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0. Introduction

We deal with the theory of iteration of forcing notions for the continuum, and prove
CON(a>?2) and related results. We present it in several perspectives; so §§2 and 3 do
not depend on §1; and §4 does not depend on §§1, 2 and 3. In §2 we introduce and
investigate iterations which are of finite support but with non-transitive memory and
linear, non-well-ordered length, and prove CON(a>?) using a measurable. In §4 we also
answer related questions (u<a); in §3, relying on §2 we eliminate the use of a measurable,
and in §1 we rely heavily on [S8].

Very basically, the difference we use between a on one hand and b and d on the other
hand is that a speaks on a set, whereas b is witnessed by a sequence and 0 by a quite
directed family; it essentially deals with cofinality; so every unbounded subsequence is
a witness as well, i.e. the relevant relation is transitive; when b=090 things are smooth,
otherwise the situation is still similar. This manifests itself by using ultrapowers for some
»-complete ultrafilter (in model-theoretic outlook), and by using “convergent sequences”
(see [S1], or the existence of Av, the average, in [S3]) in §§2 and 3, respectively. The
meaning of “model-theoretic outlook” is that by experience set theorists starting to hear
an explanation of the forcing tend to think of an elementary embedding j: V—M, and
then the limit practically does not make sense (though of course we can translate). Note
that ultrapowers by, e.g., an ultrafilter on s, preserve any witness for a cofinality of a
linear order being >s* (or the cofinality of a s*-directed partial order), as the set of
old elements is cofinal and a cofinal subset of a cofinal subset is a cofinal subset. On
the other hand, the ultrapower always “increases” a set of cardinality at least s, the
completeness of the ultrafilter.

“Is a<07?” is one of the oldest problems and well known on cardinal invariants of the
continuum (see [D]). It was mostly thought (certainly by me) that consistently a>? and
that the natural way to proceed is by CS-iteration (P;, Q;:i<ws) of proper “w-bounding
forcing notions, starting with VEGCH, and |P;|=R8; for i<w; and Qi “deal” with one
MAD family A;eV¥®:, A, C[w], adding an infinite subset of w almost disjoint to every
A€ A;. The needed iteration theorem holds by [S4, Chapter V, §4], saying that in VFPwz,
0=b=N; and no cardinal is collapsed, but the single step forcing is not known to exist.
This has been explained in details in [S5].

We do not proceed in this way but in a totally different direction involving making
the continuum large, so we still do not know the answer to the following problem.

Problem 0.1. Is ZFC +2%° 4R, +a>0 consistent?

To clarify our idea, let D be a normal ultrafilter on s, a measurable cardinal, and
consider a c.c.c. (countable chain condition) forcing notion P and
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(a) a sequence f=(f,:a<sx") of P-names such that Ibp“(f,:a<sx’) is <*-
increasing cofinal in wy? (;0 that f exemplifies IFp “b=0=2s""), and

(b) asequence (4,:a<a*) of P-names such that I-p “{Aq:a<a*} is MAD, that is,
a#B =A,NAg is finite and 4, € [w]r0”.

Now P;=P*/D also is a c.c.c. forcing notion by Lo$’ theorem for L, ,; let ; P—P;
be the canonical embedding; moreover, under the canonical identification we have
P<y, . Pi. So also IFp, “fo€“w?”, recalling that f, actually consists of w maximal
antichains of P (or think of (H(x),€)*/D, x large (;nough). Similarly IFp, “fo <*fs if
a<fB<xt?”, ) )

Now, if IFp, “g€“w”, then g=(gc.:e<3)/D, IFp “g. € “w”, so for some a <t we have
IFp “ga<* fo for 5<~z”. Hence b~y Lc;é’ theorem IFp, “é <*fo” (so before the identification
this means I, “g<*j(fa)”), s0 (fara<s™) exempli%ies also Ibp, “b=0=0uc"".

On the other hand, (4,:a<a*) cannot exemplify that a<s* in VP! because a* > "
(as ZFCFb<a), so (Ay:a<s)/D exemplifies that IFp, “{As: a<a*} is not MAD”.

Our original idea here is to start with an FS-iteration Q°=(P?,Qf:i<s") of nep
c.c.c. forcing notions, Q? adding a dominating real (e.g. dominating real = Hechler forc-
ing), for » a measurable cardinal, and let D be a s-complete uniform ultrafilter on
» and x>>s. Then let Lo=s", and let Q'=(P},Q}:i€L;) be Q° as interpreted in
(H(x),€,<%)*/D. It looks like Q° replacing s* by (3*)*/D. We look at Lim(Q°)=
U; P: as a subforcing of Lim(Q') identifying Q; with Qj,(;), jo being the canonical
elementary embedding of »* into (s»*)*/D (no Mostowski collapse!). We continue to
define Q™ and then Q¥ as the following limit: for the original i€, we use the def-
inition, otherwise we use direct limit (“founding father’s privilege” you may say). So
P‘=Lim(Q?) is <-increasing, continuous when cf(i)>Xo; so now we have a kind of iter-
ation with non-transitive memory and a non-well-founded base. We continue #»** times.
Now in VLim(QxH), the original s generic reals exemplify b=0=3", so we know that
a>s*. To finish assume that plF“{A4,:y<sx*}C[w]® is a MAD family”. Each name
A, is a “countable object” and so depends on countably many conditions, so all of them
are in Lim(Q?) for some i<s**. In the next stage, Q**?, (A,:y<s)/D is a name of an
infinite subset of w almost disjoint to Ag for each < ¢, a contradiction.

All this is a reasonable scheme. This is done in §1 but rely on “nep forcing” from [S8].
But another self-contained approach is in §§2 and 3, where the meaning of the iteration
is more on the surface (and also, in §3, help to eliminate the use of large cardinals). In
§4 we deal with the case of an additional cardinal invariant, u.

Note that just using FS-iteration on a non-well-ordered linear order L (instead of an
ordinal) is impossible by a theorem of Hjorth. On non-linear orders for iterations (history
and background) see [S10]. On iteration with non-transitive memory see [S6], [S7], and
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in particular [S7, §3]. Continuing this work J. Brendle has proved the consistency of
a=R; (note that in Lemma 3.5 we have assumed that A=Y in V, and hence cf()\) >R,
even in VF).

I thank Heike Mildenberger and Juris Steprans for their helpful comments.

1. On Con(a>0?)
In this section, we look at it in the context of [S8] and we use a measurable.

Definition 1.1. (1) Given sets A; of ordinals for I<n, we say that 7 is an
(Ao, ..., Ap_1)-tree if T=Uk<, Tk, where

77€ g {(7707 e M ""nn—l) m € k(Al) for l<7’l}

and 7 is ordered by i<y v < Ajc, mQuy, and we let 71k :=(pTki:l<n) and demand
that €T, & ki<k = f1k1€Tr,. We call T locally countable if ke[l,w) & 7€T;, =
Ho€Ter1: <77} <Np. Let

Lm(7T)={(m:l<n):me“(A) forl<kand m<w = (g m:l<n)eT}.
Lastly for n; <n we let
prjlim, (7)={(m:1<n,):for some n,,,...,fn—1 we have (n;:l<n)€lim(T)};

and if n, is omitted we mean n;=n—1.
(2) We let

R= {'7': for some sets A and B of ordinals we have

(@) T=(T, T2);
(if) 77 is a locally countable (A, B)-tree;
(iii) 72 is a locally countable (A, A, B)-tree;
(

iv) Q7 :=(prjlim(71), prjlim(72)) is a c.c.c. forcing notion

absolutely under c.c.c. forcing notions (see below)}.

(2A) We say that Q7 is c.c.c. absolutely for c.c.c. forcing if: for c.c.c. forcing
notions P<R we have PxQx <R*Qrp (though not necessarily Q¥P< Q¥R in VR), so
that membership, order, non-order, compatibility, non-compatibility, and being predense
over p in the universe V¥, are preserved in passing to VE: note that the predense
sets belong to V¥ (the Q7’s are snep, from [S8] with slight restriction). Similarly we
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define “Q7 <Q7 absolutely under c.c.c. forcing” (compare with clause (A)(a)(iil) in
Definition 2.6).

(3) For a set or class A of ordinals, &% is the family of 7€ & which are a pair of
objects, the first an (A, B)-tree and the second an (A, A, B)-tree for some B such that
|T1|<3¢ and |T2|< . For a cardinal » and a pairing function pr with inverses pr, and pry,
let &Y, =R o, (@)=} 204 R3) v =870 o )<y Lt [T =T+ T2

(4) Let T,T’cA. We say that f is an isomorphism from T onto T’ when f=(fi, f2)
and for m=1,2 we have: £, is a one-to-one function from 7, onto 7;/, preserving the level
(in the respective trees), preserving the relations z=y1k, x#ylk, and if fo((m,n2,73))=
(M, m8), f1((v1,v2))=(v1,v3), then [m=v1 & n=v1] and [n2=11 & mp=11].

In this case let f be the isomorphism induced by f from Q7 onto Q.

Definition 1.2. For T/, T"€R let T'<zxT" mean:

(a) T/CT," (as trees) for [=1,2;

(b) if I€{1,2}, 7€ T,"\T, and 771k€T,’ then k<1;

(c) Q7 <Q7~ (absolutely under c.c.c. forcing); note that by (a) and (b) we have:

2€Q7 = 2€Q7, and QpFz<y = Qs Fx<y.

Remark. The definition is tailored such that the union of an increasing chain will
give a forcing notion which is the union.

CrAM/DEFINITION 1.3. (0) The relation <g is a partial order of K.

(1) Assume that (T[i]:i<6) is <g-increasing and that T is defined by T=\J, Ti],
that is, Trn=J; .5 Tm[d] for m=1,2. Then

(a) i<d =T]<aT;
(b) Q7= Ui<5 Q’?[i] -

(2) Assume T',T€R. Then there is T"€R such that T'<aT" and Q. is iso-
morphic to Q7 *Q7, and this is absolute by c.c.c. forcing. Moreover, there is such an
1somorphism extending the identity map from Q=5 into Q7.

(3) There is TERY® such that Q7 is the trivial forcing.

(4) There is TERX® such that Qs is the dominating real forcing.

Proof. See [S8]. O

CLAIM 1.4. (1) Assume that T[y|€Rpr, o for v<7y(x). Then for each a<~y(*)
there is T{a)€ERpr, <a such that Q7(ay 8 Po, where (P, Qa:y<y(x), B<y(x)) is an
FS-iteration, QQZ(QTW])V[P‘*], T{a)ERpr, <o, Tla1)<aT{a2) for ar<ap<y(x) and
Th<aT(a) for y<a<y(x). We write T(a)=3", ., T
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(2) In part (1), for each y<+(x) there is T'€Rpr, 4 such that T’ and T are iso-
morphic over T[y]. Hence Q7 and Q7 are isomorphic over Q7).

(3) Ifin addition T[Y|<aT'[Y]€Rpr, ~ for ¥<(%), and (P, Qi:v<Y(%), B<v(¥))
is an FS-iteration as above with P;(*):Q?,, then we find such a T' with T<gT'.

Proof. This is straightforward. (W

THEOREM 1.5. Assume that

(a) s is a measurable cardinal;

(b) se<p=cf(u)<A=cf(\)=2* and (Va<p)(|aRo<y) for simplicity.
Then for some c.c.c. forcing notion P of cardinality A\, in V¥ we have o=\ d=b=yp
and a=A.

