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§ 0. Introduction

In this paper, we will study parabolic equations of the type

(A-—q(x, t)——%) u(x, ) =0 ©.1)

on a general Riemannian manifold. The function g(x, 7) is assumed to be C? in the first
variable and C! in the second variable. In classical situations [20], a Harnack inequality
for positive solutions was established locally. However, the geometric dependency of
the estimates is complicated and sometimes unclear. Our goal is to prove a Harnack
inequality for positive. solutions of (0.1) (§2) by utilizing a gradient estimate derived in
§ 1. The method of proof is originated in [26] and [8], where they have studied the
elliptic case, i.¢. the solution is time independent. In some situations (Theorems 2.2 and
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2.3), the Harnack inequality is valid globally, which enables us to relate the global
geometry with the analysis.

In §3, we apply the Harnack inequality to obtain upper estimates for the funda-
mental solution of the equation

(A—q(x)— %) ulx, 1) =0, 0.2)

where q is a function on M alone. We shall point out that for the heat equation (g=0),
upper estimates for the heat kernel were obtained in (7] and [5]. However the estimate
which we obtain is so far the sharpest, especially for large time. When the Ricci
curvature is nonnegative the sharpness is apparent, since a comparable lower bound is
also obtained in §4. A lower bound for the fundamental solution of (0.2) is also derived
for some special situations.

Applications of these estimates for the heat kernel are discussed in § 5. A general-
ization of Widder’s [25] uniqueness theorem for positive solutions of the heat equation
is proved (%) (Theorem 5.1). In fact, the condition on the curvature is best possible due
to the counter-example of Azencott [2]. We also point out that generalizations of
Widder’s theorem to general elliptic operators in R” were derived in [21], [11] and {1].

When M has nonnegative Ricci curvature, sharp upper and lower bounds of
Green'’s function are derived. This can also be viewed as a necessary and sufficient
condition for the existence of Green’s function which was studied in [23]. In fact, in
[24], our estimates on Green’s function were proved for nonnegatively Ricci curved
manifolds with pole and with nonnegative radial sectional curvatures. In [13], Gromov
proved lower bounds for all the eigenvalues of the Laplacian on a compact nonnegati-
vely Ricci curved manifold without boundary. We generalized these estimates to allow
the manifold to have convex boundaries with either Dirichlet or Neumann boundary
conditions. These lower bounds can also be viewed as a generalization of the lower
bound for the first eigenvalue obtained in [16].

Another application is to derive an upper bound of the first Betti number, b, on a
compact manifold in terms of its dimension, a lower bound of the Ricci curvature, and
an upper bound of the diameter. The manifold is allowed to have convex boundaries, in
which case b, can be taken to be the dimension of either H'(M) of H'(M, dM). It was
proved in [14] that if M has no boundary, then b, can be estimated from above by the

(® During the preparation of this paper, H. Donnelly has independently found a different proof of the
uniqueness theorem when the Ricci curvature of M is bounded from below.
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dimension, k, a lower bound of the sectional curvature, and an upper bound of the
diameter. (}) On by, for k>1, we derived a weaker estimate than that in [14] assuming
both upper bound of the sectional curvature and lower bound of the Ricci curvature.
However, in this case, the manifold is also allowed to have nonempty convex bound-
aries. Some of our estimates on the Betti numbers overlap with results in [17], [18], and
[19].

Finally, in §6, we study the asymptotic behaviour for the fundamental solution
of the operator A—A2g(x)—3/3t as A—. This formula was needed in [22] for the
understanding of multiple-welled potentials. In fact, the resuits in {22] can be carried
over to any complete manifold after applying the formula in Theorem 6.1.

§ 1. Gradient estimates

Throughout this section, M is assumed to be an n-dimensional complete Riemannian
manifold with (possibly empty) boundary, M. Let 3/3v be the outward pointing unit
normal vector to M, and denote the second fundamental form of 8M with respect to
d/dv by 1II.

Our goal is to derive estimates on the derivates of positive solutions u(x, ) on
Mx(0, ©) of the equation'

(A—q(x, t)—%) u(x, 1) =0. (1.1)

In general, these estimates are of interior nature. However, in some cases, they can be
extended to be global estimates which hold up to the boundary. First, we will prove the
following lemma which is essential in the derivation of our gradient estimates.

LEMMA 1.1. Let f(x, 1) be a smooth function defined on Mx[0, ») satisfying

(A—%)f= —|VfP+q, (1.2)

where q is a C? function defined on Mx(0, ©). For any given a=1, the function

F=(Vff’~afi—aq) (1.3)

() H. Wu informed the authors that the b, estimate for compact manifolds without boundary was
proved by M. Gromov and S. Gallot in ‘‘Structures Métriques pour les Variétés Riemanniennes’’ (1981) and
C. R. Acad. Sci. Paris, 296 (1981), 333-336 and 365368, respectively.
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satisfies the inequality

( A__a_) F=—-2(Vf, VF)— L F-2kqvf]?
ot t (1.4)

+%(|Vf|2—ﬁ—q)2—atAq—2(a—1)t<Vﬁ V),

where —K(x), with K(x)=0, is a lower bound of the Ricci curvature tensor of M at the
point x€EM, and the subscript t denotes partial differentiation with respect to the t-
variable.

Proof. Let ey, ey, ..., e, be a local orthonormal frame field on M. We adopt the
notation that subscripts in i, j, and k, with 1<, j, k<n, mean covariant differentiations
in the ¢;, ¢; and ¢, directions respectively.

Differentiating (1.3) in the direction of e;, we have

F;=1Q2f; fi—afi—aqy),

where the summation convention is adopted on repeated indices. Differentiating once
more in the ¢; direction and summing over i=1,2, ..., n, we obtain

AF = t(2];.,.2+2fj fi—afi—aqy)

= z[% (Af+2(Vf, VAF Y —2K|Vf|* - a(Af ),—aAq],

where we have used the inequalities

and
i Fu= 5L+ R £ 1,2 (S, VAF) —K|VfT.
Applying the formula

Af=—|VfP+q+f,= —%F—(a—l)(q«tf»,

we conclude,

AF > 2L (VfP~f,~gP~2(Vf, VF) ~2a=D (VS V(£)

—2(a—1)t(Vf, Vq) —2Kt|Vf|*+aF,—a(|Vf|'—af,—aq)
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+a(a—1) tf,,+a(a—1) tq,—atAq
=2 (NfP~1,~ @ ~2(Vf. VF) +F~(VfP-of,—aa)
—2K4Vf [ —atAq—2Aa—1)t(Vf, Vq).
This proves the lemma.

THEOREM 1.1. Let M be a compact manifold with nonnegative Ricci curvature.
Suppose the boundary of M is convex, i.e. 120, whenever SM+@. Let u(x,t) be a
nonnegative solution of the heat equation

(A—-:%) ulx,)=0

on Mx(0, ©), with Neumann boundary condition

Ju
_=0
ov

on AMX(0, ). Then u satisfies the estimate

Vuf! _#_n

=z

u2 u 2t
on Mx(0, ).

Proof. By setting f=log(u+c¢) for £>0, one verifies that f satisfies

(a-2)r=-rorr.

Applying Lemma 1.1 to f by setting a=1, g=0, and K=0, we have

9 2 n

The theorem claims that F is at most #/2. If not, at the maximum point (x, f,) of F on
Mx[0, T] for some T>0,

F(xy, 1) > % >0.

Clearly, >0, because F(x, 0)=0. If x, is an interior point of M, then by the fact that
(x0, o) is a maximum point of F in Mx[0, T], we have
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AF(Xo, to) = 0,

VF(X(), to) = 0,
and
F(xo, t0) = 0.

Combining with (1.5), this implies
2 n
0=-—"F(x,, t,) ( F(x,, ty)——1|,
nt, o 0)< (- fo 2)

which is a contradiction. Hence x, must be on oM.
In this case, since F satisfies (1.5), the strong maximum principle yields

oF
o (xg5 1) >0. (1.6)
However

n—1
ﬂ:- zjfiv_ftv_—'zzf;xfav’

dv =

since f,=u,/(u+¢£)=0 on M, and we are assuming that e¢,=3/dv. Computing f,, in
terms of the second fundamental form 11=(Ag), we conclude that

n—1

oF

5= "2 2 hefufy=—21L V).
a,B=1

Inequality (1.6) and the convexity assumption on M yield a contradiction. Hence

n
F=s—,
2

and the theorem follows by letting e—0.

