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Introduction—The Treves conjecture

In 1983 F. Treves [T1] initiated the study of the local solvability for the class of differential
complexes defined by a smooth, locally integrable structure of rank n in R**l. If Z
denotes a local first integral of the structure, Treves conjectured that the vanishing of
the local cohomology in degree g of such a differential complex would be related to the
vanishing of the singular homology of the sets Z=const. in dimension ¢—1. It is the
purpose of this article to complete the proof of this conjecture in its full generality.

(A) In order to motivate and state the problem more precisely we first recall the
question of local solvability for a single vector field in two variables. Let thus

0
L:a(a:,t)ﬁ +b(ac,t)%

be a complex vector field defined in a neighborhood X of the origin in R? with no
singularities. We say that L is solvable (at the origin) if the induced map L:C§° —Cg° is
surjective, where we have written C§° to denote the space of germs of smooth functions
at the origin.

The solvability of L is characterized by the so-called condition (P) of Nirenberg—
Treves (cf. [H, Chapter XXVI|, [NT]). For the purpose of our presentation it is convenient
to make an extra assumption and assume the integrability of L, in the sense that there
exists ZeC>*(X) such that LZ=0 and dZ#0 at every point of X.

It takes an elementary argument to show that we can choose such a solution Z that

can be written, in an appropriate coordinate system around the origin, as

Z(z,1) =a+ip(z, 1),

Both authors were partially supported by CNPq and FINEP.



192 P.D. CORDARO AND J.G. HOUNIE

where ¢ is smooth, real-valued and satisfies
©(0,0) = ,(0,0)=0.

In particular, we obtain that L is a non-vanishing multiple of the vector field

g——i pe O
ot l+ip, Oz’

(0.1)

and consequently its solvability at the origin is equivalent to the solvability at the origin
of (0.1).

Assume now that X is a small rectangle centered at the origin and with sides parallel
to the coordinate axes. Within this set-up the Nirenberg-Treves condition (P) (cf. [NT])
can be stated as follows:

t~> @(x,t) is monotone, for all x. (0.2)

Since for a fixed zo=zg+1yo the pre-image of the set {29} by the map Z is given by
{{z0,t): ¢(x0,t)=1y0}, it follows that (0.2) is equivalent to:

{(z,t)e X: Z(x,t) =2} is connected, for all z. (0.3)

(B) We generalize the solvability problem just described taking as a starting point
the special coordinates described in the preceding item. Let a and r be positive real

numbers and set
X={(z,t) eRxR":|z| <a, [t|<r}.

We take a smooth function
Z(z,t) =z +ip(z,t), (z,t)€X, (0.4)
where @ is a real-valued, smooth function satisfying
©(0,0) = ¢, (0,0)=0. (0.5)

The orthogonal of {dZ} is spanned by the pairwise commuting vector fields

0 . w0

=9 2 i=1..n 0.6
1= 8 Ttipg 00 T " (0.6)

We introduce the space of differential forms on the open set YC X,

COO(Y,/\p)ﬁ {u: Z UJ(x,t)dtJ,UJGCOO(Y)}, (0.7)

|J|=p
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and further introduce the differential complex

L:C®(Y, \P) = C®(Y, AP (0.8)
defined by
L(w)= " > (Ljus)dt;Adt, (0.9)
[J|=p j=1

(the fact that L?=0 follows from the relations [L;, Ly]=0). We are now ready to gener-
alize the previously discussed local solvability concept:

Definition 0.1. The operator L is said to be solvable at the origin in degree ¢
(1<q<n) if for every feCS®(AY), Lf=0, there is ueC(A?") such that Lu=f.

Here we are again denoting by C3°(/\") the space of germs limy_, (o} C>(Y, A").
By an elementary category argument it is easily seen that this notion is equivalent
to the following property:

(+)g Given any open neighborhood Y of the origin in X there is another open neigh-
borhood of the origin Y'CY such that for every feC>®(Y, \?) satisfying Lf=0 there is
weC®(Y', A1) such that Lu=f in Y.

We notice some special cases. When n=1 there is only one operator and we get
the situation alreédy discussed in (A). Solvability in degree one means to solve the over-
determined system L;u=f; under the compatibility conditions L; fr =Ly f;, whereas solv-
ability in degree n means to solve the underdetermined system Liu; +...+Lyu, =f with

no conditions on f whatsoever.

(C) Invariance. We first recall that a complex line subbundle T'C CT*X defines a
locally integrable structure (in the sense of [T'2]) if it is locally generated by the differential
of a smooth function. To such a structure there is canonically associated a differential
complex: it is simply the complex induced by the exterior derivative acting on the bundles
A (CT*U/T’). Let us then fix such a structure. In a neighborhood of the origin, T is
spanned by the differential of a smooth function which can always be written, in an
appropriate system of coordinates, as Z(z,t)=x+ip(x,t), where ¢ has the properties
described in the preceding item. The complex L is nothing else than the realization
of the differential complex associated to T’, after choosing these local coordinates and
{dt;, |J|=q} as a basis for the sections of the bundle A*(CT*U/T’).

