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1. Introduction

Although the exterior stationary problem for the Navier-Stokes equations has been
proved by Leray [1] to possess a solution under very general circumstances, it is unknown
even in the case of small data whether Leray’s solution of the problem is unique or
whether it may be formed as the limit of a nonstationary solution as {—> co. In this paper
we prove that for a particular class of prescribed boundary values there is exactly one
stationary solution attainable as the limit, starting from rest, of a physically reason-
able nonstationary solution. Our method is based on a global existence theorem for
the initial boundary value problem which we prove under hypotheses that allow time
dependent boundary values and a time dependent velocity at infinity. This theorem
assures the unique solvability of the initial boundary value problem whenever there is
an approximate solution which is sufficiently good and satisfies a stability condition.
This existence theorem has also enabled us to state simple conditions sufficient to ensure
the stability of nonstationary solutions of the Navier-Stokes equations defined in arbitrary
three-dimensional regions.

The Navier-Stokes equations govern fluid motion in the theory of viscous incompres-
sible flow. The exterior stationary problem for the Navier-Stokes equations consists of
finding, in the region exterior to a closed bounded surface, time independent velocity
and pressure functions which together solve the equations and are such that the velocity
function assumes given values on the surface and tends to a prescribed limit at infinity.
Of course, stationary flow occurs in nature only as the Ilimit of nonstationary flow.
Presumably solutions of the exterior stationary problem model fluid flows which may be
obtained by performing the following idealized experiment with the right choice of

prescribed data. An object is immersed in a fluid which occupies all three-dimensional
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space exterior to it. Initially both the object and the fluid are at rest and subsequently
the object undergoes a smooth acceleration to some constant velocity which is then
maintained indefinitely. During the period of acceleration, time dependent boundary
values may be presecribed for the fluid velocity at the surface of the object, but these
are stabilized as the object attains constant velocity. Afterwards, with conditions held fixed,
the fluid is expected to approach steady motion as seen by an observer moving with
the body. In this paper we will call a solution of the exterior stationary problem attainable
if it occurs as the limit as {—oco of a nonstationary solution of the Navier—Stokes
equations which models such an experiment. The precise definition of attasnable solution,
given in Seetion 6, is made without reference to any pre-existing class of stationary
solutions and in effect serves to introduce a new class of golutions.

Finn [2, 3, 4, 5] has studied the exterior stationary problem within the class of
solutions, termed by him physically reasonable, which tend to a limit at infinity like
|z|*-¢ for some ¢>0. For small data he proved both existence and uniqueness within
this class. Further, he showed that flows described by physically reasonable stationary
solutions exert drag forces and exhibit paraboloidal wake regions behind objects. Finn
has conjectured [6] that for sufficiently small data these solutions are attainable in
the sense described above and he proposed this problem to the author. In §6 of this
paper we prove Finn’s conjecture when the difference between the physically reasonable
solution and its limit at infinity is square summable, a condition equivalent to there
being no net force exerted by the fluid on the object; see Finn [7]. Furthermore, when
the physically reasonable solution is sufficiently small and satisfies this summability
condition we prove that no other solution of the exterior stationary problem is attainable.
In this case at least, Leray’s solution of the exterior stationary problem is either identical
to Finn’s or else is unattainable and therefore of doubtful physical significance.

Section 7 contains two global existence theorems and two stability theorems. The
first existence theorem is applicable to arbitrary spacial domains while the second is
applicable only to interior domains — domains, either bounded or unbounded, for which the
Poincaré inequality holds. A feature of the second theorem which greatly extends its
potential usefulness for the study of flow in infinite pipes is that the total energy input
made over infinite time is not assumed to be finite. The stability theorems we give
follow readily from the existence theorems; they guarantee stability in the strict sense.
That is, a solution u(z, t) is stable if, for any sufficiently small perturbation u.(x) of the
initial data, the initial boundary value problem has a solution which equals u(z, 0)+
u,(x) at t=0 and which converges to u(z,t) as {—oo. The boundary values prescribed

for the perturbed solution are equal to those assumed by u.
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The results of this paper depend upon the investigation of the initial boundary
value problem for the Navier-Stokes equations in cases where the prescribed data are
nonhomogeneous and time dependent. In general we pose the problem in a noninertial
coordinate frame, such as one attached to an accelerated body, thereby introducing a
time dependent velocity at infinity. In order to define a generalized solution for this
problem and in order to reduce the problem to a homogeneous one, it is necessary to
introduce a class of admissible extensions of the preseribed initial and boundary data
into the space-time region where a solution is sought. This is a somewhat delicate matter
because the spacial domain is generally unbounded. It is important for much of our
work that the class of admissible extensions contain certain known solutions and approxi-
mate solutions. Also, the class of generalized solutions defined in terms of these ad-
missible extensions should include all classical solutions which are sufficiently well
behaved at infinity. On the other hand, certain restrictions must be placed on the class
of admissible extensions so that integrals appearing in the definition of generalized
solution will make sense and so that the uniqueness of generalized solutions may be proved.
In order to obtain uniqueness, we require that admissible extensions of the data represent
only motions which remain unaccelerated at infinity relative to inertial coordinate frames.
This type of condition is more natural in the definition of a generalized solution than
a condition on the behavior of the pressure at infinity such as that used by Graffi [8]
to prove uniqueness for classical solutions.

Section 2 is devoted to preliminaries. In Section 3 the initial boundary value problem
is posed and its generalized solutions are shown to be unique and to satisfy an energy
equality. Section 4 contains abstract conditions ensuring the convergence of Galerkin
approximations to solutions and ensuring the convergence of nonstationary solutions to
stationary solutions. Seetion 5 contains most of the a priori estimates on which the main

results in sections 6 and 7 are based.

2. Preliminaries

The region occupied by the fluid is represented by an open subset Q of R3. The
coordinates of position in Q are denoted by x=(x,, z,, #;), and the time variable by #.
The space-time domain Q x (0, 7') is denoted by @;. We let u represent the flow velocity,
p the pressure, and f the prescribed external force density; these are functions of # and ¢.
The coefficient of kinematic viscosity is denoted by ».

