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We consider the pair diffusion process which includes cluster reactions of high
order. We are able to prove a local (in time) existence result in arbitrary space
dimensions. The model includes a nonlinear system of reaction-drift-diffusion
equations, a nonlinear system of ordinary differential equations in Banach
spaces, and a nonlinear elliptic equation for the electrochemical potential. The
local existence result is based on the fixed point theorem of Schauder.

1. Introduction

During the doping process impurity atoms of higher or lower chemical valence
as silicon are introduced into a silicon layer to influence its electrical properties.
Such dopants penetrate under high temperatures, usually around 1000 °C, with
the so-called pair diffusion mechanism into the (homogeneous) layer. A precise
description of the process can be found in [2, 3, 4] and in the literature cited
therein.

Usually, dopant atoms (A) occupy substitutional sites in the silicon crystal
lattice, loosing (donors, such as Arsenic and Phosphorus) or gaining (acceptors,
such as Boron) by this an electron. The dopants move by interacting with native
point defects called interstitials (I) and vacancies (V). Interstitials are silicon
atoms which are not placed on a lattice site and move through the crystal un-
constrained, and vacancies are empty lattice sites. Both can form mobile pairs
with dopant atoms (Al, AV), while the unpaired dopants are immobile. The for-
mation and decay of such pairs as well as the recombination of defects cause
a movement of the dopants. We additionally include cluster formations, where
a certain number of dopant atoms accumulate to immobile clusters (A(]) in the
silicon lattice.
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14 Dopant diffusion including high order clusters

These interactions can be modelled in terms of chemical reactions of arbitrary
order. The resulting nonlinear model contains a set of reaction-drift-diffusion
equations for the point defects and pairs, reaction equations for the immobile
dopants and clusters as well as a Poisson equation for the electrochemical po-
tential.

2. The model

For i € {I,V,AI, AV, A, A} we consider the species X; and denote their
concentrations by C;. We distinguish between mobile and immobile species
defining

J:={I,V,AI,AV}, J :={A, Aa}, 2.1

respectively. We denote by C = (C;,Cy,Car,Cav,Ca, Ca,) the correspond-
ing concentration vector. Each of the X;, i € JUJ', is considered as the union
of charged species X l.(j ), with the charged states j € S;, where each S; C Z.

Thus, if C l.(j ) denotes the concentration of X l.(j ), the total concentrations C; are
defined as

Ci=Y ¢ foriesul. (2.2)
JESi
The immobile species X;, i € J', usually obey one fixed charged state.
The chemical potential of the electrons is denoted by . The charge density

of the electrons n and holes p are assumed to obey the Boltzmann statistics,
meaning that

n =n;exp <U£>’ pzniexp(—Ui) (2.3)
T T

Moreover,

Py =Y K eVl (2.4)
JES

are reference concentrations with positive constants K l-(J ). Set

C;

= ) fori e JUJ/, (2.5)

ai
which represents the electrochemical activity of the ith component.
We define Q7 :=Qx(0,T), where QCR",0<T <ocand 3 <n €N,

with the lateral surface X7 := 92 x (0, T)). We consider the following system
of equations.



R. Bader and W. Merz 15

The mobile species for i € J obey reaction-drift-diffusion equations

0C; . )
a_tl"‘d“’ Ji=Ri((Ck)yeyuyr¥) i Q1)
Ci(-,0)=CY() inQ,

J,--n:O on ZT.

(2.6)

The immobile dopant concentration C4 obeys the reaction equation

0Cx

- =Ral(Ct)yepu,n ¥) in0Or,

3t 2.7)

Ca(,0)=CY() inQ.
The immobile cluster concentration Cy4, also obeys a reaction equation

aCa

—=d = RACI((Ck)kGJUj” llf) in QTs

Y (2.8)

Cag(n0)=CY () inQ.
The equation for the chemical potential of the electrons reads

—wa+2n,~sinh(Ui)= > Q)G in Qr.
¢ r ieJuJ’ 2.9)

Vy-n=0 on X7,

where €, e are physical quantities. For i € J, the drift-diffusion term is given by