(D) If 29€ C and YC X we will refer to the set F(zo,Y)={(z,t)€Y: Z(z,t)=2p} as a
fiber of the map Z: X —C over Y. The germs of such fibers at the origin are invariants of
the locally integrable structure T’, a fact that follows from the so-called Baouendi—Treves
approximation formula [BT]. We may now introduce the following property:
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(x)g Given any open neighborhood Y of the origin in X there is another open neigh-
borhood of the origin Y'CY such that, for every regular value zp€ C of Z: X = C, either
F(z0,Y')=0 or else the homomorphism

Hy(F(20,Y"),C) = Hy(F(20,Y),C)
induced by the inclusion map F(zy,Y"’)CF(zp,Y ) vanishes identically.

Here H,(-,C) denotes reduced homology with complex coefficients. ’

It was conjectured by F. Treves in 1983 that solvability at the origin in degree g for
the complex L should be equivalent to the validity of property (*)q—i. The particular
case n=1 is of course valid, since (*)p is equivalent to condition (P) according to our
previous discussion.

Several articles have been published towards the verification of this conjecture. In
[CT1] it is proved that (s)q = (*)4—; for all g=1,...,n. Indeed, if (x),_1 does not hold,
it is possible to violate an a priori inequality which, in turn, follows from (e), in a now
familiar way introduced by L. Hérmander.

The reverse implication was proved for g=1 in [MT], and, for g=n, it follows from
the arguments in [CH2]. The method of proof in this work owes a lot to the previous
two papers: the approach of reducing the problem to the study of the boundary equa-
tions induced by an elliptic complex is taken from the former, whereas a key technical
decomposition of closed forms is obtained from the Bochner formula already used in the
latter.

If we furthermore make the extra assumption that the structure T’ is real-analytic
then the work [ChT)] gives a complete proof that (x)q—1 = (¢)q for all g=1, ..., n, a result
that had been. previously proved in the cases g=1 [T1] and g=n [CH1]. The basic
idea for the proof in [ChT] is to study the de Rham equation on regular fibers and to
analyze the size of the solution as regular fibers approach the singular set. That solutions
with tempered growth can be obtained depends in an essential way on the analyticity
assumptions.

We also mention that it is possible to give a meaning for hyperfunction solvability of
the complex L (which generalizes the natural concept within the real-analytic category),
and to prove that condition (x),_1 is in fact equivalent to the hyperfunction solvability
at the origin in degree ¢, for every g=1,...,n. On this subject we refer to [CT2] and
[CT3|.

Summing up, in order to complete the proof of the conjecture, it remains to be
proved that the implication (x),_; = (s}, holds for 2<g<n—1 when T’ is a smooth
structure. The purpose of the present article is to present a complete proof of this
statement, showing then the validity of the Treves conjecture in general:
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THEOREM 0.1. Suppose that Z€C™ and let q€{1,2,...,n}. Then condition (*)q_1
implies the local solvability at the origin of the complex L in degree q.

In the work [MT] it is also proved that (x),_1 and (*),—2 together imply the local
solvability of L in degree g if ¢>>2. Some of the arguments of this article will be used in
the proof of Theorem 0.1.

We shall organize our presentation as follows. In the first section we introduce
the standard differential complex d;+d; in CxR™, and apply a Mayer—Vietoris exact
sequence argument to explain why our solvability problem is equivalent to the solvability
of 0z+d; on both sides of a certain hypersurface constructed by means of the given
function Z (this is, of course, a similar device to the one used to study the solvability of
the tangential Cauchy—Riemann complex in a hypersurface of the complex space). We
will also follow an argument from [MT] in order to split the condition ()41 into two
conditions (x);_; and (x),_; which will correspond to solvability on each side of the
hypersurface.

In the remaining of the article we focus on the study of one-sided solvability on the
side that corresponds to condition ()7 _,, and present the full proof of the “micro-local”
version of Theorem 0.1 (cf. Theorem 1.1 below). We have also found appropriate to
present in an appendix a brief general discussion on condition (*);, where we do not pay
attention to the growth of the solutions when approaching the hypersurface, but rather
explain its meaning conceptually in terms of the partial de Rham operator d; acting on
C xR™. This sheds some light on the refinement of the argument in [MT] that is required
to get the complete proof of the Treves conjecture.

1. The elliptic complex in CxR"

(A) We shall write the coordinates in the space CxR™ as (z,8)={z,#1,...,t,), and if
- CCxR" is open we shall denote by Ci7 1(€2) the space of smooth differential forms on
Q of the kind

f= > fx(zt)dindtx+ Y fi(zt)dt,. (1.1)
|K|=p~1 [J|=p
We shall also set
C>(Q, /\O’p) = {f: Z Fr(z,t)dty: fJeC‘”(Q)} (1.2)
[Jl=p

and

R NP ={feC®(Q,A\""): 8;f=0}. (1.3)
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We have the standard elliptic differential complex

B +dy: €5 ) () 2 C prr) (D) (1.4)
defined in the standard way, as well as its subcomplex

de: R(2, AP) 5 R, AVPH). (1.5)

Finally we denote by H%*(Q) (resp. H>*(2)) the cohomology of the complex (1.4) (resp.
(1.5)). A standard (and easy) argument allows one to prove (cf. [CT3, Lemma 3.4])

LEMMA 1.1. If Q is (0/0Z)-convex (i.e. if 0/0Z defines a surjective endomorphism
of C*(Q)) then the natural maps

H>?P(Q) - H>P(Q) (1.6)

are isomorphisms for all p=0,...n.