All functions in this paper are either R or R®-valued; in the latter case they are
denoted by bold faced letters. According to context, L(Q)) may denote either the space
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of pth power summable R-valued functions or of R3-valued functions. Similarly C§°(£2)
denotes the space of smooth R (or R3)-valued functions with compact support in €. There
are corresponding spaces LP(Q,) and CF (Q;) of functions defined in @,. The Sobolev space
consisting of functions in L%{)) which have first and second derivatives in L*Q) is
denoted by W3(Q).

We call Q an exterior domain if it is the exterior of a bounded closed surface 2Q,
and we call it an interior domain if the Poincaré inequality [ ¢ |z <Cal|V® |lma)
holds for all smooth functions ¢ with compact support in Q.

When necessary, the dependence of a constant on the fixed value of some variable is
shown by writing the variable as a subseript, as for instance the constant (g in
Poincaré’s inequality. Sometimes the same letter C' will denote different constants within
the same argument.

We employ the usual notation of vector analysis; in particular the ith components of
u-yvand Au are D3.1%;0v,/0x; and >F_,8%u,/0x? respectively. Some additional notation is

needed:

(u, v)= f ( % uivi) de, |uf[=(,w)?
o \i1

1421 0%, O,

(Vu, vv) = J ) do,  ||vul|=(vu, yu)

Q

3
(Z ujg—viw,)dx

=1 0%

f aw:yvdz=(u-VV, W) =f
Q

a
T
It = [ 1
0
D(Q)={¢: pECT(Q) and V- =0}
D(QT)={¢3 ¢608°(QT) and V- ¢=0}
J(Q) = Completion of D(Q) in the norm || ||
J(Qy) = Completion of D(Qy) in the norm |- ||,
J1(Q) = Completion of D(Q) in the norm (|| - ||*+ ||¥ - [|*)}
J1(Qr) = Completion of D(Qy) in the norm (|| - |5, + ||V - [|3,)*.

The spaces J(Q), J(@r), J,(L), and J,(Q,) are Hilbert spaces. Elements of J(Q;) and
J1Qr) need have no regularity with respect to ¢ because V denotes differentiation with
respect to the x variables only.

The following lemmas are well known. The constant in Lemma 1 is due to Serrin

[9]. Proofs of Lemmas 2 and 3 may be found in {10}
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LemuMa 1. For any domain Q< R3, functions in J1(Q) satisfy the Sobolev inequality

[ 1otaz<a-s191- Ival

Lemwma 2. For any domain Q and point y in R3, funciions in J,(Q) satisfy

2
@ 4z <4 vgl

n|90—?/|2
Lemuma 3. If Q is contained in a strip of width Cq (many other conditions may be

given), functions in J1(2) satisfy Poincaré’s inequality

¢l <Callvel.

3. The initial boundary value problem

We shall pose the initial boundary value problem for the Navier—Stokes equations
in a form suitable for the study of flow exterior to a body which may undergo acceleration.
In order that the region Q occupied by the fluid may be time independent, we write
the equations in a coordinate frame attached to the body. This frame will in general
undergo translational acceleration relative to inertial frames, and the negative of this
acceleration must be inserted into the equations of motion as a uniform force field
applied throughout space to the fluid. When Q is an exterior domain, say the exterior
of a finite object with boundary &Q), we assume the existence of an inertial reference frame
in which the fluid velocities tend to zero far from the object, and we denote by —Db(f)
the prescribed velocity with which the object moves relative to this inertial frame. Thus
(d/dt)b(t), abbreviated b.;(t), appears as a fictitious body foree in the equations of motion
when written in a coordinate frame attached to the object, and the condition at infinity,
U, (z, £) > b, (t) as xz— oo, is imposed on the fluid’s acceleration. Our formulation of the
initial boundary value problem is also suitable for the study of flow in an interior domain,
even for an unbounded one such as the interior of a pipe. However, if ) is an interior
domain we assume coordinate frames attached to 6Q are inertial and set b, () =0.

We shall concern ourselves only with the global existence problem, that is with
finding solutions defined in Q% (0, o), abbreviated @, We shall denote the fluid’s initial
velocity distribution by by(z, 0) and the generally time-dependent boundary values
prescribed on 8Q x (0, oe) by by(z, ). Thus b, is defined on 0@,

Consider, then, the problem of finding a solution pair u, p of

w+uve = —Vp+rAu+1+by, (1)
v:u=0
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in @, which takes given initial and boundary data, and for which u, tends to a prescribed
limit at infinity if Q is an unbounded domain:
u(z, 0) = by(x, 0) for z€Q
u(z, t) =by(x, t) for (x, £)€oQ x (0, o) (2)
U, (x, 1) > bou(t) as xz— oo if Q is an unbounded domain.

When ( is an exterior domain we assume that by(z, 0)—=>b(0) as z— co. We always
assume the prescribed data f(x,?), by(x,t), and b(t) permit b, to be extended con-
tinuously into @, as a solenocidal function b(x, ¢) which for all 7'>0 satisfies:

(i} bEL®(Q;) and either YhEL®(Q) or VbELXQ,),
(A) (i) b;+b-Vb—rAb—£—-b,€L*Q;), and
(iii) ||by(z, £) —boe(t)|| w2y <Cr for all t€[0, T1.

We call such extensions of the initial and boundary data admissible. Throughout this
paper we set g=P(b,+b-Vb—vyAb—t—b,,), where P denotes the orthogonal projection
of L2(Q2) onto J(L)).

We call u a generalized solution of (1), (2) in @, if u=v+b where b is an admissible
extension of b, into @, and v satisfies the following conditions for all 7>0:

(B) vE€J,(Qr) and V,€J(Qy),

(9] fn|(v(x, t)|*de< Oy for t€(0,T),

(D) |v(, )|l 20y~ 0 as t-+0, and

(E) . Vi- @+ (Vv —vv—bv—vb): Vo +g-d}dxdt=0

for all $p€J, (Qr).

When the initial data is in W3{Q)Nn J,(Q) and both the velocity at infinity and the
boundary values prescribed on 0Q x (0, oo ) vanish, this definition of generalized solution is
equivalent to that introduced by Kiselev and Ladyzhenskaya [11]. The solutions we
actually obtain are easily seen to possess some additional regularity which makes possible
a detailed investigation of their differentiability through application of results known
for stationary solutions and for solutions of a linear nonstationary problem. To be precise,

one may show that v has derivatives v, in L*(Q;), and that v, is weakly continuous with
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respect to £ as an element of L*Q). A proof that generalized solutions with this additional
regularity are classical solutions if the data is sufficiently smooth has been given by
Ladyzhenskaya [10]. The following lemma, needed in order to prove the uniqueness

theorem, is central to the methods used in this paper.