THEOREM 1.2. Let M be a complete manifold with boundary, 3M. Assume pEM
and let B,(2R) to be a geodesic ball of radius 2R around p which does not intersect M.
We denote —K(2R), with K(2R)=0, to be a lower bound of the Ricci curvature on
B,(2R). Let g(x, 1) be a function defined on MX[0, T] which is C? in the x-variable and
C! in the t-variable. Assume that

Ag<06(2R)
and

Vgl < y(2R)
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on B,(2R)x[0, T] for some constants 6(2R) and y(2R). If u(x, t) is a positive solution of
the equation

o
A—g—— t =0
( -3 x) ux, 1)
on Mx(0,T], then for any a>1 and ¢€(0, 1), u(x, 1) satisfies the estimate

Lv—u‘-———aq<C R Y(1+RVK +a¥a~1)" l)+
12
+[C4(V4(a—1)2 ")"3+ (1 & la* (a1 K+ 2 e]

on B,(R), where C3 and C4 are constants depending only on n.
Proof. As in the proof of Theorem 1.1, we define the function
F(x, ) = t(Vf’~ af,~aq)
where
f=logu.
Let ¢(r) be a C? function defined on [0, ») such that
o) = {l if r€[0,1]

o ifreq2, =),
with
0>_‘ﬂf)_>_c
-1 1’
)]
and
¢"(r) =z —C,,

for some constants C,, C,>>0. If r(x) denotes the distance beween p and x, we set
o) = 9 (122,

We consider the function ¢F, with support in B,(2R)x [0, ), which is in general, only
Lipschitz since r(x) is only Lipschitz on the cut locus of p. However, an argument of
Calabi, which was also used in [8], allows us to assume without loss of generality that
@F is smooth when applying the maximum principle.
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Let (xo, £y) be a point in Mx[0, T] at which @F achieves its maximum. Clearly, we
may assume @F is positive at (xo, fp), or else the theorem follows trivially. At (xo, fo),
we have '

V(gF) =0,

AP
ot ’

and
AlpF)=<0.
By a comparison theorem in Riemannian geometry,

=1 = 2
A= ZAr  #Vr

R R?

C
2—%(n—1)\/fcoth(R\/f)—;%.

Applying Lemma 1 to the equation
A(pF) = (A@) F+2(Ve, VF) +@(AF),
and using the above inequality, we arrive at
A(pF) = —F(C,R™'(n—1) VK coth(RVK)+C,R™)
+2(Ve, V(gF)) ¢ '+¢ [Fl—2(Vf, VF)
2 (VP ~f,~ )~ F 2KV
—atAq—2a-1)t{Vf, Vq) ] —2F\Vole.
Evaluating at (x, to) yields
0= —F(C,R™'(n—1) VK coth(RVK)+C,R™?)
—2F Vo[~ +2F(Vf, V<P>+—,21-to (VP ~f—a)~t”'F
—2K1,¢|Vf'~agty Aq—2(a—1) t,¢(Vf, Vgq).

Multiplying through by @t and using the assumptions on Aq and |Vg| with the estimate
on |Vg), this becomes
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0= t,@F[~C,R™'(n~1) VK coth(RVK)-C,R2-2C} R 2-1;"]
- 2
~24,@FIVf| C,R™' 9" +— 5 @*[(Vf['~f,~a)'~nKIVfT'] (1.7)
—afh 0—2(a—1) £ ye"|Vf|.

If we let

y = @|VfP
and

z=o(fi+q),

and observe that
C,R7'(n—1) VK coth(RVK)+C,R*+2C}R*< C,R"X(1+RVK),
for some constant C; depending only on n, (1.7) takes the form

02qJF[—toC3R'2(1+R\/K)—1]+%t(2,

(1.8)
X [(y_z)z_ncl R—lyI/Z(y_aZ)__”Ky_n(a__l) ,yy1/2]_tg af.

On the other hand, we observe that
(—2*-nC, Ry (y—az)~nKy—n(a—1) yy"?
=(1—-¢-0)y’—(2—ea) yz+z*+(ey—nC, R™'y"?) (y—az)+0y*+nKy—n(a—1) yy"?
= (a"—-i> (y—az)2+<1—£—6—a"+—£—) y2+<1—a+—e—a2) z (1.9)
2 2 2
+(ey—nC, Ry (y—az)+y*—nKy—n(a—1) yy">.
Setting 0=(a~'—1)? and e=2-2a"'-2(a"!-1)?, we check that
l—e—b—a'+£ =0
€ a >
and
1—a+%a2 =0.
Hence, (1.9) becomes

(y—2)*-nC, R~y (y—az)—nKy—n(a—1) yy"?
(1.10)
=a Yy—az)’—C,oX(a—1)"'R y—az)+a Aa—1)’y*~nKy—n(a—1) yy'?,
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where we have used the fact that
2a Y a—1)y-nC,R™'y"?= -%zci aa—1)"'R?
=-C,aa—1)"'R%
We will estimate the last three terms of (1.10) as follows,
a Ha—- 1)2y2—nKy—n(a—- 1 yy”2
aa‘z(a—l)zyz-(l—e)a-2(a—l)zyz—%z(l—e)-'az(a—1)-2K2—n(a—1)yy'fl
>ea-z(a—l)zyz—n(a—1)yy"2—!'2-2-(1—e)"a2(a—1)-2K2

2
=—-C,(y'a— 1)2a2e-')"3e"7(1—5)-‘a2(a— 1)K?

for any £€(0, 1).
Combining this with (1.8) and (1.10), we conclude that

0= @F[-4,C,R"%(1+RVK)-1]

+—’21— [a'z(q)F)z—C3 a(a— l)"R'chFto]
2
—% zﬁ[c,,(y‘(a— 1)2aze")"3+"7 (1-&) 'a¥(a— 1)’2K2] -t;af
=%a"2(¢n2—[c, LR(1+RVE)+aia-1)")+1] (@F)
2
—tﬁ[Q(y‘(a— l)zazs"')”3+—';—(l—e)_'az(a— 1)'2K2+a0].
This implies that at the maximum point (xo, 1o) € M X[0, T,
¢F < C,d’tyR2(1+RVK +a*(a— l)")+—’21-a2
n2 n 12
+to[C4(y‘(a—l)2a4e")"3+-—2—(1 -&) la¥(a- 1)‘2K2+? a30] .

In particular, on Mx{T}, F satisfies the estimate as claimed in the theorem for a>1
and 0<e<1, since tp=<T.

THEOREM 1.3. Let M be a complete manifold without boundary. Suppose u(x, t) is
a positive solution on Mx(0, T] of the equation
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(A—q—g—t) u(x, 1) =0.

Assume the Ricci curvature of M is bounded from below by —K, for some constant
K=0. We also assume that there exists a point pEM, a constant 8, and a function
y(r, V) such that

IVg| (x, ) < ¥(r(x), 1)
and
- Ag=<0

on MX(0, T), where r(x) denotes the distance from p to x. Then the following estimates
hold:

() If K=0 and

tim X0 < o),

r—o r
then
2y n
Wuf % n iygec, r”3(t)+(i e)
I u 2 . 2
on Mx(0,T].

(it) If y(r, )=<yo(t) for some function y(t), then

2 au
IV—ZL—T‘- < aq+-’zla2r‘+06[yf,f3(t)+(a— D7'K+6")
u

on Mx(0,T] for all a€(1,2).

Proof. To prove (i), we simply set a—1=R~%r~"2(s) in Theorem 1.2, and let
R—». As of (ii), we just let R—>» without any substitution.

THEOREM 1.4. Let M be a compact manifold with Ricci curvature bounded from
below by —K, for some constant K=0. We assume that the boundary of M is convex,
i.e. II20. If u(x, t) is a positive solution on Mx(0, ®) of the heat equation

o -
(A—E) u(x,t)=0,

with Neumann boundary condition

du
v



164 PETER LI AND SHING TUNG YAU

on AMX[0, ®), then u(x, t) satisfies

2 au
]V—':L——' sLozz(a—l)"’K+—n—otzt'1
u u v 2 2

on Mx(0, «), for all a>1.

Proof. This follows by combining the arguments in the proofs of Theorem 1.1 and
Theorem 1.3.

COROLLARY 1.1. Let M be a complete manifold without boundary. Suppose the
Ricci curvature of M is nonnegative, and suppose q is a C* function defined on M with

Ag=0

and |

Vgl = o(r(x)),
where r(x) is the distance from x to some fixed point p € M. If inf q<0, then the equation

(A-q)ux)=0
does not admit a positive solution on M. In particular,

inf g = inf {Spec (A—q)},

where Spec (A—gq) denotes the spectrum of the operator A—q.

Proof. Let u(x) be a positive solution of (A—q) u=0. Applying Theorem 1.3 (i) to
this time independent solution, we arrive at the estimate

2
u2 2t

Letting —, and evaluating at a point where g<0, we have a contradiction, unless
inf g=0.
To prove the second half of the corollary, one observes that the quadratic form

associated to A—gq is given by
f |Vu*+ f qu?

J
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which is clearly bounded from below by infq. Hence
inf {Spec(A—q)} =infq.
On the other hand, we know that for >0, the equation
[A—(g—infg—&)]u=0
has no positive solution, which implies
inf {Spec (A—q)} <infg+¢
(see [10]). However, ¢ is arbitrary, which yields the desired equality.