(B) Now we return to the complex L given by (0.8), (0.9). Taking advantage of the
special form of the map Z defined in (0.4}, and also of the properties in (0.5), it is easy
to see that if X is sufficiently contracted about the origin, the set

L={(Z(x,t),t): (z,t)e X} (1.7

defines a hypersurface in CxR™ containing the origin. Moreover, the complex 0z+d;
induces a tangential complex on ¥ which is nothing else than the complex L after making
the identification X ~3 via the map (z,t)— (Z(z,t),t) (cf. [T2, §§11.1, V.2]). Let us now
assume that w is an open neighborhood of the origin in CxR". We set

wt ={(z,t)ew:z=z+iy, y > ¢(z,t)}, (1.8)
w” ={(z,t)ew:z=z+iy, y <p(z, 1)}, (1.9)
wE =wrU(Wwny). (1.10)

If we moreover denote by H*(wnX, L) the cohomology of the complex (0.8) over the open
set X DY ~wNX, we can apply [T2, Theorem V.3.1] and obtain the Mayer—Vietoris exact
sequence o
.= lim HO?(w) — lim H*P(w¥)® lim H*?(w™) —
w—0 w—0

w—0

(1.11)
— lim HP(wNX,L) = lim HOP*(w) — ...,
w—0 w—0

from which we conclude (notice that (1.4) is locally exact)
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PROPOSITION 1.1. The operator L is solvable in degree q if and only if

lim H%4(w%) =0. (1.12)

w—0

(C) The preceding proposition decomposes the solvability problem for the non-
elliptic complex (0.8) into two problems involving an elliptic complex, thus shifting the
obstruction to the geometry of the hypersurface . In order to deal with these two
problems separately we must decompose the solvability condition (*)4, and for this we
follow [MT]. Without loss of generality we can assume that X contains the closure of

Q={{z,t)eRxR": |z| <1, |t] <1}
Given 0€]0,1[ and zo=2z¢+yo€C we let F_(zo) (the sublevel set) be defined by
F (z0,0)y={t:t]| <o, olzo,t) <yo}, (1.13)

and introduce

(¥)¢ Given o€]0, 1] there is 0’€]0, o[ such that the following is true for any zo:

(1) if ¢g=0, every smooth and closed 0-form on F_(29,0) is constant on F_(zg,0"),
(2) if g=1, every smooth and closed g-form on F_(2,0) is exact on F_(zg,0').

Likewise we can introduce condition (x);. We prove

LEMMA 1.2. (¥)g = ()7 and (x);.

Proof. Let 0€]0, 1] be fixed. According to (x), there is 0’€]0, o[ such that

Hy({t: 1t <o', o(z0,1) =90}, C) = Hy({¢: |t| <0, (z0,t) =30}, C) ()

is trivial for every regular value zg=xq+1yp.
According to [Br, I1.10.3] there are exact sequences for cohomology with compact
supports and coefficients in the constant sheaf C

o= HP({t: |t] < 0, p(z0,t) # Yo}, C) — HP({t : |t| < 0}, C) —
— HE({t: [t| <o, p(x0,t) =10}, C) — ...

which are natural in g€]0, 1{. Taking this into account together with the fact that
Hf({t : |t| <p, (P(-T(ht) = yO}, C) =~ Hn—p({t : |t| <o, Qo(an t) :y0}7 C),
we conclude the existence of natural isomorphisms

Hy({t: 1t < o, ¢(wo,8) =30}, C) = Hy({t : |t] < 0, ¢(0,t) # %0}, C).
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Since (f) is trivial we obtain in particular that
Hy(F_(20,0"),C) = Hy(F_(z0,0),C)

also vanishes for all such zg, and then for arbitrary yo by Sard’s theorem, as an easy conti-
nuity argument for compactly supported cohomology shows. By de Rham’s isomorphism
it follows that ()7 holds true. The other implication is analogous. O

By Lemma 1.1 it follows that Theorem 0.1 will be a consequence of the implications

: 0.9/ .7} —
(#)g-1 = lim H(w?) =0, (1.147)
(¥ = 1imOH°~'I(F):0. (1.147)

In the remaining of the paper we shall concentrate in the proof of (1.14*), the proof of
(1.147) being of course analogous.(!) We will now make a more precise statement.

