with 0=b,M>"P, (7.6)

This follows from (4.2)_—(4.3)_ of Lemma 4.1, with u_=0, £=2n,, a:%, w=M and p

replaced by 2¢. Set
w2 MNQL0)] |4,

0= * - * .
1Q1,(0)] |Q5,(0)]
Then, by virtue of Lemma 4.1, and (4.6), the conclusion (7.6) holds true if
1 bl 2)N/p
Yo < (berp ") _,

= y(data) (1+4b,mP " 2)(N+p)/p T
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8. Proof of Theorem 1.1

Fix (xg,to) C Er, assume that u(zg,t9)>0, and construct the cylinders
(ﬁ()7 t0)+QIQ(9) Cc Er

as in (1.6), where the constant ¢>1 is to be determined. The change of variables

— t—t
a2 IO, t—s u(zg, to)P 22
o

QP

maps these cylinders into Q*, where
QT =Ky x(0,47cP7%] and Q =Ky x(—4PcP~2,0].

Denoting again by (z,t) the transformed variables, the rescaled function

(z,1) ! + oz tot ——2
vlxr = —UuU\ X ———5
’ u(x(hto) 0°reT;to u($0,t0)p72

is a bounded, non-negative, weak solution of

{ vy—div A(z,t,v, Dv) = B(x,t,v,Dv) weakly in Q=QTUQ",
v(0,0)=1,

where A and B satisfy the structure conditions

A(z,t,v, Dv)-Dv > Cy|Dv|P —CP,
|A(z,t,v, Dv)| < Cy|Dv[P~ 1 +CP~L, where C' =
|B(z,t,v, Dv)| < Co|Dv|P~1 4 oCP~ 1,

Co

U(LC07 t())

199

(8.2)

and Cp, Cq and C are as in (1.2). Theorem 1.1 is a consequence of the following result.

PROPOSITION 8.1. There exist constants vo€(0,1) and ~v1,v2>1 that can be quan-

titatively determined a priori only in terms of the data, and independent of u(xg,to),

such that either u(xg,tg)<y2Co, or

v(z,y1) =27 for all x € K.

Proof. For 7€[0,1), introduce the family of nested cylinders {Q.}, with the same

“vertex” (0,0), and the families of non-negative numbers {m.}. and {n,},, defined by

Qr=Q-(1)=K,.x(—77,0], m,;=supv and n,=(1-7)"",
QT



200 E. DIBENEDETTO, U. GIANAZZA AND V. VESPRI

where §>1 is to be chosen. Let 7y be the largest root of the equation m,=n,. Such a
largest root exists since mo=ng=1, n.—o0o0 as 7—1 and m, remains bounded. By the

continuity of v, there exists (z,)€Q,, such that
v(Z,t) =n. = (1-79)"". (8.3)
Moreover, (Z,t)4+Q(1—ry)/2 CQ(1+r)/2 CQ1. Therefore, by the definition of m, and n.,

sup v< sup v<2P(1—7) 7P,
(Z,0)+Q1—7p)/2 Q14r0)/2

The parameter 7y is only known qualitatively, and § has to be chosen. The arguments
below have the role of eliminating the qualitative knowledge of 73 by a quantitative choice
of 5. O

8.1. Local largeness of v near (Z,t)

The largeness of v at (Z,t) as expressed by (8.3), propagates to a full space-time neigh-
borhood nearby (Z,t). To render this quantitative, set

1—7’0
2

My=2°(1—-7)"", Ry= and  fy=M;P,

and consider the cylinder (Z,%)+Qp,(f). Set also

3 1
1 ~ 29p+1
E=1 551 and a= T
9B+1
PROPOSITION 8.2. Either C>1, or
{v>2" Mo} [(2,8)+Qg, (00)]] > v|QR, (60)], (8.4)

where

1—a \'T?  ¢NOe-2)/p
- (’Y(data)> (1+4&p=2) PN /e

Proof. Assume that C'<1. If (8.4) is violated, apply Lemma 4.1 in the form (4.2),—
(4.3);, with the choices pu; =w= Moy, 9:90:M§_p and o=Ry, to conclude that

0(Z, 1) < Mo(1—a€) =3(1—7) ",

contradicting (8.3). The condition for this to occur is in (4.6), with the proper meaning

of the symbols, and it coincides with (8.4) being violated. O
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Remark 8.1. The indicated expressions of £, a and v imply that v is bounded below
by a quantitative positive constant v(data), independent of 79, and “stable” as p—2. We

continue to denote such a constant by v.
PROPOSITION 8.3. Assume that (8.4) holds. Then for every A€(0,1) and every
vo€(0,1), there exist (y,s)€(Z,t)+QFp, (6), a number no€(0,1) and a cylinder