Ji= —D,-w){vc,- + Q,WW(Ui) Ci}, (2.10)
T

with the diffusivity

D)=y = é(;) , @.11)

JES

where Dl-(J ) are positive constants. Whereas,

K D) o—iv/Ur
Qi) =) % (2.12)

JESi

represents the total charge of the ith species fori € JUJ'.
Next, we put the reactions in concrete form. The source terms R;(C, ¥)
result from the reactions occurring during the redistribution of the dopants. All



16  Dopant diffusion including high order clusters

relevant reactions (including cluster formations of high order) occurring during
the (single) dopant diffusion are due to (2.5) of the form

Ra,1:=Ka1(¥)(anar —aar), Rav.r == Kav,1(¥)(aavar —aa),

Rayv:=KavW)(aaay —aay), Rarv:=Karv)(aaiay —aa),

Riy :=Kpyv)(aray —1), Rarav = Karav(W)(aaraay —a3),
2.13)

as well as the cluster reaction

. !
Ra,ar,av = Ka arav (W) (ayal,aly —aa,ajay), (2.14)

where [,m,n,s,r € N, cl :=[+m+n (the size of the cluster) and for i, h,k €
JUJ', the reaction rate coefficients are

Kink(p)= > K9 e V107, (2.15)

JESihk

K l.(j}? x > 0 are constants and S; , x C Z are special sets of indices. Thus, the
source terms R; (C, ) are for i € J of the form

Ri(C,¥)=—Ra1—Rav,i—Riv+sRa arav,
Ry(C,¥)=—Rav—Rarv—Riv+rRa arav, 2.16)
Rar(C,¥) =Ra1—Rar,v—Rar,av —mRa a1,av, '

Rav(C,¥) =Ra,v —Rav, i —Rarav —nRa a1,av,

and for i € J' we have
RAa(C,¥) =—Ra 1 —Rav+Rarv+Rav, i +2Rarav —IRA A1 AV,

Ra (C, ) =Ry ar,4v-
2.17)

For the detailed description and physical meaning of the coefficients men-
tioned above, (see for instance [3].)

Moreover, we set the constants €, e, Ur, 2n; equal to one for the analytical
investigations.

3. Problem (P)

Now we summarize the basic properties of the coefficients appearing in the
equations. The notation of the function spaces corresponds to that in [5, 6]. If
we consider some function space Y, we denote by Y the cone of its nonneg-
ative elements. Operations on vectors have to be understood componentwise.
Throughout the paper, A > 0 denotes a generic constant, which we supply with
indices if the occasion arises.
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As can easily be seen, the coefficients appearing in the equations fori € JUJ’
and k € J have the following properties

D, Qi, P e C’(R), 0 <Ay <Dp(¥) < Az,
1D ()
¥
P; () = P;(0)exp (-/ Qi(S)dS), P;(0) >0,
0

10| = A3 with Qi(y) <0, B

for all ¥ € R and derivatives (I =0, 1,2) of required order two.
Furthermore,

0 < Kink(¥) € C*(R), (3.2)
fori,h,k € JUJ' and where

Pi(), Kinx(¥) < Agexp (As|yl). (3.3)

The source terms (2.16) and (2.17) obey the growth conditions

Ri(C, I//)E)Ll(l/f)< > (ck)’+’"+"+1) fori e J, (3.4)
keJUJ'
RA(C.¥) < —ha(¥)(Ca) +213(1) (Z (Ce) ™" + 1) . B9)
keJ
Ray(C.¥) < —Aa(¥)Cay +rs5() (Z (o) 1) : (3.6)
keJ

respectively, where A, € C(R) forr =1,...,5, A,(¢¥) > 0 for all ¥ € R, and
under the assumption of nonnegative concentrations C = (Cy)xejuJ’-
For i € JUJ', the source terms satisfy the property

Ri(C,y) =0, (3.7

forall € R, C € R and if C; = 0.
Finally, we assume
Q Cc R" is bounded, n >3,
aech!,
C?>0 inQforieJUJ, (3.8)
C¥e Wy HP(Q) forieJ,
CleC(Q) foriel.
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Since in our case, |J| =4 and |J’| = 2 are the numbers of mobile and immobile
species, respectively, the formulation of the problem reads.