Proof. We choose by induction on { < the following objects satisfying the following
conditions:

(a) a sequence (T [v,¢]:y<u);

(b) Tly,Clefy, 4

(c) €<¢ =T E<aT s

(d) if ¢ is limit then T [y, (]=Ug( T [ €J;

(e) if y<p and (=1, then Q7[v,(] is the dominating real forcing = Hechler forcing;

(f) if y<p, C=€+1>1 and £ is even, then T [v,(] is isomorphic to T {y+1,£) over
T 1€, say by jy.¢, where T{(y+1,£):=3" 5. T8, ]; let j, ¢ be the isomorphism induced
from Q7 (,41,¢ onto Q7[y,(] over Q7 ¢; B

(g) if y<p, (=€+1 and £ is odd, then T [y, (] is almost isomorphic to (7 [v,€])*/D
over Tj,, say that j, ¢ is an isomorphism from (T [v,€])*/D onto T[y,(] such that
(z:e<3)/D is mapped onto z by j, ¢.

There is no problem to carry out the induction. Let P¢=Q7, (), where we have
T C): =3, T, ¢] for (<A, P=P) and P, c=Q7(, - Now the following holds.

X, It is true that |[P|<A. (Why? As we prove by induction on (<A that each
T [v,¢] and Do T v, A] has cardinality <. Hence for y<u we have that the forcing
notion Q7(, 5 in the universe VQ7.% has cardinality < AR =)\.)

Xy In VP we have b=0=\. (Why? Let 7 be the Q7 ;j-name of the dominating
real (see clause (e)). As T [v,1]<aT[v, A, clearly 7, is also a Q7(, »-name of a dominat-
ing real. This is preserved by P, so IFp_ ., “ny dominate (“w)VIBvA But (P, y:y<p)
is <t-increasing with union P and cf (u)=u>~}20, so Ibp “(ny1y<p) is <*-increasing and
dominating”. The conclusion follows.)

We shall prove below that a> )\, and together this finishes the proof. (Note that it
implies 280>\, and hence as A=A by X; we get 280 =\.)

Kz It is true that IFp “a>\".
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So assume that plF“A={A4;:i<0} is a MAD family, i.e. (§2>X¢ and)

(i) Aselu]™;

(i) i) = [A:iNA;|<Ro;

(iii) A is maximal under (i) and (ii)".

Without loss of generality IFp “A; € [w]¥0”.

As always azb, by Ky we know that 6>y, and toward contradiction assume 8 <.
For each i<f# and m<w there is a maximal antichain (p;mn:n<w) of P and a se-
quence (t;m n:n<w) of truth values such that p; m, »lFp “n€A; if and only if t;m » is
truth”. We can find a countable w; Cp such that [U,, <., DOm(pimn) CWi], Pijmn€
Qs {Ty,A\]:vew;}; moreover, YyEDom(p;mn) = Pimn(Y) 18 @ Qy(7(s,:8eynw,;}-NBME.
Note that Qs~(7(3,)]:8evnws,i<0} <Ry {Ts:8<4)> S€e [S8].

Clearly for some even (<A, we have {p; m n:1<0, m<w and "<W}QQZ{’T[L3,<}:B<M}-
Now for some stationary SC{d<u:cf(d)=3} and w* we have 6€S = wsNé=w" and
a<d€S = w,CH. Let (6.:£< ) be an increasing sequence of members of S, and 0* =
U.< 0. The definition of (T [y, (+1]:v<pu), (T [y, {+2]: y<p) was made to get a name
of an infinite ACw almost disjoint to every Ag for 8<6 (in fact, (3, Q7y,¢) /D can
be <-embedded into 3, QF(y ce2))- O

Remark. In later proofs in §2 we give more details.

2. On Con(a>?) revisited with FS, with

non-transitive memory of non-well-ordered length

We first define the FSI-templates, telling us how to iterate along a linear order L; we think
of having for each t€ L, a forcing notion Qq, say adding a generic v¢, and Q; will really
be J{QVIe-s€A]: Ac L}, where I, is an ideal of subsets of {s:s<yt}; so Q; in the
nice case is a definition. In our application this definition is constant, but we treat a
more general case, so Q; may be defined using parameters from V[(v,:s€ Kt)], K¢ being
a subset of {s:s<rt}, and so the reader may consider only the case teL = K;=0.
In part (3), instead of distinguishing “¢ successor, ¢ limit” we can consider the two cases
for each ¢. The depth of L is the ordinal on which our induction rests (as order type of
L is inadequate).

Definition 2.1. (1) An FSI-template (= finite support iteration template) t is a se-
quence (I;:t€ Ly=(I}:t€ LYY= (I[t]: t€ L[t]) such that
(a) L is a linear order (but we may write z€t instead of x€ L and z <.y instead
of < y);
(b) I is an ideal of subsets of {s: LFs<t}.



194 S. SHELAH

We say that t is locally countable if t€ L' & (VB€[A]®)(B€l,) = A€, we say that
t! and {2 are equivalent if LY'=L* and te Lt &|A|<Ry = (A = AcIf), and we say
that t is globally countable if te L*& A€ I} = |A|<N.

{2) Let t be an FSI-template.

(c) We say that K=(K,:t€L') is a t-memory choice if

(i) Ki€I} is countable;
(ii) seK; = K,CKj,.

(d) We say that LC L' is K-closed if te L = K;CL.

(e) For K a t-memory choice and LC L* which is K-closed, we say that K'=K[L
if Dom(K')=L and K] is K, for te L (it is a (t]L)-memory choice, see part (5)).

(3) For an FSI-template t, t-memory choice K and K-closed LCL!, we define
Dp((L, K), the t-depth (or (t, K)-depth) of L, by defining by induction on the ordinal ¢
when Dp,(L, K)<(.

For ¢=0: Dp,(L, K)<( when L=g2.

For ¢ a successor ordinal: Dp,(L, K)<( if and only if

(a) there is L* such that L*CL, |L*|<1, (VteL)(VA€I})(ANL*=@); hence
L\L* is K-closed, Dp,(L\L*, K)<( and for every t€L* we have

R, L\L*€I} and(!) it is K-closed.

For (>0 a limit ordinal: Dp,(L, K)<( if and only if

(b) there is a directed partial order M and a sequence (L,:a€M) with union
L such that the sequence is increasing, i.e. MFa<b=-L,CL;, each L is K-closed,
(Vbe M)(¢>Dpy(Ly,K)) and te L & A€l; & ACL = (Jae M) ACL,.

So we have Dp,(L, K )=¢ if and only if Dp,(L, K)>¢ & (V¢ <) Dp¢(L, K) £, and
Dp,(L, K)=o0 if and only if (Vordinals ¢) [Dp,(L, K)%(]-

(c) If ap€M, wa€[Ly)<M and A4 +C L, is from I} for a<w; and t€w,, then
there are an unbounded SCw; and b€ M such that (| J{Aa :U{t}\Ls:t€w,}:a€S) is
a sequence of pairwise disjoint sets (we can waive this if we use only o-linked forcing
notions below (where for each of the w parts, membership is absolute too)).

(4) We say that K is a smooth t-memory choice if Dp (L', K)<oo and K is a t-
memory choice.

(5) If K is omitted we mean that it is the trivial K, that is, K;=@ for teL".
We say that t is smooth if the trivial K is a smooth t-memory choice. For LCL! let
tIL=(I;NP(L):teL).

(6) Let L1<¢Ly mean L1 CLyCL' and te L & A€lf = ANLyCL;.

(1) We can use less, but it seems not needed at the moment. We can go deeper to names of depth
<¢ inductively on e<wy, as in [S7, §3|, or in a more particular way to make the point that is used here
true, and/or make I{ only closed under unions (but not subsets), etc. Note that, e.g., Lim(Q) is well
defined when L! is well ordered.
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Definition 2.2. Let t=(I;:t€L') be an FS-iteration template and K a t-memory
choice.
(1) We say that L is a (t, K)-representation of L if (c) of Definition 2.1 (3) is valid
and
(a) LCL' is K-closed;
(b) L=(L,:a€M);
(¢} M is a directed partial order;
(d) L is increasing, that is, a<psb = Lo C Ly;
(€) L=Uaenm Lj;
(f) each L, is K-closed;
(¢) if teL, AcI}, ACL then (3a€ M)(ACL,).
(2) We say that L* is a (t, K )-*representation of L if
(a) LCL'is K-closed;
(b) L*CL, L* a singleton;
(c) if teL and A€} then ANL*= (so L\L*<L);
(d) if teL* then L\L*eI}.

CLAIM 2.3. Let t be an FSI-template and K a t-memory choice.
(0) The family of K -closed sets is closed under (arbitrary) unions and intersections.
Also if LCL* then LUU{K;:t€L} is K-closed.
(1) If LyCL' is K-closed and Ly is an initial segment of L, then Ly is K -closed.
(2) If LyCLaC LY are K-closed then
() Dp(L1, K)<Dp¢(Ls, K); moreover,
(B) (3t€Ly)|L1€1}] implies that Dp,(Ly, K)<Dp,(L2, K) or both are cc.
(3) If LyC Ly C L are K-closed then t[ Ly is an FSI-template, L1 is (t]L2)-closed
and Dpy;p, (Ly, K [Ly)=Dp,(L1,K).

Proof. (0) and (1) are trivial—read the definitions.

(2) We prove by induction on the ordinal ¢ that

(*)¢ () if Dpy(Ly, K)=¢ (and L; and Lo are K-closed) then Dp,(L1, K)<¢;

(B) if in addition (3t€ Ly)(L,€1}) then Dpy(Lq, K)<(.

So assume Dp, (L, K)=(, so that Dp,(L2, K) #¢+1, and hence one of the following
Cases OCCurs.

First case: (=0. This is trivial; note that clause (8) is empty.

Second case:  is a successor. It follows that Ly has a (t, K)-*representation L*
such that Dp¢(L2\L*, K)<(; see Definition 2.2 (2).

Let Ly :=Lo\L*; if Ly CL; then by the induction hypothesis we have Dp,(L1, K )<
Dp, (L3, K)<(; so assume that L; ¢ L;, and so only clause (c) is relevant. Now letting
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L7 =L,\L* we have [L] and L; are K-closed] & L7 CL; & Dp(L;,K)<(, and hence
Dp (L7, K)<(¢ by the induction hypothesis. Let L{=L;NL* so that L}CLy, Ly is K-
closed, L1\ L*=(L;\L3)NLy is K-closed, Dp,(L1\L}, K)=Dp, (L7, K )<( and necessarily
L7 has exactly one element. Also easily t€ L} implies Ly €1}, so that L] is a (t, K)-
*representation of L;. So clearly Dp,(L, K)<Dpy(L7,K)+1<(.

Third case: ¢ is limit and (Lq:a€M) is a (t, K)-representation of Lo such that
a€M = Dp,(Lq, K)<(.

Let L2:=L, and LL:=L,NLy, so that (L.:a€M) is increasing, (J,¢ Ls=L1, each
L! is K-closed (as L? and L, are K-closed, see part (0)), and teL; & Acl} & ACLy =
(3aeM)(ACL2NL,=L). Also by the induction hypothesis, b€ M = Dp, (L}, K)<(.
By the last two sentences (and Definition 2.1) we get Dp,(L1, K)<(, as required in
clause (a). For clause () we know that there is t€ Ly such that L;€I{. Hence by clause
(f) of Definition 2.2 (1) for some be M we have L; CL®, and we can use the induction
hypothesis on ¢ for Ly, L.

(3) This is easy. a

CLAIM 2.4. (1) If for I=1,2 we have that L' is a (t, K)-representation of L, L'=
(LL:aeM;) and M=M;xMs, then L=(L,NLy:(a,b)€M) is a (t, K )-representation
of L.

(2) If L} is a (t, K)-*representation of L for 1=1,2 then Li=Lj.