(D) We recall that we are given a smooth ¢(z,t) defined in a neighborhood of the
closure of . Moreover, thanks to (0.5), we can assume the validity of the properties

ile=2'|, ~z,t),(z,t)eq, (1.15)

|<P(SU, t) —99(1"» t)l
|<C(lzP+1tl),  (2,t)€Q. (1.16)

le(z,t)

V/AN/AN

We shall also introduce the notation

Q={(z+iy,t)eCxR™: |z| < 1, |t| < 1, p(z,t) <y}, (1.17)
Q={(z+iy,t)eCxR": |z| < 1, [t| < 1, p(z, t) <y}, (1.17)

as well as we will denote by 9 the set of all neighborhoods of the origin in CxR" of
the form A=Rx©, where R (resp. ©) is an open rectangle with sides parallel to the
coordinate axes (resp. a ball) centered at the origin in C (resp. R™).

The following theorem may be considered the main result of this work:

THEOREM 1.1. Assume that condition (>o<);_1 holds. Then given A€ there is
A'ed, A'CA such that the following is true:

Given FER(ONA, \>) with d,F=0 there is Ue R(QNA, A" 1) s0 that d,U=F
in QNA'.

Remark. This statement shows that

. 0,9/ 3\ _
(*);—1 = “IJIE%Hr q(w+)_'07

(}) In an unpublished manuscript by F. Treves and the first author, the reverse implications in
(1.14%) and (1.147) are also proved to be true.
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and this immediately implies (1.14%), for, according to the argument that leads to the
proof of Lemma 1.1, the surjectivity of 8/8z:lim,,_oC™(w")—lim, 0 C®(w") shows
that the natural map

lim H*(w7) = lim H*(wF)

w—0 w0

is an isomorphism.

2. Proof of Theorem 1.1-—beginning

(A) The Bochner formula. Let e>0, 2€C and k€N be fixed. We have

/Ooe—er—1 (/ooeizf—(7'+a)§2d€) dr
0 0

oo oo 1 . s
— e~ T k-1 1-8. k (/ ezz&—(T+5)§ d ) dr.
S0t ([ rey :

~ o~
v

qr(7)

If we integrate this last expression by parts k times, we conclude that its value equals
C; ' q1,(0) (where Cy is a constant which depends only on k), and thus we obtain

/oo_l_eizs—agzdgz Ch /ooe—‘r,rk—l</Ooei25—(7'+6)§2d€> dr
o (1+&2)F Jo 0 7

which can further be written, after the change of variables n=+/7+<§, as

> 1 2f—et? o0 g7 k-1 . r4e) /2 _p2
/() —(1+§2)k RIS dé:Ck/O —(T+E)1/2 (/0 oinz/(T+e) n dn) dr. (2.1)

Remark. Notice that this formula is a generalization of the Bochner formula used in
[CH2, cf. (1.9)]. Indeed, if the integration in & is carried over all the real line, we would
obtain (2.1) where the 7-integral is also over R. It suffices to use the identity

) 2 1 2
NN = —— e~ ? /4-
/Re 7 Qﬁe

(B) Let F be as in the statement of Theorem 1.1. There is no loss of generality
in assuming that all the derivatives of F' are bounded in Q@NA. Moreover, thanks to
(1.16), we can even assume that A={(z,t): |z|<r, |y|<s, |t|<e} is such that the following
estimate holds:

IIwIIAiszpl<p|<8<3—12T- (2.2)
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We set

o
— [ ety a0, 0 eze 0 (29
T Jo Jz'er
where ¥ €C°(—r,r) is a cut-off function which is equal to one on [—%r, %r] Of course,
the following property is of the foremost importance:

LEMMA 2.1. F. converges in R(Q, A™?), as e\,0, to an element F* which satisfies
the property:

Setting A'={(z,t):|z|<ir, |y|<s, [t|<o}, the restriction of F—F" to QNA" extends
as an element of R(A", \™).

Proof. The first statement is absolutely routine. For the second we introduce
=21 / ’ / G2 =y P(Z(,t),t) dZ(2 ) dE. (2.4)
m T€R
Then F!f— F! in R(QF, A*9) as £\,0. Here we have written
O = {(z+iy,t)eCxR": |z| <1, |t| < 1, p(z,t) = y}.
Since we also have
F(Z(z,t),t)—F*(Z(z,t),t) = F}(Z(,t),t),
when |w|<%r, |t] <o, the result follows. |

(C) We write f(z,t)=F(Z(z,t),t) and g=[1—M?]*(¢f), where M=Z_18/8z, and
observe that Lg=0 when lx{gér, since M and L commute and Lf=0. We make the
usual integration by parts

eib(z— Z(a',t))—et?
Fo(zt) = / LER(1+§2)k oz t) dZ(c £) d,

and apply our identity (2.1). We obtain

Ck o0 (i“f()z /t )_ 2 , 5
_ Tte)1/2 '
Fe(st) =% /O o (T+5)1 A ( / / "o, t) dZ(x', 1) dn) dr. (2.5)

We shall then make the dyadic decomposition
F, ,(z,t)

. —-Z(x/, t))_ o (26)
% 2- le (r+e)172 (/ / e Rk g(ml,t)dZ(I',t)dn) dr,
P—

FE’_l(Z, t)

C -zl 2.7)
=2 / " ( / / i "o, t) dZ (2, ¢) dn) dr.
1
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Thus -
Fo=) F.p+Fe 1. (2.8)
p=0

In the sequel we shall use the notation
Qp={(2,1): |z] <7, |t| < 0, p(z, 1) —27P> <y < s}. (2.9)

Remark. The role of the decomposition (2.8) is as follows. The form F; is an entire
function of z, and we may estimate its size for p(z,t)—e<y<s (|z| and |t| small); so as
¢ —0 we may only control sizes uniformly in £ on the set ¢(z,t)<y<s. On the other hand,
each term F; , in (2.8) may be controlled uniformly in >0 on the larger set €2, where it
converges to a form F}, which is holomorphic on both sides of the graph y=¢(x,t). This
is quantitatively expressed by the next lemma.

