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§ 1. Introduction and statement of results

This paper contains new proofs and extensions of some recent results by Mafé, Sad
and Sullivan [11] and by Sullivan and Thurston [15]. It is convenient to begin with the
following definition.

Let E be a subset of the Riemann sphere C=CU {>} containing at least 4 points.
Let A, denote the open disc |z|<r in C. A map

fAXE—C

will be called admissible if f0,z)=z for all zEE, for every fixed A€EA, the map
f@,-): E~C is an injection, and for every fixed z€E the map f(-,2): A,—C is holo-
morphic (i.e., a meromorphic function of ).

In other words, an admissible map is a family of injections E—C holomorphically
parametrized by a complex parameter 4, |A|<r, which reduces to the identity for A=0.

We shall often assume that the admissible map considered is normalized, that is,
that {0, 1, @} <E and fid, {)=¢ for {=0, 1, and A € A,. This involves no serious loss of
generality. Indeed, given an admissible map f: A,x E—C and 3 distinct points 1, {3, &3
in E, let a be the Mdbius transformation which takes 0, 1, « into &;, {2, 3 and §; be
the Mobius transformation which takes fid, &), fid, &), A4, &) into 0,1,. Then
f: A, xa"Y(E)—C, where

S, 2)=piofd, a(2)

is admissible and normalized. (If f: A,xE—»é is normalized and admissible, then, for
every fixed z€ E—{«}, the function f(-, z) is holomorphic.)

(1 This material is based upon work partially supported by the National Science Foundation under
Grant No. NSF MCS-78-27119.

(® This material is based upon work partially supported by the National Science Foundation under
Grant No. NSF MCS-83-01379.
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The “‘A-lemma’ by Mané, Sad and Sullivan [11] asserts that an admissible map
fi4,2) is, for every fixed A, uniformly continuous in z (with respect to the spherical
metric) and that the continuous extension of fi1,-) to the closure of E (in €) has the
Pesin property. ‘

By the Pesin property we mean the following. Denote the spherical distance in C
by 8. Let AcC be a set, and let w: A—C be a map. For zEA and >0 let m(z, ¢) and
M(z, €) denote the infinum and the supremum of é(w(z), w(£)) for L €A and d(z, {)=¢, if
there are such g, and set m(z, )=M(z, e)=1 if there are none. The function w has the
Pesin property if the function

PQ) = lim 228,
e>0 m(z, )
is uniformly' bounded.

It is known (cf. [10]) that a homeomorphism w of a plane domain is quasiconformal
if and only if w has the Pesin property, and that if w is K-quasiconformal, then P(z)<K
for almost all (but not necessarily all) z in A.

THEOREM 1. Iff: A\ X E—C is admissible, then every f(l,) is the restriction to E of
a quasiconformal self-map F; of C, of dilatation not exceeding.

K= 1+|1I (1.1)

-

It is easy to see that the bound (1.1) cannot be improved.
From Theorem 1 we derive the following Corollaries:

CoRrOLLARY 1 (Maiié-Sad-Sullivan). If f: A, xC—C is admissible, then, for each
A€A,, the map flA,") is a quasiconformal homeomorphism of C onto itself.

COROLLARY 2, For each r<1 there are constants A, a, and B, depending only on r,
such that, if f is a normalized-admissible map on A\ XE, we have

Olf4,2), A, 2)) < Ad(z,2')*+BlA—1"|
for z,z' €E and |A|, |\'|<r. Here 0 is the spherical metric.

CoROLLARY 3. Let {E,} be an increasing sequence of subsets of C,E=UE,, and
{f»} a sequence of normalized admissible map on A, XE,. Then there is an admissible
map f on A\XE and a subsequence {fs,} which converges to f, uniformly on A, XE,
for each n and each r<1. Here E is the closure of E.
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THEOREM 2. If f: AyXE—C is admissible and E has a nonempty interior w, then
for each A€ A, the map fil,")|w is a K-quasiconformal homeomorphism of w into C
with K=(1+|i))/(1—|A)). The Beltrami coefficient of fil,")|w given by

_ fA, Dl /afm,z)lw
u, 2) 2 P

is a holomorphic function of 1€ A,, qua element of the Banach space L.(w).

Given an admissible map f: A,xE—C we may want to find an admissible map
f: AyxC—C which extends f. This extension problem first posed by Mafé and Sulli-
van, seems difficult. We can state only partial results.

PRrOPOSITION 1. If for every finite set Eq=C (containing at least three points) and
for every point y & E, every admissible map of AXE, extends to an admissible map of
A X(EoU{y}), then the extension problem is solvable for any set E and any admissible
map of A XE.

By means of examples we shall establish, among other things, the following

PROPOSITION 2. There are admissible maps f: A\x E—C with a unique admissible
extension to A\ xC. There are admissible maps of A;xE which have several admissi-
ble extensions to AyxC and such that all extensions coincide on some but not all
components of C—E.

If E is a set consisting of three points, then every admissible map f on A,xXE
trivially extends to an admissible map fon A,xC, for we may assume f normalized and
take {1, z)=z. The corresponding result for a set of four points is given by Proposition 3
below which is implied by a result of Earle and Kra [6]. For a set E with n points, n>4,
we do not know whether every admissible map on A, xE extends to an admissible map
on A X(EU{y}), for a point yEC—E.

ProrositioN 3. Let E={0,1,%,a} be a set consisting of four points and
f: A\ XE—C an admissible map. Then there is an admissible map f: A, xC—C which
extends f.

The “‘improved A-lemma’’ by Sullivan and Thurston [14] asserts that there is an
r>0, which they cannot estimate, such that for every admissible map fon A,XE there
is an admissible map on A,xC which extends f]A,XE.
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THEOREM 3. If f: A\XE—C is an admissible map, then f1A3XE has a canonical
admissible extension f- A;;xC—C.

This extension is characterized by the following property. Let u(l,z) be the
Beltrami coefficient of 2—f(A,z) and S any component of C—E, where E is the closure
of E in €. Then

uA,2)=05@) 2 p(@,2) for zES, AEA,,

where 05(z)|dz| is the Poincaré line element in S and the function Y(A, 7) is holo-
morphic in € S, antiholomorphic in LEA,p.

The uniqueness statement in Theorem 3 is based on a result which may be of
interest in other connections, too (Lemma Il in § 5). It gives a sufficient condition for a
quasiconformal self-map of a plane domain which is homotopic to the identity modulo
the set-theoretical boundary to be so modulo the ideal boundary.