COROLLARY 1.2. Let M be a complete manifold without boundary. Suppose the
Ricci curvature of M is bounded from below by —K, for some constant K=0. Assume
that q is a C? function on M with

Ag=6
and

|Vg| (x) < ¥(r(p, x)),

for some constant 6, and some function y depending only on the distance, r(p, x), to
some fixed point pE€M. Then

inf g <inf {Spec (A—q)}
and
inf {Spec(A-q)} <Q,
where Q is finite and is defined in the following cases:

(i) If K=0, and lim,_, . r~y(r)<t for some constant t, then
12
Q=infg+C; 12’3-1-(%0) :
(ii)' If v(N<y, for some constant v,, then
Q = ainfg+Cy[y3*+(a—1)"'K+6"7)

Jor a€(1,2).



166 PETER LI AND SHING TUNG YAU

Proof. Following the proof of Corollary 1.1, we apply Theorem 1.3 to any positive
solution ¢ of the equation

A-@o=-1i¢p
for A>0Q.

§ 2. Harnack inequalities

We will utilize the gradient estimate in § 1 to obtain Harnack inequalities for positive
solutions of (1.1).

THEOREM 2.1. Let M be a complete manifold with boundary, OM. Assume pEM
and let B,(2R) be a geodesic ball of radius 2R centered at p which does not intersect
3M. We denote —K(2R), with K2R)=0, to be a lower bound of the Ricci curvature on
B,(2R). Let q(x, t) be a function defined on Mx[0, T]1 which is C? in the x-variable and
C! in the t-variable. Assume that

Ag<6(2R)
and
IVg| <y(2R)

on B,(2R)X[0, T] for some constants O(2R) and y(2R). If u(x, {) is a positive solution of
the equation

o
A—g—— ,0)=0
( 93 z) u(x, 1)
on MX(0,T], then for any a>1, 0<t,<t,<T, and x, y E B,(R), we have the inequality

t na/2
u(xr tl) = u(y) t2) (t_z) exP (A(tz_t[)-'-ga,R(x’ y: tz_tl))’
1

where
A=C,laRT'VK+a(a—1)"'R 2+ (a—-1)"a P +(a8)* +a(a—1)"'K]

and

i 1
Q. g%, ¥, t,—t) = inf a f |)'/|2ds+(t2—t1)f q(y(s),(1—s) t,+st)) ds ¢,
ver@® | 4t,—1) J, 0

with inf taken over all paths in B,(R) parametrized by [0, 1] joining y to x.
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Proof. Let y be any curve given by y: [0, 1]1-B,(R), with y(0)=y and yp(1)=x. We
define #: [0, 11> B,(R)X[t;, ;] by

n(s) = (¥(s), (1=3) t2+s1).
Clearly 7(0)=(y, t,) and n(1)=(x, t,). Integrating (d/ds) (log #) along n, we get
"4
log u(x, t,)—log u(y, t,) = f (—— log u) ds
b \ds

1
= f {(p, Vdogu))—(t,—t) (log u),} ds.
0

Applying Theorem 1.2 to —(log u),, this yields

o (u(x, t)
g uy, ty)

1
)Sf {b‘zl |V log u|+(t,—1) [A+%at"+q]—(tz—t,)a"|Vlogu|2ds}.
0

2.1

Viewing |Vlogu| as a variable and the integrand as a quadratic in [Vlogu|, we observe
that it can be dominated from above by

o 2 .
—i"b—’l——+(t2—t,) [A+%at“+q].

4(t,—t,)

Since t=(1—s) t,+st;, (2.1) gives

vt _('f el ., _ _ nao (&)
log(u(y’tz)>sfo {4(tz—t,)+(tz 1) qly(s), 1 s)t2+st,)}ds+ > log . +A(t,—t,).

The theorem follows by taking exponentials of the above inequality.
Obviously, applying Theorems 1.3 and 1.4 instead, the above method yields:

THEOREM 2.2. Let M be a complete manifold without boundary. Suppose u(x, t) is
a positive solution on Mx(0, T] of the equation

2]
A—g——=—}u(x,t)=0.
( -3 t) )
Assume the Ricci curvature of M is bounded from below by —K, for some constant
K=0. We also assume that there exists a point pEM, a constant 8, and a function

y(r, ), such that
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IVq| (x, < y(r(), 1)
and
Ag=<¥6
on Mx(0, T], where r(x) denotes the distance from p to x. Then for any points x, yEM,
and 0<t,<t,<T, the following estimates are valid:

(i) If K=0 and

lim Y20 < ¢

r—o r

for all t€[0,T], then

Hh\" v pii2
ulx, t)<u(y,t,) 7 exp (Cs(t*°+0" ) (t,— 1) +o(x, y, £, 1)),
1

where

1 1
1 fb-,|2ds+(t2—t,)f q(y(s),(l—s)t2+stl)ds},
=t) Jo 0

x,y, t,—t,) = inf
Q( e 1) yGI’{4(t2

with inf taken over all paths in M parametrized by [0, 1] joining y to x.
(i) If y(r, )syo for some constant yo in MX[0,T], then

t nal2
u(x, t) <u(y, t,) (t—2> exp (Cyt,— 1) ¥ +6"+(a—1)"'K)+o,(x,y, t,—1,))
1

for all a€(1,2), where

a

1 1
o,y t,—t)= ueltr'{ f |)>|2ds+(t2—tl)f q(y(s), (1—5) t,+s¢,) ds}.
¥ 0 0

THEOREM 2.3. Let M be a compact manifold with Ricci curvature bounded from
below by —K, for some constant K=0. We assume that the boundary of M is convex,
i.e. I1=0. Let u(x, t) be a positive solution on MX(0, ©) of the heat equation

(A—%) UG, ) =0,

with Neumann boundary condition

du
v
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on M x[0, «). Then for any a>1, x, yEM, and 0<t,<t,, we have

t,\e? | ar’(x,y)
ux, t,) < u(y, t,) t_> exp(-——\/_(a DTK(t,— t)+4( -—t))
1 1

where r(x,y) is the distance between x and y.

A mean value type inequality can be easily derived by averaging the function over
any set in either the x-variable or the y-variable. In fact, this will be the form which we
utilize most in the latter sections. For example, a corresponding mean value inequality
of Theorem 2.3 will read

1)< f °(v,1,) VP(’2>M ( (a=1)"'K(ty— 1)+ 2 )
ulx, = B — €X — - R
1 ( B,(R)u 2) t PAVvT T 2T Ay

We also remark that from the definitions of ¢’s, they clearly satisfy the following
relations:

Qa, ﬂb(xy y: t2_tl) =Qa(x1 Yy, t2_t1)9 (2'2)
Ql‘w(x, Yy, tz—tl) = Ql(x, Yy, t2_t1) =ol(x,y, tz_tl)s (2.3)
and
ar'x, y)
oy, 6-t)= .
) 2 prory 2.4)
if g=0.

COROLLARY 2.1. Let M be a compact manifold with non-negative Ricci curva-
ture. If SM=+D, we assume that it must be convex. The Neumann heat kernel on M
must satisfy

H(x,y, ) = @) " exp ( _rsz’ » )

In particular, the Neumann eigenvalues u; of M satisfy

D ™ = (dan) VM)

i=0
Proof. Apply Theorem 2.3 to the function

uy,)=H(x,y, 1)

12868283 Acta Mathematica 156. Imprimé le 15 mai 1986
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gives

5, \"? Ax,
Hx,x, t)<H(x,y,t,) (Ti) exp <4(t('2x—)t’l)) )

Since

H(x, x, t;) ~ (47t,) ™"

as t;—0 the estimate of H(x,y, 1) follows. To prove the estimate of the theta function,
we simply integrate H(x, x, ) over M.

§3. Upper bounds of fundamental solutions

In this section, we will derive upper estimates of any positive L? fundamental solution
of the equation

(A—q—%) ulx,)=0,

where we will assume the potential function ¢ is C? and is a function on M alone. We
recall again the definitions of @’s, since q is time-independent, they can be written as

1 1
Q. r(x,y,t)= inf {l f |5/|2ds+t f q(y(s))ds} 3.1
4t o b

YET(R)
where I'(R)={y: [0, 1]-B,(R)|y(0)=y, y(1)=x}. Moreover

Qa, =(X, ¥, 1) = Qalx, y, 1), (3.2)
where I'()=M, and

01,=(x,y, ) =01(x,y, ) =0(x,y, D). (3.3)

We remark that when g=0, g is a metric on M, though ¢ might not be a distance
function. Abusing this term, we will refer to ¢ as ‘‘the metric’’ even when g is
-sometimes not assumed to be nonnegative. The following discussion of ¢ is classical,
especially among physicists, hence details of proofs will be omitted.