Proof. (1) This is straightforward.
(2) This is easy, too. 0

Discussion 2.5. (1) Our next aim is to define iteration for any K-smooth FSI-
template t; for this we define and prove the relevant things; of course, by induction
on the depth. In the following Definition 2.6, in clause (A)(a), we avoid relying on [S8];
moreover the reader may consider only the case K;=4, omit 7, and have Q; g be the
dominating real forcing = Hechler forcing.

(2) We may more generally than here allow 7, to be, e.g., a sequence of ordinals,
and members of Q.. be CHex,(Ord), and even K, large but increasing L; we then
need more “information” from 7¢I Lim¢(Q[L). We may change to: Q; is a definition of
nep c.c.c. forcing ([S8]) or just “Souslin c.c.c. forcing (=snep)” or just absolute enough
c.c.c. forcing notion. All those cases do not make real problems (but when the parameter
n¢ have length > it changes in the ultrapower!, i.e. j(1;) has length greater than the
fength of nt). )

(3) If we restrict ourselves to o-centered forcing notions (which is quite reasonable),
maybe we can in Definition 2.1(3)(a) omit X, ; if in Definition 2.6 below in (A)(b),
second case, we add that t€L* = p[(L\L*) forces a value to fi(p(t)) where f¢:Q;—w
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witnessed o-centerness and is absolute enough (or just assume that Q; Cwx Q} and that
fe(p(t)) is the first coordinate). More carefully, probably we can do this with o-linked
instead of o-centered.

Definition/Claim 2.6. Let t be an FSI-template and K=(K;:tcL") be a smooth
t-memory choice.

By induction on the ordinal ¢ we shall define and prove:
(A) (Definition) For LC L' which is K-closed of (t, K )-depth <¢ we define:
(a) when Q=(Qy g, n,:t€L) is a (t, K)-iteration of def-c.c.c. forcing notions, but
we can let 1z code @y so that we may omit @;
(b) Lim¢(Q) for Q as in (A)(a).
(B) (Claim) For Ly CLyCL' which are K-closed of (t, K)-depth <¢ and a (t, K)-
iteration of def-c.c.c. forcing notions Q=(Qy 3, n, :t€ L2) we prove:
(a) QIL; is a (t, K[ Ly)-iteration of def-c.c.c. forcing notions.
(b) Lim(Q[L;)CLim(Q) as quasi-orders.
(¢) If Ly<¢Ly (see Definition 2.1 (6)) and p€Lim(Q), then p[L;€Lim(Q[L;)
and Lim¢(Q)F“pI L1 <p”.
(d) If L1 <¢ Lo, p€Lim((Q) and Lim(Q[L,)F“(plL1)<q", then qU(p[{L2\L1))
is a least upper bound of {p, ¢} in Lim(Q); hence Lim((Q[L;)<Lim(Q).
(e) Lim((Q[L;)<Lim(Q), i.e.(?)

(i) peLim¢(QJL1) = p€Lim(Q);

(ii) Lim((Q[L1)kFp<q = Lim(Q)Fp<g;
(iii) if ZCLim¢(QfL;) is predense in Lim;(Q[L1), then T is predense in
Lim(Q) (hence if p, gcLim(Q) are incompatible in Lim¢(Q[L,) then they are incom-
patible in Lim(Q)).
(f) Assume that LoC Ly is K-closed and L=LoNLy; if peLim(Q[Lg) and g€
Lim(Q[ L) satisfies (Vr €Lim((Q[L))[g<r—p and r are compatible in Lim{(Q[Lo)], then

(VreLim(QIL1))[g<r—p and r are compatible in Lim{(Q[L2)]. (Explanation: this
means that if g forces for by, gz that peLim(Q[Lg)/Lim¢(Q[L), then g forces for
IFLim,(@z:) that peLim((Q)/Lim((Q[L1).)

(g) If (La:a€My) is a (t, K )-representation of L; then we have Lim(Q[L;)=
Uaens, Limi(QILL).

(b) If L* is a (t, K)-*representation of L, then Lim(Q[L,) is as defined in
(A)(b) of our definition below, second case, from L*.

(i) (o) If p1,pe€Lim(Q) and t€Dom(p;)NDom(pz) = p1(t)=p2(t), then g=
p1Up2 (i.e. p1U(p2\Dom(p;))) belongs to Lim((Q) and is a least upper bound of pi, ps;

(?) Here we do not assume Lj <¢La.



198 S. SHELAH

(8) peLim¢(Q) if and only if p is a function with domain a finite subset of Ly
such that for every t€Dom(p), for some A€}, A is K-closed, K;CA and ”_Liﬂll(QrA)
“p{t)EQen,." (soif p€Lim¢(Q) then for some countable LC L, we have peLim((Q[L));

() Lim;(Q)Ep<q if and only if p, g€ Lim,;(Q), for every t€Dom(p) we have
teDom(q), and for some K-closed A€I} we have gl A€Lim((Q[A) and ¢l AlFpim, Gra)
“p(t)<q(t) in Q. (as interpreted in VEHm{(Q4) of course)”.

(§) Lim(Q) is a c.c.c. forcing notion and Lim(Q)=J{Lim;(Q[L): L& [Ly]SRe}.
(k) Lim¢(Q) has cardinality <|Lp|™° (here we use the assumption that n: and
members of Q¢,,, are reals; see definition in (A)(a)(i) and (ii)) below).

Let us carry out the induction.

Part (A) (Definition). Assume Dp (L, K)<(. If Dp(L,K)<({ we have already
defined (t, K )-iteration and Lim(Q[L), so assume Dp,(L, K)=C.

Clause (A)(a). (i) 7; is a Lim((Q!K;)-name of a real (i.e. from “2, used as a pa-
rameter) (legal as thi&KtEIt & te L, hence by Claim 2.3(2), clause (3), we have
Dp(K:, K)<Dp(K;U{t}, K)<Dp,(L, K)<(, and so Lim¢(Q[L;) is a well-defined forc-
ing notion by the induction hypothesis and Claim 2.3 (2), clause (3)).

(ii) @ is a pair of formulas with the parameters 7, defining in VFm(QIK+) 4 forcing
notion denoted by Qt,z,,,, Whose elements are contained in H(Ry).

(ili) In V,;=VLm(QIK:) if P'<P” are c.c.c. forcing notions then Q=Q; 4, n, as
interpreted in Vy=(V{)?’ is a c.c.c. forcing notion there, and P'xQ¢p,n, I8 a <
subforcing of P"+Q¢ 55, where Q; g, means as interpreted in (VLim‘(Qrk‘))P, or in
(VLmd(QIKD)P” pespectively (ie. “p<q’, “p and q incompatible” and “(pn:n<w) is
predense” (so the sequence is from the smaller universe) are preserved).

(iv) Assume that Lim(Q[K;)<Po<P;<P3 are c.c.c. forcing notions for I=1,2,
P;NPy=Py, P} is a forcing notion, P; <P} for [=1, 2 (in fact, P{=P,*p,P; is all right)
and G3*G® is a generic subset of P3*Qq g, n,, and let GixG'=(G3+xG*)N(P1*Qy 5, 1. )-
If (pl,ql)EGl*Gl for {=1,2, then for some p,eP, satisfying PiEp;<p; for =1, 2 we
have: if p*cP3 is above p| and above pj, then p*lFp,“gq q1 and gp are compatible in

Qt#ﬁtﬂjt 7
Clause (A)(b).
First case: (=0. This is trivial.

Second case: ( is a successor. So let L* be a (t, K )-*representation of L. Define:
peLim(Q) if and only if p is a finite function, Dom(p)C L, p[(L\L*)€Lim(Ql(L\L*)),
and if t€ L*NDom(p), then p(t) is a Lim(Q[(L\L*))-name of a member of Qt,5,,7.; and
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the order is Lim{(Q)Fp<gq if and only if

(i) Lim((Q[(L\L*))E“(p(L\L*))< (g (L\L*))", and

(ii) if te L*NDom(p) then ¢ (L\L*)IFpiy @ro\z+y) “P(E)<q(t)”.

Clearly Lim(Q) is a quasi-order. But we should prove that Lim(Q) is well defined,
which means that the definition does not depend on the representation. So we prove
that

X if Dpi(L, K)=¢, and for [=1,2 we have that L} is a (t, K )-*representation of L
with Dp,(L\L}, K)<¢, and Q' is Lim¢(Q[ L) as defined by L} above, then Q'=Q?.

This is immediate by Claim 2.4 (2) and the induction hypothesis clause (B)(h).

Third case: ¢ is limit. There are a directed partial order M and L=(L,:a€M),
a (t, K)-representation of L, such that € M = Dp,(L,, K)<({. By the induction hy-
pothesis, a<pb = L, C Ly & Lim{(Q[Lg) CLim(Q[Ly).

We let Lim(QIL)=U,cp Lime(Q[ L,), so we have to prove that

Ko the choice of L is immaterial.

So we just assume that for [=1,2 we have that M; is a directed partial order, L'=
(LL:a€My), LLCL, MiFa<b= L\ CLL and (VteL)(VAel,)[ACL—(JacM)(ACLL)
and Dp, (L}, K)<(].

We should prove that (J,cp,, Lim(Q[LY) and [J ey, Lim(Q[L?) are equal, as
quasi-orders of course.

Now let M:=M; x My, with (a1, a2)<(by,b2) © a1<p, 01 & a2< a1, b2, be a directed
partial order. We let Lg, o,y=LL NL2, so clearly L, q,)CLY, Dpy(L(ay,a0) K) <,
(a1,a2)<nr (01, 52) = Lias,a0) S L(by bg) a0d (L, ,a,): (a1,a2)EM) is a (t, K )-representa-
tion of L by Claim 2.4 (1). So by transitivity of equality, it is enough to prove for {=1,2
that Ug,ear, Lim(Q[LL) and U(a,b)eM Lim¢(Q[L(,4)) are equal as quasi-orders. By the
symmetry in the situation, without loss of generality, [=1.

Now for every a€My, L=(L(,4):b€My) satisfies: L1CL, Dp(L})<¢, L(ap)CLy,
L}I:UbeM2 Ligp) and b1<ar,b2 = Liap,) S L(ap,)- Also we know that (Vte L)(VA€eI})
(Ibe My)(ACL—ACL?), and hence (VteLl)(VAE€I})(ACLL—(IbeMy)(ACL(a)))-
Hence by the induction hypothesis for clause (B)(g) we have that Lim(QIL}) and
Use Mo Lim¢(Q [ L(a,5)) are equal as quasi-orders. As this holds for every a€M; and M,
is directed, we get that U, ¢z, Lime(QIL2) and U,epr, Upens, Lime(Ql Lia,p)) are equal

as quasi-orders. But the second is equal to U(a pyenr Lime(Q [L(a,)), and so we are done.
Part (B).
First case: (=0. This is trivial.

Second case: { is a successor. Similar to usual iteration, and easy using the definition

and the induction hypothesis, except for clause (f), which we prove in detail.
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Clause (f). Let p, ¢, L and Lo be as in the assumption of clause (f). Let re
Lim¢(Q[L;) be above q there (and we should prove that p and r are compatible in
Lim¢(Q[Ly)). Let t be the maximal member of Lo, and set L; :=L;\t and L :=L\t. If
(t¢ LoV t¢ Ly) or just t¢Dom(p)NDom(r), then by the induction hypothesis applied to
Ly, L, L~, Ly, plLg, ¢! L™ and r[L; we can find a common upper bound r* of p[Lg
and r1L7 in Lim((Q[L;), and r*Up[{t}Ur[{t} is a common upper bound of p and r as
required.