Lemma 4. Suppose u is a generalized solution of (1), (2) in Q, say u=V+b where v
and b satisfy conditions (A) through (E). Let b be an arbitrary admissible extension of b,
into Q,, and set V=u—b. Then together v and b satisfy conditions (A) through (E).

Proof. Notice that V=v+(b—h) satisfies conditions (B), (C), and (D) if b—b does.
Now b —b vanishes at ¢ =0 since initially both b and b equal b,. In addition, (A) (i) implies

"bt(x, t) - Bt (x’ t) ”wg(g) < "bt(x7 t) - bwt(t)"wg((» + ln_)t (:l?, t) - bwt(t) "WS(Q) S OT

for all t€[0, T']. Consequently, if & represents b — b or any one of its first or second order

x-partial derivatives, we have

2 ¢ pt
Ilh(t)nzzf (ftht(x, 'I:)d'r) dx=f f f hi(x, 7) he(2, p) drdoda
Q\Jo QJoJo

- ¢
<f f f h%(x,r)drdgdac=tf f B (x, 7)) dedr <t*C%
aJe Jo 0da

for all t€{0, T'). Summing over all x-partial derivatives of order less than or equal to two,

we get B
bz, t) — bz, )} wie <tCr

for all 1€[0, T'). Thus v satisfies condition (D). Condition (B) is satisfied because both
b—b and (b—b), are solenoidal, equal to zero on 9Q x (0, =), and bounded in W)
uniformly with respect to £€[0, T']. Condition (C) follows from the uniformity with respect
to ¢ of the bound for b~ in J;(Q) and from the continuity of the imbedding of J,(Q)
in LYQ) given by Lemma 1.
In order to check that the integral
V- d+ VY — VW= bV — Vb): Vb + (b + b - Vb —vAb — 1 —b,,,) - ¢} ddt
Qr
vanishes for all ¢ €J,(Q;) we substitute v+ (b —b) for v and reduce it to the corresponding

integral for v and b. This involves several integrations by parts. We have

f wW(b—h): Vddzdt= —f
Qr

Q

vA(b—b)- pdudt
i

2 — 722901 Acta mathematica 129. Imprimé le 1 Juin 1972
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because b—b€W3(Q) for all t€[0, T'). In addition b and b are solenoidal and satisfy
conditions (A)(i), so the nonlinear terms may be integrated by parts as follows:

[—(M—hb)(b—b)—b(b~b)— (b—b)b]: Ve dudi
Qr

= [—b(b—i)—(b—l?)l?]:v¢dxdt=f b-V(b—b)+(b—b)- Vb]: dpdzdt
Qr

Qr

=| [b-vb—b-vb]- ¢deds.
Qr

THEOREM 1. The problem (1), (2) has at most one generalized solution.

Proof. Suppose both u and u are generalized solutions. Let b be any admissible
extension of b, into Q.. In view of Lemma 4 both v=u-—b and Vv=u—b satisfy conditions
(B) through (E) with b. We will prove that u and u coincide by showing that w=v—v

vanishes,

Let 7€(0, T) be arbitrary, and let ¢ €J,(Q,) be equal to w for <7 and vanish for
t>7. Then subtraction of (E) for v from (E) for v yields

f f (W, WHryVW: VW~ (YW+ W¥): VW —bw: VYW —wh: Yw]dzdi=0.
0J0

The terms —vw: Yw and —bw: Vw integrate by parts to zero. Hence, except possibly

for values of 7 in a set of measure zero,
3w+ f IwlPdt - f f [W¥: YW+ wh: YWl dwdt = 0. 3)
0 ovR

Now ¥ is bounded in L4(Q), uniformly in £€(0, T), by some constant Cy. Thus, using the

Schwarz inequality, Lemma 1, and Young’s inequality, we obtain
q y. g q Yy

<Crllvwl- W< Ol lwwl + G w) < e lvwl? + O ]

Here ¢ may be any positive number. Since |b| is pointwise bounded we have
3 3 3 1
b ywl<vwl{ [ (ut) (2 ) o] <clvml - Il <ectwlt+ L e
= Pu
Thus, taking ¢ small enough, (3) yields }||w(7)||><C [§]iw|]*dt. Setting F(v)= [§||w|?dt
we obtain
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(;i—r (e72°TF(z)) = e 2°%(F'(z) — 2CF (1)) <O0.

Since F(0)=0, F(r) must vanish identically and consequently |[w()||=0 for almost all
t>0.

LemwmA 5 (Energy Equality). Suppose u is a generalized solution of (1), (2), and let b be
any admaissible extension of by into Q. Then, after redefinition on a set of measure zero if
necessary, the difference v=u—b satisfies

% £
Hive)F+» f Ivvipde= - f {(v¥b,v) + (8, V)}dz )
0 1)

for all t>0. Further, for almost all 1>0,

1d

53 IVIF 2 [vv[*= — (vwb, v) - (&, v). (5)

Proof. By Lemma 4, v and b together satisfy conditions (A) through (E). When we set

v(z,t), 0<t<z

yt)=
é(= 1) {O , T<t<T
in (E), the result is

fr{(vt, V) +2 [[VY|P = (YVV,v) ~ (bVV, V) — (vVV, b) + (g, v)} dt =0.
Q0

The terms (vyv,v) and (bVv, v) integrate by parts to zero. Now (4) follows because
Vv,V is the weak time derivative of 1v?, and both are integrable over @,. Finally, [[v(#)||2
is absolutely continuous and (5) follows by differentiation of (4).