Our proofs make essential use of the theory of quasiconformal maps and of
Teichmiiller spaces (see [5], [7], [10] and the references given there). For the con-
venience of the reader some of the necessary results are stated in § 2. In § 7 we describe
the connection between the extension problem and a lifting problem in Tecihmiiller
space.

§ 2. Preliminaries

All results summarized in this section are known. A reader familiar with Teichmiiller
theory will scan it in order to note our notations.

(A) We assume the basic results on quasiconformal maps, cf., for instance, [2],
[10]. A Beltrami coefficient u in a domain ScC is an element of the open unit ball in the
complex Banach space Lu(S). A u-conformal map F of S is a homeomorphic solution
of the Beltrami equation

oz oz

in S. Here the derivatives, taken in the sense of distribution theory, are required to be

locally square integrable measurable functions. (One says that u is the Beltrami
coefficient of F.)

The smoothness of a u-conformal map F depends on x. In particular F is C., or
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real analytic if # is. Any u-conformal map is differentiable a.e. If F; and F, are two u-
conformal maps of S, then F,o0F7! is conformal.

A map is quasiconformal if it is u-conformal for some Beltrami coefficient x. The
dilatation of F is the number

L [fellc
1=l

where ||u||» is the essential supremum of |u(z)| in S. If K(F)<A,F is called A-
quasiconformal.

K(F)=

Inverses and composites of quasiconformal maps are quasiconformal, and the
dilatation obeys the rules: K(F)=1 if and only if F is conformal, K(F~)=K(F) and
K(F o F,)<K(F,) K(F,). The partial derivatives of F~! and of F,oF, are computable
(a.e.) by the classical formulas.

(B) Let u be a Beltrami coefficient in C. There is a unique y-conformal homeomor-
phism z—w"(z) of C onto itself which fixes 0, 1 (and, therefore, «). This w* has a
Hoélder modulus of continuity, with respect to the spherical metric, depending only on
||4)l- For every z€C, the number w*(z) depends holomorphically on x € L(C).

If ||ujl.<k<1, the sequence {w’} contains a uniformly convergent subsequence,
the limit is of the form w* with ||u||.<k. If the sequence {x;} has the limit x a.e., then
=l

Let U denote, here and hereafter, the upper half-plane in C. Every quasiconformal
self-map o of U has a continuous extension to UURU {e}=UUR; this extension will
be denoted by the same letter.

If u is a Beltrami coefficient in U, then there is a unique u-conformal homeomor-
phism z—w,(z) of U onto itself which fixes 0,1,. It has a Holder modulus of
continuity, with respect to the spherical metric, depending only on |ju||.. For every
z€ UUR, the number w,(z) depends real-analytically on 4 € L.(U).

Convergence theorems similar to the ones stated above for w” hold for w,,.

(C) The image of R under a quasiconformal self-map of € is called a quasicircle. A
Jordan curve C passing through o is a quasicircle if and only if it satisfies the Ahlfors
condition: there is an M>0 such that for any three distinct finite points a, b,c on C,
with b on the finite component of C—{a, c},

|b—a| < M|c—a.
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If C does not pass through «, this inequality must be satisfied whenever b lies on the
component of C—{a, ¢} with the smaller Euclidean diameter, cf. [10].

(D) We recall next some facts from the theory of the Teichmiiller space T(S) of a
Riemann surface S which is not conformal to a sphere, a punctured sphere, a twice
punctured sphere or a torus. As a matter of fact, we shall need only the case when
ScC; we assume that S has at least 3 boundary points one of which is the point .

For such an § there always exists a holomorphic universal covering by the upper
haif-plane U,

a:U—-S; 2.1

the covering group G of x is a torsion-free Fuchsian group (discrete subgroup of
PSL(2,R)). Note that » and G are uniquely determined by S, except that they may be
replaced by 7oa and a"'Ga,a € PSL(2,R).

The Poincaré line element o5(0)|dC|, € S, is defined by the relation

os(@@|7'(2)| =2lz—2| 7"

05(2)|dz| is invariant under all conformal automorphisms of S.

The Poincaré metric on S can be also characterized as the only complete Rieman-
nian metric on § which respects the conformal structure of S, i.e., is given by a line
element ds=0(z)|dz|, and has Gaussian curvature (—1), i.e., satisfies the partial differ-
ential equation Alogo=0d>.

We note the monotonicity property:

05D =05@) if2ES,C 5.

(E) The limit set A of G is the closure of the set of fixed points of parabolic and
hyperbolic elements of G. If A=RU{ oo}=ﬁ, S is said to have no ideal boundary curves.
If A+R, each component I of R—A defines an ideal boundary curve C of S:

C = I/Stabg(l)

where the stabilizer of I in G consists either of the identity only or of all powers of a
hyperbolic element y in G which fixes the endpoints of I. For every a€G,C is
identified with a(Z)/Stabg(a(l)).

Let b(S) denote the union of the ideal boundary curves of S; then SUb(S) has a
natural topology in which S is open and dense.
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Every quasiconformal map F: S—F(S)cC extends by continuity to a homeomor-
phism of S UB(S) onto F(S) Ub(F(S)). The extension will be denoted by the same letter.

(F) The Teichmiiller space T(S) is the set of equivalence classes [F] of quasicon-
formal mappings

F:S5 — F(S)

where F(S) is another domain in €. (No generality would be gained by allowing F(S) to
be any Riemann surface.) ¥wo such maps, F and F,, are equivalent if there is a
conformal map h: F(S)—F(S) such that the map

FilohoF:S—S§

is homotopic to the identity modulo b(S). An equivalent condition is that there be a
commutative diagram

Fl‘lohoF

such that the quasiconformal map W fixes every point of R.
Note that the Beltrami coefficient of F determines [F], but not vice versa.
The space T(S) is a complete metric space under the Teichmiiller distance function

([F1],[F,]) = inflog K(F)

where F runs over all quasiconformal maps equivalent to F;oF5 .
If C —S consists of m points, 7(S) is homeomorphic to C™ 3.