LEMMA 2.2. There are constants Cr, ;>0 such that for every peN and every ¢>0
we have

| Fe pllm,2, = sup sup |0%F; p| < Crm ik g~ (k=1-m)p, (2.10)
Qp Jal<m
Proof. We first consider the case m=0. In the definition of F; , perform first the in-
tegral in the n-variable. We fix (z,t)€ €, and write z=z+i(p(z, t)+a) where a>—277/2,
After we deform the n-integration to the chain
(14 i r—x'
we get as the real part of the exponent the quantity

1

o= (r+¢e)1/2 (—3lz—2'|+o(z, t)—p(z, t)—a)n—5n°. (2.11)
From (1.15) we obtain
—a 3 27P/2 3
<—— - S —n-p
Q\(T+€)1/2n AT S TR

Since in the domain of the 7-integration in the definition of F., we have r>27P71 we
conclude that

Q<V2n-3nt
Hence we obtain

2-P
[ Fe,pllo,0, < C/ 7k=3/2 4,

2-p-1
For the other values of m the estimates follow from differentiation under the integral
sign. O
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LEMMA 2.2'. There are constants Cp, >0 such that for every e>0 we have

llFe,—1|im,A<Cm,k- (210’)

Proof. It follows immediately from derivation under the integral sign. D

(D) Next we shall consider the action of the exterior derivative d; in the expressions
(2.6). If we apply [T2, Lemma I11.2.2] and make the change of variables n=1/7+¢ &, we
obtain

A F, p(z,t)

Ck 2°F oc ) , 2
=— e_TTk_l</ /elE(Z_Z(z‘m‘(T“)E Lg(z/,t)dZ(z',t) df) dr.
0

T 2-p—1

(2.12)

Here we again shift the £-integral to the chain

2 |x—x'|
where we are writing z=x+1iy. The real part of the exponent becomes
Q' =(—Llz—a' |+, t)+y)n—2(r+e) €% (2.13)

Since in the z'-integral we have |z’| > 1r, we obtain from 2.13, for |z|<r and |t|<p, and
taking account of (2.2), that

Q' <(~ir+lipllats)E<—Fré. (2.14)
If we let
A= {(z+iy, 1) 2| < 47yl <s, [t <o}, (2.15)
inequality (2.14) allows us to state

LEMMA 2.3. There are constants Cp, ;>0 such that for every pEN and every £>0
we have
”thE,p”m,A' < Cm,k 2—(k—1—m)p' (216)

Our next step is to solve the equations
dtGe,p:ths,p in A.,

with estimates
[Ge pllim,ar  Crn x 2~ E717™P, (2.17)

To that extent we use Poincaré’s lemma in the t-variables, obtaining a solution that

depends holomorphically on z. We set
H.,=F. ,—G.p. (2.18)

The forms H, , are of course ds-closed (and consequently d;-exact) in A°; moreover,
Lemma 2.2 and (2.17) give
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LEMMA 2.4. There are constants Ch, 1 >0 such that for pEN and every >0 we
have

||H67p||m7QpnA. < Cm7k2—(k—1—m)il’, (2.19)

[ He,~1llm,2,na° < Crm k- (2.19")

3. The main step
(A) Before we proceed we pause to discuss a crucial tool that will be borrowed from
[MT]. For this we fix Age,
Ao = {(Z, t) x| <ro, lyl < so, |t| < QO}v
and for 0>0 also fixed we introduce the Lipschitz-continuous function
Ano,5(2,t) =min{y—p(z,t)+6, ro—|z|, so—|yl, co—t|}. (3.1

Notice that there is a Lipschitz constant C>0 for Aa, s which depends only on . We
shall also set, for ucZ,,

Os5 ={(2,t): Aag,s(2,t) >0}, (3.2)

Os.,={(2,1) : Aag,5(z,t) > Cv/n/2#}. (3.3)

Finally, for a subset A of CxR" we shall write A(2) to denote the slice {t€R":(z,t)€ A}.

ProroSITION 3.1 (cf. [MT, Lemma 4.1]). There exist constants Cp,>0 such that
the following is true: given any S€C> (05, A7) whose restriction to {z} x Os(2) is d;-
exact for any z, then for any p so that Os ,#Q there exists uM€C°°((95,u,/\0’j_1) such
that diu,=S in Os,, and

upllm, 05, < Con 204V S 1, 05 12 (3.4)

(B) With this result in hand we can now state and prove the most important tool
to be used in the proof of Theorem 2.1.