Definition 3.1. Let p € (n+2, 00). We denote the system of (2.6), (2.7), (2.8),
and (2.9) by (P), and call the vector ((C;);cy,(Ci)icy, ¥) a solution of (P) if
((Ci)iej’ (Ci)iel” w) (3.9)

e (W' (0r)]* x [C1([0.77]: C(2)] x W, (0. 755 Wh(2)

and satisfies (P) for some Ty € (0, 00).

4. Ordinary differential equations

In this section, we consider the system of ordinary differential equations in
Banach spaces (2.7) and (2.8). For given functions (Ci)ies and v, with the
properties

Ck >0, Ci, ¥ €C([0,T];C(R)), 4.1)

we state an existence result, which we need in the next section.
In accordance with the results and notation used in [7], we extend (2.7) and
(2.8) to the whole interval [0, c0) and write them in the form

U= +ayw—o3u —oz4u2 —a5ul in [0, 00), u(0) = ug, @)
=B’ —fow in [0,00), w(0) = wo. '

where [ € N, and we make the functions Cy, ¥ € C([0,T];C(Q)), k € J,
continuous by
- Cr(t,-), iftel0,T];
Cult,) = , 4.3)
Ck(Ta ')9 lft € (Tv OO),

(the same with ) those functions, which are contained in the coefficients «;
(i ely:={1,....5}) and B; (j € Ip :={1,2}) due to (2.17). With (3.1) and
(3.2) we conclude that

ai, Bj € C([0,00); C(R)), with (¢, x), B;(t,x) > 0in [0,00) x Q. (4.4)
Moreover, from (2.17) we conclude that
as(t,x) =1B1(t,x), ax(t,x)=1pa(t,x) in[0,00) x Q. 4.5)
We have C(Q) C C(R) is closed and convex. Let

~\72

f=(fi, £): 10,00 x[C+(Q)] — [c(Q)]", (4.6)
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where

Si(t, w,w)) = fi(r, (w, w)) (x)

= o(t, x) +ont, x)w(x) — a3, x)u(x)
5 ; 4.7)
—oy(t, x)u” (x) —as(t, x)u’ (x),

Fo(t, @ w)) = fo(t, ,w) (x) = Bi(t, )u' (x) = Bo(t, Dw(x),

which is continuous and maps bounded sets into bounded sets.

LEmMMA 4.1. Let (4.4) and (4.5) be satisfied. Then system (4.2) has a unique,
nonnegative solution

(u, w) € [C([0,00); C(Q)) ], (4.8)
which satisfies the estimate
||”(t)“c(s'2)+ “w(t)”c(s'z) = ||”0||c(s'2)+ lwo ||c(s_2)+[\0(t)’ 4.9)

where [\o € C4([0, 00)), which depends on the coefficients a;, B; and the initial
data.

Proof. We proceed in several steps.
(I) We have to ensure that

(u, w)+hf (1, @, w)) €[C4+(Q)]" forh>0 (4.10)

and for all 7 € [0, 00) and (1, w) € [CL(Q)]>.

Since o1, pw > 0 we get

w(x)+hfi(r, (u, w))(x) @i
> u(x) — hu(x) (o3 (t, x) +aa(t, Oux) +os0u' "' (x) =0,
if

h < (HO‘3(I)||C(§2)+ ||O‘4(t)HC(Q)”””C(§2)+ s (1) ||C(Q) ! HC(Q))_;‘ b
(4.12)
Similarly, we deduce that
w() +hfa (1, (,w)) () = wx) +h (11, x)u (x) = ot X)w(x))

4.13
> w(x)(1—hpa(t,x)) >0, 19

if
h< (1820 ) - (4.14)
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(IT) Next, we prove the unique existence of a loc_al solution. Let a, R > 0,
to € [0,00), t € [ty, o +a] and let us,, wy, € [CJF(Q)]2 be the corresponding
initial data with