If y is a minimizing curve for g(x, v, r), considering a compact perturbation of y,
one computes that the geodesic equation of g is given by

V,7=2¢Vq. (3.4)
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Taking the inner product with y, (3.4) gives
d . .. .
GS—(MZ) =2V, 7,7) =4 (Vq,7).

Integrating along y from 0 to s, we have

BO~I50) = 4%~ ON).

Hence

I712(s)—42q(y(s)) = [717(0)—42q(¥(0)),

171

(3.3)

for all s €0, 1]. If x is not a ““‘cut-point’’ of y, we can find a 1-parameter family of curves

¥z, joining o(7) to y, where o: (—¢, )= M such that o(0)=x. We compute

d

dtg

_1 < 1->
=0 2t v d‘ty
<(1) ()>

1 /oy @)
2t<”(1)’ dr >

after using (3.4). We conclude that

dy>
Vaq,
=0 J;< 9 d
1
1 . dy
-2 v.y, —
=0 2tfo< y}’ d‘t’>

I
=0

=0

1.
v Ly, ) =—9(1
0%, y,0) 2ty()
and

IV olx.y, 0 =— Iylz(l)

Similarly, we compute

Se (. 2
at( Yt [ flyl +tf q(y)]
=L f 71+ f aw),

f (va

dy
dr

Y

1 1
1 1 o d. d
=—— +— LN+ | g+t | Vg
412f |71 2tf<y dty> foq fo q

dt

i)

=0

(3.6)

where we have used (3.4), and the assumption that y,(0)=y, and y/{(1)=x, for all ¢.



172 PETER LI AND SHING TUNG YAU

However, by (3.5), we derive

S0 I
o x50 7 [P +g(x).

Together with (3.6), we have proved the following:

LEMMA 3.1.
3
IV, 0f*(x, y, t)+-£— (x,y,8) = q(x)
and

IV, 0x,, 0+22.(x, 5,0 = 4.

We remark that it is also well known that the function ¢ is Lipschitz on M (see
Appendix). In particular, the above lemma is valid in the weak sense on M.
Let us define the function

g(x)y, t)=_29(x’y’ (1+26) T_t) (37)

for x, y€EM and 0=<:<(1+20) T, where 6>0. Lemma 3.1 implies that g satisfies
3V, gl +2,—2q() =0 (3.8)
weakly.
When g=0, we may assume M=+ but convex. Since in this case g(x, y, t) is just a

multiple of the square of the distance function r(x,y), (3.8) is still valid due to the
assumption on M being convex.

LEMMA 3.2. Let M be a complete manifold which can be either compact or
noncompact. Suppose H(x, y, t) is the fundamental solution of (1.1) on MxXMX[0, ). If
q=0, we may assume AM=*D but convex, and H(x, y, {) satisfies either the Dirichlet or
the Neumann boundary condition on M. Let

F@y,t)= f H(y,z,t)H(x,z, T) dz 3.9)
5

Jor x€M, S,cM, and 0<t<t<(1+20) T. Then for any subset S,cM, we have

f Fz,vdz< f H¥x, z, T) dx supexp (—20(x, z, (14+28) T))
s2 sl Z€sl

xsupexp (20(x, z, (1+20) T-1)).
Z€S,
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In particular, when q=0, and S,=B,(R), we have

f Fiz,vdz< | HAx, 7, T)dzex (M)ex (___R_Z__)
b )T RO aarae 1) TP\ 220 720 )

Proof. Since F satisfies (1.1), we consider

0=2f f¢2(y)exp(g(x,y,t))F(y,t)(Ay—%—q(y))F(y,t), (3.10)
0 M

where @(y)=@(r(x, y)) is a cut-off function of the distance to x alone such that

_ {1 onB,k
0= 0 outside B, (2k),

and |Ve|<3/k. Integrating the right hand side of (3.10) by parts and using the boundary
condition on H, we get

0=—4f fqne"F(V(p,VF)—Zf f(pzegF(Vg,VF)
Y 0 Ju

-2 f f @’ ef|VF|*+ f f @*efFlg, 3.1
0 M 0 M
1 4
—j @’ efF? +f @’ et F? —2f f(pzengq.
M =1 M t=0 Q M

By the Schwarz inequality,

—2J f¢zegF<Vg,VF)<ZI ftpzeglVﬂ”if ftpzenglVglz.
0 M 0 M 2 0 M

Combining this with (3.8) and (3.10), we deduce that

0S—4f fwe"F(V(p,VF)—j ¢’ et F?
o Ju M

+f @’ et F?
=1 M

Letting k—, since |Vo|<3/k, the first term on the right hand side of the above
inequality vanishes by virtue of the fact that its integrand is L2. Hence,

=0

J exp(g(x,y, 7)) F*(y, v)dy < J exp(g(x,y, 0)) FX(y, 0) dy.
M

M

Observing that
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H(xryJT) ifyesl
F‘y"”‘{o ify¢s,,

and (3.7),

f exp (g(x, y, 0)) FX(y, 0) dy < sup exp (—20(x, z, (1+26) T)) [ HYx,z,T)dz.
M Ze S, Sl

On the other hand,

f exp(g(x, y, 1)) Fi(y, 1) dy
M
> f exp(gx,y, ) FA(y, ©)dy
S,

= inf exp (—20(x, z, (1+20) T-1)) f FXy, 1) dy.
. s,

z€S,

This proves the lemma.
It is now convenient for us to introduce the following notations: We define

0.(x, 8,0 =supg,(x,z,1)
Z€ES

and

0.0x, S, t)=info,(x,2,1)
- Z€S

for any subset ScM.

THEOREM 3.1. Let M be a complete manifold without boundary. Assume the Ricci
curvature of M is bounded from below by —K, for some constant K=0. We also
assume that there exists a point pE€M, a constant 8, and a function y(r), such that

[Vg| (x) < ¥(r(p, x))
and

Ag=<6

on M. Then for x, yEM and t€ (0, »), the following estimates are valid:
(i) If K=0, and

lim ¥ =7,

rswo I
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then

H(x,y, 1)< (1+8)"V %S ) V-"4(S,) exp (Cy(t*3 +62) 6(1+8) 1)
xexp (20(x, S,,6(1+9) ) exp (9(y, S,, 61))
xexp(—o(x, §,, (1+20) (1+6) 1))

Jor any 6>0, and any subsets S|, S,cM whose volumes V(S,) and V(S,) are finite.
(i) If y(r)<<yo, for some constant y,, then

H(x,y, )< (140" V (S ) V" '%(S ) exp [C{yP*+ 6" +(a—1)"'K) 62+ ) t
+0,(x, 85, 0(14+0) H+0,(y. S, 00)+6(x, S,,0(1+8) 1)
—o(x, §;,(1+28) (1+9) »],
Jor any a€(1,2), 6>0, and any subsets S, S.cM with finite volumes.

Proof. We will only prove (i), while the proof of (ii) follows similarly by using
Corollary 2.3 instead of Corollary 2.2.

To prove (i), we apply Theorem 2.2 to the function F(y,?) of Lemma 3.2. This
yields

2
( f H(x,2,T) dz) =F(x,T)
sl

<(1+8)"exp [2Cs(t*°+6') 6T+24(x, S,,0T)
+20(x, S, 6T)—20(x, S,(1+28) T)} f H%x,z, T)dz V7(S,),
S
by setting 7=(14+9) T in Lemma 3.2. Applying Theorem 2.2 to the function H(x, z, T)
and setting T=(1+4) ¢, we obtain
H(x,y, h < (1+6)"exp [2Cy(t**+0") 6(2+0) ¢

+46(x, S,, 6(1+03) 1)+20(x, S,, 60

—20(x, §1,(1+28) (1+8) 1 V™ 1(S) V(S).
The theorem follows by taking square root of both sides.

COROLLARY 3.1. Let M be a complete manifold without boundary. If the Ricci
curvature of M is bounded from below by —K, for some constant K=0, then for 1<a<2
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and 0<e<1, the heat kernel satisfies

H(x,y,n < Ce*V "B,V 1)V B (V1)) exp [67 &la— 1)-1Kt—‘f:(f"§)t]'

The constant C; depends only on n, while C(¢) depends on ¢ with C(e)—» as e—0.
When K=0, the above estimate, after letting a—1, can be written as

H(x,y,)<C(e) V'(B(V 1)) exp [ﬁ]

Proof. Setting yy=6=0, S;=B(V 1), and S,=B,(V 1) in the estimate of Theorem
3.1(ii), we have
Hx,y,)< (1+8)°V 2BV 1 ) VAB,(V 1))
xexp[Cyla—1)"'K6(2+0) t+26,(x, BV 1 ),0(2+0) )
+0,0, BV 1),00)—0(x, BV t),(1+20)(1+0) H].