PROPOSITION 3.2. If condition ();_, holds true then there exist po€ N and A€
(both depending only on A), AqC A", and forms Vs,peR(QﬁAl,/\"‘l) (p=po) solving

dVep=H., inQNA, (3.5)
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and satisfying

Ve pllm.ona, <Cm 2(m+n+3)P“H&p”m+2,ﬂpﬂA" (3.6)

Proof. We start by applying Proposition 3.1 to the following choices: Ag=A", §=
27P/2 Then 0s=Q,NA", and consequently, since H, p is d;-exact on A’, we can find
Ue,p,u €C>(0s ) such that

dtue pp=Hep in Os, (3.7)

and

lte,posllm, 05,0 < O 20"+ DH| He pllom 2,00 - (3.8)

Next we select A€, A”CA" and ppe N such that
(2, 8) €A™ = Ay g-psa(2,t) =y—p(z, ) +277/2 (3.9)
for all p>py. Thus
05, ,NA" = {(z,t) € A" : y > p(z, 1)+ C\/n27#-277/2}, (3.10)

If we now take 1=[2p]+N, with N conveniently large but independent of p, in such
a way that Q,,,NA"COs ,NA", we can summarize:
For every p>po and £>0 there is . , € C®(Qp2NA™, A%7) such that

dtus,p:HE,p in Qp+2ﬂA" (311)

and
“us,pl|m,QP+zﬁA“ < Cq{n o(m+n+1)p/2 ”Hs,p“m,meA' ) (3'12)

Since (0/0Z)H,,p=0 we have d;(8/0%)u. ,=0. We have now reached the point where
we use property (x)7_;. If we write A"=R*x {|t|<p*}, it follows that

(Qpi2NA)(2) ={t: |t| < o™, y>p(z, t)—2"PTD/2} (2 =z+iy).

Hence by condition (>o<)q+_1 there is Af€9, ATC A™, such that the following is true:
(a) If ¢=1, the restriction of (3/0%)uc, , to any slice {z} x (Qp42NAT)(z) is constant;
(b) If ¢>2, the restriction of (8/0%Z)u., , to any slice {z} x(Qp42 NAt)(z) is exact.
To complete the proof we must now distinguish two cases.

Case 1: ¢=22. We avail ourselves of (b). Applying the procedure described above to
solve the equation

dea = (8/0%)ue
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we obtain Affe®, ATTC AT, and, for an enlarged po, a sequence

e p € C®(QpraNATL A2 (p> o)

such that
diae,p=(0/0Z)ue p, in Qpygan Al (3.13)
and
||as,p“m,(2p+4mA” < szZ(m—l—M_l)p/z “(6/65)Us,p||m,n,,+2ru\*' (3-14)

Finally we select x,€C>(R) satisfying
0 for 7<2-(@+6)/2,
xn(T) = 1 for 7>2-(Pt8)/2

[0%xp| < Cr2%P/2, (3.15)

as well as y€C(R) which is identically one in an open rectangle R;C R centered
at the origin and with sides parallel to the coordinate axes (where we are writing AT =

R x{|t]<o'T}).
We set
Ge p(2, 1) =7(2) xp(Y— (2, 1)) e p(2, 8). (3.16)
Observe that &. , is defined in Cx {|t|<p!T}, it has compact support in the z-variable
and coincides with a.,p in Q,18NA; if we set A;= Ry x {|t|<o!}. From this we see that

V€7P£ue,p_dt{E*&s,p}v (3.17)

where E(z)=1/mz and the convolution is performed in the z-variable only, satisfies (cf.
(3.11) and (3.13))

dt‘/a‘,p=He,p’ (8/82)‘/571, =0 in Qp+gﬂA1. (318)
Moreover,
| Ve,pllm,ona, < Cr(r})[”uem”m,ﬂﬁm HIE+ée pllms1,0na,)
< Cr(r%) [”ue,p“m,QﬂA1+Hde,p“m-l—l,AJ’
and then we can apply (3.12), (3.14) and (3.15) to obtain
Ve, pllm,2na,
< 07(3) [2(m+n+1)p/2 ”Ha’pnm,npmA.+2(m+n+2)1’/2 ”(a/az)ue,p“m+1,9p+2nAT]
< CT("ll) [2('m+n+1)17/2 ”Hs,p“m,Q,,mA'+2(m+n+2)p/2 o(m+n+3)p/2 ||He,p”m+2,QpﬁA']'

Consequently (3.6) holds and the proof is concluded in this case.
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Case 2: qg=1. Let f: , be the function (0/8Z)u. , restricted to ,42NAT. By con-
dition (a) above we know that j. , is independent of ¢. More precisely, if we denote by
©: CxR"—C the projection map, it follows that 3., is smooth in p(2,42NAT) and
satisfies the bounds

“ﬂe-,z?“m,p(ﬂw_znAV) <Cn 2(m+n+2)p/2 ”He,p||m+1,9pﬂA' : (3'19)

Writing
AT=RIx{Jt| < ,QT} ={(z,t): ]z < iyl < st jt| < gT}

and
¢*(z) =inf{p(z,1): |t| <o'}
it follows that

o(Qpr2nNAN) = {z:|z| <r!, o*(x) -2 PP 2 <y < st}

Let R,CC R be an open rectangle centered at the origin and with sides parallel to the co-
ordinate axes, and set A;=R, x {|t|<o'}. Next we select a cut-off 1,€ C°(p(Qp12NAT))
which is identically one in p(Q,+4NA;) and satisfies the bounds(?)