(G) Let L denote the lower half-plane in C, and let B(L, G) be the complex Banach
space of holomorphic functions ¢(£), £ € L with norm

llpll = sup n?|p(&)] < o0
(where =& +in) which satisfy the functional equation of quadratic differentials

@)@ =), g€G.
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There exists a canonical homeomorphic injection
(S)->BL,G) 2.2)

(onto a bounded domain) defined as follows. Let F be a u-conformal map of S. Lift 4,
via (2.1), to a Beltrami coefficient ji(z) in U, by setting

(@) 7'©), I7'(©) =)
and set
o _ &) for LEU
AQ) = {0 for CEL

(We note that ji(8) df/d¢ and /i(8) df/d¢ are G-invariant, and that w”|L is conformal.) It
turns out that the Schwarzian derivative

¢ ={wL,z},
i.e.,
e L _d ., dwi©)
Q) =u'(®) 5 u@ , wu@ & log a0 CEL,
is determined by and determines [F]. Also, ¢*€B(L,G) and
3

llell <5~
The map

[F] > ¢* 2.3)

is the desired embedding. From now on|we identify T(S) with its image.
(H) Now let @ €B(L, G) with |jg||<] be given, and set

Wo) = -2(5), tEU.

Then v(&) d{/d¢ is G-invariant and

‘r
]
=

2.4

where

#(z2) = 032 v @.5)
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with ¥(2), z€ S, holomorphic; more precisely

Ya@) ' ©P = ¢(®. 2.6)
Finally, by the Ahlfors-Weill lemma [3]

P =g.

A Beltrami coefficient x in S of the form (2.5) will be called harmonic. (The name is
suggested by the Kodaira-Spencer deformation theory; in [4] these Beltrami coeffi-
cients were called canonical.) We note two consequences of what was said above.

(@ A point @ in T(S)cB(L, G) with |lg||<} can be represented as [F] with the

Beltrami coefficient u of F harmonic and given by (2.5), (2.6). Thus u depends
holomorphically on ¢.

(b) If quasiconformal maps F, and F, have harmonic Beltrami coefficients u,, u>,
and are equivalent, i.e. if [Fi]=[F,], then py=u,. v

(I) A quasiconformal map F of S is called a Teichmiiller map if either F is
conformal or F has a Beltrami coefficient of the form

u=klp@)|/p)
where @(z) is holomorphic in S and ¢ € L,(S).

(¢) If F, is a Teichmiiller map of S and F, another map with [F;]=[F], then
either F2=F1 or K(F2)>K(F1)

This is a special case of Teichmiiller’s uniqueness theorem, as extended by Reich
and Strebel [12] and by Strebel [14].

Teichmiiller’s existence theorem implies that if [F] € T(S) and dim 7(S)<o (in our
case, if C—S is finite), then F is equivalent to a Teichmiiller map.

() The modular group Mod (S) of T(S) is the group of holomorphic isometries of
T(S) of the form

[F]—[Fo®~ '] = @,(F])

where @ is any quasiconformal self-map of S. If dim 7(S)<o (in our case, if C-Sis
finite), Mod (S) acts properly discontinously.

(K) In every complex manifold M one can define the Kobayashi pseudometric as
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the largest pseudometric with the property: if z; and 2z, are two points in U, d the
Poincaré distance between z, and z,, and @ a holomorphic map of U into M, then the
Kobayashi distance between ®(z;) and ®(z;) is less than or equal to d. The following
results will be used later.

(d) A holomorphic map of one complex manifold into another does not increase
the Kobavashi distance.

(e) If S=C—E where E is finite and contains at least 3 points, the Kobayashi
distance in T(S) coincides with the Teichmiiller distance.

Statement (d) follows from the definition, statement {e) by repeating the argument
given in [13] for the case when § is a compact Riemann surface. (Cf. also [6].)

§ 3. The finite case
In this section we prove Theorem 1 and Theorem 3 for the case when the set E is finite
(in this case Theorem 2 is vacuous). Without loss of generality we assume that

E={0,1,%,¢y,...,5,}, n>0,

and that the given admissible map f: A; X E—C is normalized.
Let M, denote the complex manifold of ordered n-tuples of distinct complex
numbers (z4, ..., z,) none of which equals 0 or 1.

LEMMA. There is a holomorphic universal covering
p:T(C-E)> M,
(The map p is given by the relation (3.3) below.)

Proof. Every point t of T(C—E) is of the form [F] where F is a quasiconformal map
of C—E into €. Such an F is of the form aow” where u€L.(C), |jull.<1, and
a€EPSL(2,C), cf. §2(A). Since [aow*]=[w"], every 1 is of the form [w"].

Now, [w*]=[w"] if and only if there is a conformal map h of w/(C—E) onto
wC—E) such that (w/?)'ehow is homotopic to the identity in C—E. But such an
h must be a Mobius transformation which fixes 0,1, ©, hence the identity. Thus
[w]=[u?] if and only if

W 'ow"|€C ~E is homotopic to id,

which implies that
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W) o uE =id.
This shows that

WG, ..., w ")) EM, (3.2)

depends only on [w*] rather than on the particular choice of u. It is clear that every
point of M, can be written in the form (3.2) for some u€ L(C),{lul-<1, and we
conclude that

[w*] p(w*]) = ("), ..., W () (3.3)

is a well defined surjection. We claim it is holomorphic.

Indeed, let [w”] be a point in T(C—E) and let 0y, ..., 0,_3 be a basis of harmonic
(in the sense of § 2(G)) Beltrami coefficients on w*(C—E). By the results stated in § 2 (I)
the map

Uy, t) > [w" oyt s a,,_zowy]

is a biholomorphic homeomorphism of a neighborhood of the origin in C*~> onto a
neighborhood of [w"] in T7(C—E). On the other hand,

wt,ol+...+r,,_30,,_3°w,,=w“
with
L6+ e, 50, 3ty
A0, 6,+ .41, 40, )
where
. dw' () 2 / <8w"(z))2
6(2) = o (W' (z
(2) = 0(w'(2)) o 2

so that u depends holomorphically on (¢, ...,,_3) and so does the right hand of (3.3).
This proves the assertion.

Now let T be the subgroup of Mod (C—E) (cf. §2(3)) consisting of all self-maps
[w*}-[w*ow™"] induced by quasiconformal self-maps w of C—E which fix each point
of E. Then I acts properly discontinuously on 7T(C—E). We claim that the actiorris also
free. Indeed, assume that w,({w*])=[w"]. This means that (w*) 'ow*ow™"! is homo-
topic to the identity in C—E, i.e., that w is homotopic to the identity, i.e., that w,=id.
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Now, [w*] and [w"] have the same image under p if and only if (w*)~'ow" fixes
every point of E, i.e., if and only if [w*] and [w"] are equivalent under I'. We conclude
that (3.3) is a Galois covering. Since T(C—E) is a cell, it is the universal covering. The
lemma is proved.

