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1. Introduction

The first interesting class of simple C*-algebras (not counting the simple von Neumann
algebras) were the UHF-algebras, also called Glimm algebras, constructed by Glimm
in 1959 [22]. Several other classes of simple C*-algebras were found over the following
25 years including the (simple) AF-algebras, the irrational rotation C*-algebras, the free
group C*-algebras C}4(F,) (and other reduced group C*-algebras), the Cuntz algebras
O,, and the Cuntz-Krieger algebras 04, C*-algebras arising from minimal dynamical
systems and from foliations, and certain inductive limit C*-algebras, among many other
examples. Parallel with the appearance of these examples of simple C*-algebras it was
asked if there is a classification for simple C*-algebras similar to the classification of von
Neumann factors into types. Inspired by work of Dixmier in the 1960’s, Cuntz studied
this and related questions about the structure of simple C*-algebras in his papers [14],
[17] and [15].

A von Neumann algebra is simple precisely when it is either a factor of type 1,, for
n<oo (in which case it is isomorphic to M, (C)), a factor of type II;, or a separable factor
of type III. This leads to the question if (non-type I} simple C*-algebras can be divided
into two subclasses, one that resembles type II; factors and another that resembles type
III factors. A II; factor is an infinite-dimensional factor in which all projections are
finite (in the sense of Murray—von Neumann’s comparison theory for projections), and
II; factors have a unique trace. A factor is of type III if all its non-zero projections
are infinite, and type III factors admit no traces. Cuntz asked in [17] if each simple
C*-algebra similarly must have the property that its (non-zero) projections either all are
finite or all are infinite. Or can a simple C*-algebra contain both a (non-zero) finite and
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an infinite projection? We answer the latter question in the affirmative. In other words,
we exhibit a simple (non-type I) C*-algebra that neither corresponds to a type II; or to
a type III factor.

It was shown in the early 1980’s that simple C*-algebras, in contrast to von Neumann
factors, can fail to have non-trivial projections. Blackadar [5] and Connes [12] found
examples of unital, simple C*-algebras with no projections other than 0 and 1—before
it was shown that C” ,(F2) is a simple unital C*-algebra with no non-trivial projections.
Simple C*-algebras can fail to have projections in a more severe way: Blackadar found
in [4] an example of a stably projectionless simple C*-algebra. (A C*-algebra A is stably
projectionless if 0 is the only projection in A®K.) Blackadar and Cuntz proved in [8]
that every stably projectionless simple C*-algebra is finite in the sense of admitting a
(densely defined) quasitrace. (Every quasitrace on an exact C*-algebra extends to a trace
as shown by Haagerup [23] (and Kirchberg [26]).) These results lead to the dichotomy
for a simple C*-algebra A: Either A admits a (densely defined) quasitrace (in which case
A is stably finite), or A is stably infinite, i.e., AQK contains an infinite projection.

Cuntz defined in [16] a simple C*-algebra to be purely infinite if all its non-zero
hereditary sub-C*-algebras contain an infinite projection. Cuntz showed in [13] that his
algebras O,,, 2<n< 0o, are simple and purely infinite. The separable, nuclear, simple,
purely infinite C*-algebras are classified up to isomorphism by K- or KK-theory by the
spectacular theorem of Kirchberg [27], [28] and Phillips [35]. This result has made it an
important question to decide which simple C*-algebras are purely infinite. We show here
that not all stably infinite simple C*-algebras A are purely infinite.

Villadsen [41] was the first to show that the Kj-group of a simple C*-algebra need
not be weakly unperforated; Villadsen [42] also showed that a unital, finite, simple C*-
algebra can have stable rank different from one—thus answering in the negative two
long-standing open questions for simple C*-algebras.

If B is a unital, simple C*-algebra with an infinite and a non-zero finite projection,
then its semigroup of Murray—von Neumann equivalence classes of projections must fail
to be weakly unperforated (see Remark 7.8). It is therefore no surprise that Villadsen’s
ideas play a crucial role in this article. Our article is also a continuation of the work by
the author in [37] and [38] where it is shown that one can find a C*-algebra A such that
M (A) is stable but A is not stable; and, related to this, one can find a (non-simple)
unital C*-algebra B such that B is finite and M,(B) is properly infinite. We show here
(Theorem 5.6) that one can make this example simple by passing to a suitable inductive
limit.

In 86 (added March 2002) an example is given of a crossed product C*-algebra
Dx,Z, where D is an inductive limit of type I C*-algebras, such that Dx,Z is simple
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and contains an infinite and a non-zero finite projection. This new example is nuclear
and separable. It shows that simple C*-algebras with this rather pathological behavior
can arise from a quite natural setting. It shows that Elliott’s classification conjecture (in
its present formulation) does not hold (cf. Corollary 7.9); and it also serves as an example
of a separable nuclear simple C*-algebra that is tensorially prime (cf. Corollary 7.5).

I thank Bruce Blackadar, Joachim Cuntz, George Elliott and Eberhard Kirchberg for
valuable discussions and for their comments to earlier versions of this manuscript. I thank
Paul M. Cohn and Ken Goodearl for explaining the example included in Remark 7.13.
I also thank the referee for suggesting several improvements to this article (including a
significant simplification of Proposition 5.2 (ii) and (iii)).

This work was done in the spring of 2001 while the author visited the University
of California, Santa Barbara. I thank Dietmar Bisch for inviting me and for his warm
hospitality.

The present revised version (with the nuclear example in §6 and where the con-
struction in §5 is simplified) was completed in March 2002. A part of the work leading
to this construction was obtained during a visit in January 2002 to the University of
Miinster. I thank Joachim Cuntz and Eberhard Kirchberg for their hospitality, and I am
indebted to Eberhard Kirchberg for several conversations during the visit that led me to
this construction.

2. Finite, infinite and properly infinite projections

A projection p in a C*-algebra A is called infinite if it is equivalent (in the sense of
Murray and von Neumann) to a proper subprojection of itself; and p is said to be finite
otherwise. If p is non-zero and if there are mutually orthogonal subprojections p; and p,
of p such that p~p;~p,, then p is properly infinite. A unital C*-algebra is said to be
properly infinite if its unit is a properly infinite projection.

If p and ¢ are projections in A, then let pédq denote the projection diag(p,q) in
M,(A). Two projections pe M, (A) and g€ M,,,(A) can be compared as follows: Write
p~q if there exists v in M,, ,(A) such that v*v=p and vv*=¢, and write p2q if p is
equivalent (in this sense) to a subprojection of q.

In the proposition below, where some well-known properties of properly infinite
projections are recorded, O denotes the Cuntz algebra generated by infinitely many
isometries with pairwise orthogonal range projections, and & is the Cuntz-Toeplitz al-
gebra generated by two isometries with orthogonal range projections [13].
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PropPOSITION 2.1. The following five conditions are equivalent for every non-zero
projection p in a C*-algebra A:

(i) p is properly infinite;

(i) p@p3Ip;

(iii) there is a unital *-homomorphism E;—pAp;

(iv) there is a unital *-homomorphism O —pAp;

(v) for every closed two-sided ideal I in A, either p€l or p+1I is infinite in A/I.

The equivalences between (i), (ii) and (iii) are trivial. The equivalence between (iii)
and (iv) follows from the fact that there are unital embeddings £2— Oy and Oy —Es.
The equivalence between (i) and (v) is proved in [29, Corollary 3.15]; a result that
extends Cuntz’ important observation from [14] that every infinite projection in a simple
C*-algebra is properly infinite.

We shall use the following two well-known results about properly infinite projections.

LEMMA 2.2. Let p and ¢ be projections in a C*-algebra A. Suppose that p is
properly infinite. Then qZp if and only if q belongs to the closed two-sided ideal in A
generated by p.

Proof. If ¢ 3 p, then, by definition, g~gg < p for some projection qo in A. This entails
that g belongs to the ideal generated by p. Conversely, if ¢ belongs to the ideal generated
by p, then qj@?zl p for some n (cf. [40, Exercise 4.8]), and @J".zl p3p if p is properly
infinite by iterated applications of Proposition 2.1 (ii). O

PROPOSITION 2.3. Let B be the inductive limit of a sequence By— By—B3—... of
unital C*-algebras with unital connecting maps. Then B is properly infinite if and only
if By is properly infinite for all n larger than some ny.

Proof. If B, is properly infinite for some n, then there are unital *-homomorphisms
&2— B, — B, and hence B is properly infinite. Conversely, if B is properly infinite, then
there is a unital *-homomorphism £ — B. The C*-algebra &, is semiprojective, as shown
by Blackadar in [6]. By semiprojectivity (see again [6]), the unital *-homomorphism

&2— B lifts to a unital *-homomorphism & —[] B,, for some ny. This shows that

(oo}
n=ng

B,, is properly infinite for all n>ng. a
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3. Vector bundles over products of spheres

We consider here complex vector bundles over the sphere S? and over finite products of
spheres, (S2)™.

For each k<n, let m:(S?)"—S? denote the kth coordinate mapping, and let
Omn: (52)™—(S?)" be given by

Omn(T1, T2, 00y &m) = (T1,Z2, .., Zn), (T1,Z2,...,Tm)€E (Sz)m, (3.1)

when m>n.