(0% n, || g < Cr2¥1P72. (3.20)
Proceeding as in Case 1 it is easy to show that
Vs,pius,p_E*(nkﬁe,p) (3'21)

satisfies

dt‘/g’p::HE’p, (8/82)1/;’1,:0 in QP+QOA1 (322)

and, from (3.12), (3.19) and (3.20),
”Vs,p”m,QﬁA1 < sz(m+n+2)p/2 ”He,p”m+1,ﬂpﬂA" (3-23)

This completes the proof of Proposition 3.2.

(?) Since * is only Lipschitz continuous, for the construction of 1, we must recall some results on
the regularized distance presented in [S, Chapter VI]. In particular, we apply [S, Lemma 2 on p. 182].
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4. Proof of Theorem 1.1 (conclusion)

(A) Fix leN. If we apply (2.19) and (3.6), we conclude that choosing k large enough in

comparison with n and [ allows us to make the series

p2po
to be convergent in the C'*2-topology on QNA; (k=2I+n+10 does the job). Moreover,
the same estimates show that

sup || Vz |li+2,0na, < 00. (4.2)
e>0

We have (cf. (2.8), (2.18) and (3.5))

po—1

d,V. = F.— [Z Gept 3 FE,,,] in QNA,. (4.3)
p p=—1
Set
_ po—1
Ge=Y Gept Y Fep. (4.4)
14 p=-1

Using Lemma 2.2’ in conjunction with (2.17) and an appropriate choice of k we obtain
sup [|Gel141,a° < 0. (4.5)
e>0

By Ascoli’s theorem we obtain forms

Vel @QnAa, AP, Gecl A, NV

such that
d&V=F'-G in QNA, (4.6)
(8/02)V=0 in QNAy, (4.7)
(8/02)G=0 in A,. (4.8)

By Lemma 2.1 we can correct é, maintaining of course the validity of (4.8), in such
-a way that now instead of (4.6) we have

d&V=F-G inQnNA,;. (4.6")

But then we have d;G=0in QN Ay, and consequently also in A; by analytic continuation.
If we finally solve
d&W=G in A,

where WeCH{A, A”?) satisfies (8/82)W =0, then U=V -WeC (QnA, \>9) satisfies
d;U=F, (0/0Z)U=0 in QN A;. We summarize:
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PROPOSITION 4.1. Assume that condition (x);_, holds. Then given A€V there is
A€, A1CA, such that the following is true:

Given FER(QNA, A*) with d,F=0 and I€N there is U;eC (QNAL A7) s0
that A, Uj=F and (8/0Z)U;=0 in QNA;.

Remark. Recalling that k is the number of times the second-order differential opera-
tor [1—M?] is applied to the trace of F' in y=¢(x,t), we see that the choice k=2{+n+10
shows that, roughly speaking, [3n]+6 derivatives are lost in the construction of U in
the sense that derivatives up to order [ of the trace of U in a neighborhood of the origin
may be estimated by the size of derivatives of the trace of F' of order <[+ [%n] +6in a
larger neighborhood.

(B) In order to complete the proof of Theorem 1.1 we must show how to obtain
smooth solutions from the statement in Proposition 4.1. The argument is of course
standard provided a convenient approximation result for closed forms with holomorphic
coeflicients is available. We now pause to obtain such a result.

PROPOSITION 4.2. Let g1 and Ac?d. Then there is A'€d, A'CA, such that the
following is true, whatever |€N:

Given FeCH(QNA,\>?) with d,F=0 and (8/8z)F=0 there is a sequence f,€
d,REOQNA, A>T s0 that f,—F in the ' -topology of QNA'.

Proof. We begin by recalling the so-called Baouendi-Treves approximation scheme.
Let 1€C°(R) be identically one in a small interval centered at the origin, and form

Fy(z,t)= (3)1/ : / V=2 Y Y F(Z(2, ), 8) dZ (2 1), (4.9)

™

There is Aj€d, A;CA, such that the following is true:

F,—»F inC{(QnA, A, (4.10)
d.F, =0 in CH{A, AT (4.11)

(notice that (4.10) is obtained applying Cauchy’s theorem in order to shift the z-integral
inside Q). If we solve d;G,=d;F,, (8/8z)G,=0 in A, with G,—0 in Cl(Al,/\O’q), it
follows that H,=F, -G, cC(A, \>?) satisfies