H (”lov wto) — (u, w) HC([to,to-'ra];C(S_Z))’ (”to’ wto) - (ﬁ ’I’) ”C([to,to-&-a];C(S_Z)) <R
(

We get a local Lipschitz condition, that is,

| f1(2, e w)) = fi (2. (@, ’I’))"C(Q)+ | f2(t. . w)) = ot (&, ’I)))HC(Q)

< [lea| Clto,to+al; C()) [w—w] c@™ Jes] Clto,to+a1;C(2) Ju—] (@

+R ““4 || C ([t to+al; C()) ||“ —u “ c@yt 1%( a5 H C([to,to+al;C(X)) || u—u || ()

+ ”131 ” C([to,to+al;C(Q)) H u—u “ C(s'z)) + ” B2 ” Clto,to+al; C()) ” w—w ” )

= A(””_’ZHC(Qﬂ' Hw_w“c@))’
(4.16)

where we set [lu +itll ¢ < R and le_:lo ||ul_1_jﬁj||c(s-2) <R.

From [7, Theorem 3.1, page 216], we conclude the existence of a local,
nonnegative solution to the right of (4.2) from the point (#y, (s, wy,)).

(I1I) Finally, we derive a priori estimates in order to extend the solution to the
maximal right-open interval, which is in our case [0, c0) as we will see. Now
let (u, w) be a solution of (4.2) in some interval J C [0, c0). Thus, forz € J we
have

t
u®)+w() = uo—i—wo—l—/o fi (s, (u(s), w(s))) +f2(s, (u(s), w(s)))ds.

4.17)
Let x € Q, then from (4.3), step (I), and (4.5), it follows that

w(t,x) < u(t)(x) +w(t)(x)
< MO(X)+wo(X)+/t (@1 (s, )+ w(s, x)(I = 1)a(s, x)
0 +ul (s, x)(1 = D)1 (s, x))ds
< Juol ¢+ ||wo|}c(s—2)+fot (a1 (s, x)+w(s, x)(I —1)Ba(s, x))ds

< [Juo ||c<§z) + [ wo HC(Q) +tfa ”C([O,T];C(Q))

t
+(1—D|\52cho,r1;c<s‘z»/0 w(s, x)ds.
(4.18)
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Gronwall’s lemma yields

|w®) e = (””0 | ey tlwoll e+l ||c<[o,r];c<§z))>et hIPlew e
= A(r)
(4.19)

for all r € J. From this we immediately get

Jlut) ”c(s'z) = H”OHC(Q) +1 ([ “C([O,T];C(S_Z)) + e HC([O,T];C(Q));\(I))’
(4.20)
which we summarize as

””(t)”c(s'z)"" ”w(t)Hc(Q) = ||“0||c(§2)+ ||w0||c(s'2)+[\0(t) VieJ. (421)

Since f\o € C4+([0,00)), we conclude, with [7, Proposition 1.1, page 200], the
existence of a global solution, that is, the solution exists for any # € [0,00). O

For later use, we state a compactness result concerning equation (4.2). Let
n+2<p<ooanda,Bj e C(0,T];C(Q)NLYO,T; Wi(RQ)) for i € I4,
jelp. Let

ro=|14|+|I8|, (4.22)

then we define the operator

L:[C(10.TL: C+(Q))NLY 0. T; Wh)] — [C(10.T]: C4(R))].
(4.23)
by

L((@)se1y0 (B1) 1) = o, “24)

where (u, w) is a solution of (4.2) in [0, T'].
We use Ascoli’s theorem (see [7]) to state the following result.

LEmMMA 4.2. The mapping stated in (4.23) is compact.

Proof. Let{((@])ic1,» (B)) jers)Inen CIC U0, T1;C(@)NL'(O, T; Wy )
be a sequence, satisfying

” ((O‘?)iem (ﬁ?)jelg) || [C([0,TT:C ()]

) ) ) (425)
-+ (e )ieIA’ (ﬁj)jeIB)” (L' O.T:Wh@)r = A,

with a constant A > 0. .
We consider the sequence {(u,, w,)},en C [C([0, T]; C+(Q))]2, defined by
(tn, wn) = LU} icty> (B jerp)-
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We again proceed in several steps.
(I) We have to show that {u,, w, },eN is equicontinuous in the time variable.
Let

T, w)) (x) = aff (1, x) 4+ (1, X)w(x) — o (1, X)u(x)
—al(t, x)u*(x) — a2 (t, ) (x), (4.26)
7t (uw)) (x) = BT (¢, x)u’ (x) — B (1, ) w(x).