Whenever f: X —Y is a continuous map and £ is a k-dimensional complex vector
bundle over Y, let f*(£) denote the vector bundle over X induced by f. Let e(€)e
H?*(Y,Z) denote the Euler class of £&. Denote also by f* the induced map H*(Y,Z)—
H*(X,Z). By functoriality of the Euler class we have f*(e(§))=e(f*(¢)).

For any vector bundle £ over (S?)" and for every m>n we have a vector bundle
&' =0}, (&) over (§2)™. It follows from the Kiinneth Theorem (see 33, Theorem A6])
that the map

Ot H*(S2)",2) > H* ()™, 2)

is injective; so if e(£) is non-zero, then so is e(¢’). Our main concern with vector bundles
will be whether or not they have non-zero Euler class, and from that point of view it
does not matter if we replace the base space (52%)" with (§2)™ for some m>n.

We remind the reader of some properties of the Euler class for complex vector
bundles &,&2,...,&, over a base space X. First of all we have the product formula
(see [33, Property 9.6]):

(61960 0,) =e(£1)-e(62) ---e(€n)- (3.2)

Let 6 denote the trivial complex line bundle over X. The Euler class of 8 is zero; and so

it follows from the product formula that e(£)=0 whenever £ is a complex vector bundle

that dominates @ in the sense that £=20@n for some complex vector bundle 7.
Combining the formula

ch(§) =1+e(€)+3e()*+5e(€)*+ ...,

that relates the Chern character and the Euler class of a complex line bundle £ (see
[33, Problem 16-B]), with the fact that the Chern character is multiplicative, yields the
formula

e(106:®...08,) =e(&1)+e(é2)+...+e(én), (3.3)

that holds for all complex line bundles &4, ...,&, over X.
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Let ¢ be a complex line bundle over S? such that its Euler class e(C), which is an
element in H?(S?,Z), is non-zero. (Any such line bundle will do, but the reader may take
¢ to be the Hopf bundle over S2.) For each natural number n and for each non-empty,
finite subset I={n1,na,...,nt} of N define complex line bundles (,, and (; over ($%)™

(for all m>=n and m>max{n,,...,nx}, respectively) by

anW;(C)v ¢r =<n1®gnz®“'®4nk’ (3'4)

where, as above, m,:(S%)™—S5?2 is the nth coordinate map. The Euler classes (in
H?2((5§%)™,Z)) of these line bundles are by functoriality and equation (3.3) given by

e(¢n) = (e(C)), (3.5)
e(¢r) =5, (e(Q))+ 7, (e(Q)) +... + 77, (e(C))- (3.6)

LEMMA 3.1. For each n and for each m>=n there is a complex line bundle n, over
(S2)™ such that (D =0DN,.

Proof. Since
dim(¢(H¢) =2> 1> 3(dim(S?)-1),

it follows from (24, 9.1.2] that there is a complex vector bundle 1 over S? of dimension
dim(n)=2-1=1 such that (&{=20®n. We conclude that

Cn®Cn =, (CBC) =y, (0Dm) = 0D 77 (7). U

ProPOSITION 3.2. Let I, I, ..., I,, be non-empty, finite subsets of N. The follow-
ing three conditions are equivalent:

() e(Cr,®CnL®...8¢r,, ) #0;

(ii} for all subsets F of {1,2,...,m} we have |UjeFIj|>|F];

(i) there exists a matching t1€1y, to€1s, ..., tn€1,, (i.e., the elements t1,....ty,
are pairwise distinct).

Proof. Choose N large enough so that each (, is a vector bundle over (S?)N.

(ii) & (iii) is the Marriage Theorem (see any textbook on combinatorics).

(i) = (ii). Assume that |Uj€ £ Ij| <|F)| for some (necessarily non-empty) subset F'=
{71,725 - Jr } of {1,2,...,m}, and write

def
J = U Ij={n1,n2,...,nl}.
jEF

Let : (§2)N—(S?)! be given by o(x)=(mn, (), Tny(2), ..., Tn,(z)). Then

def *
£= (1, ®C1,®..0C, = 0"(n)
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for some k-dimensional vector bundle 5 over (S2)!. Now, e(n) belongs to H?*((S?)!,2),
and H?*((S?)!, Z)=0 because 2k >2l. Hence e(¢)=
(3.2) we get

0*(e(n))=0, so by the product formula

e(Cr®Cn®...8¢r,) =e() [ ] e(¢,) =0

Jj¢F

(iii) = (i). Put
zj=m}(e(() e H*(($*)N,Z), j=1,2,..,N.

The element
2=2Z1'Ty ... TN E H2N((S2)N, Z)

is non-zero by the Kiinneth Theorem [33, Theorem A6]. Using that z2=0 and that
zixj=x;x; for all ¢, it follows that if i1,4z,...,ix belong to {1,2,..., N}, then

z, if i1,...,in are distinct,

$i1'1'1;2'...'£viN={ (37)

0, otherwise.

Now, by (3.2) and (3.6),
e((1,®Cr®--©Cr,.) =e(Cr,)-e((1,) - e(Cr,,)

(Zw (o <)>) (Zmeton) (T mteten)
-(%

i€l i€l i€l

= E Tiy Ly eer* Ty, -

(i1yvim)EN X .. X Iy

Assume that (iii) holds, and write

{1, 2, ...,N}\{tl,tg, ...,tm} = {Sl, S2, ...,SN_.",,}.

Let k denote the number of permutations ¢ on {1,2,..,m} such that t,€l; for
7=1,2,...,m. The identity permutation has this property, so k>1. The formula for
e((1,...®(r,, ) above and equation (3.7) yield

6((11€9<]2@...®C1m)’.’L‘sl'.’r_qz'...'.’IISN_m =kz 75 0.

It follows that e(C;,®...®(r,,)#0 as desired. O
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4. Projections in a certain multiplier algebra

There is a well-known one-to-one correspondence between isomorphism classes of complex
vector bundles over a compact Hausdorff space X and Murray-von Neumann equivalence
classes of projections in matrix algebras over C(X) (and in C(X)®XK). The vector bundle
corresponding to a projection p in M,(C(X))=C(X, M, (C)) is

& ={(z,v):zeX,vep(x)(C")}

(equipped with the topology given from the natural inclusion £, C X x C"), so that the
fibre (¢,), over € X is the range of the projection p(z). If p and g are two projections in
C(X)®K, then {,=¢, if and only if p~q. It follows from Swan’s theorem, which to each
complex vector bundle £ gives a complex vector bundle 5 such that £®7 is isomorphic to
the trivial n-dimensional complex vector bundle over X for some n, that every complex
vector bundle is isomorphic to &, for some projection p in M, (C(X)) for some n.

View each matrix algebra M, (C) as a sub-C™*-algebra of K via the embeddings

C— M(C) > M3(C)— ... K,

where M,,(C) is mapped into the upper left corner of M,,;;(C). Identify C(X,K) with
C(X)®K and identify C(X, M,(C)) with C(X)®M,(C).

In §3 we picked a non-trivial complex line bundle ¢ over §? (which could be the Hopf
bundle). This line bundle ¢ corresponds to a projection p in some matrix algebra over
C(5?), and, as is well known, such a projection p can be found in M3(C(52%))=C(52%, M).
(The projection pe M3(S?, M,) corresponding to the Hopf bundle is in operator algebra,
texts often referred to as the Bott projection.) Put

Let 7,: Z—S? be the nth coordinate map, and let 9o n: Z— (S%)™ be given by

Qoo,n(mhz?axi?n ) = (CL‘],.’L‘2, ...,.’L'n), (xlax2’m3a )GZ

With §,: C((52)")—=C((S?)™*!) being the *-homomorphism induced by the map g, =
On+1,n defined in (3.1) we obtain that C(Z) is the inductive limit

C(S%) 25 0((S2)%) &5 C((52)*) & ... — 0(2)

with inductive limit maps Peo n: C((S%)")—C(Z).
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For n in N and for each non-empty finite subset I={n;, nz,..., nx} of N, let p,, and
py be the projections in C(Z)®K=C(Z,K) given by
pn(z‘)=p(zn), (41)
pl(x) :p(zn1)®p(zn2)®"'®p(xﬂk)
=pn1(w)®pn2(x)®“'®pnk($)7
for all z=(z1,x2,...)€Z (identifying M, and M@ M2®...® My, respectively, with sub-
C*-algebras of ).
We shall now make use of the multiplier algebra, M(C(Z)®K), of C(Z)®K=
C(Z,K). We can identify this multiplier algebra with the set of all bounded functions

f:Z— B(H) for which f and f* are continuous, when B(H ), the bounded operators on
the Hilbert space H on which X acts, is given the strong operator topology.

(4.2)

It is convenient to have a convention for adding finitely or infinitely many projections
in M(C(Z)®K), or more generally in M(A), where A is any stable C*-algebra—a con-
vention that extends the notion of forming direct sums of projections discussed in §2.