4. Abstract lemmas concerning the choice of b

We shall employ Galerkin’s method to prove the existence of generalized solutions.
Let {a'(z)} be a system of functions contained in W3(Q)NnJ(Q), complete in J(Q),
and orthonormal in J(Q2). Let b(z, t) be an admissible extension of the boundary data into
@ - Finally, let
vE(x, 1) = élck,(t) al(z) (k=1,2,..)

be the solution of the system (I=1,2, ..., k) of ordinary differential equations

(v§, a) + »(VVF, Val) = — (Y*VVF, al) — (bV V¥, al) — (VeVD, al) — (g, a") (6)
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which satisfies the initial condition v*(z, 0)=0. Equations (6) arise formally from (E)

by specializing the choices of ¢ and 7. They can be rewritten in the form

d k k
(0= 3 0en(®) 0AQ" VA"~ 2"V, &)+ 3 6 (t) Gn(0) (— 87V", ) (g, 0.

m,n=1

Standard theorems in the theory of ordinary differential equations ensure that this system
has a unique solution v* on some initial time interval which will be all {0, co) if 7., c%,(t) =
[[¥*(®)||? remains finite as # increases. We shall see that this condition is met for any choice
of admissible b. Our existence proof for the initial boundary value problem (1), (2) will
depend upon choosing b in such a way that the norms [[vi(t)| and ||Vvi()|| as well as
[|v¥(#)|| can be proved bounded, uniformly in %, on finite subintervals of [0, co). Estimates
for the growth of these norms will be based on identities (7) and (8) below. Equation (7),
which is formally an expression of energy conservation, holds for as long as v* continues
to exist. It is obtained by multiplying each equation (6) by ¢, (¢), summing >¥;, and
noting that (v¢-yv¥, v¥) and (b-yv¥, v*) integrate by parts to zero. Equation (8) also holds
so long as v* exists provided g,€L%Q),) for all T>0. Assuming this, (8) is obtained by
differentiating each equation (8) with respect to ¢, multiplying by (d/dt)cy,(f), summing
>F.1, and noting that several terms integrate by parts to zero. Thus

l1d
L P = — (b, v~ (g, W) ()
Lady e k(2 K k k K k gk ke K x
Ed”t”"t” +y|[VVEPF = — (ViVb, V) — (VEV Y, ¥E) — (b, VE, VE) — (VW by, VE) — (8, VE).  (8)
The initial values of ||v*|[ and ||v|| are both bounded uniformly in k. In fact we took
Iv¥(0)|| =0 as an initial condition, and it follows from (6) that [[vi(0)[| <[|g(0)]|.
If the admissible extension b is itself a solution of the Navier-Stokes equations then
g is identically zero and consequently so are all the Galerkin approximations v*. By
choosing an extension b which is “nearly a solution” one may hope for slow growth of the
approximations v and hence through the following lemma for existence of a generalized

‘solution.

Leuvma 6. The problem (1), (2) has a generalized solution in Q, if there is an admissible
extension b of the boundary data into @, such that the corresponding Galerkin approximations
satisfy for all T'>0 the estimates ||V*(t)||, ||vE@®)|, |VV¥®)| <Cr for oll tE]O, T1.

Proof. The given estimates insure that a subsequence {v*} can be selected from {v*}
such that {v*} and {v{*} have weak limits v€J(Q;) and v,E€J(Q;) respectively, for all
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T7>0. We assume these weak limits are, if necessary, redefined on a set of measure
zero so as to satisfy for all £>0 the estimates given for each v*. According to the Rellich

theorem [12], the convergence v¥»— v is strong in L2(Q’) for compact subsets @’ of Q.

In view of Lemma 1 the given estimates imply
f (whtde <O, forall t€[0,T] and k=1,2,....
o

Thus the limit v must satisfy condition (C). Integrating the preceding inequality over time
and applying the Schwarz inequality yields (o, (vfv})2dxdt <C,. Hence it suffices to test

the weak L2(Q;) convergence vj»v} —v,v, by test functions p€CF (Qr). Now

f wirvir— o) pde= f vir(ofr—v)pda+ f (vin—v,) v, dz—>0
Qp Qr Qr

as n—>oco for all y€CF(Qr) since (vf*—v;)p—>0 strongly in LX(Qr).
It is easily shown that (E) holds for all ¢ €J(Q;) if it holds for all ¢ of the form
& =37 1¢,(t)al(x) with arbitrary coefficients c,(t). For such ¢, (E) becomes

Trm
Zc’(t)f [vi-a'+ (»VVv—vv—hv—vbh): Va'+g-a'ldxdt=0
9 I=1 Q

which is certainly valid in view of (6) and the weak L2(@;) convergence of v*», vi», yv¥»,
and v ofn,
In order to see that v assumes the initial data note that v(f)—0 strongly in L*Q)

as t—0 if the approximations do, uniformly in k. Now

t d ¢
v @] = f d—tllv"<r)llzdr= fo fﬂ2v"(r)-v{‘(t) dadr <2 ||v]|2can 1Vl 220 = ©
0

as $—>0, uniformly in %, since ”v"(t)", Ivé@®| <Cx.
By making an appropriate choice of b, the following lemma enables us to study the

behavior of a solution as {— oo,

LeMMA 7. Let u be a generalized solution of (1), (2) in Q.. Suppose that b is an
admissible extension of the given data into Q. for which the difference v=u-—b satisfies

NV¥] 20w VYl < o°- Then u—b as t—co in the sense that ||VV(t)|zq) and

V()| 2y tend to zero as t— oo, where Q' is any finite subset of Q.



22 JOHN G¢. HEYWOOD

Proof. According to the Schwarz inequality

<2{vvll-[lvvl.

d 2
H
Integration with respect to time yields

[T g st

Because the integrals (3 |(d/dt)||vv|?| dt and [§ ||vv||2dt are both finite, |Vv]] must

converge to zero as {—>co. According to Lemma 2 then, ||v||ssq) must also converge

At <2Vl x0 0 [V Vel 2200e) < oo

to zero as t—>oco for any bounded subdomain Q' of Q.

5. A priori estimates

Throughout this section Galerkin approximations v* will be denoted simply by v
without the superscript. Furthermore, b will always denote an admissible extension of
the data into @, and 7" will always be an arbitrary positive number. The first three lemmas
below contain energy-type estimates for the Galerkin approximations derived under
successively stronger assumptions regarding b and Q. If a generalized solution u of (1), (2)
exists, these estimates also apply to v=u—b because of the energy equality, or rather
its derivative (5). One consequence of Lemma 8 is that the Galerkin approximations
exist on the whole interval [0,c0). Furthermore, using only estimate (9) below one can
prove that the problem (1), (2) always possesses a weak solution of the type introduced by
Hopf [13].

LeMma 8. Let B=2lv b))% cp Then

vl +» [ ol ar< ) ®
0
and v < B@){lv.(D| + BET) + |lg(D)|I}, (10)
where B = [ el
0

Proof. Integrating by parts and applying the Schwarz inequality gives
|(vvb, »)| < »[[Vv|*+ Blv]?.