The given admissible map f: A;xE—C may be identified with a holomorphic
vector-valued map f: A,—M,, which takes A€ A, into

{f(lx Cl)’ ---)f(l; Cn)} eMn'
This maps lifts, via (3.3), to a holomorphic map
f:A,»T(C-E)<B(L,G)

(where G is a torsion-free Fuchsian group with C—E conformal to U/G). The map f is
uniquely determined by the requirement that f(0)={id], i.e. the origin in B(L,G).

In A, the Kobayashi distance (cf. §2(K)) between 0 and A equals the Poincaré
distance log K, where

=LA 3.4)
1-[A|

The holomorphic map f does not increase the Kobayashi distance so that the Teich-
miiller (=Kobayashi) distance between the points [id] and f(4} in Tt (C-E) is at most
log K. This means that there exists, for each A€A,, a v, € L.,(C), with K(w")<K, i.e.
with ||v;||<<|4| and such that

wHE) =, L), j=1,...,n. (3.5)

Theorem 1 follows (for E given by (3.1)).

(Note that we have no reason to assume that v; depends holomorphically on 4.
Whether it can be so chosen, for all |4|<1, is equivalent to the Maiié-Sullivan problem.)

Next we observe that f maps A, into the ball ||p||<3} in the ((n-3)-dimensional)
Banach space B(L, G) cf. §2(H). By the Schwarz lemma (which is valid for vector-
valued functions), f takes the disc JA|<} into the ball ||g||<}. By §2(H)(a) there exists,
for each A€ A3, a harmonic Beltrami coefficient v; in C—E, which depends holo-
morphically on f(1) € B(L, G), and hence on A, and such that (3.5) holds. Since w’*(z)
depends holomorphically on 4, the admissible map fil, 2)=w"(z), A<}, z€C, is the
extension of f|A;sXE the existence of which is asserted by Theorem 3.

(The uniqueness of this extension follows from statement (b) in § 2(H) and from
Lemma II in § 5 below.)
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§ 4. Proof of Theorems 1 and 2 and of the corollaries

Let f: A;x E—C be a normalized admissible map, with E infinite. Choose a sequence of
finite sets E;, j=1,2, ... such that {0,1, »}cE;cE for all jand E;UE,U... is dense in E.
For a fixed A€ A, denote by F; a K-quasiconformal self-map of C such that FE;
=flA,")|E;, K being given by (1.1). Such F; exist, since Theorem 1 holds for finite E.
Since all F; fix0, 1, « and are K-quasiconformal, a subsequence converges uniformly
(in the spherical metric) to a K-quasiconformal homeomorphism F: ¢ —C with F=A2,)
on UE;.

Had we assumed fl{A,-) to be continuous, we could have concluded that
F(2)=f(, 2) for z€EE, but we made no such assumption. However, let ¢ be a point in E.
Replacing E; by E;U{c} and repeating the previous construction we obtain a K-
quasiconformal self-map F’ of C which coincides with f(4,-) on UE;U{c}. But F and F’
are continuous everywhere and coincide on UE;, hence on E, hence
F(c)=F'(c)=f4, ¢). Since c is arbitrary, F|[E=f(1,-). Theorem 1 is proved.

Remark. Theorem 1 with a weaker estimate than (1.1) for the dilatation of F; could
be derived from the part of Theorem 3 proved in § 3. We omit the details.

Corollary 1 now follows by observing that, if fis an admissible map on A, XC, then
fid,-) has an extension which is a quasiconformal homeomorphism of C onto itself. But
the only possible extension of fli,-) is fi,-), and so fid,*) is a quasiconformal
homeomorphism of C onto itself.

For the second corollary, let f be a normalized admissible map on A, XE. Then for
each 1 with |A|<r<l1, the map fiA,-) has a K-quasiconformal extension with
K=<(1+r)/(1-r). Since (cf. §2(B)) this extension has a Hélder modulus of continuity
depending only on K (and hence only on r), so does f(4, -). Thus there are constants A
and a, depending only on r such that

OlfQ, 2),f(4,2)] < Ad(z,2")"

for all |A|<r and all z,z’€E. For a fixed z’€FE (z'#0,1, ) the map f(-,z’) is a
holomorphic function on A, which omits the values 0 and 1. By Schottky’s theorem (cf.
for instance [8], p. 261) there is a constant B depending only on r so that

olfA4,2'). A", 2N < B]A-2'|

for |A|<r. Corollary 2 now follows by the triangle inequality.
To establish Corollary 3, we assume that f, is a normalized admissible map on
A XE,. It follows from the uniform equicontinuity expressed in Corollary 2 that a

18—868286 Acta Mathematica 157. Imprimé le 12 novembre 1986
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subsequence {f, } converges uniformly on each A;XE,, r<l1, to a map g: AXE—C.
Then for each z € E the function g(-, z) is holomorphic. To see that g(4,-) is injective,
we use Theorem 1 to find an extension F; of f,(4,-) which is a normalized K-
quasiconformal homeomorphism of € onto C with K<(1+|4|)/(1—|4|). Since the normal-
ized K-quasiconformal homeomorphisms form a normal family, there is a subsequence
which converges to a K-quasiconformal homeomorphism F; of € onto €. Since F; is
an extension of g(4,-), we must have g(4,-) injective. Thus g is admissible on A;XE.
Consequently, it is uniformly continuous on A,XE for each r<1. From this it follows
that g has a continuous extension f to A;XE such that f{-, z) is holomorphic for each
z€E. For each 1€ A, the map f(4,-) is the restriction to E of the homeomorphism Fj.
Thus f is admissible on A, xE, establishing Corollary 3.

We proceed to prove Theorem 2 assuming that E has a non-empty interior w. The
first assertion follows from Theorem 1 (as in the proof of Corollary 1). We now
establish the holomorphic dependence on u; on A.