Assuming that A is a stable C*-algebra, so that A=Ag®K for some C*-algebra Ay,
then we can take a sequence {T}}72; of isometries in C® B(H ) C M(Ao®K)=M(A) such
that 1=Z;°;1 T;T7 in the strict topology. {(Notice that 1 is a properly infinite projection
in M(A).) For any sequence gy, gz, ... of projections in A and for any sequence Qy, @, ...
of projections in M(A), define

théquEB...éBqn=z":qujT;eA, (4.3)
j=1

Jé}l @ =]§qujT;‘€M(A), (4.4)

Q1€BQ2€B...€BQn=iTijT;€M(A), (4.5)
j=1

jéE Q; =gTijT;eM(A). (4.6)

Observe that q;=T;q;T;~g;, that the projections qi,qz,... are mutually orthogonal,
and that the sum Z‘;’;lq; is strictly convergent. The projections in (4.3)-(4.6) are,
up to unitary equivalence in M(A), independent of the choice of isometries {T};}%2,.
Indeed, if {R;}32, is another sequence of isometries in M(A) with 1=Z;i1 R; R}, then
U=372) R;T} is a unitary element in M(A) and

i R;X;R} = U(i TijT;) U
j=1

Jj=1
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for any bounded sequence {X;}32, in M(A). It follows in particular that

o o0
D a;i ~ D () (4.7)
j=1 j=1

for every permutation ¢ on N.

In the lemma below, the correspondence between projections and vector bundles is
given by the mapping p—¢&, defined at the beginning of this section. By identifying the
projections p,,, p;,py,, ..., Py, With projections in C((S?)N)®K, where N is any integer
large enough to ensure that these projections belong to the image of

b0, N ®idic: C((SH)M)®K — C(Z)®K,
we can take the base space to be (S?)V.

LEMMA 4.1. Let {,, and (; be the complex line bundles defined in (3.4).

(i) The vector bundle (,, corresponds to p, for each m in N.

(if) The vector bundle (; corresponds to p; for each non-empty finite subset I of N.

(iii) The vector bundle (1, ®Cr,®...&(y, corresponds to p; ®p;,®...Bp;, whenever
Iy, ..., I are non-empty finite subsets of N.

Proof. (i) Since p corresponds to {, p,=pen, corresponds to {,=n}((), where
Ty (82)N — 52 is the nth coordinate map.

(ii) Write I={n,,ny,...,ns}. We shall here view p,, as a projection in C((S?)N, M>)
and p; as a projection in C((S?)V, Ma®...9My). By (i), ¢, is the complex line bundle
over (S?)N whose fibre over z€(S?)V is equal to p,(z)(C?). The fibre of the complex
line bundle ¢;=¢,,®(n,®-...0Cn, over z€(S%)N is by definition

(Cl).x: - (Cn.l )1:®(Cn-2).1:®--'®(<71 1 )J:
=P, (2)(C*)®p,,,(2)(C?)®...®p,,()(C?)
=p,(z)(C*®C?*®...0C?).
This shows that {; corresponds to p;.
(iii) This follows from (ii) and additivity of the map p—§,. a

The next three lemmas are formulated for an arbitrary stable C*-algebra A and its
multiplier algebra M(A), but they shall primarily be used in the case where A=C(Z)®K.
The lemma below is a trivial, but much used, generalization of (4.7):

LEMMA 4.2, Let A be a stable C*-algebra, and let q1,qs,... and r1,7r9,... be two
sequences of projections in A. Assume that there is a permutation o on N such that
gj 3745y and g;~7y(;), respectively, in A for all j in N. Then @;iﬂjf,@;ilrj and
B, 4~ D2 1), respectively, in M(A).
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An element in a C*-algebra A is said to be full in A if it is not contained in any
proper closed two-sided ideal of A.

LEMMA 4.3. Let A be a stable C*-algebra. The following three conditions are equiva-
lent for all projections @ in M(A):

(i) @~

(ii) Q is properly infinite and full in M(A);

(iii) 12Q.

Proof. (i) = (iii) is trivial. Assume that 1XQ. Then Q is full in M(A) (the closed
two-sided ideal in M(A) generated by Q contains 1 and hence all of M(A)). It was noted
above (4.3) that 1 is properly infinite in M(A), and so QBQ<1H1313Q, whence Q
is properly infinite; cf. Proposition 2.1. This proves (iii) = (ii). Assume finally that Q
is properly infinite and full in M(A). Since K¢(M(A))=0 (see [7, Proposition 12.2.1])
the two projections @ and 1 represent the same element in Ko(M(A)); and since these
two projections both are properly infinite and full they must be Murray-von Neumann
equivalent (see [16, §1] or [40, Exercise 4.9 (iii)]), i.e., @~1. 0O

LEMMA 4.4. Let A be a stable C*-algebra and let q,q1,qa,... be projections in A.
If 3D 95 in M(A), then ¢31®g2D...Bgx in A for some k.

Proof. We have @?‘;Iqj:z;?ilq; (=Q) for some strictly summable sequence of
mutually orthogonal projections g}, g5,... in A with g;~q;. By the assumption that
¢3Q there is a partial isometry v in M(A) such that vv*=q and v*v<Q. As v=qu,
v belongs to A, and by the strict convergence of the sum Q=ZJ°-‘;1 q; there is k such that

k
—v g
v—v q;

Jj=1

Put x:vz:;:lq;. Then zz*<q, z*x<q|+...+¢;, and |lzz*—q||<1. This shows that
zz* is invertible in gAq with inverse (zxz*)~!. Put u=(xz*)"!/2z. Then uu*=gq and
w*u<q+...+qy, whence ¢3¢:19...Dgx. O

<1
5"

Let g be a constant 1-dimensional projection in C(Z,K)=C(Z)®K (that corre-
sponds to the trivial complex line bundle § over X). The (easy-to-prove) statement
in part (iii) of the proposition below is not used in this paper, but it may have some
independent interest.

PROPOSITION 4.5. Let I1,I3,... be a sequence of non-empty, finite subsets of N.
Put

Q=B r,e M(C(2)2K).
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(iy If 'UjeF L;|2|F| for all finite subsets F of N, then g£@Q and Q is not properly
infinite.

(ii) 9= p,.Bp, for every natural number n.

(iii) If infinitely many of the sets Iy, Is,... are singletons, then Q®Q is properly
infinite and QBQ~1 in M{C(Z)RK).

Proof. (i) We show first that g £Q in M(C(Z)®K). Indeed, assume to the contrary
that ¢2@Q. Then

93 P1,®PL®...®py, (4.8)

in C(Z)®K for some k by Lemma 4.4. As noted earlier, C(Z)®K is an inductive limit
C(S2)@k 22195, o((52)?) ok 22145, 0((52)}) 9K —s ... — C(Z)®K.
Take N such that all projections appearing in (4.8) belong to the image of
oo n®idic: C((SH)M)BK — C(Z)RK

whenever n2>N. Use a standard inductive limit argument to see that (4.8) holds rela-
tively to C((S?)")®K for some large enough n>N. In the language of vector bundles
over (52)", (4.8) and Lemma 4.1 imply that

000 =(1,DCLSD... 8¢, (4.9)

for some vector bundle 5 over (S%)™. Now, (4.9) and (3.2) imply that e((,®...®(;, ) =0,
in contradiction with Proposition 3.2 and the assumption on the sets I;.

The projection p, is a full element in C(Z)®K and p; <Q. Hence g belongs to the
ideal generated by Q. It now follows from Lemma 2.2 and from the fact that g @ that
Q@ cannot be properly infinite.

(ii) follows from Lemma 3.1 and Lemma 4.1.

(iii) The unit 1 of M(C(Z)®K) can be written as a strictly convergent sum 1=
Z‘;‘;l gj, where g;~g for all j. Let I" denote the infinite subset of N consisting of those
j for which I; is a singleton. By Lemma 4.2 and (ii) we get

oo o0
1~ @ g3 D(p,®r1,) 3 D(p,®p;,) ~QDQ.
j=1 jer j=1

Lemma 4.3 now tells us that Q@®Q is properly infinite and that Q@ ~1. O
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5. A non-exact example

We construct here a simple, unital C*-algebra that contains a finite and an infinite
projection; thus proving one of our main results: Theorem 5.6 below.

Let again Z denote the infinite product space H‘;’;l 82. Set A=C(Z2)®K=C(Z,K);
recall from §4 that M(A) denotes the multiplier algebra of A and that it can be identified
with the set of bounded *-strongly continuous functions f: Z-— B(H).

Choose an injective function v: ZxN—N. Choose points c; ;€S2 for all j,i€ N with
j=1 such that

{(CjJ,Cj’Q, ...,Cj’n) |j Z ’I’l} = SZXSQX ...XSz (51)

for every natural number n. Set

I ={v(4,1),v(5,2),...,v(4, )} (5.2)

for jeN.
Define *-homomorphisms ¢;: A— A for all integers j as follows. For j<0, set

<Pj(f)($) =f(xl/(j,l)yxu(j,2)71‘u(j,3)7 ..), [f€A, z=(21,%2,..)EZ. (5‘3)

Let p,, and p; be the projections in A=C(Z,K) defined in (4.1) and (4.2). Choose an
isomorphism 7: XK - K. For f in A, z=(x1,z2,...) in Z and j>1 define

@i (@) =7(f(cin, 1 g Tuhj+1)1 Tuii+2) ) OPr(2)). (5.4)

Choose a sequence {S;}32 _, of isometries in M(A) such that 3572 8;Sf=1 with the

j==00

sum being strictly convergent. Define a *-homomorphism v¢: A— M(A) by

W)=Y Sivi(f)S;, feA (5.5)

j=—o00

LemMMA 5.1. Let {e,}5L, be an increasing approzimate unit for A. Then
{¥(en)}52, converges strictly to a projection Fe M(A), and F is equivalent to the iden-
tity 1 in M(A).