Since g=0.
20,(x, B(V'1),602+8)1) = e 2‘;222(1' ;‘)’t = 25253 (3.12)
Similarly
0.0, B(V1),01) = % (.13)
and
o BV, A420)1+8)0= int «1—4:2255?(%' 3.14)
If xEB,(V't), then
00, BV T),(1+20)(1+8) ) =0 ziz(z‘f”—%. (3.15)
On the other hand, if x§ B,(V't), i.e. r(x,y)>V 1, we have
006, B,(VT), (14+20) (1+8) ) = L&DV 1" (3.16)

41+28)(1+0) ¢t
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Applying the inequality

_ 2 rz(x’y)_i
(rx,»)-V'1) 135 3

and setting 4(1+20) (1+3)*=4+¢, (3.16) becomes

Plx,y) 146

o, B(V1),(1+20)(1+8) = @+e)t  deo

In any case, this together with (3.12), (3.13), and (3.15), proves the first estimate as
claimed. To show the second estimate, we apply a volume comparison theorem (see
[5D), which states that if 0<R;<R,<Rj;, then

V(B,(Ry)) _VIK,R)
VB,R,) V(K R) G.17

and
V(B(R)-B,(Ry) _ VK, R)—V(K,R,)
VB(R,)) V(K,R,) ’

where V(K, R) is the volume of the geodesic ball of radius R in the constant —K/(n—1)
sectional curvature space form.

To estimate V(B (V t)) by V(B,(V t)), we consider the following cases:

(@) If V t >2r(x,y), then

VO,V t)
V@O,V t —rx,y))

< VB,V 1)) (TT‘/-T—(—))
—r(x,y

<2"°VB,(V 1)).

VBNV 1)< VBVt —r(x,y))

(®) If V't <2r(x,y), then
VO,V?)
V0,V t 14)
< VB, (r(x, y)+V 1 14)) (4"
V(0, r(x, y)+V t /4)

VBV 1)< VBV 1 /4)

<4"'VB,(V1/4
B ) V(0,V 1 /4)
<4"VB.(V 1) (M)n
B, ) VT
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Hence

. nxy) .\ M)
H(x,y,)< C(e) V'BLNV 1)) (4 VT +1> exp ( (d+e)t

- —r(x,y)
<CE) VBVt (—— ,
@V (B,(V t))exp @201
by readjusting the constant C(¢s). Now setting 4+2¢ to be 4+¢, we also derive our
estimate as claimed.
It is by now clear that the following theorems follow in exactly the same manner as
Theorem 3.1 and Corollary 3.1. Of course, in each case, one uses Theorems 2.3 or 2.1
instead.

THEOREM 3.2. Let M be a compact manifold with Ricci curvature bounded from
below by —K, for some constant K=0. We assume that the boundary of M is convex,
i.e. I1=20. Then the fundamental solution H(x,y, t) of the heat equation

o _
(A—g) ulx,)=0

with Neumann boundary condition

u
RL
v

must satisfy

Hx,y, ) < CE*V 3BV 1 )VHB(V 1)) exp [c, ela—1)"'Kt— %]

Jor all 1<a<2 and 0<e<l, where the constant C(e)->> as e—0. When K=0, after
letting a—1, this estimate can be written as

THEOREM 3.3. Let M be a complete manifold without boundary. Assume p€M
and let B,(2R) be the geodesic ball of radius 2R centered at p. We denote —K(2R), with
K(2R)=0, by a lower bound of the Ricci curvature on B,(2R). We also assume that q is
a C? function on M with

Ag<0O(2R)

and
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|Vq|<y(2R)

on B,(2R). Then for any a>1, x, yEB,(R), S\ and S, any subsets of B,(R), a
Sfundamental solution H(x, y, t) of the equation

(A—q— %) ulx,)=0
must satisfy
H(x,y, )< (1+8)"V"XS,) V-1X(S,) exp (A6(2+0) 1)
x exp [0, z(x, S, 6(1+8) )+6, z(, S, 01)
—o(x, S}, (1+20) (1+0) ) +6(x, S,, 6(1+0) 1)}
where
A=ClaR'VEK+aa-1)"R*+yP(a—1)Pa P +(a6)*+a(a—1)"'K].

The estimate given by Theorem 3.1 can be written in a more comprehensible form
when the potential is nonnegative. In fact in this case, we see that

r(x,y)
olx,y, )= —-—-——4t .

This ensures that g(x, y, #) is a proper function in the y-variable.

COROLLARY 3.2. Let M and q satisfy the hypothesis of Theorem 3.1. We also
assume that q is nonnegative. The following estimates hold:

If (i) of Theorem 3.1 is valid, then for all a>0,
Hx,y, )< C©) V(S (x, D) VTS (3, 1))
xexp [Cs e(t+6") 1—(1+&)o(x, y, 1)],

Sor all 0<e<].

If (ii) of Theorem 3.1 is valid, then
H(x,y, )< CE)™“V V(S (x, ) VTVHS (v, 1))
xexp [Coa +6"+(a—1)'K) t—(1+&) 'o(x, y, 1],

Jor all 0<e<} and 1<a<2.
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In both cases, C(g) is a constant depending on n and € with C(¢)—> = as ¢—0, and
Sa(x, D={z € Mlo(x, z, )<a}.

Proof. We will only give the proof of (i), while (i) follows identically. By the
nonnegativity of g, we observe that if ¢;<,, then

1 1
0.(x,y, 1)) = inf{ - f P+, f q
Y 4’1 0 0
(30 Lo )]
=inf{— | — +5,| q)-|——t q
Y {’1 (4’2 0 M ) n '
. at2 1 f] .12 fl
=inf{ —| — +t, | q
y{tl <4t2 olyl 20

at

= __zg(x’ Y; tz)y
L

(3.18)

for all a=1. By Theorem 3.1 (ii), if we set $;=S,(y, 1) and S,=S,(x, t), we only need to
estimate the following:

o

0u(x, 5,05, ),8(1+0) D < < s

- aa
olx, S, (x, 0, 0= 31+9)’

and similarly

0., 5,0, 0,60 < %,

and
- a
olx, S (x,0,0(1+0)H < 31+0)
Finally
1
olx, S0, 1),(1+20)(1+8) 1) = (l—ﬂ—m_@(x, S,.0,0.

If x€S,(y, 1), then we observe that
_Q('xy Sa(}’, t)’ t) 2 0 ? Q(x; }’: t)‘—l'
On the other hand, if x ¢ S,(y, ), then for any z€ S,(y, 1), we claim that

olx,z, = po(x,y, (1+€) )—00, z, €f). (3.19)
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Indeed, if y, and y, are the minimizing curves for g(z, x, f) and (3, z, t) respectively, we
reparametrize y, Uy,=y defined by

7{((1+¢&)s), foss<s——

y(s) = i
y((1+e)e 's—e™h), 1f1—+—£sss1.

Clearly y(0)=x and y(1)=y, hence

olx,y,(1+e) =< f [7P+(1+e) ¢ f q(y(s))

4(1+ et

1+¢ 2, (1+£)t
4(1+£)tf i+ I qr)

LU+ge! 2, (4ot !
4(1+ )1 J. ¥l"+ (1+¢) _,I q(y)

=o(x,z, )+00, 2, &)
Therefore (3.19) is valid. To conclude the proof, we simply apply (3.18) again and
deduce that
o(x,z, )= (1+&) lolx,y, D—¢e'o(y, 2,
= (+e) 'olx,y,D—¢""a,

for all z€S,(y,1).

§4. Lower bounds of fundamental solutions

The goal of this section is to derive lower estimates on positive fundamental solutions
of the equation

(A—q—%) ulx,)=0,

where ¢q is a C? function on M.

When g=0, Cheeger—Yau [6] proved a lower estimate of the heat kernel in terms of
the kernel of a model. In particular, they showed that if the Ricci curvature of M is
bounded from below by —K with K=0, then the heat kernel of M is bounded from
below by the heat kernel of the constant curvature simply connected space form with
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sectional curvature identically —(n—1)"'K. In Theorem 4.1 below, we will prove an
estimate which is different from that of Cheeger-Yau. When K=0, this estimate which
we will derive is sharp in order, especially for large . However, when K>0, our
estimate does not seem sharper than that in [6]. In view of this, we will only prove the
theorem for K=0.