Since Lu(w) is the dual of Ly(w), it suffices to show that, for every a € Li(w),

Y= f j a(z) u,(2) dx dy

is holomorphic in A,. A standard argument shows that one may assume a to be of
compact support in w. In this case there is an £ >0 such that for z€ w, a(z)+0 and
0<h<ce the point z+h and z+ik lie in w. Since quasiconformal maps are a.e. differenti-

able,
f4,+if (4, 2)
WA dxdy
“= ” D i) Ao
1+io(z, h)
f J’ a(Z)hwl—tal(z,h))dxdy
where

SR, z+ik)—f(4, 2)
fA, z+h)—f(,2)

0;,(2 sh)=

For fixed z (+0, 1, ©) and 4, 0, is a holomorphic function of 1€ A; which never equals
0 or 1 and equals i for A=0. One concludes easily, by Schottky’s theorem, that there is a
number r,0<r<1, such that for |A|<r, |o:(z, h)—i|<1/2, and therefore
1+ioy(z, h)

1—ioy(z, h)
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It follows, by the theorem on dominated convergence, that for |A|<r the sequence of
holomorphic functions of 4

+1al(z,1/n)
YA = ff () i,z 1) dxdy

converges boundedly to W(1) as n— . Thus W(4) is holomorphic in 4 for |A|<r and so is
Ha € Lw(w).
Now let 4y be any point in A; and set s=1—|i|, Eo=fAo, E), wo=f(4o, w) and

g(t,8)=f (Ao+st,2) where L=f (Ao, 2).

Then w is the interior of E, (by Theorem 1) and g: A, xEo—C is admissible. By what
was proved above, the Beltrami coefficient of g(z, -)|wo, which we shall denote by vy, IS
a holomorphic function of 7 for |r|<r, with values in L.(w).

Let u;, denote the Beltrami coefficient of f(Ay,')lw and u,, as before, that of
fA, )|w. Since

f(ﬂ's ‘)lw = (g(t’)‘w()) of().(),')‘((), T= (A'-_A'O)/s

we obtain
B ﬁﬁ-ylo
= 144, v,
where
|w (Z)l2 "

7(2) = v(w(z)) o w=w "

Z

Since 9, € L.(w) is a holomorphic function of v, € L.(we) and v, a holomorphic
function of € A,, the element u; € L..(w) depends holomorphically on A for |A—Ae|<sr.
This completes the proof.

§ 5. Proof of Theorem 3
Let f: A;xE—C be a given admissible map which we may, and do, assume to be

normalized. Let E, E,, ... be a sequence of finite sets such that

{0,],0}cE;cE>c... 5.1
and
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E,UE,U... isdenseinE (5.2)

Let f; denote the extension of the admissible map flAsXE; to Amxé constructed in
§3.

By Corollary 2 we may assume (selecting if need be a subsequence) that {f;}
converges to an admissible map f of A;3xC. Since

AAXE UEU ..)=flAisX(E UE U ..),

fis an admissible extension of flA3XE.

Let E denote the closure of E and let S denote, from now on, a component of C—E.
Also, let p{z)|dz| denote the Poincaré metric in C—E;, and o4(2)|dz| the Poincaré metric
on §. We claim that

limo(z) = 05(z), zES 5.3)

jo®

(uniformly on compact subsets).
Indeed, by the monotonicity property of the Poincaré metric, cf. §2(D),

oilS <0j+1lS<os

so that there is a limit

limof2) = 0.(z) S 05(2), z€w. 5.9

Jooe
Since each g; satisfies the partial differential equation

3*loge , dlogo
+ 2

— 2
ax? 3y ¢

(expressing the fact that the Gauss curvature of the Poincaré metric is (—1)), standard
““elliptic’’ estimates show that (5.4) holds uniformly on compact subsets of .S and that
the second partials also converge. Hence g., satisfies the same equation, i.e. the metric
0«(2)|dz| has Gaussian curvature (—1).

In order to show that

0w =0s (5.5

it suffices to show that the ., metric is complete, i.e. that for any rectifiable curve C in
S, leading to a boundary point £ of S, we have
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f 0(D|dz| = + 0. (5.6)
C

If £+0, 1, =, there is a sequence {{;}, &;€E;, with

limg,= ¢

i—®

Let 7(z, £)|dz| be the Poincaré metric in C—{0,1,%,&}. Then

f 2z, §)ldz| = +=
c
and also

!imjr(z,@,-ﬂdzl =+
= Jo

since 7(z, &) depends continuously on (z, £). By monotonicity of the Poincaré metric,
1(z, £)<o/<z) for j sufficiently large, so that g.(z)=(z, ;) and (5.6) follows. The proof
of (5.6) for the cases £=0, 1, « is left to the reader. Relation (5.3) is established.

Now we can show that the extension f has the characteristic property asserted by
Theorem 3, i.e., that the Beltrami coefficient of. f|S is harmonic (for every component S
of C—F).

Indeed, by the construction in §3 the Beltrami coefficient uf{4,z) of f{4,z) is
harmonic in C—E} and depends holomorphically on 4, i.e.,

1, =0/27" y4,2)

where {4, 2) is holomorphic in z€ C—E; and antiholomorphic in A€ A,;. Noting (5.3)
and selecting if need be a subsequence we may assume that

lim (2, 2) = 05(2)* ¥(A,2) for zES,

Jo®
uniformly on compact subsets of A;;xS. Hence o4(z)2 ¥(4, 2) is the restriction of the

Beltrami coefficient of the map z—f(4,2) to S, and (4, z) is antiholomorphic in 4,
holomorphic in z. The existence part of Theorem 3 is proved.

LeMMA 1. Let W be a quasiconformal self-map of U and T a curve in U which
converges to a point xo€ R in a Stolzg sector. Then W(T') converges to W(xo) in a Stolz
sector.
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This is known and follows from the results by Agard and Gehring [1], as observed
by the referee. We give a proof for the sake of completeness.

We assume that xo and W(x,) lie in R and leave the cases xp= to the reader. Let
I’ be defined by the continuous function r—x(f)+iy(f) € U, r<t<1, with x(f)—>xg, y(£)—0
for +—1. The hypothesis of Lemma I means that there is an m>0 and £>0 such that

YO} = m|x(t)—x¢| for 1—e<t<]1.

To prove the assertion it suffices to show that if I', and I'_ denote the lines
y=m(x—xp) and y=—m(x—xp) in U, then W(I',) and W(I'_) converge to W(xg) in a
Stolz sector. It will suffice to treat W(T',,).