So assume that t€Dom(p)NDom(r)CLoNLy, and let P:=Lim(QIL") and P;:=
Lim((Q[L;) for 1=0,1,2. Let P} be PoxpPy, and let G2+G? be a generic subset of
P5%Q¢,,.7. to which p and r belong. Now we get p’ and 7’ by applying clause (A)(a)(iv)
for t with

P, Pg, Py, Py, Py, (plLg,p(t)), (rIL7,7(t)), py and py

here standing for
P03 Pla P27 P37 Pf?.v q1, g?: pl and 7',

there, respectively.
By the induction hypothesis in P, for the conditions p’ and r’ we can find a common
upper bound p*. So clearly p*Itp, “p(t) and ¢(t) are compatible inside Q¢,g, n,”, and we

can finish.

Third case: ¢ is limit. Let (L?2:a€M) be a (t, K )-representation of Ly with a€ M =
Dp(L., K)<(, and let L1=LiNL,.

Clause (B)(a). This is trivial.

Clause (B)(b). Clearly Dp,(L1,K)<(¢ by Claim 2.3(2)(c). Hence Lim¢(Q[ L,
is well defined by (A)(b), which we have already above, i.e. Lim{(Q)=Lim(Q[Lz)=
Usaens, Lim(Q[L2) as quasi-orders.

Clearly (LL=L,NL%:a€ M) is a (t, K )-representation of L;. Hence by the induction
hypothesis (if Dp,(L1, K)<¢) or by the uniqueness proved in (A)(b) (if Dp, (L1, K)=(),
we know that Lim¢(Q[L1)=,c Lim¢(QIL}) as quasi-orders, and by the induction hy-
pothesis for (B)(b) we know that Lim¢(Q[L})CLim(Q[L2) as quasi-orders (for a€ M),

and we can easily finish.

Clause (B)(c), (d). Use the proof of clause (B)(b) noting that L} <¢L2, and so we
can use the induction hypothesis (i.e. if p€Lim{(Q[Lz), as M is directed there is a€ M
such that Dom(p)C L?; now a<pyb=p[Li=plL}, and we can finish easily).

Clause (B)(e). The statements (i) and (ii) hold by clause (b). The statement (iii)
holds: let Z be a predense subset of Lim((Q[L;) and let p€Lim;(Q), so that for some
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a€M we have pcLim¢(Q[L?2). By the induction hypothesis, applying clause (B)(e) to
L} and L2, we have Lim(Q[L})<Lim(Q[L2). Hence as pcLim;(Q[L}) clearly there is
qeLim(Q[L2) such that p is compatible with 7 in Lim¢(Q[L2) whenever Lim¢(QIL})F
“g<r”. Now by the assumption on “ZCLim((Q[L;) is dense”, as g€Lim(Q[L1) (by
clause (B)(b)) we can find go€Z and ¢; such that Lim{(Q[L1)Fqo<g1 & ¢<q1, and so
for some b€ M we have q,q0, 1€ L} and a<pb (as M is directed). Now we consider
p,q, L%, L2 L}, L? and apply clause (B)(f).

Clause (B)(f). This is easy to check using clause (f) for the L2’s, which holds by
the induction hypothesis.

Clause (B)(g). Let My:=M (and recall M; that is from clause (B)(g)). For each
a1€ My, clearly Dpy(Lo, K)<¢ as LoC Ly, (La,NL2 :as€My) is a (t, K )-representation
of L, and Dp(L,,NL2 , K)<Dpy(L2,, K)<¢. Hence by (A)(b) we know that

Lim{(QlL,,) = UM Lim¢(Q[(La, OL?LQ))‘
a2€EMs

The rest should be clear.
Clause (B)(h). This is easy.
Clause (B)(i). This is easy.

Clause (B)(j). So let po €Lim(Q) for a<ws; let wo=Dom(p,), and without loss of
generality assume that (w,:a<w;) is a A-system with heart w. So for some a€ M we
have wC L2. For each a, for some a, €M, we have a<jsa, and p, €Lim((QIL2 ).

We can choose a countable set A, +€ I} such that Aq ;C Ly, for t€w, and Do (t) is
a Lim((Q/L,,)-name. So by clause (c) of Definition 2.1 there are an unbounded SCw;
and be M such that (|J{Aa,:U{t}\Ls:t€ws}:a€S) is a sequence of pairwise disjoint
sets. Without loss of generality, €S = bCa,. By clause (B)(e), for each a€S there
is p*€Lim¢(Q[Lp) such that if pX<g€Lim((Q|L,) then p, and g are compatible. By
clause (B)(j) of the induction hypothesis, for some a<g from S the conditions p;, and pj
are compatible in Lim¢(Q[L;). Let g exemplify this, and by clause (B)(f) we can finish
easily.

Clause (k). This is easy. O

CramM 2.7. (1) Assume that
(a) tis an FSI-template, Dp,(L, K)<o0, i.e. K is a smooth t-memory choice;
(b) Q=(Qq,:teL) is a (t, K)-iteration of def-c.c.c. forcing notions;
(c1) L1,LaCL, Li<Ly (i.e. (V€ L) (Vi€ L) (L E 1 <t)) and t€Ly = L€},
or at least t€ Lo & L'CLy & |L'|<Ro = L'el} and L=L1UL,.



202 S. SHELAHK

Then
(o) Lim(Q) is actually a definition of a forcing (in fact a c.c.c. one), and so
meaningful in bigger universes; moreover, for extensions V1CVq of V=V, (with the
same ordinals of course), we get [Lim((Q)]V*C[Lim{(Q)]V2,(®) and every mazimal anti-
chain T of Lim(Q) from V; is a mazimal antichain of Lim(Q) (in Va);
(8) Lim((Q) is in fact the composition Q1*Q2, where Q,=Lim((Q[L;) and
Q2= [Lim((Q[L;)]Vi€aul.
(2) Assume clauses (a) and (b) of part (1), and
(c2) suppose that L has a last element t* and let L~ =L\{t*}.

Then for any G~ CLim(QIL™) generic over V, letting ne-=1;+ [G7] in V]G] we
have: the forcing notion Lim(Q)/G~ is equivalent to U{QX,[iE]fAGItt* is K-closed},
where G 4:=G~ NLimy(Q[A) and ng=n:-[G™].

(3) Assume clauses (a) and (b) of~part (1), and

(c3) suppose that (L;:i<&) is an increasing continuous sequence of initial seg-
ments of L with union L; and that § is a limit ordinal.

Then Limy(Q) s U,; Lim¢(Q[L;); moreover, (Lim((Q[L;):i<8) is <-increasing
continuous.

(4) Assume that t' and > are FSI-templates, that LY=LY, call it L, that for
every teL, IFN[L]Se=I N[L)<®0, that K is a smooth t'-memory choice, and that
Q=(Q¢, 5, n.:tEL) is a (', K)-iteration of def-c.c.c. forcing notions for 1=1,2. Then
Limg (Q)=Lim (Q).

Proof. This is straightforward (or read [S8]). O

We now give sufficient conditions for: “if we force by Lim((Q) from Definition 2.6,
then some cardinal invariants are small or equal/bigger than some p”. The necessity of
such a claim in our framework is obvious; we deal with two-place relations only as this

is the case in the popular cardinal invariants, in particular those we deal with.

CLAIM 2.8. Assume that t is a smooth FSI-template, that K={(K;:tcL') and Q=

(Qt,.:t€LY) are as in Definition 2.6 and that P=Lim(Q).

(1) Assume that
(a) R is a Borel(*) two-place relation on “w (we shall use <*);
(b) L*CLY
(c) for every countable K -closed ACLY, for some teL*, we have A€I};
(d) for teL* and K-closed A€It which includes K;, in VF™(QI4) ye have
IFQ..,, “v¢€“w is an R-cover of the old reals, i.e. 0€ (“w)VILim QI = y Ry where v,

(3) Of course possibly L1 =2.
(%) Here and below just enough absoluteness is enough, of course.
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is a name in the forcing Qy,y,, i.e. all this is in (Qtym[g])v[g], G the generic subset of
Lim{(Q[A), not depending on A (usually v, is the generic real of Q.. , hence Qy,y, is
interpreted in the universe VLim‘(QrA), and so 1 is determined by the g}enem’c; norrr;ally
we assume this absolutely). )

Then IFp “\Vpe“w)(Fte L*)(pRvy), i.e. {vi:t€L*} is an R-cover, which, if R=<",

”

means 0<|L¥|

(1A) If we weaken assumption (d) to “for some v; a Lim(QIK})-name”, where
K{=K;, or we use K'=(K{:teL*), K[CLY,, then we get IFp “{v;:t€L*} is an R-
cover”. If we weaken assumption (d) to Ibp “for every o€“w, for some teL' and ve
V (“w)VIEm(QIKD] e have RV, then

IFp “(Voe“w)(Ite L*)(Ive VLim‘(arK:))[gR V).

This implies that in VT, if R=<* then <Y 1« |K{l; we could use a sequence K’
indexed by other sets.
(2) Assume that
(a) R 1is a Borel two-place relation on “w (we shall use <*);
(b) p is a cardinality;
(c) if L*CL" and |L*|<u, then for some t€L' and K-closed L**2DL* we have
L**€ 1}, and in VEm(QIL™) IFq,.,, “some ve“w is an R-cover of the old reals” (usually
v is the generic real of Qi ,.; this we assume absolutely).
Then I-p “(VX€[“w]<#)(Fve“w) (A ,ex 0RV)” (so for R=<* this means b>p).
(3) Assume that
(a) R is a Borel two-place relation(’) on “w (we use R={(p,v):0,v€“2 and
o Y1}, v~ {1} are infinite with finite intersection});
(b) s and 6 are cardinals, and <O,
(¢) if tin€Lt for i<i(x), n<w, #<i(*)<8, and each {t; ,:n<w} is K-closed,
then we can find t,€L* for n<w such that {t,:n<w}CL' is K-closed and
(%) for every i<i(x), for some j<s, j#i, and the mapping t;n—>t;n,
tjnrtn is a partial isomorphism of (t,Q) (see Definition 2.9 below).
Then in VF we have:
gx if 0i, Vi €“w for i<i(x), 5#<i(x)<@ and i#j = v; Rp;, then we can find p€“w
such that i<i(*) = 15 Ro.

Proof. This is straightforward, but being requested we give details:
(1) Let ¢ be a P-name of a member of (“’w)vp, so that as P satisfies the c.c.c.
(see Definition 2.6 (B)(j)), for each n there is a maximal antichain {p,;:i<i,} such

(5) So R is defined in V; if R is from VEm«(QIK) we need a partial isomorphism (see below) of
(t, Q) extending idg-.
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that p,, forces a value of g(n) and, of course, i, is countable. Let M={a:a is a
countable K-closed subset of L'}. Then obviously M is closed under countable unions
and |J{a:ae M}=Lt. Let L,=a for a€ M, so that by Definition 2.6 (B)(i)(3) we have
peLim(Q) ¢ U{Lim(Q|L,):ae M} but P=Lim(Q). Hence for n<w and i<in, for
some a,,;EM we have p, ;€Lim((Q[L,). But M is R;-directed, so for some acM we
have {a,;:n<w and i<i,}C{c:c<pra}. Also by Definition 2.6 (B)(e) we know that
Lim;(Q[L,)<Lim{(Q)=P, so ¢ is a Lim(Q[ L, )-name. Now by assumption (c) of what
we are proving, as L,CL is cg)untable, we can find t€ L*CL* such that L,eI}. Also
we know that K,€I} (see Definition 2.1(2)(c)), hence A:=K;UL, belongs to I} and is

K-closed; and easily also B=AU{t} is K-closed.
Then ACBCL! are K-closed, so as above Lim(Q[A)<Lim(Q[B)<Lim(Q)=P

and o is a Lim¢(Q[A)-name (hence also a Lim(Q[B)-name) of a member of “w.