Thus from either (5) or (7) we obtain
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1d
5 7 V12 + 32 oVl < BIvl*+ llgf - Iivll,

and hence (d/df)||v]|<B||v|+ |lg]] and ||v(#)]| < E(?). Since (d/dt) E(t)=BE({) + ||g(t)|, we
have

d d
SN vvlr < 5 B2,

from which (9) follows. By the Schwarz inequality |4 (d/dt) |[v]*| <[] - |[v:|l. Thus (10) is

obtained as follows:

EoVvIP <[5 IVIE|+ BVl + gl - Il < 2wl + BE + ).

Lemma 9. Suppose |(¢ - Vb, )| < (v— o) |[[VP|]® holds for some ¢>0, all $€J,(Q),
and all t€[0, T). Then

T
Hv e[ Ivvar<i )
0
and v v P < w@) {|v.(D)| + llg(D1}, (12)
where W(T) = [3 ||lg(®)] .
Proof. From either (5) or (7) we obtain

1d
57 VP2 [Vl < —o) Ivvil® + [l - [v],
hence (d/d¢)]lv]| < ||g]| and ||v(T)]| < W(T). Thus

1d 1d

s M +ellvvE<llelwe =5z W o,

from which (11) follows. We obtain (12) by using the Schwarz inequality:

22 IVl + el < vl + el

ellvvl*<

Remark. If the hypothesis of Lemma 9 holds only for t€[T,, T'], with 7,>0, one
still has (11) and (12) but with 7', replacing O as the lower limit of the integral and with
W(T)=§%.||gl| 4t + Wy,, where Wy, is an upper bound for the values of ||v<(Ty)|.

LeMMma 10. Suppose |(¢- Vb, ¢)| <(v—p) [[V|? and || |2 <o/w ||V ]|2 hold for some
¢, @>0, all ¢EJQ), and all tE[O, T]. Then (11) holds as well as
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V(|| < v(T) (13)
and olvv(D)2< V(D) {|vd D] + l&(D]I} (14)

where V(T)=e""T [0 ||g(t)||e”*dt remains bounded if ||g(t)|| does and tends to zero as
t—~oo if |g(®)]| does.

Proof. From either (5) or (7) we obtain

1d
22 vpe -+ efvvie<iel - vl
hence 2 Ivl+ olvi<lel and fv]< v,

Using the Schwarz inequality again yields (14):

eIvvl <5 3 IV |+ el - vl < V €lvel -+ -

The behavior claimed for V(t) is obvious since if 0 <7< T, then
1 oeem 1
V(T)<—e sup Jlg(®) +— sup [lg®)|.
w 10,71 W 1z, T)

The following lemma does not apply directly to generalized solutions because its
proof is based in part on identity (8) for the Galerkin approximations. However the
estimates (15) together with Lemmas 6 and 9 ensure convergence of the approximations
v* to a function v, which also satisfies (15), such that u=v+b is a generalized solution.

By uniqueness then, Lemma 11 may be viewed as applying to generalized solutions.

LeMMA 11. Suppose, in addition to the hypothesis of Lemma 9, that v = SuPoTI b (z,t) —
Dot (£)] - || < o0, and that © defined by

® =tan~! |lg(0)|[*+ {; o (1 + t'sgglllg(t)ll)W(T) +8y* e B} WHT)

+ f {407 et W2 (1) + 2 g0 0} } 02
0
satisfies ® < 7/2. Then

T
DE<tan® and o f Vvl dE < 4®(1 + tan® ©). (15)
0
Proof. We begin by estimating each term on the right side of (8). By hypothesis

[(ve- Wb, V)| < (» — ) || VV.]|* for some p>0. Using the Schwarz inequality, Lemma 1, and

Young’s inequality to estimate the second term we obtain
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3 } 3 b3
](vtVV,Vt)]<{ Qizlv?,jdx} {fg_jzlv?tv?, dx}
,j= ij=

~tow{ [ pwasf’
< 37H|wvlliv[* [vvel? <3 Hwvl {2 vl + 207 [V ¥.[*}
where 0>0 is arbitrary. If ||Vv] is positive we can set 6 =3%p-1||yv|| and thereby obtain
|(vee ¥, v [ <k ?|| V[ ][ve]|2+ Eellvve)®

which clearly holds regardless of whether ||Vv] is positive or not. Finally, applying
inequality (12) of Lemma 9 to the term in [|yv||* on the right we get

[vewv, v [ <te *{[[vill + lll} W [lvell* | WVl +Eel[vil*

The term (v-Vb,, v,) is handled through integration by parts and an application of
Lemma 2:
of VP 1H
[V, ¥) | = (v V¥ b= beo)) | < [V V] {7 aoF ®

<2y[vvll- (vl <iollvwlP+ 4%~ V]
Lemma 2 is used again to estimate the term (b,Vv, v;) as follows:

%
[, Vv, )| < (b~ beor) VV;, V) [+ | (oot VY, V)| < WV {fg‘bt — Do [PV d‘”}

H
sl { [ el ivlas] <Iovilizy 93]+ bod 413

<gollvl+ 4% IVV]*+ 207 [ beer () PIIVI.
Having estimated each term on the right side of (8), we get

1d 4 -
2 7 Ivll?+ Fellvwl® < {xe (Il + llel) [Ivl* W &) + 807"} W o*

+207 Dot () IVI]* + [lgell vl (16)

Dropping the second term on the left of (16) and multiplying by 2(1 + ||v,||*)~* gives

;‘i tan~* v * <2{3o™* (1 +[|gl) (1) + 8»* |V V[* + 407 bece () [ V][* + 2 |l
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Because of (11), this can be integrated from 0 to T and the result is ||v/(7)||><tan ®. Now
multiplying each term of (16) except o/8(|Vv,[* by 2(1 + [[v,[[*)~! and multiplying the term
o/8[|Vv,||2 by 2(1 +tan2®)-! the inequality is preserved and we may integrate to obtain

i
ef [vv.li?dt <4®(1 + tan® ®).
0

6. On the attainability of stationary solutions

In this section we shall think of Q as an exterior domain although the proofs of
our theorems do not depend upon this assumption. Our main interest, however, is in the
implications that these theorems have for the exterior stationary problem. This problem
consists of finding a solution pair w, p of

W-YW = —Vp+rAW+L
(7)
V'w=0

in ( which assumes prescribed data Wy(z) on 9Q and tends to a prescribed limit w,, as
x—>co. Leray [1] proved that the exterior stationary problem has at least one solution if the
boundary 0Q and boundary data w, are sufficiently smooth, if W, also satisfies [aqWo nds=0,
and if |x|C(z) €LX(Q). Although Leray only proved that w(z)—>W,, as z— oo in a generalized
sense, Finn [2, 6] later proved that Leray’s solution actually tends continuously to w,, as
x— oo, Leray’s solutions are as smooth as the data allow and satisfy [[Vw|| < oo, but little
more is known about them. Whether or not they provide physically acceptable models
of fluid flow is uncertain as, in particular, it is unknown whether they are unique or stable
or whether they occur as limits of time dependent motions. The following definitions

make precise the notion of afiainable solution which we described in Section 1.