Observe that W may be extended to a quasiconformal seif-map of C by setting
W(Z)=W(z). Let R, and R_ denote the real rays x=xg and x<x, respectively. The
Jordan curves ', UR, U{x} and I', UR_U{>} are both quasicircles and so are their
W-images W(I',)UW(R,)U{} and W(,)UW(R_)U{x}; note that W(R,) and
W(R_) are the real rays x=W(xg) and x<W(x,). For £>0, set

c = W(xo+E+imE), b=W(xy), a=Rec
For £ small enough the Ahlfors condition (cf. §2(C)) yields
|Re c—Wi(xo)| < M| Im¢|

(provided Re c+W(xp), but if Re c=W(xo) the above inequality is trivial). Hence the
curve W(I', ) converges to W(x,) in the Stolz sector

bl Bxll-lx— Wixo).

Lemma I1. Let S<C be a domain whose (set theoretical) boundary.8S contains at
least 3 points. Let I be the interval —A<t<A. Let

w:IX(SU3S)—->Suas

be a continuous map such that
(i) w(0,2)=z for zZESUBS,
(i) w(t,z)=z for tEI,z€3S,
(iii) for t€L,w(t,-) is a topological self-map of SU3S, which is
(iv) K-quasiconformal on S for some fixed K.

Then, for t€I, the map w(t,-)|S is equivalent to the identity in the sense of
Teichmuiller space theory (cf. § 2 (F)).
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Proof. Let U be the upper half plane and n: U—S a holomorphic universal
covering with covering group G. For every t €1, let z— W(t, z) be a topological self-map
of U such that

aoW(t, - )=w(, )omn 6.7

and the point W(z,i) is a continuous function of ¢, with W(0, i)=i. Then W(0,-)=id, the
map W(¢, ) is K-quasiconformal and, by known continuity properties of quasiconformal
maps, it extends to a continuous self-map of UUR (in the spherical metric); we denote
this extension by the same letter W.

Now W(¢, z) depends continuously on (¢, z) EIXU. The maps W(¢,-) have a modu-
lus of continuity (in the spherical metric) depending only on the number K and the
compact set W(I,i). We conclude that W(z, z) is continuous in ¢ also for z ER.

To prove the lemma we must show that

W(t,x)=x fort€I,x€ER (5.8)

Assume first that the group G is of the first kind, i.e., that the closure A of the set
of attracting fixed points of elements of G coincides with R. From (5.7) we conclude
that for g€G

g, =W(t,-)ogoW(t,")'€G.

Clearly, g, depends continuously on ¢; since G is discrete, g,=go. But go=g, so that
W(, ) commutes with g. Hence W(t,-) fixes the attracting fixed point of every g€G.
Since G is of the first kind, (5.8) follows.

Consider next the case when G is of the second kind, i.e., not of the first kind (this
includes the case when S is simply connected, 7 is bijective and G=1). Now R—A is
open and dense in R. If x, is a (finite) point in R—A, there is an £>0 such that in the
intersection of the disc |z—xo|<e with U the function n(z) is injective. Hence, in the
intersection of U with a disc |z—xo|<¢'<e, the function 7(z) is the quotient of two
bounded holomorphic functions. This implies, in view of the classical theorem by
Fatou and by F. and M. Riesz, that there is a subset 6cR—A of full measure such that
at every x € 0 the function 7z(z) has a sectorial limit z(x), and 7(x) is not constant on any
subset of 8 of positive measure.

We claim that the map W(z,-) fixes 8, for each €1, and that

a(W(t,x)) =a(x) ifx€B. 5.9



278 L. BERS AND H. L. ROYDEN

Indeed, let @ be a curve in U which converges to x € 8 in a Stolz sector. Then the curve
W(t,a) in U converges to W(t,x) in a Stolz sector, by Lemma I, and, by the relation
(5.7), mwo W(t, a)=w(t, n(a)). By continuity of w(t,-) on the closure on S we obtain that
W(t, x) €6 and

(W(t, x)) = w(t, n(x));

since w(t,-) fixes every point on 35, and 7(x) €3S, (5.9) follows.

Now W(t, x) is, for x fixed, a continuous function of ¢ which equals to x for ¢=0.
Unless W(t,x)=x for t€1, the set W(I,x) ER would contain an interval I, of positive
length. By (5.9) the function m(x) would be constant on the intersection Ion #. Since
I,n 6 could not be a null-set this is impossible. Hence W(z, x)=x for x €0 and, since 6 is
dense in R, for all x. Relation (5.8) is proved and so is Lemma II.

We return to the proof of Theorem 3 and proceed to show that if £, and f are two
admissible extensions of f]A;sXEto A,5xC, both having harmonic Beltrami coeffi-
cients in each compohent S of C—E, then

fi=h. (5.10)
We observe first that

fQR, 89 =£A4,S) (5.11)

for all LEA, 3.

Indeed, noting the continuity properties of admissible maps stated in Corollary 2,
as well as the fact that f£;(0,-)=£(0, )=id, we conclude first that (5.11) holds for
sufficiently small |A|. The same argument shows that the set © of those A for which
(5.11) holds is open. But if (5.11) is false, for some A=1;€A;s3, then
fiA1, S)=F>(A, §1) where S; is a component of C—E distinct from S. Hence the set
A3—O is also open. Therefore, O=A,5. Q.E.D.

Now let %(4, z) be the Beltrami coefficients of (4, z),j=1,2. By Theorem 2, v{4, )
depends holomorphically on A€ A ;. In particular, |[v{4, 2)|sk=k(e)<l if |A|<i—e¢, for

every sufficiently small e>0. We may assume that f is normalized (cf. § 1); in this case
so are the maps f; and

f}()" Z) = wvj, Vj = vj(ls')’ j= 1’2-
Set

W(A’ ') =f2(j" ')—1 o.fl(j', .)-
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This function is certainly not holomorphic in A but is easily seen to be continuous in
that variable. In every component S of C—FE and for A=}—¢,&>0 and small, and for

every real a, the function
W(te®,z), —A<t<A,zESU3S

satisfies the hypotheses and hence the conclusion of Lemma II. Therefore £i&,)|S and
£(4,)|S are equivalent in the sense of Teichmiiller space theory. But by hypotheses
£i@,-)|S and f5(4,)|S have harmonic Beltrami coefficients. Hence, by § 2 (H) (b), these
coefficients coincide. Therefore the map

5@, ) e fi(d, S

is holomorphic. Since it fixes every point of 38 it is the identity. Thus (5.11) holds on §
and therefore on C—E. Since this relation holds on E by hypothesis, it is valid
everywhere. Theorem 3 is established.