Proof. If ¥(e,) converges strictly to '€ M(A) for some approximate unit {e, } for A,
then this conclusion will hold for all approximate units for A. We can therefore take
{en}22 to be the approximate unit given by e,(x)=&,, where {€,}5, is an increasing
approximate unit for .

We show first that {¢;(e,)}32, converges strictly to a projection F; in M(A) for
each j€Z. Indeed, since @;(e,) =€, when j<0 it follows that ¢;(e,)—1 strictly; and so
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F;j=1 when j<0. Consider next the case j>1. Here we have g;(e,)(z)=7(€.®p ,(2)).
Extend 7: KX®K—K to a strongly continuous unital *-homomorphism 7: B(HQH)—
B(H) and define F; in M(A) by Fj(z)=7(1®py,(z)) for z€Z. Then F} is a projection
and {p;(en)}o2; converges strictly to F.

Now,
> x strictly i « def
Ylen)= D_ Sieilen)S; =3 D S;F5S; T FEM(A).
j==o0 j=—00
As 1=Fy~SFpSi < F it follows from Lemma 4.3 that F~1 in M(A). 0O
Take an isometry T in M(A) with TT*=F (where F is as in Lemma 5.1). Define
P(N)=TW(NT= > T"Sipi()S;T, feA. (5.6)
j=—o00

Then p: A—>M(A) is a *-homomorphism that maps an approximate unit for A4 into
a sequence in M(A) that converges strictly to the identity in M(A) (by Lemma 5.1
and the choice of T'). It follows from [32, Proposition 2.5] that ¢ extends to a unital
*-homomorphism @: M(A)— M(A).

We collect below some properties of the *-homomorphisms ¢ and @. A subset of a
C*-algebra A is called full in A if it is not contained in any proper closed two-sided ideal
in A.

PROPOSITION 5.2. Let p, be the projection in A defined in (4.1), and let g be a
constant 1-dimensional projection in A=C(Z,K).

(i) o(g)~1 in M(A), and o(f) is full in M(A) for every full element f in A.

(ii) If f is a non-zero element in M(A), then @(f) does not belong to A, and AG(f)
is full in A.

(iii) If f is a non-zero element in M(A), then A@*(f) is full in A for every keN.

(iv) None of the projections ¢*(p,), k€N, are properly infinite in M(A).

It follows immediately from (ii) that @ and ¢ are injective, g(M(A))N A={0} and
p(A)NA={0}.

The proof of Proposition 5.2 is divided into a few lemmas, the first of which (included
for emphasis) is standard and follows from the fact that any closed two-sided ideal in
C(Z,K) is equal to Cy(U, K) for some open subset U of Z.

LEMMA 5.3. Let f be an element in A=C(Z,K). Then f is full in A if and only if
f(x)#£0 for oll z€Z.

Proof of Proposition 5.2 (i). Observe first that ¢;(g)=g for every j<0. Accordingly,

0 0
I~v @ g~ Y T*S;0(9)S;T<p(g) in M(A),

Jj=-o00 j=—00
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This and Lemma 4.3 imply that ¢(g)~1 and that ¢(g) is full in M(A). If f is any
full element in A, then the closed two-sided ideal generated by ¢(f) contains ¢(g) and
therefore all of M(A). This proves the second claim in (i). O

Proof of Proposition 5.2 (ii). Take a non-zero element f in M(A). There is an
element ¢ in A such that af#0. The two claims in (i) will clearly follow if we can show
that @(af)¢ A and that A@(af) is full in A, and we can therefore, upon replacing f
by af, assume that f is a non-zero element in A=C(Z,K).

There are §>0, r€N and non-empty open subsets Uy, ..., U, of S? such that

reUxUpx..xU,x8?x8*x... = | f(z)l]>4. (5.7)
Use {5.1) to find an infinite set A of integers j>r such that
(€jn1, €2y n Cjr) EUrx Uz x...xU, for all jEA. (5.8)

It follows from Lemma 5.3, (5.4), (5.7) and (5.8) that ||¢;(f)||>6 and ¢;(f) is full in A
for every j in the infinite set A. This entails that o(f)=>_""_ T*S;0;(f)S;T does

j==o0
o
j=—o00

not belong to A. (A strictly convergent sum ) a; of pairwise orthogonal elements

from A belongs to A if and only if limj 4o lla;||=0.) The closed two-sided ideal in

A generated by Ap(f) contains the full element o;(f)=S;T(f)T"S; and therefore all

of A (for each—and hence at least one—j in A). O
Proof of Proposition 5.2(ili). This follows from injectivity of @ and Proposi-

tion 5.2 (ii). O
We proceed to prove Proposition 5.2 (iv).

LEMMA 5.4. Let J be a finite subset of N, and j an integer. Then ¢;(p;)~pq, (1),

where

o)) = { v(4,J), i<, (5.9)

v(g, J\{1,2,....jHhul;, =L
We have in particular that v(j,J)Ca;(J) for all finite subsets J of N and for all jE€Z.

Proof. Write J={ty,t2,...,t;}, where t;<is<...<tx. We consider first the case
where j<0. Then

ei () (@) =p;(@u(5,1), Tuij2) Tuis3)s )
=P(Tu(5,6,)) ®P(Tu(5,t2)) @ ®D(T o 11))
= Du(j,0) (B)BPy (,43) (B) ©- B, 5,1) (T) = Dy, (2),

as desired.



124 M. RORDAM

Suppose next that j>1, and put g(x)=p;(¢;,1, - Cj 5, Tu(j,j+1)> Lu(s,j+2), ). LThen
cpj(pﬂ(x)zr(q(x)@p,j(x)). Suppose that 1< j<tx and let m be such that ¢, .1 <j<tm
(with the convention tq=0). Then

2(z) = p(Cj1,) .. ®P(Cj ) OP(Tu(5,1,)) B ®D(Z0 (5, 1))
=p(¢j1,)®...9p(¢ 1., JBDUG ) (B)B - By 44 (T)
=p(Cj,t,) - ®P(Cj,t—1 )BPu( I\ [1,2,.... 1) (T)-

Thus ¢~p,(; j\(1,2,...,j})» Which shows that ¢;(p,) is equivalent to the projection defined
by
= 7(Dyj (12,51 (E) P, (),
and this projection is equivalent to p,(; j\(1,2,.. ;pur,- If 1>tk, then J\{1,2,...,5}=2
and q(z)=p(cj e, )®...Qp(c; s, ), i.e., g is a constant projection. In this case, (pj(pJ)Np,j,
thus affirming the first claim of the lemma.
The last claim follows from the definition of the sets I; in (5.2). |

LEMMA 5.5. Let J1,Jz, ... be finite subsets of N. Put Q=@72, p; € M(A). Then

where a; is as defined in (5.9). Moreover, if || ;e Ji| 2|F| for all finite subsets F of N,
then (U iyec @i (Ji)|Z |G for all finite subsets G of ZxN.

Proof. By (4.4), Q=2 T; p;, T7; and because @ is strictly continuous we get

||‘@g
€B8

o0
D Po;(Ji)
1l j=—o0

n[\/]g
5
5
S
’ﬂ

i

where the first equivalence is proved below (4.3)—(4.6), and the last equivalence follows
from Lemma 5.4.

By the Marriage Theorem we can find natural numbers t;€J; such that {t;};en
are mutually distinct. Set s;;=v(j,t;). Then s;; belongs to o;(J;) by Lemma 5.4,
and {Sjyi}(jyi)esz are mutually distinct because v is injective and the ¢;’s are mutually
distinct. This proves the second claim of the lemma. 0O

Proof of Proposition 5.2 (iv). Put Qo=p, and put @,=%"{Qo). We must show that
none of the projections @,, n>0, are properly infinite. It is clear that Qg is finite, and
hence not properly infinite.



A SIMPLE C*-ALGEBRA WITH A FINITE AND AN INFINITE PROJECTION 125

Use Lemmas 5.4 and 5.5 to see that

> . . 0o 0 0o 00
Q1= > T"S;0i(p)S;T~ @ ¢i(p)~ D p;®Dr,= D ps,,
j=—o00 Jj=—00 j=—00 J=1 j=—00

where J;={v(j,1)} for <0 and J;=I; for j>1. It is easily seen that the sequence of
sets {J;}72_, satisfies the condition |{J;cp J;j|>|F| for all finite subsets F of Z. Hence
(1 is not properly infinite by Proposition 4.5 (i).

-0

The claim that @, is not properly infinite for all n follows by induction using
Lemma 5.5 and Proposition 4.5 (i). d

THEOREM 5.6. Consider the inductive limit B of the sequence
M(C(Z)®K) -2 M(C(Z2)RK) £ M(C(Z)RK) 25 ... — B.

Then B has the following properties:
(i) B is unital and simple.
(ii) The unit of B is infinite.
(iii) B contains a non-zero finite projection.
(iv) Ko(B)=0 and K,(B)=0.

Proof. (i) B is unital being the inductive limit of a sequence of unital C*-algebras
with unital connecting maps.