Now by assumption (d), in VVim(Q4) we have Irq, . “oRvy,”, and therefore by
Claim 2.7 (2) we know that Lim¢(Q!B)=Lim(Q}A)*Q; .. Sotogether lFrim (5)“0Rv:”,
and hence by the previous sentence and obvious absoluteness we have I-p “QR vy”. So as
1\

P
o was any P-name of a member of (“w)V , we are done.

(1A) The proof is the same as above.

(2) Assume pltp “XC“w has cardinality <u”. As we can increase p without loss of
generality, for some 6 <y we have plkp “|X|=6", so we can find a sequence (ga:a<0) of
P-names of members of (“’w)VP such that plrp “X ={ps:a<8}". Let {pa,ni:i<ian} be
a maximal antichain of P, with p4 . ; forcing a value to Oa (n) and 44, countable.

Define M={aCL!:a is countable and K-closed}, so that for each a<#, n<w,
1<iqp, for some @, n;EM we have pa,n,ieLimt(Q[Laayn,i). Then for some K-closed
L**CL' and teL! we have L**€I} and aq n CL** for a<f, n<w and i<iyn. We now
continue as in part (1).

(3) Assume i(x)€&[s,0) and IFp “v;, p; € “w and i#j = v; Rp;”. So as above we can
find a countable K-closed K} C L* such that v; and p; are Lim&Q[K;)-names; without
loss of generality, K*#@ and even |K}|=Ng; this is~imp0ssible only if Lt is finite, and
then all is trivial. Let (¢; n:n<w) be a list of the members of K} with no repetitions.
Let f;,; be the mapping from K7} to K defined by f; j{tjn)=ti -

We define the two-place relations E; and E; on (%) and on i(x) x i(*) respectively by

e iE;j if and only if f;, is a partial isomorphism of (t,Q) such that f;; (see
claim (B) of Definition 2.9 below) maps (g;, v;) to (g;,vs);

« (i1,i2) E2(j1, 72) if and only if iy By j1, i Fa j» and fi, ;,Ufi, s, is a partial isomor-
phism of (t, Q).

We easily have that
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® (i) E7 and Ey are equivalence relations over their domain;
(i) fri=fi}

As |i(x)/E1|<cf(s) (by clause (c) of the assumption) and we can replace i(x) by
i(*)+s¢, without loss of generality, i<s =>0E;i. Now we apply assumption (c), and
get {t,:n<w). By (%) of clause (¢) and clause (A)(b) of Definition 2.9 below, for any ¢
and j clearly KUK and K} U{tn:n<w} are K-closed (see the definition below). For
any 7 <i(*) let j;<sr be as in (x) of clause (c), which means that j;#i and the following
mapping g; is a partial isomorphism of (t, Q): Dom(g;)={t; n,tj;n:n<w}, gi(tin)=tin
and g;(tjn)=tn.

Let v and p be Lim,(Q[ K*)-names such that for some, equivalently any, ¢, §; maps
vj,, 04, to v, 0, ;espectively (this is all right as for any i, and iz we have j;, F j;, because
jilElji,‘, and hence gi2°fji2, jil:giHK;il)' Now for any i<i(*), as j;7#¢, we know that
”—Lim¢((§r(K;‘UK;‘i)) “yijoi ?, s0 applying g; we have IFpim, (x;UK+) “yiRQ”. Thus we have
proved IZIg'x and Claim 2.8. d

In Definition 2.9 below we note that isomorphisms (or embeddings) of t’s tend
to induce isomorphisms (or embeddings) of Lim.(Q), and we deal (in Definitions 2.10
and 2.11) with some natural operation. In Definition 2.9 we could use two t’s, but this

can trivially be reduced to one.

Definition/Claim 2.9. Assume that t, K and Q=(Qqy,:tcL’) are as in Defini-
tion 2.6. By induction on ¢ we define and prove the followiné:(G)

(A) (Definition) We say that f is a partial isomorphism of (t,Q) of depth <( if
(omitting ¢ means for some ordinal ¢; writing t instead of (t, Q) means that we assume
Qt,,,=Q, i.e. constant, K;=& for every t€L', and that we may say “t-partial isomor-
phis_m”)

(a) f is a partial one-to-one function from L' to Lt

(b) Dom(f) and Rang(f) are (t, K )-closed sets of depth <(;

(c) for teDom(f) and ACDom(f) we have A€l} < f"(A)elfq,;

(d) for t€Dom(f), we have that f maps K; onto K(;), and f[ K¢ maps n; t0 nf();
more exactly, the isomorphism f which f induces from Lim(Q[K;) onto Lim(Q[Ky()
does this.

(B) (Claim) (a) f induces naturally an isomorphism, which we call f, from
Lim(Q[Dom(f)) onto Lim(Q[Rang(f)).

Proof. This is straightforward. O

(6) If K=o and all Qq,, have the same definition of forcing notion as in our main case, we can
separate the definition and claim.
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Definition 2.10. (1) We say that t=t!+t2 if
(a) L*=L'+L" (as linear orders);
(b) for teL, It =1}
(c) for teL¥, I¥={ACL': ANLYeI’}.

So £ +12 is well defined if t! and 2 are disjoint, i.e. LYNLY=2.

(2) We say that ! <y t? if and only if
(a) L'crLt (as linear orders) and teLt = I{lg If;
(b) for every countable(”) ACLY and teL* we have Aelf' & AcIf.

(3) If (t5:¢<¢&) is <yi-increasing, with £ a limit ordinal, we define t¢ =Ue<e t¢ by

L= J LY (as linear orders),
(<¢

IF=U{I: ¢ <€ and te L%},

Clearly (<& = tS < té. Such a ¢ is the limit of (t:(<&); now a <k-increasing se-
quence (t°: (<€) is continuous if for every limit ordinal §<¢ we have £={J,;t.

(4) If (£$: ¢ <€) are pairwise disjoint (i.e. (#e = LN LY =), we define Dece t by
induction on £ naturally: for £=1 it is t°, for £ limit it is U, . (3. t¢), and for E=e+1
it is (ZC<€ ) +15; 50 <& :Z<<£1t< kazng t¢ (even an initial segment).

(5) We can replace ¢ in (1)—(4) above by (t¢, K¢).

CLAIM 2.11. Let t be an FSI-template.

(1) If L'=2 or just finite, and {s: L*Fs<t}€l}, then t is smooth.

(2) If t! and t? are disjoint FSI-templates, then t'+t* is an FSI-template and
1e{1,2} = ¢! <t +12.

(3) If t! and * are disjoint smooth FSI-templates, then t'+t* is a smooth FSI-
template; moreover, Dpy(L*)<Dpa (Lt )+Dpe(LY) and Dpy(Lt)=Dpq(L).

(4) If (t5:¢<€) is a <wi-increasing sequence (see Definition 2.10 (2)) of FSI-tem-
plates and § is a limit ordinal, then t*:=J,, t is an FSI-template and (<& = € ok 6.

(5) If (t5:¢<€) is an increasing continuous sequence (see Definition 2.10(3)) of
smooth FSI-templates and & is a limit ordinal, then &:= U< <t t¢ is a smooth FSI-
template, (<& =t <uxté and Dp,e (L)< ¢ e Dpye (L%).

(6) If (t5:¢(<¢) is a sequence of pairwise disjoint (smooth) FSI-templates, then
Ycce t is a (smooth) FSI-template and (Y., t:£<() is increasing continuous.

(7) We can ezpand t¢ by K€.

(") We may restrict ourselves to FSI-templates t of a globally countable, i.e. such that A€I} &
te Lt = |A|<Np, or a locally countable, with no loss. We use this restriction as in Definition 2.13. If
A;CA; €1} for i<j<s, then in t*=t*/D, U{j} t(Ai):i<x}eI]‘.; (& even if U{Aizi<sx}¢I}.

: ¢
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(8) We can restrict ourselves to locally countable t’s (so that the sums are locally
countable if the summands are) or to globally countable ones.

{9) Assume that J is a linear order, t, is a smooth template for every x€J and
(L%=:2€J) are pairwise disjoint ( for notational simplicity). We define t by L'=3" ;L'
(so that L*Fs<t if and only if (3z,y)(s€L=AteLvAz<zy)V(Ized)(Lt=Es<t)) and

I'={ACL': (Vsc A)(s<p:t) and letting t € t° we have
ANLt=€cI}® and {y:y<jyx, ANL" # 2} is finite}.

Then t is a smooth template (can be expanded by K ’s) (this will be used in §3).

Proof. This is easy. For example, part (3) is proved by induction on Dp,(L'),
part (6) by induction on &, and in part (7) let M be [J]<®° ordered by inclusion and
Lizy,...zmyy=U{L=0:1=1,...,n} for any z(1),...,z(n)€d. O

Discussion 2.12. To prove our desired result CON(a>0) we need to construct an
FSI-template t of the right form. Now we do it by using a measurable cardinal. The point
is that if we are given ({; n:n<w):i<i(x)), L', i(¥*)>s, and D is a normal ultrafilter
on s, then in /D the w-sequence ((t; »:i<3)/D:n<w) is as required in Claim 2.8 (3)(c),
considering t*/D as an extension of t.

Definition 2.13. For a template t and a (2%°)*-complete ultrafilter D on s, we define
t*:=t*/D, jp and jp(t) as follows:
(a) We define t* by

LY¥=(LY*/D as a linear order,

and if t*=(t;:i<s)/D, where t,€L*, then we let If.={A:we can find 4;€I} for i<sx
such that AC[],_, A:/D}.

(b) We then let jp be the canonical embedding of t into t*/D, ie. jpi(t)=
(t:i<s2)/D for every teLt.

(c) Let finally ¢=jp¢(t) be defined by L'=L¥[{jp(s):s€L} and 1;1’3,1(3):
{{ip,{t):t€c A}: AcIl}.

(We can deal with K if D is (U, 1« |K¢|*)-complete, which holds here as each K; is
countable, and we can also deal with Q if we have less than com(D) kinds of @; (letting
n; vary), which holds here too.)

CLAIM 2.14. In Definition 2.13,
(1) /D is also an FSI-template, jp () <wxt/D and jp is an isomorphism from
t onto jp(1);
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(2) if t is a smooth FSI-template, then /D is a smooth FSI-template;
(3) moreover, Dpgp(L*/P)<(DP(L'))*/D.

Proof. This is straightforward. 0

Now Definition 2.15 and Observation 2.16 below are used only in the short proof of
Conclusion 2.17, depending on §1, so you may ignore them.

Definition 2.15. Fix Rg<se<p=cf(u)<A=cf(A)=X* and D, a s»-complete (or just
(2%0)*_complete) uniform ultrafilter on . We define, by induction on (<A, a smooth
FSl-template t., ;o for y<u such that

(a) ty,c is an FSI-template;

(b) if v17v2 then t,, ¢ and t,, ¢ are disjoint, i.e. L*v1¢N L2 < =@;

(c) for £<¢ we have ty ¢ <wkty,c;

(d) if ¢ is limit then t, ¢=J; ., t+.¢, see Definition 2.10(3) and Claim 2.11 (6);

(e) if (=€+1 and ¢ is even, then there is an isomorphism j, ¢ from } 5. tg,¢ onto
t.,¢ which is the identity over t. ¢;

(f) if (=¢+1 and £ is odd, then there is an isomorphism j, ¢ from (t, ¢)*/D onto
t., ¢ which extends the inverse of jp, -

OBSERVATION 2.16. Definition 2.15 is legitimate.
Proof. This follows by the previous claims. a

CONCLUSION 2.17. Assume that » is measurable and sx<p=cf(pu) <A=cf(A)=A*.
Then for some c.c.c. forcing notion P of cardinality A, in V¥ we have a=X and b=0=p.