§ 6. Proofs of Propositions 1, 2, and 3

We begin with the proof of Proposition 1. Assume, therefore, that for each finite set E,
and each y¢ E, and every admissible f on A;XE, there is an admissiblg extension to
AX(EU{y}). Let E be an infinite set (containing 0, 1, and «), y¢E, and f an
admissible map on A;XE. We proceed to show that f can be extended to an admissible
map on A{X(EU {y}). It suffices to consider the case when fis normalized. Let {E,} be
an increasing sequence of finite sets whose union D is dense in E. By assumption
flAXE, has an admissible extension f, to A;X(E,U{y}). By Corollary 3 of Theorem 1
there is an admissible map f on A;x(EU{y}) and a subsequence of {f,} which
converges to f pointwise on A;XD. For m=n and z € F, we have

Im(4,2) =f4,2),

and so for z€ED

f@,2)=£4,2).

Since f and f are continuous, we must have fid, z)=f, z) for all z€ E, whence f is an
admissible extension of fto A;X(EU {y}).

We now suppose f is an admissible map on A, xE and choose a countable set
D={y,},y,¢E, which is dense in C—E. Set E,=E and E,=EU{yi,...,y.}. By the
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preceding paragraph we may define admissible maps f,, on A,;XE, recursively so that
fo=f and f, is an extension of f,_; from AXE,_, to A;XE,. Since the closure of
UE, is C, Corollary 3 asserts that there is an admissible map f on A;XC and a
subsequence of {f,} which converges to f pointwise on E;=E. But the restriction of f,
to A;XE is fand hence the restriction of fto A;XE is f, i.e. fis an admissible extension
of fto A;xC. This establishes Proposition 1.

We now construct some examples.
Example 1. Let E be the unit circumference |z|=1, and let f: Ale—afI be given
by

fl,2)=z+iz"\ 6.1
Then f maps E onto an ellipse with semi-axes 1+|4| and 1—|4|. The map f defined by
fA,2)=z+2z

is an admissible extension of f to A;x(A,UE). For each A€ A, the map Ar,-) is K-
quasiconformal with K=(14|A|)/(1—|4|). Teichmiiller’s uniqueness theorem implies that
f4,+) is the only (1+/A))/(1—|A]) quasiconformal extension of fi4,-). But the first asser-
tion of Theorem 2 is that any admissible extension f of fto A;X(A,UE) must have the
property that f(4,-) is (1+]4)/(1—|A]) quasiconformal. Therefore fi,-)= AA,-), and so fis
the only admissible extension of fto A;X(A,;UE).

For each real a,0<a<1, the map £, defined by

f, =4, forlz|<1
fold,2) =z+Aaz" ' +(1-a)2) forle|>1
is an admissible extension of fto AxC.
On the other hand, if E is the set |z|=1 and the map f: A;UE is defined by (6.1),

then, by the reasoning above, f has a unique extension to A;x€.
This example establishes the assertion of Proposition 2.

Example 2. Let E={0,1,®,¢,,...,§,} and let ¢ be a holomorphic function in
L(C-E), i.e. @ is a rational function regular on C—E, having at most simple poles at
the points 0,1, &, ..., {,, and vanishing to at least third order at . Set

W= AMo|/p.

We define f on A;xC by setting
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A4, 2) = w2),
where w* has the usual meaning, cf. § 2(B). Then f'is an admissible map of A,x€. Set
f=fIAXE.

Thus f is an admissible extension of f. For each 1€A,, Teichmiiller’s uniqueness
theorem (cf. §2(I)) asserts that fi,) is the only (1+{AD/(1—|A}) quasiconformal exten-
sion of fIA, ). Thus f{4,-) is the only admissible extension of fiA, -) by Theorem 2. This
establishes once more the first assertion of Proposition 2.

It should be noted that now f]A, X C is not the canonical extension of f described
by Theorem 3. Hence the canonical extension of f to A1,3><C can not be extended to an
admissible map of A,xC to C.

The two preceding examples depend on Theorem 1 to obtain strong restrictions on
the possible admissible extensions. The following curious example is of a somewhat
different nature.

Example 3. Let E be the unit circumference |zj=1 and g the function on A;XE
defined by

gh,2)=z+A%z"!

Thus g(4,z)=£(A%z), where f is the map used in Example 1. For each A€A; the
function g(4,-) maps E onto an ellipse whose major axis is the segment from

A

~ = (1+)AP
al Al

to

A

1+[4P),
|/1|( 4]

and whose minor axis has length 2(1—|A})%. If zo€ A, and g is any admissible extension
of g to A;X(EU{z0}), then

G
Img( %) —0
y)
as [A|— 1. Thus
(A, _
g %) =AA"'+A2+B,

A
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where B is real. Consequently,

g, z0) = A+BA+AA.
Since g(0, z,) = z,, we have

g, z) = zy+BA+1%Z,.

From the fact that |g(4, zo)|<2 for LE A,, we see that |B|<2(1—|z).
If ¢ is an admissible extension of g to A;X(A,UE), then ¢ must have the form

g, 2) = z+B(2) A+A%2. 6.1)

From the continuity and quasiconformality of g(4,-) it follows that B is continuous on
A, UE and B(z)=0 for |z|=1. Differentiating (6.1), we obtain

8g/oz=1+p4, (6.2)
3g/8z = AB,+2,.
Since B is real, B,=B,, and the Beltrami coefficient u of ¢ is given by

i+B,
1+1B,

u=2x 6.3)
Because |u|<|A|, we must have |B,|<I.

Conversely, if ¢ has the form (6.1) with B real, B(z)=0 for |z|=1, and |B,|<1, then
(6.3) shows that |u|<|i|]<1. This together with (6.2) shows that g(4,0) is a local
homeomorphism. Since £ is the identity on |z|=1, it is a homeomorphism of |z|<1 onto
itself.

We conclude that a function g on AXA is an admissible extension of g if and only if
it has the form (6.1) with B(z) real, B(z)=0 for |z|]=1 and |B,|<1.

Observe that ¢ is strongly restricted in its dependence on A4 but only rr.ldly in its
dependence on z.

Now we prove Proposition 3, essentially following Earle and Kra [6]. Let
E={0,1,»,a} and set g(z)=[z(z—1)(z—a)]™!. For each {€ A, let u; be the Beltrami
differential

pe = Elp(2)|/e(z)
on C—E. Define 4 on A, xC by
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R, 2) = W),

Then 4 is an admissible map on A, xC.