Definition. We shall say that data by, b, f for the initial boundary value problem
(1), (2) satisfies condition (F) with respect to data w,, W, § for the exterior stationary
problem if and only if

(i) b, has an admissible extension into @,
(F) (ii) the initial data hy(x, 0) vanishes, and
(iii) for all sufficiently large ¢ there holds by(z, t) =wy(z) for all £€2Q, b (t) =W,
and f(z, 1) =C(x) for z€Q.

Definition. For prescribed data Wy, W, §, we shall say that a locally square sum-

mable function w(x) is an affainable solution of the exterior stationary problem if and
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only if, for some choice of data by, b, f which satisfies condition (F) with respect to Wy, W,
€, the initial boundary value problem (1), (2) possesses a generalized solution u(z,?)
which converges to W(x) as t—oco in the sense that |u(z, t) — W(®)| ;) —~>0 for every
bounded subdomain Q' of Q.

The main results of this section are contained in the following two theorems.

THEOREM 2. Suppose that for prescribed data W,, W, § the exterior stationary problem
possesses a  classical solution W(x) which satisfies supgeq |W(X)—Wy|-|2] <v/2 and
[|[W(x) =W || < co. Then, for this prescribed data, w(x) is the only possible attainable solution.

TEEOREM 3. For prescribed daia Wy, W, €, a classical solution w(x) of the exterior
stationary problem is an attainable solution provided sup,cq|W(x)—Wq|- ||, ||Wix)—

Wooll» |VW||, and sup,.q|W(®)| are sufficiently small.

Before proving these theorems we shall discuss their hypotheses. Finn [3] has shown
that a stationary solution’s behavior at infinity is controlled by that of the fundamental
solution tensor associated with Oseen’s linearized equations [14] if for some £>0 the
solution tends like |2z|—*~¢ to its limit at infinity. Such solutions, which we follow Finn in
calling physically reasonable, have a number of important properties. In particular they

satisfy the sharper estimate

su£|w(x)—wm|'|9c|< c, (18)
T €

which appears as a hypothesis in our Theorems 2 and 3. Finn [5] proved the following
theorem concerning the existence and uniqueness of physically reasonable solutions.
The exterior stationary problem has a solution W satisfying (18) if the boundary 9Q s
sufficiently smooth, if the boundary data w(x) specified on 0Q is sufficiently close to W,
and if the external force density {(x) is sufficiently small. Provided (18) holds with C =yv/2,
W 18 unique among all physically reasonable solutions taking the same data. Although any
physically reasonable solution has finite Dirichlet integral [|Vw]||, the hypothesis
[[W(x) ~W|| <co appearing in our theorems is significant. Its meaning is clarified by
another theorem due to Finn [7]. 4 physically reasonable solution W of the exterior stationary
problem with §=0 satisfies ||W(x) —We|| < oo if and only if the net force due to the flux of
momentum across 02 and to the stress exerted by the fluid on 0€) vanishes. Of course, the net
force due to the surrounding fluid on a body in steady motion is equal and opposite to
the net external force applied to the body. So the condition ||W(x)—W[| <o simply
means that there is no net external force applied to the body. Several examples of such

motion are (i) steady flow about a body which propels itself by maintaining a momentum
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flux across portions of its boundary, (ii) steady flow about a body which propels itself
by moving tangentially portions of its boundary, as by belts, (iii) steady flow about a
body which, perhaps due to an external torque, rotates about an axis of symmetry. For
small data, then, there is a broad and physically important class of steady solutions
which satisfy the hypotheses of our theorems.

Proof of Theorem 2. Suppose, for the data Wy, W, &, that w(z) is an attainable solution
of the exterior stationary problem. Then for some choice of data by, b, f satisfying

(F) the initial boundary value problem (1), (2) has a generalized sclution u(x, t) such that
lu(z, t) — W(z)|| 220y~ 0 as t—> oo for every bounded Q' <Q.

Let T be a number sufficiently large that the conditions of (F) (iii) hold for all t>T.
Let «(t) be a continuously differentiable real valued function defined for all >0 which
vanishes for t<7' and equals 1 for > 7T +1. Now, if we let b be any admissible extension
of b, into @, the function b defined by

b(z, t) = (1 — a(t)) b(z, £) 4 o) W(x)

is an admissible extension of b, into @, which equals w(z) for all ¢>7+1. In order to
check this one needs to known ||w(z) — W weq < °o. We have assumed | W(z) — We| < o0;
Finn [5] has shown that the derivatives of w are square summable.

Let v=u—b. According to Lemmas 5 and 8, ||[v(T+1)| is finite. By hypothesis, the
number g defined by (v—9)/2 =supq |W(x) —W,| - || is positive. Using Lemma 2 we find

3 3 3 ¥
l<¢vw,¢>|=|<¢v¢,w—ww>l<{ méﬁfﬁx} { p: ¢?(w—ww>%dx}

j=1
~tosl{[ (34) (3 ot} aof
<|véll {(L—f—)ffg%g dw}% <@-ofvel* (19)

holds for all ¢ € J, (Q). Thus for all £= T +1 the hypothesis of Lemma 9 is satisfied, and
according to the remark following Lemma 9 we have

¢ 1 2
HivelP+ef MvvilPde<ii] llellde+ v+ Dl =2vT+ 1" (20)
T+1 T+1

Now let ' be an arbitrary bounded subdomain of 0. We will show that w=w in Q’.
Since b(z, t) =w(z) for all t> T +1 we have

lim l¥(a, )~ (W(z) — W) zray = Him [[v(a, 1) — (W(2) — iz, D)y

= lim @, t) — W(2)|| 22 = 0-
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If w+w in LXQ'), then lim,,||v(z, #)||;:q, is positive. It follows from Lemma 2 that
lvv(z, t)|| >C for some C>0 and all sufficiently large ¢. Therefore [%.;||Vv]2dz—>co as
{— oo, contradicting (20).