Short proof (depending on §1). Let t. ¢ (for y<p and (<) be as in Definition 2.15.
Let t=3 _, ty, K=(K;:teL'), K;=o and Q=(Q:t€L') with Q_t being constantly
the dominating real forcing (= Hechler forcing). Lastly let P=Lim(Q).

The rest is as at the end of §1. O

Alternative presentation of the proof of Conclusion 2.17, self-contained, not depend-
ing on Definition 2.15 and Observation 2.16. We define an FSI-template t¢ for (<A by

induction on (.

Case 1: (=0. Let t¢ be defined by

L=y, Is:{A:AQa}.

Case 2: (=¢+1. We choose ¢ such that there is an isomorphism j¢ from L¥ onto
(L¥ )*/D satisfying that j¢ [L* is the canonical embedding j p ¢, and if ze Lt and Je@y =
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(ze:e<s)/De(L¥)*/D, then AcIY if and only if for some A=(A,: &< ) we have AEEI};
and {j¢(y):y€ A} C{(ye:e<3)/D: {e<s:y. € A.}€D}.

Case 3: ( is limit. We choose t¢ from

L¥= | LY as linear orders.
£<¢

Subcase 3A. If ze L* then I ={A: AC{s: L F“s<z"}}.
Subcase 3B. If £¢ L*" but z€ LY, then(®)

I¥ ={A: for some £ <( we have z€ LY, and if y =min{ye L*": L¥Féz <y},
which is in Lt (and is always well defined, see clause (b} of (%) below),
then A\{te L: L¥'F “ < 2" for some z such that L'F“z<y"}
belongs to [f (and hence is a subset of Lté)}.

We now prove by induction on (<A that
(%) (a) t¢ is an FSI-template;

(b) L* is an unbounded subset of L*;

(c) t¢ is smooth;

(d) & <uxtt for £<(;

(e) if z€LY then {z:for some ye L' we have L' F “z<y<a:”}€[f;

(f) L' has cardinality <(u+|¢])*;

(g) (£:£<() is <yk-increasing continuous;

(h) we have =3 _ 7, where s7:¢=t¢ HzeLl: L¥E“c<y’).

(Why? This is easy. For example, why do clauses (a) and (c) hold? For (=0 by
Claim 2.11 (1) and (6). For (=¢+1 by Claim 2.14 (2). For ¢ limit, for any te LY clearly
s7'¢ is the union of the increasing continuous sequence (s7:e<(), and is hence a smooth
FSI-template by clause (h) and Claim 2.11 (5). Now also t¢ is a smooth FSI-template by
Claim 2.11 (6). Of course, we let KS=(KS:te L"), K= and Q; be a dominating real
forcing.)

Lastly let for (<A, Pc=Lim(Q[L*). Now

(@) Py is a c.c.c. forcing notion of cardinality <A®°, and hence VP F2Ro ) by
Definition 2.6 (B)(j) as A=X*;

(8) in VP> we have <y, by Claim 2.8 (1) applied with R=<* and L*=L* using
(*)(b) and (e);

(7) in VP we have b>p by Claim 2.8 (2) applied with R=<*;

(6) b=d=p and azpu by (8) and (v), as it is well known that b<d and b<a.

(8) So members of L'® have the “veteranity privilege”, i.e. “founding father’s right”; i.e. members
t of Lt° have the maximal It‘c.
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But in order to sort out the value of a, we intend to use Claim 2.8 (3) with 6 there
chosen as A here.

But why does the demand (c) from Claim 2.8 (3) holds? Assume that i(x) €[, A) and
ti,neL*X, for i<i(x) and n<w, are given. As A is regular and >%(x), necessarily for some
€< we have {t;,:i<i(x) and n<w}§L‘E. Now let t,€L*"" be such that jey1(tn)=
(tin:i<)/D; easily (t,:n<w) is as required (note that the number of isomorphism
types of w-sequences (t,:n<w) in t is trivially <32).(°) So

(¢) in VP> we have a>» = a> ) by Claim 2.8 (3).

Thus we are done. O

3. Eliminating the measurable

Without a measurable cardinal our problem is to verify condition (¢) in Claim 2.8 (3).
Toward this it is helpful to show that for some Ri-complete filter D on s, for any
i(*) €[5, A) and t; , € LY, for i<i(*) and n<w, we have: for some B€ D", for every j <i(*)
some A€ D satisfies that for any ip,7;€ ANB, the mapping t; n—=t;n, tign—>ti,n 15 2
partial isomorphism of t. So D behaves as an R;-complete ultrafilter for our purpose.
(If you know enough model theory, this is the problem of finding convergent se-
quences, see [S1, Chapter II]. For stable first-order T with s=3(T), any indiscernible
sequence (equivalently set) (G,:a<a*) of cardinality > is convergent. Why? As for
any be *>¢, for all but < ordinals a<a*, b"a, has a fixed type so that average is de-
finable. In [S1, Chapter II}, we deal with it in general (harder to prove existence, which

we do there under the relevant assumptions).)

LEMMA 3.1. Assume 280 <p=cf(u)<A=cf(A\)=ARc. Then for some P we have:
(a) P is a c.c.c. forcing notion of cardinality A;
(b) in VF, b=0=p and a=28=)\.

Proof. We rely on Definition 2.6 and Claim 2.8. Let L} be a linear order isomorphic
to A, let Ly be a linear order anti-isomorphic to A (and Ly NL¢ =) and let Lo=Lg + L.

Let J be the following linear order:

(a) its set of elements is “~(Lg};

(b) n<jv if and only if for some n<w we have n{n=v|n and lg(n)=n & v(n)eLg
or lg(v)=n & n(n)€ Ly, or we have lg(n)>n & 1g(v)>n & LoFEn(n)<v(n).

(See more on such orders in [L], [S2, Appendix| and [S9, XIII, §2], but we are self-
contained.)

(?) In fact, it is <2%0 by the construction, but this is irrelevant here.
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Note that

[; every interval of J, as well as J itself, has cardinality A;

Of if Ro<f=cf(8)< or #=1 or §=0 and (t;:i<6) is a strictly decreasing sequence
in J, then J[{yeJ:(Vi<0)(y<yt;)} has cofinality A if non-empty;

(7 the inverse of J satisfies )] and is moreover isomorphic to J;

g if §=cf(0) >N and s,,t4€J for @<, then we can find a function f:6— 8@ which
is regressive and a club E of 6 such that: if a;< 3 are from E for I=1,2 and f(a;)=
F(Br)=Ff(a2)=f(B2), then t,, <338, < ta,<3sp, and ta,=Sg, < to, =Sz, (we can add
ta, <dtg, < ta,<atg,, etc., but this can be deduced using the above several times).

We now define by induction on ¢ <y FSI-templates t¢ such that

(*)é the set of members of L¥ is a set of finite sequences starting with ¢, hence
disjoint to t. for e<(; for ze L% let £(x)=(.

Defining t¢. Case 1: (=0,  a successor or cf(¢)=Rq. Let L%={(¢)} and I@:{Q}.

Case 2: cf(¢)>Ng. Let he:J—( be a function such that e<¢ :>hc‘1{5} is a dense
subset of J. The set of elements of t; is

{OY{(©) () a:neTand e U L.

e<he(n)
The order <, is defined by:
» {¢) is maximal;
* () {m) 21 < (¢)" (m2) 2 if and only if

m<smV{m=mn & §(z1) <&(x2)) V(m=mn2 & &(z1) =&(22) & T1<y,,, T2)-

Lastly, for yet; we define the ideal T =I:,<:

(@) if y=(C) then I={Y:Y CL*\{{()}};

(8) if y=(C)"(v)"z then I is the family of sets Y satisfying the following conditions:
() Yer;
(i) (Vz€Y)(2<.¥);
(ii) for each neJ and £ <h¢(n) we have

{z:(0)"(m) 2 €Y, &(z) =€ and 2 £ (E)} € I}§;

(iv) the set {neJ:(3z)({¢)"(n)"z€Y )} is finite.
Why is t¢ really an FSI-template? We prove, of course, by induction on ¢ that
(¥)2 (1) L' is a linear order;
(ii) I} is an ideal of subsets of {s€I,*: s<t};
(iii) t; is an FSI-template;
(iv) t¢ is disjoint to t. for e<(.
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(Why? By Claim 2.11 and looking at the definitions.)
Next we prove, by induction on (, that t; is a smooth FSI-template. Assume that
t¢ is a smooth FSI-template for all £<(.
(¥)2 For n€J and e<h¢(n)+1, we have that tc[{(¢) (1) 0:0€ ;. te} is a smooth
FSI-template.
(Why? We prove this by induction on &: for e=0 by Claim 2.11 (1); for & successor
by Claim 2.11 (3); for ¢ limit by Claim 2.11 (5) and (6).)
(*)¢ For ZCJ we have that t;[(Upecz {{¢)"(n)"0:0€ Ugch () te}) is a smooth FSI-
template.
(Why? By induction on |Z|: for |Z|=0 and |Z|=n+1 by Claim 2.11 (3); for |Z|>R,
by Claim 2.1 (5).)
(02 t1(L%\{(¢)}) is a smooth FSI-template.
(Why? By (x)¢ for Z=J.)
(*)¢ t¢ is a smooth FSI-template.
(Why? By Claim 2.11(3).)
(*)7 If KCL'% and teL* then the ideal INP(K) is generated by a countable
family of subsets of K.
(Why? Check by induction on ¢.)
Now for (< let
Clp 54:228<< t., ie.
(i) the set of elements of s¢ is |J, . L'
(ii) for z, y€s; we have <, y if and only if £(z) <&(y) V (§(x) =€ (y) & T<y,(,, ¥);
(iii) T3¢ ={Y Cs¢: (V2€Y)(2<s, y) and {z€s.:£(z)=£(y) and z€Y YL, 7).
(¥)¥ s¢ is a smooth FSI-template.
(Why? This is just easier than the proof above.)
(*)2 If KC L5 is countable and t€ L%¢, then the ideal I,*NP(K) of subsets of K is
generated by a countable family of subsets of K.
(Why? By (x){ and by the definition of s; and of the t’s.)
Let §=(2%0)*.(1°) We shall prove below by induction on ¢ that s and t; are (), 8)-
good (see the definition below and Subclaim 3.4). Then we can finish the proof as in
Conclusion 2.17 using s, (and (*)7 and (¥)3).

Definition 3.2. (1) Assume(!) that 6 is regular uncountable and (Va<8)[|a|™ <8)].
We say that a smooth FSI-template t is (A,0,7)-good if the following condition is

(1%) But if you like to avoid using (*)Z, (*)g and W below, just use #=217. In fact, even without
(*)Z and (*)2 above, countable W suffice, but then we have to weaken the notion of isomorphism, and

there is no point in that. .
(*1) We here ignore K and {(t, t,n¢):t€ Lt}
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satisfied:

@® Assume that t, ,€L" for <8 and n<w, that {tqn:n<w} is K-closed and that
W is a family of subsets of w such that 2"!<@. Then we can find a club C of  and a
pressing-down function h on C such that

@’ if SCC is stationary in 6, (V6€S)[cf(8)>No] and h[S is constant, then we have:

X} for every a<f in S, the truth value of the following statements does not

depend on (o, 8) (but may depend on n, m and weW):
( ) =tg,m;
(11) ta n<L‘tﬁ m}
(iii) {tq,i: lE'w}EIt o
(iv) {tg:lew}el} ;
V) {ta:lewtel, ;

X% let 6*<6 be such that cf(6*)=7 and sup(SN*)=4*; if 6<B*< A and sg €L,
for B<B*< )\ and n<w, then we can find t,€L! for n<w such that for every <%, for
every large enough a€SN4*, for some t-partial isomorphism f we have f(t,)=tq» and
f(spn)=5pn-

(2) We say that t is strongly (X, 0, 7)-good if above we allow W="P(w) (so if 6>y,
this is the same). In both cases we may omit 7 in the notation if 7=6.