Write again A for C(Z)®K, and let oo n: M(A)— B be the inductive limit map
from the nth copy of M(A) into B. Let L be a non-zero closed two-sided ideal in B,
and set

Lo =@5ta(L) SM(A).

Then L, is non-zero for some n. Since A is an essential ideal in M(A4), also ANL, is
non-zero.

Take a non-zero element e in ANL,. Then @(e) belongs to L,.,1, hence Ag(e)C
Ln+1, and so it follows from Proposition 5.2 (ii) that AC L,,;1. Take now a full element f
in ACL,;. Then &(f) belongs to L, 2. It follows from Proposition 5.2 (i) that @(f) is
full in M(A) and therefore L, 2=M{(A). Hence L=B, and this shows that B is simple.

(ii) This is clear because the unit of M(A) is infinite.

(iii) As in the proof of Proposition 5.2 (iv), set Qo=p; and Q,,=@"(Qo) for n>1.
Put Q=@ 0(Qo)€B. It is shown in Proposition 5.2 (ii) that ¢ is injective, which implies
that @0 is injective, and hence () is non-zero. We show next that ¢} is finite.

Assume that @ were infinite. Then @ is properly infinite by Cuntz’ result (see
Proposition 2.1) because B is simple. Applying Proposition 2.3 to the sequence

QoM(A)Qo 2% QM(A)Q1 2 QuM(A)Q; — ... — QBQ,
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with the unital connecting maps \;=@|g, m(4)Q,, We obtain that @, is properly infinite
for all sufficiently large n. But this contradicts Proposition 5.2 (iv).

(iv) This follows from the fact that the multiplier algebra of a stable C*-algebra has
trivial K-theory (see [7, Proposition 12.2.1]). O

It follows from Proposition 4.5 (ii) and Proposition 5.2 (i) that the finite projection
Q in B (found in part (iii) above) satisfies

RQBQ ~ Poo,0(QuPQ0) = Poo,0(P18P1) T Poo,0(9) = Poo,1 (0(g)) ~ 1,

whence QB ~1 by Lemma 4.3. In other words, the corner C*-algebra QB is unital,
finite and simple, and M>(QBQ)= B is infinite.

The C*-algebra B from Theorem 5.6 is not separable and not exact. To see the latter,
note that B(H), the bounded operators on a separable, infinite-dimensional Hilbert
space H, can be embedded into M(A)=M(C(Z)®K) and hence into B. As B(H) is
non-exact (see Wassermann [43, 2.5.4]) it follows from Kirchberg’s result that exactness
passes to sub-C*-algebras (see [43, 2.5.2]) that B is non-exact. We use the lemma below
from [3] to construct a non-exact separable example.

LEMMA 5.7 (Blackadar). Let B be a simple C*-algebra and let X be a countable
subset of B. It follows that B has a separable, simple sub-C*-algebra By that contains X .

COROLLARY 5.8. There exists a unital, separable, non-exact, simple C*-algebra By

such that By contains an infinite and a non-zero finite projection.

Proof. Let B be as in Theorem 5.6. Let s be a non-unitary isometry in B and let
g be a non-zero finite projection in B. The universal C*-algebra, C*(Fy), generated by
two unitaries is separable and non-exact (see Wassermann [43, Corollary 3.7]). It admits
an embedding into M(C(Z)®K) and hence into B. Let u,v€ B be the images of the two
(canonical) unitary generators in C*(F2). Use Lemma 5.7 to find a separable, simple,
and unital C*-algebra By, that contains {u,v, s,q}.

Then By is infinite because it contains the non-unitary isometry s; and it contains
the finite projection g. Finally, By is non-exact because it contains the non-exact sub-
C*-algebra C*(u,v)=C*(F2). g

6. A nuclear example

We show here that an elaboration of the construction in §5 yields a nuclear and separable
example of a simple C*-algebra with a finite and an infinite projection.

The construction requires that we make a specific choice for the injective map
v:ZxN—=N from §5.
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Let {A,}22, be a partition of the set N such that Ag={1} and such that A, is
infinite for each r>1. For each r>1 choose an injective map v,: Z x A,_1 — A, and define
v:ZxN—=N by

v(g,t)y=v(4,t), reN,teA,._, jEZ. (6.1)

Observe that
teA, <= v(jt)eArq1, JEZ. (6.2)

To see that v is injective assume that v(j,t)=v(¢,s). Then v(j,t)=v{i, s)€A, for some
r>=1. Therefore both s and t belong to A,_1. Now, v.(j,t)=v(j,t)=v(i, s)=7-(i, s),
which entails that (j,¢)=(i, s) by injectivity of 7.

Let o; be as defined in Lemma 5.4 (with respect to the new choice of v). Let
Ty C P(N) be the family containing the one set {1}, and set

Cnt1={a;(I)]|I€T,, j€Z} C P(N)

for n>0. Set I‘=UZ°:0 I',.. Observe that each I€I is a finite subset of N.

Put Qy=p,€A (cf. (4.1)) and put Q,=¢"(Qop)EM(A) (where @ is the endomor-
phism on M({A) defined in §5 above Proposition 5.2). It then follows by induction from
Lemma 5.5 that

QTLN @p[a n>07 (63)
Ier“ll

when p;€ A is as defined in (4.2).

LEMMA 6.1. There is an injective function t:T—N such that t(I)€l for all I€T.
It follows in particular that

| U 1] >1F]|
IEF
for all finite subsets F of T.

Proof. Define t recursively on each I';, as follows. For n=0 we set t({1})=1. Assume
that ¢ has been defined on I';, _; for some n>1. Then define t on T, by t(c;(I))=v(4,t(I))
for IeT,,—; and j€Z. It follows from Lemma 5.4 that

tlyel = tlaj(I))ca;(I), I€T, jeZ.

It therefore follows by induction that ¢(I)e[ for all I€T.

We show next that t(I)€A, if I€Tl',. This is clear for n=0. Let n>1 and let
IeT, be given. Then I=a;(I’') for some I'eT,_; and some j€Z. It follows that
t{Iy=t{a;(I"))=v(4,t(I'}). Hence t(I)eA, if t(I'YeAn_1, cf. (6.2). Now the claim
follows by induction on n.
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We proceed to show that t is injective. If I, J€T' are such that t(I)=t(J), then
t{Iy=t(J)€EA, for some n, whence I, J both belong to I',. It therefore suffices to show
that ¢|r, is injective for each n. We prove this by induction on n. It is trivial that t|r,
is injective. Assume that t|p, _, is injective for some n>1. Let I, J&T', be such that
t(I)=t(J). Then I=0;(I") and J=o;(J’) for some i, j€Z and some I’,J'€T,,_1, and

v(i, t(I')) = t(es(I")) = t(I) = t(J) = t(a;(J")) = v(5,2(J")).
Since v is injective we deduce that i=j and t(I')=t(J’'). By injectivity of t|r,_, we
obtain I'=J’, and this proves that I=J. It has now been shown that t|r_ is injective,

and the induction step is complete. O

Let ge A=C(Z,K) be a constant 1-dimensional projection, and let Q,, be as defined
above (6.3).

LEMMA 6.2. For each natural number m we have
IXQuB1®...8Qm in M(A).

Proof. From (6.3) (and Lemma 4.2) we deduce that
QD®...6Qn~ D pr

I€T,U...UT,
The claim of the lemma now follows from Proposition 4.5 (i) together with Lemma 6.1. O
As in Theorem 5.6 consider the inductive limit

M(A) & M(4) - M(4) -5 ... — B, (6.4)
where A=C(Z)®K. Let foo n: M(A)— B be the inductive limit map (from the nth copy
of M(A)) for n20, and let p,, n: M(A)—>M(A) be the connecting map from the nth
copy of M(A) to the mth copy of M(A) for n<m, i.e., pm,n=¢"™ " The endomorphism
@ on M(A) extends to an automorphism a on B that satisfies a(too,n (%)) =peo,n(P(x))
for ze M(A) and all neN. (The inverse of « is on the dense subset ;2 foo,n(M(A))

of B given by a™(ftoo,n(T)) =Hoo,n+1(Z).)
Put Ag={te0,0(A)C B, put A,=a™(A¢)C B for all n€Z, and put

Dp=C"(A_n,A_nyi1soy Aoy ooy An_1, An), D= | D,. (6.5)
n=1

It is shown in Lemma 6.6 below that each D, is a type I C*-algebra, and so the C*-
algebra D is an inductive limit of type I algebras. In particular, D is nuclear and
belongs to the UCT class A. Moreover, D is a-invariant (by construction). Observe
that Apm—n={tico,n(@"™(A)) for all non-negative integers m and n.

Put Q=piec,0(P1) (Zoo,n(Qn)) in DCB, and, as above, let g€ A=C(Z,K) be a
constant 1-dimensional projection.
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LEMMA 6.3. The following two relations hold in D and in B:
(i) Hoo,0(9) 3QDQ;
(i) Kooo(g) X G);V:_N ad(Q) for all natural numbers N.

Proof. (i) follows immediately from Proposition 4.5 (ii).
(ii) Assume, to reach a contradiction, that ,uoo,o(g)jZ;V:‘N a’(Q) in B (or in D)
for some NeN. For j2—N we have

a?(Q) = 0¥ (1100,0(Q0)) = & (oo, N (F™(Q0))) = thoo, N (B T7(Q0)).-

The relation poo 0(g) jEJN:_ ~ @%(Q) can therefore be rewritten as

oo (87(9)) 2 % foo (#(Q0)) i B.