The map &~[w/“] is a holomorphic map of A, into the Teichmiiller space T(C—E).
Teichmiiller’s uniqueness theorem asserts it is injective, while Teichmiiller’s existence
theorem asserts it is onto, since ¢ is (apart from a constant multiple) the only
holomorphic function in L,(C—E). Thus T(C—E) is biholomorphically equivalent to A,
and &—[w"] is trivially a covering map. Thus by the Lemma of Section 3 the map
h(-,a) is a covering map of M;=C—{0,1, «}.

Let f: A;x E—C by any normalized admissible map. Then the map f{(-, a): A;—>M,
lifts to a holomorphic map f: A;—>A, so that

h(f(2), a) =f, a).
The map f defined by

A4, 2) = h(fR),2)

is thus an extension of fto A;xC. Since k is admissible and f holomorphic, f is an
admissible extension of £ to A,xC. This establishes Proposition 3.

Using elliptic functions, we can give a reasonably explicit representation of a
function f whose existence is asserted by Proposition 3: Let P(§)=P(g, w) be the elliptic
function with periods 1 and @ which has a double pole at {=0 and is normalized by
P(+10)=0 and P(Jw)=1. This function is related to the Weirestrass % function by

)

€€,

and satisfies the differential equation
4(P')* = (e;—e3) P(P—1)(P-0),
where
a = a(w) = PQ, ).

The function a maps the region 0<Re w<1,jw—}|=1 univalently onto the upper half-

plane, with 0, 1 and « going into 0, 1, and =, respectively. Thus a is the covering map
of the upper half-plane onto C—{0, 1}.
The function P() maps the triangle T, with vertices at 0,1, and @ onto C and is
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one-to-one in the interior and two-to-one on the edges. If we identify points on each
edge which are symmetric about the midpoint of the edge, then T, becomes a
tetrahedron with vertices corresponding to points congruent to 0,4, o and l+iw. The

function P maps this tetrahedron univalently onto C with the vertices going to
oo, a(w), 1,and0.
Let {=£&+in. Then the function

g*=E+aon

maps the tetrahedron 7T; quasi-conformally and one-to-one onto the tetrahedron 7,,.
The Beltrami coefficient of this map is

u= i-w
ito’
Hence this map is the extremal quasiconformal map between T; and T, taking corre-

sponding vertices into corresponding vertices.
Thus the function

P(w, ) =P(E+on, w)

is holomorphic with respect to w for each {€r;, and univalent in ¢ for each w in the
upper half-plane.

Let f be a normalized admissible mapping on A;x{0, 1, ©,a}, where we denote
S, a) by 8(2). Since the mapping a{w) is a covering mapping of the upper half-plane
onto C—{0,1} and § maps A, into C—{0,1}, there is, by the monodromy lifting
theorem, a holomorphic map w=y(4) from A, to the upper half plane such that

0(A) = a[yp@A)].
Set

A, 2) = PE+y) n, pA)),

where £ is chosen so that

P(E+y(0)n, p(0)) z.

Then the univalence of f for a fixed A follows from the fact that for a fixed w the map P
is univalent from T, to C. The function f is clearly holomorphic in A, and hence
admissible on A,xC. We also have {0, z)=z, and fiA, 6(0))=0(1). Thus fis the desired
admissible extension of f.
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§ 7. Lifting problems in Teichmiiller spaces

In the present section we give an interpretation of our results in terms of the possibility
of lifting holomorphic maps of A, into the Teichmiiller space Ty, , of the n-punctured
sphere. It will be convenient for our description to choose a suitable base point P, in
each Ty ,. Let {,} be a sequence of points in C with §,#+(,, for m#n and £,+0, 1, «
and set E,={0,1,%,¢,,...,{,-3},n=4. Recall (§2(E)) that the Teichmiiller space
To,n=T(C—En) can be realized as the set of equivalence classes [w*] of normalized
quasiconformal maps of C onto C, the equivalence being defined by w*~w” if
w!|E,=w’|E, and (w*)~"'ow” is homotopic to the identity in C—E,.

Since there is a one-to-one correspondence between the normalized quasiconfor-
mal maps w* and their Beltrami coefficients, we may also consider Ty , to be the unit
ball 8 of Beltrami coefficients in C—E module the equivalence u~v if w”~w”. The unit
ball 8 of Beltrami coefficients on C—E,, is also the unit ball of Beltrami coefficients in
C, the difference between Ty, and Ty ,,form>n being that the equivalence relation
for Ty, is more restrictive than that for Ty ,. Thus we have a natural projection 7, ,
of Ty, onto T, ,. We have also the natural projections 7,: 8—To , which takes each
u into [w*]. All these projections are holomorphic, and we have 7, = 7, © Ti,m
for n<k<m, and n,=m,, ,, 7, for m=n. If we choose as base point p, in Ty , the point
pn=n,(0), then 7, p(Pm)=pPn-

As we saw in §3, each admissible map f: A,xE,—C corresponds to a unique
holomorphic map f:A,—7,, with f(0)=p,, and conversely. If f:A, —T,, with
f(0)=p, and g: A,—T,,, with p,,=g(0), then the admissible map corresponding to g
will be an extension of the admissible map corresponding to f if and only if f=I1, ,,0g.

We say that a holomorphic map f: A;— T, , with f=p, can be lifted to a map of A,
into Ty, if there is a holomorphic map g:A;—Ty,, With g0)=p,, and f=m, 8.
Since the sequence {{,} can be chosen arbitrarily, we see that the hypothesis of
Proposition 1 (the finite extension property) is equivalent to the statement that each
holomorphic map A;— Ty , can be lifted to a map into T ,,. This observation gives us
the following proposition:

PRrOPOSITION 4. The hypothesis of Proposition 1 is true if and only if for each n
every holomorphic map A\—T,, can be lifted to a holomorphic map of A, into

TO,n+1'

This lifting problem for holomorphic maps of A; into Ty, is a difficult open
problem. We note that lifting from 7 ,t07T,,+; is not always possible for maps
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@:D—T,, where D is a domain in C?. Indeed, let D=T, ,and ¢ the identity map.
Hubbard [9] has shown that there is no lift of ¢ into T ,41.

We also note that Proposition 1 and Theorem 2 imply that, if for each n every
holomorphic map for A;to Ty, can be lifted to 7,1, then every holomorphic map
from A toTy, can be lifted to a holomorphic map from A; to the ball § of the
(relevant) Beltrami differentials.
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