(¥, 8)+Q2y, g, (00) C (2, 1) +QR, (60)

such that either C'> 1, or

{o < A2~ D Mo} [(y, )+ Q1o (B0)] < 10| @y 1, (B0 (8.5)
The number ny depends only upon vy and the data, and is independent of T9, 0, M, u
and p. In particular, it is “stable” as p—2.
We assume Proposition 8.3 for the moment and proceed to prove Theorem 1.1.
COROLLARY 8.1. Assume that (8.4) holds. There exist (y,s)€(z,t)+Q%, (0o) and
a number ny€(0,1) such that either C>1, or

v(z,s) = é(lng)f’B for all x€ K, (y), where r=n9Ro=3n0(1—7).

Proof. In Proposition 8.3, choose )\:% and let vy be determined by (4.6) of Lem-
ma 4.1, with the choices p_=0, w=M,, =272 a=1 and p=n9Ry. Then Propo-
sition 8.3 identifies a cylinder (y, s)+@,, g,(0o) for which (8.5) holds. The conclusion
then follows from Lemma 4.1. O

8.2. Proof of Theorem 1.1, assuming Proposition 8.3

Apply Lemma 3.1 to the weak solution v of (8.1) with the structure conditions (8.2), for
the choices M=1(1—79) " and g=r. Then either

(1 —To)_ﬁu(iro, to) <27Co,

or
v(z,t)=nM for all x € Ky, (y)

for all ¢ in the range

b b
S e
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By iteration, for all n=2,3, ..., either
n"(1—70) "Pu(zo, to) < 27Co0,

or
v(z,t) =n"M for all x € Kon,.(y)

for all ¢ in the range

b
(" M)P=2

b

gntl Pttty 1+——+—
e CDTE:

o1+ (2" 2r)P =t,.

Without loss of generality we may assume that 79(1—79) is a negative, integral power
of 2. Then choosing n so that 2"r=2, the cube K5(y) covers the cube K; centered at
=0, and

v(z,t)=n"M for all z € Ky and all t,,_1 <t <t,.

For the indicated choice of n,
"M = g (L=m0) "7 =277 (20n) g = o

for the choices of 3 so that 2%n=1 and 70:2_36_17705. On the other hand, since #, and

hence s, ranges over (—1,0), the range of ¢ includes the time level

te = 4pb7§_p def ..

9. Proof of Proposition 8.3

Write down the energy estimate (4.1) for (v—k); for k=1(1—79)7, over the pair of

4

coaxial cylinders with the same “vertex”

(Z,1)+Qp, 2 (0) C(2,1)+Qr,(8) CQ147)/2-
The non-negative, piecewise smooth cutoff ¢ is taken to be equal to 1 on the smallest of
these cylinders, to vanish on the parabolic boundary of the largest, and such that

4

4P P .
0<¢G <= and |D(| <=5, where 6=M;?.
ORP R 0

Recalling that v solves (8.1) with the structure conditions (8.2) gives

kP
I ID(w—k), P do dr <17 1Q5, 6)]
(#5)+ Q7 2(0) 0
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provided C'<1. Introduce the change of variables

2(z—7x) 2P (t—1) v
= 2 b =_.
Ry orE 0 Tk

This maps (z,1) +Q;%o/2(9) into @1 =K; x(—1, 0], and the previous energy estimate takes
the form
// |[DwlP dexdr <+ and |[{w>1}NQ:1|>v

for a constant v depending only upon the data.

LEMMA 9.1. There exists a time level S€ (—1, —iy] such that

2
/ 1Dw(-,5)Pdz <= and |{w(-,5)>1}NEK,|> Lv. (9.1)
K1

v
Proof. Introduce the two subsets of (—1,0],

T1={t€ (—1,0]:/}( |Dw(-,t)|P do > 4}7}7
Ty ={te(~1,0): [{w(-,t) > 1}nKy| > sv}.

From the definition of T,
4y
— T < |Dw|? dx dt < 7.
v 1

Therefore |T}|<{v. From the definition of T3,
0
y<|{w>1}ﬂQ1|:/ {w(-8) > 1} N K| dt
~1
= [ Hw(-,t)>1}NKy| dt+/ {w(-,t)>1INK; | dt <|To|+5v.
Ty (=1,01-T

Therefore [T3]>Fv. O

By the results of [7], (9.1) implies that for every fixed A, 7€(0, 1), there exist at least
one point y€ K, and a constant £€(0,1), that can be determined a priori only in terms

of v and v, such that
Ke(y) C K1 and  [{w(-,8) > A\}NKe| > (1-7)|Ke|.