For s < t we have the estimate,
“l/tn(t) —Up (S) “C(S_Z) + “ Wp (t) — Wy (S) ||C(§_2)

< [ 1 @D leayde + [ 1 @) Lo
< (t—9)A,
4.27)

where the constant A > 0 is independent of n. This proves the equicontinuity.
(IT) Finally, we have to verify that, for any ¢ € [0, T'], the set {u,, (t), w, ()} eN
C [C()]? is relatively compact. We apply the theorem of Arcel-Ascoli.
(1) From (4.9) we get the estimate

|un @)+ [wa (@] < Jun )] gy + [ wa ) (@) < Ao(T)  (4.28)

for all x € Q, which is independent of 1 € N. ) B
(2) It remains to prove the equicontinuity in 2. Let x # y € Q. A short
calculation and the application of Gronwall’s lemma yield

|1 (1) (%) — 1t (1) (P)] + | (1) (X) — wa (1) ()|

< exp (A1 T) As (Juo () = o ()| + | () = wo ()]

/ D e (s, x) — (s, y)|ds (4.29)
iely

[ -
Je€lp

for all ¢ € [0, T'] and some constants A, A, which are composed of the quan-
tities A, A introduced in the present derivation.
Since each component of (})ie1y, (B7) jer, belongs to L', T; W;,(Q)), it

results, from the embedding theorems, (see [5]) that it also belongs to L! O, T;
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C*()) with 0 < A < 1 —n/p. Thus, we get

T (s, x) —a (s,
| e 609 2 D]y
0 llx =yl

; (4.30)

A A

< [ 1ot Ol cxgdsts =51 < TALx ="

and similarly with the other coefficients. In summary, we conclude that
’un(t)(x) _”n(t)(y)‘ + |wn(t)(x) - wn(t)(y)|

4.31)

< A(Juo(x) —uo(y) |+ [wo(x) — wo (3] + Ilx — yII*),

which yields, combined with the continuity of the initial data, the desired
equicontinuity and completes the proof of compactness. ]

5. Poisson equation

Next, we collect results concerning the elliptic equation (2.9). We sketch the
results and refer the reader for a detailed analysis to [1, 8, 9, 10]. The following
results regarding the Poisson equation are valid in any space dimension.

Letn < p <ooand C € [Lfr(Q)](’. Then we are able to show (with the
help of Leray-Schauder’s fixed point theorem, see [1]) that there exists a unique
solution

Y e Wi(Q) (5.1)
of (2.9). Moreover, there exists a constant A, > 0 such that
Wlwae <A D 1Cil L) (5.2)
ieJuJ’
and the stability estimate
v _‘/’”wg(sz) =Ap Z |Ci—Ci ”LP(Q) (5.3)
ieJuJ’

forall C,C e [Lf;(Q)]6 and the corresponding v/, ¥ satisfying the Poisson equa-
tion. Estimate (5.3) is also true, if only one of the concentrations is nonnegative.
We will use this fact in (6.53).

If C; € C([0,T]; LP(2)) fori € JUJ', then we immediately get that

¥ e C([0.T]: Wi(R). (5.4)

and that there exists a constant A, > 0 such that

||w||C([0,T];W§(Q)) =4Ap Z Hci Hc([o,T];Lp(Q))- (5.5)
ieJuJ’
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If in addition, C; € W;(O, T;LP(Q)NC(0,T]; C(R)) fori € JUJ', we are
able to show that

Y e Wy (0.T; Wy(Q)). (5.6)
and that there exists another constant A, > 0 satisfying
W llwiorwaey <Ap D G W10, T:LP(2)" 5.7
ieJUJ'

Thus, we have summarized all results concerning v, which we need for
further investigations.