THEOREM 4.1. Let M be a complete manifold without boundary. Suppose the
Ricci curvature of M is nonnegative. Then the fundamental solution of the heat
equation satisfies

Hx,y,0=2C'(e) V'(B(V 1)) exp ( _(f_(’;yt))

where C(¢) depends on €>0 and n with C(e)—>x as ¢—0. Symmetrizing the above
estimate, we also have

Hx,y,)2C () VBV 1) VAB,(V 1)) exp (%)YT))

Proof. By Theorem 2.2, we have

H(z,y, (1-8) ) < V(B,(R) H(x, y, 1) (1-3) " exp (4%) @.1)

B(R)

We will estimate the left hand side of (4.1). Let the function @(z) be defined as
@(2)=@(r(x, z)) which is a function of r(x, z) with

1 onB,(V1-0R)

Pl )= {0 outside B (R),

O<g=l, and 3¢/or<0. If we let

Fiy,n= f @(r(x, ) H(z, y, 1)
M

be the solution of the heat equation with @(r(x, y)) as initial condition, then

H(z,y,) = F(y,1).
B,®R)

To estimate F(y, r) from below, we apply the method of Cheeger and Yau in [6).
We will simply outline the argument as follows:
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Let F(r, 1) be the solution of the heat equation in R” with initial data
F(r, 0) = o(r),

where r is the distance to the origin. Since g is a function of the distance alone, one
verifies that F must also be a function of r for any fixed time. Hence, the notation F(r, 1)
is valid. By the argument in [6], we conclude that

F(r(x,y),n0<F(y,9, 4.2)
provided we can justify the assumption

OF =0
ar

on R"X[0, ). However, by rotational symmetry of F, we see that

oF _
ar ©,0=0 4.3)
for all ¢. Also
oF _%9 _
e r,0 e <0, “4.4)
and
. OF
lim —(r,)=0. )
rl—l}: ar (r t) (4 5)

for all ¢, since @' has compact support. Moreover 8F/9r satisfies the differential
equation

3? 19 » 8 |oF
L b= S - r2-2 [ =,
[aﬁ (n=Dr 5~ (=D az] ar

Applying the maximum principle for parabolic equations on [0, ©)X[0, ), and in view
of the boundary conditions (4.3), (4.4), and (4.5), we conclude that
oF

-—=0.

or

Therefore, (4.2) is valid. Hence

F(y,1) = (4nt)~"? f

k’l

512
o(jz) exp (:-I%L) dz,
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with |[y|=r(x, y). Combining with (4.1) and setting R=V ¢, we have

H(x,y, = CO) VBN 1) 1™ f oxp ( :_MIZ_) .

e <Va=a 1 4(1-0)1
~ly 2 )
=C(6) V(BV t))exp (—L|—4(1 ~o7)"

Writing 4—e=4(1-0), the theorem follows.

THEOREM 4.2. Let M be a compact manifold with boundary, 3M. Suppose the
Ricci curvature of M is nonnegative, and if SM+@, we assume that M is convex, i.e.
I1=0. Then the fundamental solution of the heat equation with Neumann boundary
condition satisfies

Hx,y,0=C ' (e) V'(B(V 1))exp ( _(;2-(-);));))

Jor some constant C(¢) depending on €0 and n such that C(s)-—>o§> as e—0. Moreover,
by symmetrizing,

H(x,y,)=C V"BV 1) VBV 1)) exp <__(<:2_—();’));) )

Proof. We can apply Theorem 2.3 to obtain (4.1). Following the notation as in
Theorem 4.1, we only need to show that

F(y, ) = F(r(x, y), 1).

Their difference,

G, = F(y, )—F(r(x,y), ),

satisfies the inequality
el
A-—]|Gl, 1) =0,
( at) )
in the sense of distributions. We now claim that

%%(y, H=0 (4.6)

weakly on M for a dense subset of x € M. Clearly, to prove the estimate of H(x, }?, 1), it
suffices to prove it on a dense subset of x € M. The general case will follow by passing
to the limit.
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Assume (4.6) holds for a particular x€ M. To show that G(y, 1)=0, we simply
consider the function

G@,1, if Gy, H<0

G-0.0= {0, if Gy, 1) 0.

G_(y, 1) is a Lipschitz function on M and it is nonpositive. Hence

T T 3G
J' f G_(y, ) AG(y, ) dydt =f f G_(y, I)E(y, tdydt. 4.7
0o Jm 0 I

The left hand side of (4.7) can be written as

T aG 1 Ta
G (v, )—(y, t)dydt=——-f —f G*(y, ) dydt
fo fM ot 2 Jo ot v

-1 f GA(y, T)dy— - J G (y,0)dy
2 ), 2 ),

-1 f G(y, T) dy.
2 M

The last equality follows from the fact that G(y, 0)=0. On the other hand, the right hand
side of (4.7) can be calculated as follows:

T T
f ] G, HAG(y, dydt = — f f (VG_(y, 1), VGG, ) dy d#
) M 0 M
T
+f fG_(y,t)-‘?g(y,t)dydt
o Ju ov

T
< - f f \VG_(y, > dy dt.
1] M
Hence, we have

T
- f f |VG_(y,t)|2dydt>% f G (y, T) dy.
0 M M

Therefore G(y, T)=0, and since T is arbitrary, this proves the required inequality. The
estimate for such a point x will follow from the rest of the argument in Theorem 4.1.

To prove the claim that for a dense subset of x € M, (4.6) holds weakly, we observe
that since F is a decreasing function of r(x, y), it suffices to show that

or(x, y) >0

oy 4.8)

13868283 Acta Mathematica 156. Imprimé le 15 mai 1986
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weakly for a dense set of x € M. With this flexibility of slight perturbation of x, we may
assume that the cut-locus of x intersects dM along a set with (n—1)-measure zero. We
denote this set by oM. For any y€dM—, there exists a unique geodesic y(s)
joining x to y with y(0)=x and y(r(x, y))=y. This geodesic is the distance realizing curve
because oM is convex. Clearly

or(x, y) _ 3r(¥(s),y)
v v

2

for all s €[0, r(x, y)]. On the other hand, by the convexity of oM,

ar(ﬁ;). y) >0
v

for s sufficiently close to r(x, y). Hence inequality (4.8) is established for y ¢ & which
was claimed.
We will now prove a lower bound for the fundamental solution of the equation

(A—q—%) u(x,)=0.

Similar to the upper bound obtained in §3, we have to assume that M has Ricci
curvature bounded from below by 0 and Aq is bounded from above.

THEOREM 4.3. Let M be complete manifold without boundary. Assume that the
Ricci curvature of M is nonnegative. Suppose q is a C* function on M with

Ag=<@0
and

exp(—o(x, y, §) ELXM).

Then the fundamental solution, H(x, v, t), of the equation
2]
A—g—— L) =0,
( -3 t) u(x, t)
must satisfy

HG, 3,03 @y exp (~(22) " 1-ex 3.0

Proof. We will first study the ‘‘geodesics’’ corresponding to the metric o(x, y, 9.
To do this, we assume that x is not a cut point of y, that is, for any point z in a
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neighborhood of x, there exists a unique distance minimizing curve y which gives

1 1
o(x, z, t)=4i f |2+t f q(s)).
t 0 0

All the theories which we will derive for the metric p(x,y,f) are parallel to the
Riemannian situation (g=0). Hence, we will only outline the proofs, and the reader can
consult [3] for a more detailed line by line explanation.

We recall that by the first variation formula for geodesics, we have the geodesic
equation given by (3.4), i.e.

V,7=2¢Vq 4.9)
and

v, o(x, . r)=2it7(1). .10)

The second variation formula for geodesics is given by
1 1 1 1
L f (V, V.V, T)+f (V,V,V, V) }+t f (Vq,Vy, V)+f (Vi(Vq), V)}
v=0 2t 0 0 0 0

z{fol (Rpy T, V>+fol (VTVVV,T)+J:|VTV|2}

1
+t{ f l (Vq, Y, V)+ I (V(Vq), V)} @.11)
0 0

“ﬂ (R T, V)+J”T(VVV,T)—fl (VyV, v,T)+fl|v,V|2}
t 0 0 0 0

+t{f1 (Vq, V‘,V)+j1 (VV(Vq),V)}.

&
av?

|-n

N

=

[

Using (4.9) with T=9 and the fact that (V(Vq), V)=Hess,(V, V), we have

82 1 1 1
ce +j ]V,V]z}+tj Hess, (V, V).
0 0 [1]

v’

1
=L (R T VY+(V,V, T)
v=0 2 0

Moreover, by differentiating (4.9), we see that the Jacobi equation is given by
VvV T=22Vu(Vg).
But
VVVTT= VTVV T+RVTT,
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whence we can write the Jacobi equation as
VrVyT=Rpy T+22V (V). 4.12)

If we fix the point y and compute the second derivative of ¢ as a function of x, then the
variational vector field can be taken to satisfy

V(©0)=0
and
Vy V(1) =0.
Then
o =i{fl(R TV)+J'1|V V|2}+tf]Hess vV, V)
Vijumo 2 0Jy )T o

=1V, V),

which is the index form along y joining y to x. One checks that the basic index form
lemma is still valid (see Lemma 1.21 in [3]). In fact, if ¥ has no conjugate points, i.e. if
there are no Jacobi fields vanishing at ¥(0) and y(s) for all s €(0, 1], and if V is a Jacobi
field along y, then for any arbitrary vector field W along y with W(0)=V(0)=0 and
w)=v(),

KV, V)sI(W, W).