Returning to the original coordinates, and the original function v, there exists y€ Kg,
such that Kzp, (§) CKg,(Z), and

{v(-,5) < A2 MoYNKep, (5)] < 7| Kep, | (9.2)
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9.1. Proof of Proposition 8.3—Concluded

The estimate in (9.2), established for some time level s, can be extended to a cylinder by
suitably modifying the various constants. Set s=5+0(£Ry)?, and write down the energy
estimates (4.1) over the pair of cylinders
(7, 3)+Q;R0/2(9) C(9,8)+Qzp, (0) for = Dng_p,
where v is the number appearing in (9.2), and we may assume that s<t¢ without loss of
generality. The estimate is written for (v—Ak)_, where X is the number appearing in
(9.2), and
k=3(1-7) P =27 g,.

The cutoff function is taken to be independent of ¢, equal to 1 on the smaller cylinder,
vanishing on the lateral boundary of the larger cylinder and such that |D¢|<4(2Rg) 1.
Recalling that v solves (8.1) with the structure conditions (8.2), and neglecting the term

involving Dw, gives that
_ _ kP _
[ oo [ @R s dot Qe ()
Kerg/2(9) Kery (9) (ERO)
for all —0(£Ry)P <t<s. The constant v depends only upon the data and is independent
of k, & and My, provided C'<1. Having fixed A€(0,1), set A=%(1+) and estimate the

left-hand side from below, by extending the integration over the smaller sets

{v(-, 1) < \k}.

Thus
/ (v—=AE)? (z,t) da:;/ (v—=AE)? (z,t) dx
Kery/2(9) Kerg/2(@)N{v(-,t) <Ak}
> 11Nk {o(-, 1) < ARYNKer, j2(7)]
for all —0(ERy)?<t<s. The right-hand side is estimated above by using (9.2) and the
expression of . An upper bound is given by 7]{:2D|K€—RO/2\ for a constant v depending
only upon the data and independent of 7 and k. Combining these estimates, we get that
{v(+ 1) <AFNKeryj2(9)| < 77| Kepy 2| (9.3)
for all —0(£Ry)? <t<s. Having fixed v5€(0, 1), choose 7<vp. By choosing a smaller v if
necessary, we may assume that 7~! is an integer. Then, partition the cube Kery/2 (4),
up to a set of measure zero, into 7~ pairwise disjoint cubes congruent to Kzp, /2, and
let y;, for j=1, ..., 77N be the center of such cubes. The collection of cylinders
(Y5, s)—i—Q;ORO (0) forj=1,..., 7N, where ny= 5VE,
is a partition, up to a set of measure zero, of the cylinder (7, s)+QgRO/2(9), into o=
sub-cylinders each congruent to @, r (6). By virtue of (9.3), for yv=14, (8.5) holds true
for at least one of these sub-cylinders.
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10. The intrinsic Harnack inequality implies Holder continuity

Local weak solutions u of (1.1), with no sign restrictions, are locally Holder continuous.
Such a local behavior was established in [5, Chapter III], along with locally quantitative
Holder estimates.

The intrinsic Harnack inequality of Theorem 1.1 can be used to establish locally
quantitative Holder estimates for local, weak solutions u of (1.1), thereby providing an
alternative proof to [5].

Fix a point in E7, which, up to a translation, we take to be the origin of RN+, and
for go>0 consider the cylinder QP 2=K,, x (—08,0], with “vertex” at (0,0), and set

My=sup u, mo= inf v and wy= osc u= My—myg.
Qr—2 pr2 prz
With wg at hand, construct now the cylinder of intrinsic geometry

c \P—2
Qo =Ky, x(—000h,0], where 00:(;()

and c is a constant to be determined later in terms only of the data and independent of
w and gg. If wy>cop, then QuCQP~2.