By a standard property of inductive limits this entails that
2N A )
pm,n(B(9) 3 D s, v (@ (@)  in M(4)
]:

for some M 2= N, or, equivalently,

u 2N N+M N+M N+M
PP ZB M MQ)= B #(Q)= @ Q;3 P Q; in M(A).
3=0 j=M-N j=M-N j=0

Use now that g 3@ (g) (which holds because p;(g)=g for j<0, cf. (5.3)) to conclude
that g j@;v:(')M ; in M(A)}, in contradiction with Lemma 6.2. O

Let C be an arbitrary unital C*-algebra and let v be an automorphism on C.

Let K denote the compact operators on {2(Z) and let {e; ;}; jez be a set of matrix
units for K. Define a unital injective *-homomorphism ¢: C— M(C®XK) and a unitary
Ue M(C®K) by

Y(c)= Z Y (C)®enn, U= z 1®ennt1, c€C,
neZ n€Z
(the sums converge strictly in M(C®K)). It is easily seen that

Up()U =9(v(c)), ceC,

so that i extends to a representation 1/;:C>47Z—>M(C'®IC). The following standard
argument shows that the representation ¥ is faithful.

Put ;=3 510t "e, € M(CQK) for teT, and check that V; is a unitary ele-
ment that satisfies Vi9(c)V*=9(c) and ViUV =tU for all t&T. Let E:Cx,Z—C be
the canonical faithful conditional expectation, and define F:Im(¢)—Im(¢) by F(z)=
JpVexzVi"dt. Then F(i(z))=y(E(z)) for all zeCx~Z. Now, if 4(z)=0 for some pos-
itive element x in Cx,Z, then ¥(E(z))=F(¢(x))=0, whence E(z)=0 (by injectivity
of ¢), and £=0 (because E is faithful).
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LEMMA 6.4. Let C be a unital C*-algebra and let v be an automorphism on C.
Suppose that p and q are projections in C such that

(i) pj@;"zl q in C for some natural number m, and

(ii) p;lf@;v:_N v¥3(q) for all natural numbers N.
Then q is not properly infinite in CxZ.

Proof. Tt suffices to show that ¥(g) is not properly infinite in M(C®K). Assume, to
reach a contradiction, that 1(q) is properly infinite in M(C&®K). Then @;n:l ¥(q) 3¢(q)
by Proposition 2.1. As ¢®ep0<¢(g) we can use (i) to obtain

m m o .
p&eoo 3 D g®eo0 < ealw(q) 3@ =D (e
L i

Jj=1 j=—o0

in M(C®K). By Lemima 4.4 this entails that
N .
PReoo 3 > Y (g)®e;; in CRK
j=—N

for some NeN, or, equivalently, that p 3 @;\;_ ~ Y/ (g) in C, in contradiction with as-

sumption (ii). O
Returning now to our specific C*-algebra B from (6.4), Lemmas 6.3 and 6.4 imply:
LEMMA 6.5. The projection Q=poc,0(p;) s not properly infinite in Bx,Z.

LEMMA 6.6. The C*-algebra D,=C*(A-pn, A_p+1,..y Agy .-y Ay) 18 of type T for
each neN.

Proof. Note first that
AnAm C Aningn,my, M,MEZ. (6.6)
Indeed, we can assume without loss of generality that n<m, and then deduce
AnAm = 0" (foo 0(AP™ " (A))) C " (fhoo,0(A)) = Ap.
Since AN@™~"(A)={0} when n<m, cf. Proposition 5.2 (ii), it follows also that
A,NA,={0}, n#m. (6.7)

Use (6.6) to see that the C*-algebra D, , generated by A, Am+1,..., Ay, for m<n,
is equal to
Dm,n=Am+Am+1+-~-+An-l+An- (68)
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(To see that the right-hand side of (6.8) is norm closed, use successively the fact that if
E is a C*-algebra, I is a closed two-sided ideal in E, and F' is a sub-C*-algebra of E,
then I+ F is a sub-C*-algebra of E.) It follows from (6.6), (6.7) and (6.8) that we have
a decomposition series

09A_ <D _p_n419D_y py2<..AD_p 1 <9D_,, ,=D,

for D,, and that each successive quotient is isomorphic to A=C(Z)®K. This proves that
D,, is a type I C*-algebra. a

LEMMA 6.7. The crossed product C*-algebra Dx,Z contains an infinite projection
and a non-zero projection which is not properly infinite. The C*-algebra D has no non-
trivial o™-invariant closed two-sided ideal for any non-zero integer n.

Proof. The projection Q= o(p;) belongs to Ag={io,0(A)C D, and it is non-zero
because foo,0 is injective (which again is because @ is injective). We have DC B and
hence

QeDx,ZC Bx,Z.

Since @ is not properly infinite in Bx,Z (by Lemma 6.5) it follows that Q is not properly
infinite in Dx,Z.

Put P=p0(9)€A0CD, where g is a constant 1-dimensional projection in A=
C(Z,K). We have

9=0(9) ~Sowo(9)S5 < Y S;;(9)S; =(9),

j==00

cf. (5.3). Hence P=po0(g) is equivalent to a proper subprojection of pio 0(@(g)). As
Hoo,0{P(9)) =0(poo,0(g))~P in Dx,Z we conclude that P is an infinite projection in
Dx,Z.

Suppose that n is a non-zero integer (that we can take to be positive) and that I is
a non-zero closed two-sided a™-invariant ideal in D. Then IN Dy, is non-zero for some
natural number k, cf. (6.5). As I is a”-invariant, INa*"(Dy,) is non-zero, and

o™ (Dyp) = C* (Ao, A1, ...y Azkn) = Hoo o{C* (A, G(A), ..., 2" (A))).

Because Ag={io00(A) is an essential ideal in a*™(Dyy,) it follows that TN Ag is non-zero.
Take a non-zero element f in INAg, and write f=ps 0(fo) for some non-zero element
fo in A. Use Proposition 5.2 (iii) to conclude that

A—mf = ,uoo,m(Agzm(fO))
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is full in proo m(A)=A_,,, and hence that A_,,C I, for every natural number m. Since
I is o™-invariant, A_,,4,n=0""(A_;,)CI for all meN and all r€Z. This shows that
A, €I for all m, which finally entails that I=D. O

We remind the reader of the notion of properly outer automorphism introduced by
Elliott in [19):

Definition 6.8. An automorphism v on a C*-algebra F is called properly outer if for
every non-zero y-invariant closed two-sided ideal I of F and for every unitary u in M(I)
one has ||v|r —Ad ul|=2 (the norm is the operator norm).

Olesen and Pedersen list in [34, Theorem 6.6] eleven conditions on an automorphism
~ that all are equivalent to v being properly outer. We shall use the following sufficient
(but not necessary) condition for being properly outer: If E has no non-trivial y-invariant
ideals and if v(p)~p for some projection p in E, then 7 is properly outer. To see this,
note first that p~upu*=(Adu)(p) for every unitary u in M(E) (the equivalence holds
relatively to E). We therefore have (p)~(Adu)(p), whence ||[v(p)—(Adu)(p)||=1.
This shows that ||y—Adu|>1 for all unitaries u in M(E), whence ~ is properly outer
(by (i) < (iii) of [34, Theorem 6.6]).

(One can argue along another line by taking an approximate unit {e,} for E, such
that ey >p for all A, and set zx=2p—e,. Then z, is a contraction in F for all A, and one
can check that limy o ||7(z2) — (Ad u)(z)|| =2, thus showing directly that ||y —Ad ul|=2
for all unitaries u in M(E) whenever v(p)~p for some projection p in E.)

More generally, v is properly outer if for each non-zero y-invariant ideal I of E there
is a projection p in I such that v(p)~p.

LEMMA 6.9. The automorphism o™ on D is properly outer for all non-zero inte-

gers n.

Proof. We know from Lemma 6.7 that D has no a™-invariant ideals (when n#0), so
the lemma will follow from the claim (verified below) that o™ (Q)~@Q for all n#0 (where
Q is as in Lemma 6.3).

Assume, to reach a contradiction, that a™(Q)~Q for some non-zero integer n (that
we can take to be positive). Then, by Lemma 6.3 (i),

Hoo0(9) 3 QBQ ~ QBa™(Q) 3 @ 0i(Q) in D,
i

.in contradiction with Lemma 6.3 (ii). O

We now have all ingredients to prove our main result:
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THEOREM 6.10. There is a separable C*-algebra D and an automorphism a on D
such that

(i) D is an inductive limit of type I C*-algebras;

(il) Dx,Z is simple and contains an infinite and a non-zero finite projection;

(iii) Dx,Z is nuclear and belongs to the UCT class N.

Proof. Let D be the C*-algebra and let @ the automorphism on D defined in (and
above) (6.5). Since D is the union of an increasing sequence of sub-C*-algebras D,, (cf.
(6.5)) and each D, is of type I (by Lemma 6.6), we conclude that D is an inductive limit
of type I C*-algebras, and hence that the crossed product Dx,Z is nuclear, separable
and belongs to the UCT class N.