Proof of Theorem 3. For the initial boundary value problem we prescribe data
by, 1) =p(t) Wo(x), bo(t) =p(t) W, and iz, t) = p(t) {(x) where

i 0<t<1
pE)=11—3(¢—2)* 1<i<?2
1 2<t.

Clearly b(z, t) = y(t) W(x) is an admissible extension of b, into @,,, and the data satisfies (F).
Note that

=1, =1, Aty — ()| =1,
suplv®] =1, swp y']=1,  suplyn—p(0]=}

[Twola-1 [Cwoia-z [Twora-s
0 0 0

f l9*(t) —p(®)|dt =55, and f l9'(t) @p(®)—1)|de= 4.
0

0

We now show that b satisfies the hypotheses of Lemmas 9 and 11. Assume supq |W(x) —
Wol*|2] <w/2. It follows that supg |b(@,f) —bu(f)|-|z| <v/2, and we see as in (19)
that [(¢-Vb, )| <(v—p)||V ¢||* for some ¢>0 and all ¢€J(Q). We also have y<v/2.

Because Pyw- VW —»pAw — 9&) =0, we have g(t)= Py’ () [w — W] + [%2(t) — w(t)]w-
o e [0 @l ol 00 |9l s 501301 -
Wooll + |9 (8) 2y} —1)| - |[w-Yw]. Thus it may be seen that [g(0)}| =0

sup lg(®)] <[ —weo || + & sup |wiz)[- [V,
)< [0l de< Il + G up [wio| - [y,

and [ I de< 2wl + 4 sup [wial- ol
[

Furthermore
fo s O TP 01 < § W — w4 sup (W [

One easily sees from these estimates that b satisfies the hypotheses of Lemmas 9 and

11 if w satisfies the hypotheses of Theorem 3. So the Galerkin approximations satisfy
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inequalities (11), (12), and (15). According to Lemma 6, they converge to a limit v such
that u=v+b is a generalized solution of (1), (2). Because v also satisfies (11) and (15),

Lemma 7 ensures that u(t)—>w as t— oo,

7. Global existence and stability

To prove the unique solvability of the initial boundary value problem for Q< R®
and all £ 0 we require essentially two hypotheses regarding an extension b of the prescribed
initial and boundary data b, into ¢,. One, namely that (v—p)||Vé||2= —(¢Vh, ¢) for
all $€J,(Q) and some p >0, serves as a stability condition. It insures that a solution’s
growth through the nonlinear term is dominated by viscous damping, and in effect occurs
only in response to a forcing term g which represents the extent of b’s failure to be
itself a solution. The second hypothesis is that b be “nearly a solution” so that the

forcing term is small. In the following two theorems Q may be any open subset of R3.

TaeoREM 4. The initial boundary value problem (1), (2) has a generalized solution in
Q. if only there is an admissible extension b of by into Q, such that supq [b(, &) —be(8)| -
(2] <92, supg_ by, &) = buu(®)] - |#] <00, [FbLt)dt<oo, sup e ||g)|| < oo, and such
that [ |le@®)||dt and §5|lg.0)||dt are sufficiently small.

Proof. The stability condition, needed to apply Lemma 9, is proved for b in the
same way it was for w in (19) by using the assumption sup |b(x, £) —by(t)| - || <»/2. The
existence of a solution then readily follows from Lemmas 6, 9, and 11.

THEOREM 5. A solution w of the initial boundary value problem (1), (2) is stable if
(i) w ds itself an admissible extension of by, into Qu, (i) supg  |W(@, ) —b(t)[ - || <v/2,
(iil) supg | W@, 8) —Dos(f)] * | @] < 00, 5UP(, ey [Bct (B)] < o0, anmd f5° b2 (t)dt < co.

Proof. Consider the initial boundary value problem for a solution u subject to the
same external force, assuming the same boundary values on 6 x (0, o) and tending to
the same limit at infinity as u, but taking different initial data, say u(z, 0) =by(x, 0) + ().
We will show it has a solution u in @, and that ||V(a—u)|| >0 as t-> o if the perturbation
u, of the initial data is in J,(Q) N W3(Q2), and if ”“*ng(m and supq |«(@)| * || are small.

Let  be a real valued function defined on [0, o) such that (0)=1, and y(¢)=0
for t>1. Assume p is smooth so that |p], |¢'], and |y”| are bounded. Clearly b(z, )=
u(x, t) +y(t) uy(r) is an admissible extension of the initial and boundary data into @).
Furthermore, supg_|b(z, {) —by(t)| - |2| <v/2 and supg_ [by(@, t) —be(t)] - || <oo if
supq |u4(2)| - |#| is sufficiently small.
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The forcing term g(t)=P(b,+b-yb—»Ab—f—b,,) vanishes for ¢>1, since there b
is a solution of (1). To complete the proof through application of Lemmas 6, 7, 9, and 11,
we need only show ||g(9)]] <0"“*"w§(g) and |[g.0)] < C]]u*"Wg(Q), so that the integrals
follglidt and §5ljg.)jdt will be small if ||ul},zp,, is.

Assuming Q) satisfies the ordinary cone condition, we have [12] Sobolev’s inequality
supg [U4(2)| <C|lugllwiq). Since u satisfies (4) we see that supg,|u|, supe,|uy|,
supp, uf| V|, and either supg, [Vu| or supp, y||Vu(t)|| are all finite. Thus estimating

term by term and assuming |[u||w2w <1 one readily finds

I8 = 1P v, + ypuvus + pus Vo + P u, Vi, — mpAu,) || < Offuf 2,
and similarly

lg: Ol = I1P(y" us + p' uVE + U, VU + 9 0, VU + puaVu, + 299 0V, — 9y’ Aw, )|
< Onu*nwg(m'
for some constant C.