(8/02)H, =0, d,H,=0 in A, (4.12)

and
H,—F inCOnA, A\”Y). (4.13)
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Now we solve d;g,=H,, (8/0%)g,=0, with g,eC'(A;, A\>?""). For a fixed Ae¥,
A'CCA, we can find g, e R(A1, A”?7) such that

lgv=gillt,ar<vt. (4.14)

Taking f,=d; g, gives our desired conclusion. O

(C) We can now easily conclude the proof of Theorem 1.1. We first apply Propo-
sition 4.1 in order to obtain A;€¢ and the sequence {U;} as stated. Then we apply
Proposition 4.2: there are A€, A’CA; and a sequence fied, R({QANA, A>™") such
that

1Ui41=Ui= fillicr,gnar <275 122, (4.15)

It follows from (4.15) that the series

U2+Z [Ui41—Ui— fi]

=2

converges in R(QNA/, /\O’q) to a solution of the equation d;U=F.

Appendix: General remarks on the slice condition

In this appendix we return to the notation established in §1. In particular, for an open and
bounded set QCCxR"™, we shall consider the complex of differential operators between
Fréchet spaces

dg: C®°(Q; AVP) = (0 AVPTY, (A1)

and analyze its cohomology in some of its aspects.

As before we let m: C x R — C denote the natural projection and Y=7(Q); for zeY
we set Q*=n"1{2}NQ={2} xQ(2). Recalling that for an open subset U of R" and for
1<r<n-—1 we have

H'(U,C)=(H™"(U,C))”

{de Rham’s isomorphism), we conclude that both conditions stated below are equivalent:

H"(Q*,C)=0 forall z€Y, (A.2)
HI)7"(Q?,Cy=0 forall zeY. (A.2")
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ProproOSITION A.1. Condition (A.2) is equivalent to the following property:
(A.3) To every pe& (U, A°™7) satisfying dep=0 there is B€E (A" ") such
that d;B=p.

Proof. Let D'%9 denote the sheaf of germs of currents of the kind

w= Z wy(z, t)dty, wy;eD’,
|]=q

and let F denote the sheaf of germs of distributions on CxR™ that are independent of t.
By considering the fine resolution of F,

0~ F - 'O &y pron) &y

then (A.3) is equivalent to
H!I™™(Q,F)=0. (A4)

Consider the Leray sheaves H(r, F). These are fine sheaves on Y, and an elementary
application of the Leray spectral sequence (cf. [Br, IV.6]} gives

HY™N(Q,F) = HO(Y, HE ™ (7, F)).

Thus
HI'"(Q,F)=0 & H7"(m, F)=0.

Next we make use of the Universal Coefficient Theorem (cf. [Br, 11.15]) to conclude that,
for all z€Y, the stalk of the Leray sheaf H?~"(n, F) at z is isomorphic to

HI™(Q*, D)~ H ™" (@, C)®D;.

Consequently
HI'"(Q,F)=0 < H7"(92*,C)=0 forall z€Y,
which completes the proof. 0
Let us set

ZoT(Q) = {feC®( L A""): d f=0}.

From Proposition A.1 we obtain
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COROLLARY A.1. Condition (A.2) is equivalent to the conjunction of the following
properties:

(1) d{C (2, AV N} is dense in ZO7(R),

(1) dy: C(Q, AV )= (2, A*" ) has closed image.

Proof. (A.2)=(I): By the Hahn-Banach theorem it suffices to show that if pe
(4 AP™") satisfies dyu=0 then p(g)=0 for every geZ%7(£2), which is of course a
consequence of Proposition A.1.

(A.2) = (II): This follows from Proposition A.l by taking into account the Banach
theorem.

Conversely let us assume that (IT) holds. Then again by the Banach theorem we
derive

Im{d,: €' A7) = E(Q, N7} =207(Q)°

But (I) implies that Z%7(Q)°={ue& (2, A>""):d,u=0}. Thus (A.2) holds and the
proof is complete. a

We conclude by describing the approach followed in [MT], paying however no atten-
tion to estimates. In order to verify the Treves conjecture we must verify, roughly, that
for an open and bounded subset € of CxR™ which is (§/0z)-convex and satisfies (A.2)
for r=¢—1, the map

de: R AP H 5 R, A (A.5)

has closed image.

Let f belong to its closure. From property (II} in Corollary A.1 we obtain that f=d.v
for some v€C® (2, A”*™"). We have d,(0/8z)v=(8/0z)f=0, and applying part (I) of
Corollary A.1 we conclude that (8/8Z)v belongs to the closure of d,{C°(Q2, A¥*"%)}.
If we assume the additional hypothesis that

de: (NPT s 2@ A\

has also closed image (a property that is implied by the validity of (A.2) for r=¢—2)
then we would be able to solve
dea = (9/0Z)v, (A.6)

and consequently u=v—d; 3, where S€C>®(1Q, /\O’q_Q) satisfies (0/0Z) f=c, would belong
to R(Q, A% ') and would satisfy dyu=7.

This is the sketch of the argument in [MT]; it is now clear why both conditions (>|<);_1
and (*);_2 must be imposed in order to obtain, with such an approach, a solvability
theorem in degree ¢ when ¢>2.
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