PROPOSITION 10.1. FEither wo<cgg, or there exist numbers v>1, § and £€(0,1),
that can be quantitatively determined only in terms of the data and independent of u
and g9, such that setting

c P2 _
Wp=0wp—1, On= <7> ,  On=¢E0n—1 and Qn:an(an)a

(‘L)TI,

for neN, it holds that Q11 CQy, and either

4
oscu < —’YC'QH or 0scu < wy.
Q 5 Q

Proof. We exhibit constants ¢, § and € depending only upon the data, such that if
the statement holds for n, it continues to hold for n+1. Thus assume that (),, has been
constructed and that the statement holds up to n. Set

M, =supu, my=infu and sz((),—%@ngﬁ).

n n

The point P, is roughly speaking the “mid-point” of @,. The two functions M, —u
and u—m,, are non-negative weak solutions of (1.1) in @,,. Either of these satisfies the

intrinsic Harnack inequality with respect to Py, if its “intrinsic waiting time”,

c P2 c P2
(Mnuwo)) o or <u<Po>mn) o
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is of the order of 0,,0P. At least one of the two inequalities
My, —u(Py) > tw, and u(Py)—my, > tw,

must hold. Assuming that the first holds true, apply Theorem 1.1. By possibly modifying

the constant ¢ appearing in (1.7) that determines the “waiting time”, either
YC o0y = My, —u(Py) > twy, (10.1)

or

(M, —u(Pp)) > %wn. (10.2)

Choosing
1 1
§=1—— and e=-6w"2/P
4y 4

one verifies that Qn+1Can/4(9n)CQn. Then, if (10.1) occurs,
- 4y
<A/C f =,
§s¢ u<iCens1 for =

If (10.2) occurs, then

1
M, > sup u+—wn,.
Qn41 4’7

From this, subtracting infg,, u from both sides yields that

1
Wy = 0SC U+ —Wn,.
Qn+1 Y

Thus
0sc U< dwy, =wWp41- O
Qn+1

11. Further results: Equations of the porous media type

Consider quasi-linear, degenerate, parabolic differential equations of the form
ug—div A(x, t,u, Du) = B(x,t,u, Du) weakly in Er, (11.1)

where the functions A: Ep xRYT1 RN and B: Er xRNt SR are only assumed to be

measurable and subject to the structure conditions

A(x,t,u, Du)-Du > Colu|™ | Du|?*—C?,
|A(z,t,u, Du)| < Cy|u|™ | Du|+C, a.e. in Ep, (11.2)
|B(x,t,u, Du)| < Clu[™"!|Du|+C,
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where m>1, Cy and C; are given positive constants, and C is a given non-negative
constant. A function

u € Cloe(0,T; L2 (E)) such that |u|™T/2e L2 (0,T; WL 2(E)) (11.3)
is a local, weak solution to (11.1) if for every compact set K CE and every sub-interval
[t1,t2] C(0,T] the integral equality (1.4) holds for all ¢ as in (1.5) for p=2. For (xq,%o)€
Er, assume that u(xg,t9) >0, and consider cylinders of the type

m—1
c
¢ ,(0) forp=2and = —- . 11.4
Local, weak solutions to (11.1)—(11.2) are locally bounded and locally Holder continuous
in Er [6]. Therefore, they have pointwise values in E7 and the boxes in (11.4) are well
defined. These cylinders are intrinsic to the solution, since their length is determined by

the value of u at (zo, o).

THEOREM 11.1. (Intrinsic Harnack inequality) Let u be a continuous, non-negative,
weak solution to (11.1)—(11.2). There exist positive constants ¢ and v depending only
upon the data, such that for all intrinsic cylinders (xo,t0)+Qi,(0) as in (11.4), contained
in Ep, either u(xg,to)<vCo or

m—1
w(zg, to) <v inf wu(z,to+00%), 0:<c> . 11.5
( 0 0) 0 +(0) ( 0 0 ) U(Jfo,to) ( )

The theorem has been stated for continuous solutions, to give meaning to u(xg,tg).
However, it continues to hold for non-negative, weak solutions of (11.1)—(11.2) for al-
most all (xg,to) € Er and for corresponding cylinders (x¢, tg)+Q,(6) C Ep. The intrinsic
Harnack inequality, in turn, can be used to prove that local solutions of (11.1) are locally

Holder continuous.

THEOREM 11.2. (Harnack inequality and Holder continuity) Any locally bounded
weak solution to (11.1)—(11.2), with no sign restriction, is locally Hélder continuous

m ET.

A locally quantitative Holder estimate can be established as a minor variant of the ar-
guments of §10. The only difference is that M,, —u and u—m,, are not solutions of (11.1).
However, the proof in §§3-9, only uses De Giorgi-type lemmas (such as Lemma 4.1) for
the truncations (u—k)., and the corresponding Harnack estimates can be restated as

local bounds for M,,—u and u—m,,.
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