Up to this point, the function g is completely arbitrary. From now on, we will
assume that g satisfies

Ag=<0

on M. Moreover, we also assume that M has nonnegative Ricci curvature.

In this case, we consider e, ..., e,, n parallel orthonormal vector fields along y.
We define W(s)=s%¢; with |W,|(1)=1. By the second variation formula and the index
form lemma,

v,0(t,y, < > I(W, W)

i=1

n 1 1 n 1 n
=2it{2 (RTw‘. T, W)+ 2 IV, Wi|2}+t 2 Hess, (W, W)
i=1 JO

0 i=1 0 i=1

1 1 1
=i{— f S%*Ric (T, T)+ f na2S2a_2}+t j S Aq
2t 0 0 [
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)
< na n ot
2t2a—1) 2a+1

< [ o + 207 ]
T 2t12a-1 nRa-1)]1
Choosing 1<a< to minimize the right hand side by setting

a=%<1+ 1+ 376 )

n

n|t 820
E[—‘z— <1+ 1+ " )]

we have

| Ayolx,y, )<

4[4t T ]
=1+(ﬁﬂ)‘”,
2t 2

This inequality, as it stands, is only valid when y is not a cut point of x. However,
following an argument of [5] and [27], and using the fact that (4.10) implies that the

gradient of ¢ points into the cut locus, inequality (4.13) holds on M in the sense of
distributions.

To complete the proof of the theorem, we simply compute

_ _—a— —al2 _ ﬁg_ 12 _ )
(A q at)(4m) exp( (2) t—o(x,y,1)

12 12
2(47“)""26@(—(-'?) t—e(x,y,t)) [lVle—AQ—q+%+(£20—) +9,]

=0,

in the sense of distributions. Since

lim (4721)""* exp (— (—'LZQ—> " t—o(x,y, t)) =4,0,

—0
it follows from the fact that exp (—g) is in L%(M) and from Duhamel’s principle that

H(x,y,t) = @nt) " exp (— ("—20) " t—o(x,y, t)) .

We point out that the L? assumption of exp (—p) is rather mild. In particular, if q is
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bounded from below by a constant g, then

exp(—o(x,y, 1)) <exp G% _ th)

which is clearly L? on a manifold with nonnegative Ricci curvature.

§5. Heat equation and Green’s kernel

We will utilize the Harnack inequality, the upper and lower estimates of the heat kernel
to derive some properties of the heat equation and Green’s kernel on a complete
manifold. Later on, we will also apply our upper bound to obtain estimates on
eigenvalues and Betti numbers for compact manifolds.

THEOREM 5.1. Let M be a complete manifold with Ricci curvature satisfying
Ric (x) = —Co P(p, x)

Sfor some constant, Co>0, where r(p, x) denotes the distance from x to some fixed point
PEM. Then any solution u(x, t) of the heat equation

<A—%> u(x, t)

on MXx[0, ) which is bounded from below is uniquely determined by its initial data
u(x, 0)=uy(x).

Proof. We may assume, by adding a constant to u(x, ¢), that u(x, )=0. Let us first
prove that u(x, 7) is uniquely determined when uy(x)=0. In this case, we will show that
u(x, H=0.

First, we observe that by defining
0, fo<sr<l1

vlx, 1) = {u(x, t—1), ift=1

on MXx[0, ), v(x, t) is a weak solution of the heat equation
(A— g;) u(x,)=0.

By regularity, v(x, ) must, in fact, be a smooth solution. Applying the Harnack
inequality to v(x, 1), we conclude that
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nal2
wtx.0 <0, 1) (4) ™ exp (-4 L2ELL),
0

where

A< C[2aC+a*(a—1)""r"(x, p)+4ala—1)"'Cy P(x, p)].

In order to obtain the above estimate of A, we have used the curvature assumption.
Setting a=2, and 1<t=<1y/2, we have

v(x, 1) S v(p, t) Clto) exp (Clto) (x, p))

for all x€ M. Since v=0 on Mx[0, 1], the above growth estimate is valid on Mx[0, #,/2].
Applying the uniqueness theorem in [15], we conclude that v=0 on MX[0,#,/2].
However t, is arbitrary, this shows that v=0 on MX[0, =), and hence ¥=0 on
Mx[0, ), as claimed.

To prove the general case ug(x)=0, we observe that by the maximum principie, the
solution u(x, 1) of the heat equation with initial data

ui(x, 0) = @i(r(p, x)) uo(x)

satisfies

uk(x) ‘) = u(x) t)y

if gu(r(p, X)) 1s a cut-off functipn with 0<g¢; <1, and

(r)-{l’ ifr<k
PLI=00, it r=2k.

We now claim that ux(x, )—>u(x, 1) uniformly on compact subsets of M. Indeed, since
O0<u,<u, and by the monotonicity of u; in k, the sequence must converge uniformly on
any compact subset to some solution v(x, r) of the heat equation with v(x, 0)=uy(x).
However, u,<u, vsu on Mx{Q, »). Applying our uniqueness argument to ¥—v which
is a nonnegative solution with initial data (u~v)(x,0)=0, we conclude u;—u uniformly
on compact sets. However, the heat equation is known to preserve L>(M) and is unique
in L*(M), whence each of the u is uniquely determined. Passing to the limit, so is .
On a complete manifold, one defines the Green’s function

@

G(x,y)=f H(x,y,ndt
0.
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if the integral on the right hand side converges. One checks readily, that G is positive
and AG(x, y)=—0x(y).

THEOREM 5.2. Let M be a complete manifold with nonnegative Ricci curvature. If
G(x,y) exists, then there exist constants Cyg and Cy, depending only on n, such that

Cp f V{B(V 1)) dt<G(x,y)
2

<C, f VBV t))dt
,2

and
Cho f VBNV ) VBV 1)) dt <Glx,y)
72
<C, j VB V) VBV 1)) dt
2

where r=r(x, y).

Proof. 1t suffices to show that

72 o
f H(x,y,ndt<Cy, J’ VB (V1)) dt .1)
0 72

and

2 ©
f H(x,y,t)dt<C,, f VBN ) VEBV 1)) dr. (5.2)
(i 2

Indeed, by Theorem 3.1, we have

@«

w 2 '
G(x,y)= j H(x,y, ) dt sf H(x,y,1) dt+f H(x,y, dt
0 0 I
2 w
< I Hix,y,ndt+C,, J’ VIB(V 1)) dt
0 7

and similarly

’2 o
Gx,y) < f H(x,y, ) dt+C,, f VBNV 1) VBV 1)) dt.
0 P
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Moreover, the lower bound of G follows by applying Theorem 4.1 to the inequality

Gx,y)= f H(x,y, t)dt.
2

To prove (5.1), we apply Theorem 3.1 to get

£ ? -r
f Hx,y, ydt< CIOI VBV 1) exp <_5t_) dt.
A 0

Letting s=r%t, where r’<s<, we have

r VB, (V1))exp (‘—'2) dt= r v-i(p (-2 exp (I—s-) LR (5.3)
0 * 5t 2 \Vs 5P7) s*
On the other hand, the comparison theorem (3.17) yields

2

Vi0,——
r (,Vs> r\"
L N =2vB V) —2L vV .
V<B"<\/T)> V(B(V 5)) YOV (B,( s))<s>

Hence (5.3) becomes
" ® r2 2-n —s
f H(x,y, )dr < Clof VI(B(Vs)) (—) exp <—2) ds.
0 2 R Sr

However, the function
xX"%ex (—i)
P73

is bound from above, and the claim follows. The proof of (5.2) is exactly the same.
Applying our upper bound of the heat kernel for compact manifolds, we obtain the
following eigenvalue estimates.

THEOREM 5.3. Let M be a compact manifold with or without boundary. If SM=+=®,
we assume that it is convex, i.e. I1=0. Suppose that the Ricci curvature of M is
nonnegative. Let {0=uo<u<u,<...} be the set of eigenvalues of the Laplacian on M.
When SM+Q, we denote the set of Neumann eigenvalues also by {0=uo<u;<u,<...}
and the set of Dirichlet eigenvalues by {(0<)A1<A,<...}. Then there exists a constant

C13 depending only on n, such that
Cak+1)%"
L
d
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and
C, K"

for all k=1, where d is the diameter of M.

Proof. Let H(x, y, ) be the appropriate heat kernel. Since the Dirichlet heat kernel
is dominated from above by the Neumann heat kernel, for either boundary condition,
by Theorem 3.2, we have the estimate

Hx,y,)<C, VBV 1)).

Integrating both sides and applying (3.17), we have

o

2 e, f VBV 1)dt<C, f fods, 5.4
i=0 M M

where

V(ord) -1 H
V0.9 - @y, ifr<d
f(t)= V(Oa \ t)

V(Bd)), if 1=d.