Since D has no non-trivial a-invariant ideals (by Lemma 6.7) and o™ is properly
outer for all n#0 (by Lemma 6.9}, it follows from Olesen and Pedersen [34, Theorem 7.2]
(a result that extends results from Elliott [19] and Kishimoto [31]) that Dx,Z is simple.
By simplicity of Dx,Z, the (non-zero) projection @, which in Lemma 6.7 is proved to
be not properly infinite, must be finite in Dx,Z, cf. Proposition 2.1. The existence of an
infinite projection in Dx,Z follows from Lemma 6.7, and this completes the proof. [J

7. Applications of the main results

We begin by listing some corollaries to Theorems 5.6 and 6.10.

COROLLARY 7.1. There is a nuclear, unital, separable, infinite, simple C*-algebra A
in the UCT class N such that A is not purely infinite.

Proof. Take the C*-algebra Dx,Z from Theorem 6.10, and take a properly infinite
projection p and a non-zero finite projection ¢ in that C*-algebra. Then g~gqy<p for
some projection qg in Dx,Z by Lemma 2.2. Hence A=p(Dx,Z)p is infinite; and A is
not purely infinite because it contains the non-zero finite projection qg. O

COROLLARY 7.2. There is a nuclear, unital, separable, finite, simple C*-algebra A
that is not stably finite, and hence does not admit a tracial state (nor a non-zero quasi-
trace).

Proof. Take the C*-algebra E=Dx,Z from Theorem 6.10 and a non-zero finite
projection ¢ in E. Put A=qgEq. Then A is finite, simple and unital. Since AQKX=ZFEQK
we conclude that AQK (and hence M,,(A) for some large enough n) contains an infinite
projection, so A is not stably finite.

Every simple, infinite C*-algebra is properly infinite, so M,(A) is properly infinite.
No properly infinite C*-algebra can admit a non-zero trace (or a quasitrace), so M,(A),
and hence A, do not admit a tracial state (nor a non-zero quasitrace). O
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A C*-algebra A is said to have the cancellation property if the implication
PETr ~ BT = p~gq (7.1)

holds for all projections p,q,r in AQK. It is known that all C*-algebras of stable rank
one have the cancellation property and that no infinite C*-algebra has the cancellation
property. There is no example of a stably finite, simple C*-algebra which is known not
to have the cancellation property (but Villadsen’s C*-algebras from [42] are candidates).
A C*-algebra A is said to have the weak cancellation property if (7.1) holds for those
projections p, q,r in AQX where p and ¢ generate the same ideal of A.

COROLLARY 7.3. There is a nuclear, unital, separable, simple C*-algebra A that
does not have the weak cancellation property.

Proof. Take A as in Corollary 7.1, and take a non-zero finite projection ¢ in A.
Since A is properly infinite, we can find isometries s;,s2 in A with orthogonal range
projections; cf. Proposition 2.1. Put p=s;¢s}+(1—s;s]). Then p is infinite because
8283 < p, and so pxg (because ¢ is finite). On the other hand, ¢ and p generate the same
ideal of A—namely A itself-—and

pPl=(s1987+(1—5157))B1l~519sTB(1—s15])Ds1s] ~qgDl. O

It was shown in [30, Theorem 9.1] that the following implications hold for any
separable C™-algebra A and for any free filter w on N:

A is purely infinite = A is weakly purely infinite
< A, is traceless

= A is traceless,

and the first three properties are equivalent for all simple C*-algebras A. (A C*-algebra
is here said to be traceless if no algebraic ideal in A admits a non-zero quasitrace. See [30]
for the definition of being weakly purely infinite.) It was not known in [30] if the reverse
of the third implication holds (for simple or for non-simple C*-algebras), but we can now
answer this in the negative:

COROLLARY 7.4. Let w be any free filter on N. There is a nuclear, unital, sepa-
rable, simple C*-algebra A which is traceless, but where I°°(A) and A, admit non-zero
quasitraces defined on some (possibly non-dense) algebraic ideal.

Proof. Take A as in Corollary 7.2. Then A is algebraically simple and A admits
no (everywhere defined) non-zero quasitrace. Hence A is traceless in the sense of [30].
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Because A is simple and not purely infinite, A, cannot be traceless. Since A, is a
quotient of {*°(A4), the latter C*-algebra cannot be traceless either. O

Kirchberg has shown in [28] (see also [39, Theorem 4.1.10]) that every exact simple
C*-algebra which is tensorially non-prime (i.e., is isomorphic to a tensor product D& Do,
where D, and D, both are simple non-type I C*-algebras) is either stably finite or purely
infinite. Liming Ge has proved in [21] that the II;-factor £L(F3) is (tensorially) prime (in
the sense of von Neumann algebras), and it follows easily from this result that the C*-
algebra C? ,(F;) is tensorially prime. We can now exhibit a simple, nuclear C*-algebra

that is tensorially prime:

COROLLARY 7.5. The C*-algebra DxyZ from Theorem 6.10 is simple, separable,
nuclear and tensorially prime, and so is p(Dx,Z)p for every non-zero projection p in
Dx,7Z.

Proof. The C*-algebra Dx,Z is simple, separable, nuclear; cf. Theorem 6.10. It is
not stably finite because it contains an infinite projection, and it is not purely infinite
because it contains a non-zero finite projection. The (unital) C*-algebra p{Dx,Z)p is
stably isomorphic to Dx,Z and is hence also simple, separable, nuclear, and neither
stably finite nor purely infinite. It therefore follows from Kirchberg’s theorem (quoted
above) that these C*-algebras must be tensorially prime. O

Villadsen’s C*-algebras from [41] and [42] are, besides being simple and nuclear,
probably also tensorially prime (although to the knowledge of the author this has not
yet been proven). Jiang and Su have in [25] found a non-type I, unital, simple C*-
algebra Z for which AZA®Z is known to hold for a large class of well-behaved simple
C*-algebras A, such as for example the irrational rotation C*-algebras and more generally
all C*-algebras that are covered by a classification theorem (cf. [20] or [39]). Such C*-
algebras A are therefore not tensorially prime.

The real rank of the C*-algebras found in Theorems 5.6 and 6.10 have not been
determined, but we guess that they have real rank >1. That leaves open the following

question:

Question 7.6. Does there exist a (separable) unital, simple C*-algebra A such that
A contains an infinite and a non-zero finite projection, and such that:

(i) A is of real rank zero?

(ii} A is both nuclear and of real rank zero?

It appears to be difficult (if not impossible) to construct simple C*-algebras of real
rank zero that exhibit bad comparison properties; cf. Remark 7.8 below.
George Elliott suggested the following:
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Question 7.7. Does there exist a (separable), (nuclear), unital, simple C*-algebra A
such that all non-zero projections in A are infinite but A is not purely infinite?

If Question 7.7 has affirmative answer, and A is a unital, simple C*-algebra whose
non-zero projections are infinite and A is not purely infinite, then the real rank of A
cannot be zero. Indeed, a simple C*-algebra is purely infinite if and only if it has real
rank zero and all its non-zero projections are infinite.

Remark 7.8. (Comparison and dimension ranges.) Suppose that A is a unital,
simple, infinite C*-algebra with a non-zero finite projection e. By simplicity of A there
is a natural number k such that 1ZXed®ed®...de (with k copies of €). Let s1,s2,... be
a sequence of isometries in A with orthogonal range projections; cf. Proposition 2.1.
Letting [p] denote the Murray-von Neumann equivalence class of the projection p, we
have

n[l] ={s18] +5285+...+snsn] < [1] < ke]

for every natural number n. But [1]£ [e] because e is finite and 1 is infinite.

This shows that if A is a simple C*-algebra with a finite and an infinite projection,
then the semigroup D(A) of Murray—von Neumann equivalence classes of projections in
A®K is not weakly unperforated.

(An ordered abelian semigroup (S, +, <) is said to be weakly unperforated if

ng<nh = g<h, forall g,heS§ and all neN.

The order structure on D(A) is the algebraic order given by g<h if and only if h=g+f
for some f in D(A).)

Villadsen showed in [41] that K((A), and also the semigroup D(A), of a simple,
stably finite C*-algebra A can fail to be weakly unperforated. The present article is a
natural continuation of Villadsen’s work to the stably infinite case.

Let (S, +) be an abelian semigroup with a zero-element 0. An element g€ S is called
infinite if g+ =g for some non-zero €S, and g is called finite otherwise. The sets
of finite and infinite elements in S are denoted by Sg, and Sjy¢, respectively. One has
S=55.115inr and S+ Sinr C Sing, but the sum of two finite elements can be infinite.

It is standard and easy to see that the finite and infinite elements in the semigroup
D(A) are given by

Den(A) ={(f]: f is a finite projection in AQK},
Dine(A) ={[f]: f is an infinite projection in AQK}.

If A is a simple C*-algebra that contains an infinite projection, then the Grothen-
dieck map v: D(A)— Kg(A) restricts to an isomorphism D;,¢(A)— Ky(A) as shown by
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Cuntz in (16, §1]. We can therefore identify Diys(A) with Kp(A), in which case we can
write
D(A) = Daa(A) LK, (A).