Observation 3.3. Instead of “h regressive” it is enough to demand that for some
sequence (X,:a<#) of sets, increasing continuous, | X,|<6 and for every (or club of)
§<8, if cf(8)>Ro then h(5)eH ey, (Xs).

SUBCLAIM 3.4. In the proof of Lemma 3.1,

(i) t¢ is strongly (A, 0)-good;

(ii) s¢ is strongly (A, 6,N;)-good;

(iti) of cf(¢)#8 then s¢ is also strongly (X, 0)-good.

Proof. Recall that 8=(2%)*, and let W be given (2/"/<@ for the first version;
W=P(w) for the second, using (x ) and (*) from the proof of Lemma 3.1). We prove
this by induction on (.

For s.. If (=0, it is empty. Otherwise, given ta,n€5C:ZE<C te for < and n<w,
let h4(a) be the sequence consisting of

(1) €an:=min{&:£€{&(tp,m): f<d and m<w}U{oo} and £2£(ta,n)} for n<w;

(1) wa={(n,m,1):&(tan)=Cam & =1 or £(tan)=E(tam) & 1=2};

(ili) wo={(n,w):n<w, wCw and {tom:mew}el; };
ie. h§(0)=(ta, (fan:n<w), Wq). If Sy={d:cf(6) 2Ny, h§(6)=y} is stationary, we define
hilSy such that it codes h§(d), and if n(x)<w, a€Sy = &(ta,n(x))=Eyn(x) and we let
Uy () ={N:€a,n=Eyn(x) }, then h][S, codes a function witnessing the (), #)-goodness of
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te, o fOT {taniN€UyY n(x), XESY).

Fix S as in @'. It is easy to check that this shows K} even if cf(¢)=6. But assume
cf (¢)#6 & 6*=6 or 6*<0, cf(6*)=R; (or just Ro<cf(d*)<h), §*=sup(SNd*); we shall
also prove the statement from X%. Let wy={n:the sequence ({(t3,):BES) is strictly
increasing} and wo={n: ({(t3,,): BES) is constant}. Let

£(8,n)=¢&sn=U{&(tsn): BES}

as cf(¢)#8@ it is less than ¢ also when ncw;.

Given (S3:8<f*), B*<X and 53=8=(sgn:n<w) we have to find (t,:n<w) as
required in X%. If newo, wo ,={m€wg:&(tan)=E(ta,m) for a€S}, and to choose
(tm:m€uwyg ) we use the induction hypothesis on t¢(s,). If n€w; then we can find
tn€tes,, such that {t:t€te;  and t<y,,t*} is disjoint to {tgm:6<6* and m<w}U
{sg,m:B<B* and m<w}. This is possible because the lower cofinality of L't is
the same as that of Ly and we have A>6+|3*|. Then we choose n*¢J such that
(V) ({Q) " (") "z Ete(5,n) = (O) (") "(T) <te(s.yt*)» and we choose also (t,:n'€w; and
§s,n=&s,n) such that t,€{(()"(n) (zr)€sc:n<yn*}, taking care of W (inside w} ,:=
{mew:{(ta,m)=Es,m} and automatically for others, i.e. considering t,, and t,, such
that &5, 7€5,n,)- This is immediate.

For t¢. This case is similar (using [J; and &s).

We have proved Subclaim 3.4 and Lemma 3.1. O

We may like to have “2% =) is singular”, a=X and b=0=y. Toward this we would
like to have a linear order J such that if £=(z,:a<6) is monotonic, say decreasing,
then for any o <A, for some limit § <@ of uncountable cofinality the linear order {yeJ:
a<§ = y<3gzs} has cofinality >o. Moreover, § can be chosen to suit w such sequences
Z simultaneously. So every set of w-tuples from J of cardinality >6 but less than A can
be “inflated”.

LEMMA 3.5. Assume that

(a) (2R)F<pu=cf(p)<A=A®, X\ singular;

(b) (Va<p)(laffo<pl;

(€) u=Neg(ny, or at least that

(c7) there is f: A—cf(N) such that if {ac:e<p) is strictly increasing conlinuous,
ae <A and y<cf(X), then for some e<7 we have f(a:)=7.

Then for some c.c.c. forcing notion of cardinality A we have IFp “2R =), b=0=1
and a=A\".

Proof. Note that (¢) = (¢7). Just let a< & cf(a)=R. & e<cf(A) = f(a)=¢; clearly
there is such a function, and it satisfies clause (¢~). So we can assume (¢™). Let o=cf())
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and {\.:e<o) be a strictly increasing sequence of regular cardinals greater than p+o
with limit A. Let Lo,L{,L; be as in the proof of Lemma 3.1, L. be the unique
interval of Lo of order type (the inverse of A¢)+A. (so that (Lgc:e<o) is increasing
with union L), and Lo, is an interval of Lo ¢ for e<{<o. We define g: Loy—cf(A) as
follows: if z€ L§ then g(z)=f(otp({y€L{:y<pz}, <)); if z€ Ly and the order type (otp)
of ({yeL{:x<ry}, <p) is the inverse of v, then g(z)=f(v); and let

J*={ne“>(Lo):n(0) € Loo and n(n+1)€ Ly y((n)) for n<w},

ordered as in the proof of Lemma 3.5.
We define s. and ¢, as there. We then prove that s and t; are (7,6)-good and
(A, 7)-good as there, and this suffices repeating the proof of Lemma 3.1. O

Discussion 3.6. We may like to separate b and 0. So below we adapt the proof of
Lemma 3.1 to do this (we can do it also for Lemma 3.5).

A way to do this is to look at the forcing in Lemma 3.1 as the limit of the FS-
iteration (P7,Qj:i<u and j<p), so that the memory of Q} is {i:i<j}, where Q} is
Lim[(Q;:t€ L%)]. Below we will use the limit of the FS-iteration (P}, Q}:j<pxp1), so
that Q¢ has memory w¢ C(, where, e.g., for (=pa+i, with i<y, we={xB+j: <, j<i
and (8, j)#(a,9)}. Let P*=P}, , =U{Pi:i<pxu}.

Of course, Q; will be defined as Lim (Q), t; defined as above, b=y and d=y;.
This should be easy. If (A.:e<e®) exemplifies a in VP, and thus *>p, then for some
(a*, B*)€px p1, for 3 (=0) of the names they involve {Qqo+5:a<a”, BB} only.

Using indiscernibility on the pairs (a, 8) to make them increase we can finish.

LeEMMA 3.7. (1) In Lemma 3.1, if p=cf{u)<cf(u1), p1 <A, then we can change the
conclusion b=0=p to b=y and 0=y,
(2) Similarly for Lemma 3.5.

Proof. First assume that py is regular.
First proof. Let po=p. In the proof of Lemma 3.1, for € {0, 1}, using p=y, gives 55“,
and without loss of generality, s, and s}, are disjoint. Let s be 59+'s1, by which we mean
that L=L%0+L%:, and for t€L%: we let If::Ith (this is not so+5; of Claim 2.11).
Now the appropriate goodness can be proved, so we can prove a=A. Easily we get 02
and b<{g. This is enough to get inequality, but to get exact values we turn to the second
proof.

Second proof. Instead of starting with {Q;:i<u) with full memory, we start with

(Q¢:¢<pxp1), and Q¢ having the following “memory”: if (=pa+i, with i<, then

we = {uf+j: B<a, j<iand (8,5) # (@ )}.
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To deal with the case when y; is singular, we should use a y-directed index set (instead
of ugx p1) as the product of ordered sets. O

4. On related cardinal invariants

Ezxplanation of §4. On Theorem 4.1 you may wonder: u has nothing to do with order or
quite directed family, so how can we preserve small u? It is true that using the “directed
character” of b and ® has been the idea, i.e. in the end we have that P=(P;:i<y) is
<-increasing, P=|J{P;:i<u} and 7; is a P;;-name of a real dominating VPi But
what we really need, for (P,7) as aBove, is that taking ultrapower by the s-complete
ultrafilter D preserves the p;operty of 7, in our present case 7 has to witness u==y.
For being a dominating real this is very ‘natural (Lo$’ theorem).~ But here we shall use
(D;:i<p), with D; being a P;-name of an ultrafilter on w, and demand 7; to be mod
finite included in every member of D;, and moreover 7; to be generic over VP for a
forcing related to D,. When we like to preserve someth~ing in an inductive construction
on a< of (P&:i<y), it is reasonable to have a stronger induction hypothesis than
needed just for the final conclusion. We here need a condition on (Pg,, 7, P, DF)
preserved by the ultrapower (as the relevant forcing is c.c.c., nicely enough defined in
this work).

Secondly, we need for limit a: if cf(a)>Ry it is straightforward, if not, being generic
for the Q; has nice enough properties so that we can complete s, Q? to a suitable
ultrafilter.

This explains to some extent the scope of possible applications; of course, in each
case the exact inductive assumption on (Pg,,, 5, Pg, Y?) with Y a relevant witness,

% 1

varies.

THEOREM 4.1. Assume that

(a) s is a measurable cardinal;

(b) se<p=cf(p)<A=cf(A)=I*.

Then for some c.c.c. forcing notion P of cardinality X, in VF we have 280=),
u=0=b=pu and a=A.

Remark. Recall that

u=min{|P| : P C [w]*® generates a non-principal ultrafilter on w}.

The proof of Theorem 4.1 is broken into definitions and claims.
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Definition 4.2. For a filter D on w (to which all cofinite subsets of w belong) let
Q(D) be

{T:TC“?w is closed under initial segments,
and for some tr(7T'), the trunk of T', we have
(1) 1<lg(tr(T)) = TN'w={tr(T)[1};
(i) tr(T)Ine“"w = {n:n*(n)eT}eD},

ordered by inverse inclusion.

Definition 4.3. Let £ be the family of t consisting of

Q=Q'=(P;,Q,:i<u)=(P},Q}: i< p);
D=D'=(D;:i<pand cf(i)# )= (D! i<p and cf(i)# x);
F=(riri<p)

such that

(a) Qis an FS-iteration of c.c.c. forcing notions (and P, =P, =Lim(Q")=
b) if i<p and cf(i)#s then Q;=Q(D;), see Definition 4.2 above;
c¢) D; is a P;-name of a non-principal ultrafilter on w when i<y and cf(i)#s;
d) |Ps[<x;
e) for i<p and cf(i)# let n; be the P;;1-name of the Q;-generic real,

P);

<

(
(
(
(

’Qi = U {tr(p(l)) 1pe GPH-l }7
and we demand that for i<j<u of cofinality #s we have
IFp, Rang(z;,-) €D;”;

(f) 7, is a P;-name of a function from Q; to {h:h is a function from a finite set
of ordinals to H(w)} such that I-p, “p,q€Q; are compatible (in Q;) if and only if the
functions 7,(p) and 7,(¢) are compatible (i.e.

7i(p) [ (Dom(z;(p)) NDom(7;(q))) = 7:(q) [ (Dom(z;(p)) " Dom(7,(q))),

and then they have a common upper bound r such that 7,(r)=71,(p)UT,(¢)”;



218 S. SHELAH

(g) if cf(i)#5¢, icDom(p), peP; and i<j<py, then 7,(p(7)) is {(0,tr(p))}; i.e. this
is forced to hold;

(h) we stipulate P;={p:p is a function with domain a finite subset of ¢ such that
for each j€Dom(p), @p, forces that p(j)€Q; and it forces a value to 7,(p(j))};

(i) IFp, “Q:CSH<w,(7) for some ordinal y”.