Since V(B.(d))=V(M), (5.4) yields

k+1)e™ < C,yg(0), (5.5
where
d \" .
—), ift<d
gH)= (\/T )
1, if t=d.

We multiply both sides by ¢’ and minimize the function €’ g(f) as follows:

Due to the fact that
%(e“*‘g(z)) =, ' g+ g/ (1),

the function minimizes at £, must satisfy

M g(to) = —g'(to).
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But g'()=0 when t=d, t, must be less than or equal to d. Hence

() w ()

and
n
ty=—
° 2,
Substituting this value into (5.5) yields
k+1<CpidVu).

A similar method gives estimates on A, also.

Remark. Obviously, using the same method as above, one can obtain eigenvalue
estimates on compact manifolds with Ricci curvature bounded from below by —-K, for
some constant K=0. In fact, the resulting lower bounds for the eigenvalues 1, and u,
depend only on n, K, d and k alone.

THEOREM 5.4. Let M be a compact manifold with or without boundary. If OM+Q,
we assume that it is convex. Suppose the Ricci curvature of M is bounded from below
by —K, for some constant K=0, and also the sectional curvatures of M are bounded
Jrom above by x>0. Let b, be the kth Betti number for either the cohomology group
HXM) or the relative cohomology group H“M, M), then there exist constants Ci4
and C,s depending only on n such that

by < Csexp(CisKd)
and
bk = C14 €Xp (Cls(K""X) dz)
Jor k>1, where d is the diameter of M.

Proof. To prove the estimate on b,, we consider the harmonic representative of
elements in H'(M) and H'(M, 3M). The first is represented by harmonic 1-forms with
absolute boundary condition, while the latter is represented by harmonic 1-forms with
relative boundary condition. However, it was proved in [9] that the heat kernel
Hy(x,y,t) for 1-forms, with either boundary condition, can be dominated by

|Hy(x, x, ] <ne®H(x, x, 1).
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Integrating both sides and applying our estimate for H(x, x, f), yields

b,<C,, f VI(B(V t ) exp(Cys K1),
M

Setting t=d?, the desired estimate follows.
To prove the estimates for k=2, we follow the same procedure as above for the
heat kernel for k-forms. In [9], it was proved that [, |H(x, x, )| can be estimated by

j |H(x, x, | < (Z) P f H(x, x, 1),
M M

where B is a lower bound of the curvature term which arises in the Bochner formula.
However, it is known that [12] B can be estimated by K and x. Hence the estimates are
established.

§ 6. The Schrodinger operator
In this section, we will study the fundamental solution H,(x, y, ) of the opertor

;. 0
A—/l q—'a—t'
where g(x) is a fixed potential on M and A>0 is a parameter which is varying.

The behavior of H,(x, y, ) as A— will be studied. In the case when M=R", it was
proved in [22] in relation to semi-classical approximation of multiple wells. Theorem
6.1 gives an asymptotic behavior of H,(x,y, ) on arbitrary complete manifolds which
enables one to push the argument in [22] through to the setting of a general manifold.

THEOREM 6.1. Let M be a complete manifold without boundary. Suppose q is a
C? function defined on M. For any A>0, we consider H,(x,y, ), which is the Jfunda-
mental solution of the equation

(A-—Azq—-a-a;) u(x, =0

on Mx(0, ©). Then

log H,(x,y, t/A
lim —2 2280 Y, B8 ‘(;y )=—Q(x,y,t)
Ao

where o(x,y, 1) is defined by (3.3).
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Proof. For any given x, y €M, let B,(R) be a geodesic ball with radius R containing
x and y. Applying Theorem 2.1 to H,(x, y, t), we have

1.\ nal2
H(x,x,t,))<H)x,y,t,) (f-) exp(A;(t,—1)+0, p.1(%, ¥, [,— 1))
1

where
A= ClaRT'VK+&(a—1)"'R 24+ y(a-1)"a " +(ab)*A+ala—1)"'K]

with K, 6, and y as defined in Theorem 2.1. Also g, r.2(x, ¥, 1) is the metric defined by
(3.1) with A%q replacing q. Taking log of both sides, we have

log H,(x, x, t,/2) < logH)(x, y, t,/4) +—n£log2+ A (t,—t) + Qu r: 1%, Y, (tz—t,)//l)'
A A 24 t A A

Letting A—, and observing that

Qa,R;A(x) y’ t/l)

}' =Qa,R(x: y: t)
and

lim =2 = 0,

-
we conclude that

log H(x,y, t,/A) ok log H,(x, x, t,/A)

lim — > fim P o, 1l ). 6.1)

Letting R—x, and a—1, this gives

. logH,(x,y,t,/2) . logH,(x,x,t/l)
lim = lim
Ao A A /1

—Q(x’yr tz_tl)- (62)

We now claim that

logH,(x, x, t,/A
lim lim o8 xth)
ll—>0,1—>°° A.

and the lower bound will follow. Indeed, if go=q on B,(2R), then the kernel
C ™' H(x,y, ) satisfies the equation

(A“lzqo_%) e H(x,y, 1) =0,
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with H(x,y,?) being the heat kernel with Dirichlet boundary condition on B,(2R).
Hence, by the assumption go=q and the maximum principle,

-2 -
Hx,y,0=e Ak y, 0

on B,2R)XB,(2R)X[0, »). In particular

log H,(x, x, t,/2) log H(x, x, t,/A)
vt dat\ Akl ek bt hiddd ki

1 qott+ 1 6.3)

However, by the asymptotic formula for H(x, x, t) as t—0,

log H(x,x, t,/3) .. 1 <logH( L X, tl//l)
m ———= lim — | ———————
t,/A

A— A-poo tl

Hence, after letting A— o, (6.3) becomes

log Hy(x, x, t,/2) o

lim /_qotl,

A—ox A,
and the claim follows by letting 7;—0.
To establish the upper bound, we employ Theorem 3.3, which gives

logH,(x,y, t/A)

7 < A7 'og (1+0)" VY48, VVA(S,)+A72A, 0(2+9) ¢

+0, g, §5,0(1+0) )+, (v, S}, 00) 6.4)
+0(x, S,, 0(1+0) D—p(x, S, (1+26) (1+) 7).

Letting A—x, then a—1 and R—», we get

. logH,(x,y,t/A)
lim — <20(x, §,,0(1+0) D+(y, S, 0t)—o(x, S, (1+26) (1+9d) 7).

Ao

Setting S,={x} and §;={y}, we derive the inequality

li

Ao

log H(x, y, t/A
o Joe 1(;y ) < 20(x, %, 5(1+6) +0(y, y, 800, y, 1428) 1+8) D). (6.5)

On the other hand, taking y: [0, 1]->M to be the trivial curve with y(s)=x, we see that

o(x, x, ) < tq(x).

Hence, by letting —0 in (6.5), the upper bound follows.
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Remark. Since the techniques used in the above theorem are completely local in
nature, Theorem 6.1 is still valid when the manifold is compact with or without
boundary, for any boundary condition. In the case when dM=+@, we need a version of
the Harnack inequality which is valid for any points which are ¢ distance away from
dM. Such a Harnack inequality can be derived using the method employed in § 1 and
§2. In that case, the estimate will depend on ¢ and the geometry of oM.

Appendix
We will establish the fact that the function g(x,y, #) defined in §2 is Lipschitz for a
locally bounded potential function ¢. Let r be the geodesic distance between y and z in
M and y, be a geodesic joining y to z which realizes distance. For any £>0, we can find
a curve y, parametrized by s €{0, 1] joining x to y such that
1

1
Q(x,y,t)+e>—41t-j |y,|ds+tJ‘ q(y,)ds.
0 0

We define a new curve y by

s .
—), if0=ss<sl-r
y(s): yl(l"l‘)
p(s+r—=1), ifl-r<ss<l.

Clearly y(s) is a curve joining x to z. Hence
1

1
olx, z, t)si f [P ds+t f qaiy(s) ds
0 0 .

t—r

1-r 1
< 1 f |)’/,|2(1—r)'2ds+i f |)'»2|2 ds+lf q(y,(s)) ds+1trq,,
a J, 4 J,_, b

where gy is the supremum of |g| in a neighborhood containing the curve y. By a change
of variable, the above inequality yields

1
4t(1-r)

1 1
olx,z,0 < j I)",IzdS+4Lt+t(l—r) f q(y(s)) ds+trq,
0 0

1 1 1 ,
==, ey, t)+s)+(1—r— ————l_r) IJ; QN ds+ - +trgy

Hence

_ < I P A
e, z, )=e(x,y, H STy, D+~ 714+ -
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Letting e—0, and using

olx,y, 0 sf(f:;—y)ﬂqo,

we conclude that if r(y, z)=<! then

o(x,z,)—p(x,y,)<nr(y,2)-C,

where the constant C depends on qq, ¢, and r(x, y). Reversing the role of y and z yields
the desired Lipschitz property of o(x, y, ?).
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