Although the hypotheses of Theorems 4 and 5 are natural for the exterior problem,
the assumptions concerning a solution’s behavior at infinity are unnatural and restrictive
in the case of an interior domain Q. For instance, a solution describing flow through
an infinite pipe would not tend to a constant at infinity. Theorems 6 and 7 apply only
to interior domains and the constant Cq appearing in their statements is that of the

Poincaré inequality, Lemma 3.

THEOREM 6. Let Q be an interior domain. The initial boundary value problem (1), (2)
has a generalized solution u for all t=0 if only there is an admissible extension b of the data
by into Q., such that supg_|Vb| <vOR? supg_|b.| <o, and such that supyp,.|g)|| and
Sup(, o0 ||8: ()| are sufficiently small. Moreover, |ju(t)—h(t)|| converges to zero as t—oo if

llg)|| does, and converges exponentially to zero as t—>oo if ||g(t)|| does.

Proof. Let ¢ =v— Cf supg_|Vb|. Then for ¢€J,(Q)

wonsil< [ 3 )V 2 s 2s- [0l 1825 0-ollvl

4,7=1

Thus Lemma 10 applies and may be used to estimate terms on the right side of (8). Using
estimate (14), Lemma 1, and the Poincaré inequality, we find that each Galerkin

approximation satisfies
| v, vl < [Vl - IvellEny <372 CAVE @) (vl + el D [T v

Integrating by parts, applying the Schwarz and Poincaré inequalities, and using (13), gives
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| eV Y, v) + (VB V) + (g, v | < {2V (7) sup ibe] + Callgll} [V vl

<ul Vv +u” {70 sup b +3Ca el
for any p >0. Thus (8) yields

1d
3 7 VP < —lo—nu—38"2 *Cavi ) (lgll* + |Ivdl)} [wvel®

+u V(@) Z“P [b.| + 1 Calle:ll}*.

We recall supp, o, V(t) <o Ch Supp,«||g8(#)]| in Lemma 10. Now assume sup [|gl| is suf.
ficiently small, and take w small enough so that

o—pu—3"t oV |glt> 4 >0
for some constant A4 and all £>0. Then

12 Indr< — (4 - el ovd+ o
where (; and C, are constants which may be taken as small as we please by assuming
sup [|g|| and sup||g,|]| are sufficiently small. We may, and shall, assume C,<(4/4C3)
(34/4C,)*. Finally, we assume sup ||g|| <(34/4C,)?, so that for each Galerkin approximation
[[v.0)[| <(34/4C,)2. We claim {|v,(¢)]| <(34/4C,)? for all £>0. Otherwise there must be a
least value of ¢, say t=¢, such that ||v,||=(34/4C,)2. Since ||v, ()| <(34/4C,)* for all
tE[O, 1), (d/db)]|v.(t,))] 0. On the other hand {4 —C,||v,||!} >0 att,, and consequently at ¢;

14d

S Il < — {4 - vty €t v+ s

Substituting (3.4/40,)? for ||v,(t,)|| gives a contradiction:

d SAN] 4o (34\2, 4, ,(34\"_
avl=—ja-o (3 ox (55) +5 oa (35) o

We've shown that ||vf(?)|| is bounded, uniformly in ¢>0 and in k. By (14) then, so is
[[wv*(t)]|. Hence existence of a generalized solution in @, follows from Lemma 6. The

convergence of [ju(t) —b(t)]j to zero as i— oo follows from Lemma 10 if ||g(t)]| >0 as t— oo,

THEOREM 7. Let Q< R? be an interior domain. A solution w of the initial boundary
value problem (1), (2) is stable if (i) u is itself an admissible extension of b, into Q,

(il) supq, |Vu| <¥Cq’ and (iii) supg_|u,| <oo.
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Proof. Consider the initial boundary value problem for a solution u subject to the same
external force and assuming the same boundary values on 9 x (0, o) as u, but taking
different initial data, say w(z, 0)=hy(x, 0) +uy(xr). We will show it has a solution u in
Qo and that ||u(t) —u()}} >0 exponentially as t—> oo if the perturbation u, of the initial
data is in J,(Q) and if |ju,]| W2

Let y(t) be defined as in the proof of Theorem 5 and let b(z, ¢) =u(x, ¢) +y(¢)u. (x).

Assuming Q satisfies the cone condition, b is an admissible extension of the given data

and supg|Vu,| are sufficiently small.

into @, and supy |b,| < oo. Also, SUPq,_ |wh| <v»Ca? if supq |Vu.| is sufficiently small.

For t>1 we know b is a solution (1) and g(t) =P(b,+b-Vb —»Ab —1) is identically zero.
Exactly as was done in the proof of Theorem 5, we may show ||g(¢)]] <C| u«]] Wiy 30d
lg&)[| < C|juyllwiq) for all £=0. Theorem 7 now follows by an application of Theorem 6.

Remarks. In an earlier paper [15] we proved stability of stationary solutions with
respect to perturbations u,(x) €J4(Q)N WHQ) without a restriction on supg |u.(z)] - ||
as made in the proof of Theorem 5, or a restriction on supg |Vu,(z)| as made in the
proof of Theorem 7. These extra restrictions are unnecessary here also, but without them
we need some additional, rather tedious, local estimates of the type used to prove local
existence for large data.

Although available methods of proving global existence for the three-dimensional
problem seem closely tied up with the matter of stability, it is otherwise in two dimensions.
For Q< R? the Sobolev inequality ||$[li<||Vé| |||, for $€J(Q), is stronger than the
corresponding inequality in three dimensions, and this enables one to prove the following
theorem which is well known for the homogeneous problem [10]. For Q< R?, the initial
boundary value problem (1), (2) has a global generalized solution for any data b, which can be
admyissibly extended into Q. Despite this, the stability problem seems more difficult in two
dimensions than in three. For an interior two-dimensional domain Q, Theorem 7 holds
and is proved almost exactly as it is for Q< R3. But if Q is a two-dimensional exterior
domain it seems necessary to assume |u(x, t) —uy(f)| <C(|=|log|x|)* in order to prove
stability. This condition is evidently not physically reasonable, at least not for the study
of flow past a cylinder. Smith [16] has shown that within a class of “‘physically reasonable”
stationary solutions, any solution u(x) which is constant on the surface of a cylinder and
which tends to a constant u,, at infinity faster than |x|-! is identically equal to u,
throughout Q.

The author is grateful to Professor Robert Finn for introducing him to the problem

studied in Theorem 3 and for advice on the preparation of this work.
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