Let ~(t) be the minimal ordinal v such that

i<p = lrp, “if £€Q; then dom(r;(z)) C~v”.
We let 7} be the function with domain P; such that 7{(p) is a function with domain

{v(t)j+B:j€Dom(p) and p|jIFp, “BeDom(7,(p(5)))”}, and we let 7H(y(t) j+ ) be the
value which p[j forces on 75(6).

Obviously we have the following inequality.
SUBCLAIM 4.4. A#42.
Recall the following result.

SuBcLAIM 4.5. Ifin a universe V, D is a non-principal ultrafilter on w, then

(a) IFqepy “{tr(p)(1): I<lg(tr(p)) and peGq(py} is an infinite subset of w, almost
included in every member of D”;

(b) Q(D) is a c.c.c. forcing notion, even o-centered;

() ni=U{tr(p): peGqp)}€“w is forced to dominate (“w)V;

(d) {peQ[D]:tr(p)=n} is a directed subset of Q[D)].

(Note that this, in particular clause (c), does not depend on additional properties
of D; but as we naturally add many Cohen reals (by the nature of the support), we may
add more and can then demand, e.g., that D; (cf(i)#) is a Ramsey ultrafilter.)

Definition 4.6. (1) We define <g by saying that t<gs if ({,5s€f and)
(i) i<p = P{<P;
(if) i<p & cf(3)#x = IFps “DEC DS,
(i) i<p =IFps “TiCTs”.
(2) We say that t is a canonical <g-upper bound of (to:a<8) if
(i) t,ta€R;
(i) a<B<d = ta<atp<at;
(iii) <p and cf(i)=5 implies IFp: “Qi=J, .5 Q;*"-
Note that if cf(d)>Ro then IFp: “Qi=Uacs Q;"” for every i<pu, so t is totally de-
termined.
(3) We say that (t,:a<a*) is <g-increasing continuous if a<f<a* = t,<gats and
for limit d<a*, t5 is a canonical g-upper bound of (t,:a<4d). Note that we have not
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said “the canonical <g-upper bound”, as for §<a* and cf(§)=R¢ we have some freedom
in completing | J{D}*: «<4d} to an ultrafilter (on w in VP, when i<pu, cf(i)#x).

SuBcLAIM 4.7. If P1<Pg and Dy is a Pj-name of a non-principal ultrafilter on w
for 1=1,2 and IFp, “D1C Dy, then P1xQ(D1) <P+ Q(D>).

Proof. First, we can force with P;, so without loss of generality, P; is trivial
and D,€V is a non-principal ultrafilter on w. Now clearly peQ(D;) = peQ(D3) and
Q(D1)Ep<q = Q(D2)Ep<gq, and if p, e Q(D,) are incompatible in Q(D;), then they
are incompatible in Q(D3). Lastly, in V, let T={pn:n<w}CQ(D1) be predense in
Q(D1). We shall prove that Z is predense in Q(D3). For this it suffices to note that

& if D, is a non-principal ultrafilter on w, ZCQ(D;) and 7€ “”w, then the following
conditions are equivalent:

(ay) there is no peQ(D;) incompatible with every g€Z which satisfies tr(p)=mn;

(by) there is a set T such that

(i) veT = ndvep;

(i) nQvLpeT = veT,;

(ili) if €T then either {n: v (nyeT}eD; or (Vn)(v (n)¢T) & (geI)(v=tr(q));
(iv) there is a strictly decreasing function h: T —wy;

(v) nep.

The proof of K is straightforward.

So, as in 'V, ZCQ(D,) is predense, for every n€“>w we have (a,) for Dy, and
hence by X we also have n€“”w = (b,). But clearly if T, witnesses (b), in V for Dy,
it witnesses (by,) in VP2 for Dy. Hence applying X again we get n€“>w = (a,) in VF2
for D,, and so Z is predense in Q(D3) in VF2. We have proved Subclaim 4.7. O

SUBCLAIM 4.8. If t=(t,:a<§) is <g-increasing continuous and §<A* is a limit
ordinal, then it has a canonical <g-upper bound.

Proof. By induction on i<y, we define P}, and if i<y we then have Q}, 7, and D;
(if cf (i) #3¢) such that the relevant demands (for t€ £ and for being a canonical <g-upper
bound of t) hold.

Defining P} is obvious: for =0 trivially, if i=j+1 it is P{*Q}, and if  is limit it is
U{P§:j<i}.

If P} has been defined and cf(i)=s, we let Qf=U, 5 Qi and 7i=U, s e Tt is
easy to check that they are as required. If P! has been defined and cf(i)#s¢, then
Ua<s D! is a filter on w containing the cobounded subsets, and we complete it to an
ultrafilter.

Note that there is such a D} because
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(a) for a<§ we have P'>< P}, and hence IFpi “D;= is a filter on w to which all cofinite
subsets of w belong, and it increases with o”.

Note that there will be no need for new values of the 7,’s, nor any freedom in defining
them. As we have proved the relevant demands on P} and Q} for j <4, clearly P} is c.c.c.
by using (r;:j<i), and clearly (P¢,Q}:(<i and <) is an FS-iteration. Now we shall
prove that a<d = Pl< P!,

So let Z be a predense subset of P:-" and peP}, and we should prove that p is
compatible with some g€Z in P}; we divide the proof into three cases.

Case 1: i is a limit ordinal. If j¢Dom(p), it is trivial. Otherwise p€P} for some
Jj<i. Let I'={qlj:q€T}, so that clearly Z’ is a predense subset of P;-" (as taER).
By the induction hypothesis, in Pjt the condition p is compatible with some ¢’'€Z’; so
let 7'€P% be a common upper bound of ¢’ and p, and let ¢’=q[j, where g€Z. Then
rU{ql[4,%))€P! is a common upper bound of g and p as required.

Case 2: i=j+1 and cf(j)=s. Then without loss of generality, for some <46, p(j) is

ta,
t i’ t t

induction hypothesis, P]-B< P!. Hence there is p'er” such that [p/< p”EPjﬁ =p’ plj

a P;ﬁ—name of a member of Q/°; and also without loss of generality a<8<4. By the
are compatible in P!].
Let

t

B
T={d1j:qe P:", ¢ is above some member of Z and ¢'[j Foes “p(J) ggjq’(j)”}.
7

Now J is a dense subset of P;ﬁ (since if qEP;ﬁ then qU{{4,p(7))} belongs to P;" and is
hence compatible with some member of T).

Hence p’ is compatible with some ¢”’€J (in P;” ), so there is 7 such that p' ST‘EP;E
and ¢"<r. As ¢'¢ J there is q’eP:" such that ¢'|j=q", ¢’ is above some ¢q*€Z and

t

I 43 4 Qjﬁl £\
q1il“p(7)<~"¢'(4)".

As P;ﬁ F“p'<r & q'1j=¢"<r” and by the choice of p’ there is p*€P¥ above r (hence
above p’ and above ¢”"=¢'|j) and above plj. Now let r*=p*U(¢"[{j}). Clearly r*cP}
is above p[j, and r*[j forces that r*(j) is above p[{j}. Clearly r*|j is above r, and r*

is also above g*€Z, so we are done.
Case 3: i=j+1 and cf(j)#s. Use Subclaim 4.7 above.

So we have dealt with a<d = P{*< P},
Clearly we are done with the proof of Subclaim 4.8. O
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SUBCLAIM 4.9. If teR and E is a »-complete non-principal ultrafilter on s, then
we can find s such that
(1) t<as€R;
(ii) there is (ki, ji:i<p and cf(i)#s) such that
(a) k; is an isomorphism from (P})*/E onto P$;
(B) ji is the canonical embedding of P} into (P})*/E;
(7) kicoj; equals the identity on P;
(i) Df is the image of (D;)*/E under k;, and similarly 77 if i<p and cf(i)#sx¢;
(iv) if i<p and cf(i)=s, then 15 is defined such that for j<s and cf(j)#x we
have that k; is an isomorphism from (PL,~',7H*/D onto (P$, 4", 75") for some ordinals
~' and " (except that we do not require that the map from ~' to 7" preserves order).

Proof. This is straightforward. Note that if cf(i) =3¢ and i<y, then Qf is isomorphic
to P7, ;/P?, which is c.c.c., as by Lo§’ theorem for the logic L, ,, we have |J; ., (P})*/E <
(P}, ,)*/E; similarly for 7;, which guarantees that the quotient is c.c.c. too (actually 7, is
not needed for the c.c.c. here). O

SUBCLAIM 4.10. If teR then IFp: “u=b=0=p".

Proof. In VP, the family D={Rang(n;):i<p and cf(i)#x}U{[n,w):n<w} gen-
erates a filter on P(w)V[P:J, as Rang(gi)é[w]NO and i<j<p & cf(z)#sx & cf(j)Fx =
Rang(;) C* Rang(r).

Also it is an ultrafilter, as P(w)VPul= Ui<u P(w)VIPil and if i<y then Rang(7;+1)
induces an ultrafilter on P(w)V[P:H]. So we have u<u. Also (“w)V[Pul= UK#(“’w)V[P:],
(“w)VPi s increasing with 4, and if cf(i) s then 7;€“w dominates (“w)VPi] by Sub-
claim 4.5, and so b=0=y as in previous cases. Lastl~y, always u>b, and hence u=u. O

Now we define t,€ £ for a <, by induction on «a, satisfying that (t,:a<A) is <g-
increasing continuous and such that t,,; is obtained from t, as in Subclaim 4.9. Let
P=P{. Then [P|<), hence (2% )V (AR)V, and equality easily holds.

We finish by the following subclaim.

SuBcLAIM 4.11. IFp, “azcf(A)”.

Proof. Assume toward a contradiction that §<cf()\), p€P and pitp “A={4;:i<6}
is a MAD family”, where A is a MAD family if

(i) Asefw]™;

(ii) i#j = |AiN4;[<Ro;

(iii) under (i) and (ii), A is maximal.

Without loss of generality, IFp “A; €[w]”. As a>b=p by Subclaim 4.10, we have
6> u. For each i< and m<w there is a maximal antichain (p; m n:n<w) of P and there
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is a sequence (t; m n:n<w) of truth values such that p; ,, »IF“(MEA;)=t; m.n". We can
find countable w;Cy such that |J,, n<w
retaining countability, we can find (R; ,:v€w;) such that

Dom(p; m,n)Cw;. Possibly increasing w; and

(o) w; has a maximal element and y€w;\{max(w;)} = v+1cw;;

(B) R is a countable subset of P!* and g€ R; , = Dom(g) Cw;Nv;

() for m1<7y2 in w;, g€ R; 4, = qIMER; A3

(6) for i€w;, yEMNw; and gER; -,, the P! -name g() involves Ry maximal anti-
chains all included in R; ;

(&) {Pi;mn:m, 0} C Ry max(w:)-

Since cf(A)>Ro (as p<A=cf(A) by the assumption of Theorem 4.1), we have P} =
Ua<a Pje. Clearly for some a<X we have J{R;,:i<6, yew;}CP)z. But Pla<P,
and so lFptq “A={A;:1<0} is MAD”.

Now, letting j be the canonical elementary embedding of V into V*/D, we know
that

(*) in V*/D, j(A) is a j(P,)-name of a MAD family.

As V*/D is s-closed, for c.c.c. forcing notions things are absolute enough; but
{i(@):i<p} is not {i: V*/DFi<j(u)}, so in V, it is forced for ey, that {j(A:):i<p}
is not MAD!

Chasing arrows, clearly IFPLQH “{A;:i<0} is not MAD”, as required.

The proof of Subclaim 4.11, and hence of Theorem 4.1, is complete. a

Discussion 4.12. We can now look at other problems, e.g. what can be the order
and equalities among 9, b, a and u; we have not considered it. We have considered having
i=p, but there was a problem.
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