Note that [0] belongs to Dgn(A), and that Dg,(A)={[0]} if and only if all non-zero
projections in AQK are infinite. One can therefore detect the existence of non-zero finite
elements in AQK from the semigroup D(A); and Ko(A) contains all information about
D(A) if and only if all non-zero projections in A®K are infinite.

In general, when A is simple and contains both infinite and non-zero finite pro-
jections, then Dg,(A) can be very complicated and large. One can show that Dg,(B)
is uncountable, when B is as in Theorem 5.6. We have no description of D(A), when
A=Dx,Z from Theorem 6.10.

We remark finally, that if A is simple and if g is a non-zero element in Dg,(A),
then ngeDiys( A) for some neN. In other words, Dins(A) eventually absorbs all non-zero
elements in D(A).

The example found in Theorem 6.10 provides a counterexample to Elliott’s classifi-
cation conjecture (see for example [20]) as it is formulated (by the author) in [39, §2.2].
The conjecture asserts that

(KO(A)a KO(A)+7 []-A]Ov K (A)’ T(A)’ TA: T(A) - S(KO(A))) (7'2)

is a complete invariant for unital, separable, nuclear, simple C*-algebras. If A is sta-
bly infinite (i.e., if A®K contains an infinite projection), then Ky(A4)*=Ko(A) and
T(A)=@. The Elliott invariant for unital, simple, stably infinite C*-algebras therefore
degenerates to the triple (Ko(A),[1a]o, K1(A)). (We say that (Kop(A),[1a)o, K1(A))=
(Go, g0, G1) if there are group isomorphisms ag: Ko(A)— Gy and a;: K1(A4)— G, such
that ao([1a)o)=g0.)

COROLLARY 7.9. There are two non-isomorphic nuclear, unital, separable, simple,
stably infinite C*-algebras A and B (both in the UCT class N') such that

(Ko(A), [Lalo, K1(A)) = (Ko(B), [18]o, K1(B)).

Proof. Take the C*-algebra A from Corollary 7.1. It follows from (36, Theorem 3.6]
that there is a nuclear, unital, separable, simple, purely infinite C*-algebra B in the UCT
class AV such that

(Ko(A), [1alo, K1(A)) = (Ko(B), [18]o, K1(B))-

Since B is purely infinite and A is not purely infinite, we have A% B. a
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One can amend the Elliott invariant by replacing the triple (Kq(A), Ko(A)™, [1alo)
(for a unital C*-algebra A) with the pair (D(A), [14]), cf. Remark 7.8 above, where D(A)
carries the structure of a semigroup. In the unital, stably infinite case, the amended
invariant will then become (D(A), [14], K1(A)). (Since Ky(A) is the Grothendieck group
of D(A), and Ky(A)*" and [La]o are the images of D(A) and [14], respectively, under
the Grothendieck map v:D(A)— Ko(A), one can recover (Ko(A), Ko(A)™, [1alo) from
(D(A)’ [1A]):)

The invariant (D(A), [1a]) can detect if A has a non-zero finite projection, cf. Re-
mark 7.8; and the triples (D(A), [14], K1(A)) and (D(B), [15], K1(B)) are therefore non-
isomorphic, when A and B are as in Corollary 7.9. We have no example to show that
(D(A),[14], K1(A)) is not a complete invariant for nuclear, unital, simple, separable,
stably infinite C*-algebras. On the other hand, there is no evidence to suggest that
(D(A), [14], K1(A)) indeed is a complete invariant for this class of C*-algebras.

The Elliott conjecture can also be amended by restricting the class of C*-algebras
that are to be classified. One possibility is to consider only those unital, separable,
nuclear, simple C*-algebras A for which A= A®Z where Z is the Jiang-Su algebra (see
the comment below Corollary 7.5). It seems plausible that the Elliott invariant (7.2)
actually is a complete invariant for this class of C*-algebras; and one could hope that
the condition A2 A®Z has an alternative intrinsic equivalent formulation, for example
in terms of the existence of sufficiently many central sequences.

Remark 7.10. (A non-simple example.) Examples of non-simple unital C*-alge-
bras A, such that A is finite and M>(A) is infinite, have been known for a long time.
Such examples were independently discovered by Clarke in [9] and by Blackadar (see
[7, Exercise 6.10.1]): One such example is obtained by taking a unital extension

05K—>A-C(8%) -0

with non-zero index map &: K1(C(5%))— Ko(K). Then A is finite and Ma(A) is infinite.

The proof uses that any isometry or co-isometry s in A (or in a matrix algebra
over A) is mapped to a unitary element u in (a matrix algebra over) C(S®); and every
unitary u in M, (C(S3)) lifts to an isometry or a co-isometry s in M,(A). Moreover,
the isometry or co-isometry s is non-unitary if and only if the unitary element u has
non-zero index. The unitary group of C(S®) is connected, so all unitaries here have zero
index. Hence A contains no non-unitary isometry, so A is finite. By construction of the
extension, the generator of K;(C(S®%)), which is a unitary element in M>(C(5%)), has
non-zero index, and so it lifts to a non-unitary isometry or co-isometry in M>(A), whence
M, (A) is infinite.
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The C*-algebra M,(A) is not properly infinite since the quotient, My(A)/M2(K)=
M3(C(S3)), is finite.

An example of a unital, finite, (non-simple) C*-algebra A such that M2(A) is prop-
erly infinite was found in [38].

Remark 7.11. (Inductive limits.) Suppose that
Bi—»By—»Bs—~..—B

is an inductive limit with unital connecting maps, and that B is a simple C*-algebra such
that B is finite and My(B) is infinite. Then M,(B) is properly infinite, and it follows
from Proposition 2.3 that B, is finite and My(B,,) is properly infinite for all sufficiently
large n. It is therefore not possible to construct an example of a simple C*-algebra,
which is finite, but not stably finite, by taking an inductive limit of C*-algebras arising
as in the example described in Remark 7.10.

Remark 7.12. (Free products.) Let B be a simple, unital C*-algebra such that B is
finite and M,(B) is infinite. Then we have unital *-homomorphisms

tpllMg(C)—)Mg(B), (,02:000"‘>M2(B)

such that ¢;(e) is a finite projection in M,(B) whenever e is a 1-dimensional projection
in M2(C).

The existence of B (already obtained in the non-simple case in [38]) shows that the
image of e in the universal unital free product C*-algebra M>(C)* Oy is not properly
infinite.

It is tempting to turn this around and seek a simple C*-algebra A with a finite and
an infinite projection by defining A to be a suitable free product of Mz(C) and O.
However, the universal unital free product M3(C)* Oy is not simple. The reduced free
product C*-algebra

(Aa Q) = (MZ(C)a Ql)*(ooov 92)7

with respect to faithful states g, and g9, is simple (at least for many choices of the states
o1 and g9, see for example [2]) and properly infinite, but no non-zero projection e in
M,(C) is finite in A. The Cuntz algebra O contains a sequence of non-zero mutually
orthogonal projections, and it therefore contains a projection f with g2(f)<g1(e). Now,
e and f are free with respect to the state ¢ and o(f)<p(e). This implies that f3e
(see [1]), and therefore e must be infinite.
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It is shown in [18] that reduced free product C*-algebras often have weakly un-
perforated Kjp-groups, which is another reason why this class of C*-algebras is un-
likely to provide an example of a simple C*-algebra with finite and infinite projections;
cf. Remark 7.8.

We conclude this article by remarking that ring theorists for a long time have known
about finite simple rings that are not stably finite:

Remark 7.13. (An example from ring theory.) A unital ring R is called weakly finite
if zy=1 implies yx=1 for all z,y in R, and R is called weakly n-finite if M, (R) is weakly
finite. (A finite ring is a ring with finitely many elements!) A (unital) non-weakly finite
simple ring R is properly infinite in the sense that there are idempotents e, f in R such
that 1~e~f and ef =fe=0. (Equivalence of idempotents is given by e~ f if and only if
e=zy and f=yzx for some z,y in R.)

An example of a unital, simple ring which is weakly finite but not weakly 2-finite
was constructed by P. M. Cohn as follows:

Take natural numbers 2<m<n and consider the universal ring V;,, , generated by
2mn elements {z;;} and {y;;}, i=1,...,m and j=1,...,n, satisfying the relations XY =1,
and YX=1I,, where X=(z;;)€ M n(R), Y=(¥i;)€ My, m(R), and I, and I, are the
units of the matrix rings M,,(R) and M, (R). The rings M,,(Vi, »n) and Mp(V,, ) are
isomorphic, and M,(V;, ) is not weakly finite. Therefore M,,(V,, ) is not weakly finite.
In other words, V,, ,, is not weakly m-finite.

It is shown by Cohn in [11, Theorem 2.11.1] (see also the remarks at the end of §2.11
of that book) that V;, , is a so-called (m—1)-fir, and hence a 1-fir; and a ring is a 1-fir if
and only if it is an integral domain (i.e., if it has no non-zero zero-divisors). Cohn proved
in [10] that every integral domain embeds into a simple integral domain. In particular,
Vim,n is a subring of a simple integral domain K, , whenever 2<m<n. Now, R, is
weakly finite (an integral domain has no idempotents other than 0 and 1, and must hence
be weakly finite), and R., , is not weakly m-finite (because it contains V,, ).

This example cannot in any obvious way be carried over to C*-algebras, first of all
because no C*-algebra other than C is an integral domain.
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