6. Existence and uniqueness

Using the fixed point theorem of Schauder, we prove the existence of a strong
solution according to Definition 3.1. We are able to formulate the following
main result.

THEOREM 6.1. Under the assumptions (3.1), (3.2), (3.3), (3.4), (3.5), (3.6), (3.7),
and (3.8), there exists an instant of time Ty > 0, such that the system of (2.6),
(2.7), (2.8), and (2.9) has a unique solution. The solution satisfies C > 0.

The proof of this theorem consists of several steps, which we present in the
next subsections. We start with a modification of our problem.

Definition 6.2. If we replace in (P) the source terms by R; ((Clj) et Cores s V)
and the right-hand side in the Poisson equation by 3., Q:(¥)C}" +
Yoicy Qi(Y)Ci, where

C;, ifC;>0;

C;iti= 6.1)
0, ifCi<0,

we denote the modified system by (P™).

In the next subsection, we will show that, for any solution of (P1), the
concentrations are nonnegative. Then we will prove the existence of a strong
solution of problem (P*) with the help of Schauder’s fixed point theorem in
Sobolev spaces and use regularity results to get the desired smoothness. This
(nonnegative) solution obviously solves (P), too. Finally, we have to show that
there exists no other solution of (P), which concludes the proof of Theorem 6.1.

6.1. Problem (P™)

LEMMA 6.3. Let p € (1,00) and (Ci)iequss ¥) € [Wy (@11 x[C1 (10, Ty ];
C()* xW)(0,Ts; W3(R)) be a solution of (PT), then C; > 0 fori € J.
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Proof. Fori € J, we test the equation

aC;

W—i—dlv.’, :Ri((clj)kej’(ck)ke.]” I/f)’ (62)

with C;” := C;r — C;, where J; is defined in (2.10). We get with appropriate
constants the estimate

[eropacs [ [ (Ve +R(CH e (CRliesr )7 s

§A<§/Ot/Q(VCi)zdxds—i-Ag/Ot/Q(Vlﬁ)z(Ci)deds>

e [! —\2 ! 2 —2
51\(5[0 /Q(VQ ) dxds+Ang VY g IC: HLZ(Q)ds),
6.3)
where we used Young’s inequality and properties (3.1) and (3.2). Since C l+ C, =

0, we are able to apply property (3.7) to omit the reaction rates. We choose ¢ > 0
such that Ae/2 = A1, then we get

t
LR RN RS o (64)

We have Vyy € L?(0,T; C(Q)) and C; € C([0,T]; L*(RQ)), so we can use
Gronwall’s lemma, saying that

|G )32 =0 Vrel0.T1. (6.5)
O

6.2. Fixed point iteration for (P™). Now we prove the existence of a local
solution of (P*) in Sobolev spaces by means of the fixed point theorem of
Schauder. Let

pe€m+2,00). (6.6)
Set
A
70 = Z teid| Wg—zm(g)‘f‘z |c? “c(s'z)"'l’
iel ieJ’
Koim Y K. 6.7)
iel
Go := k(14 Ko) Ao,

where the constants K;,k > 0 depend on known quantities only and will be
specified below.
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We define the set

Xr =69 € [W21(0r)] x (10,71 Wh(e) :

6.8
| (€);cslw21 0,y = Kodo, ||¢||C<[0,T];w;,<s2>>5G0] o
for some T € (0, 00).
We consider the vector-valued mapping
Z:Xr — [W2(0r)]* xc(10. T1: Wl (). (6.9)
by
Z((%k)kel’(p) = ((Ck)kej’ v), (6.10)

where C;, i € J, is the solution of

oC; . .
a—tl—dlv{Di(lﬂ)[VCﬁQi(lﬂ)Vl/fCi]}=Ri(((€,:r)k€,,(Ck)kej,,l/f) in Or,
VCi-n=0 onTl7p,

Ci(0)=C? inQ,
(6.11)
and v is the solution of

—AY +sinh(¥) =Y QW)€+ Qi(¥)Ci in Qr,
iel iet’ (6.12)
Vy-n=0 onl7.

Therefore, C;, i € J’, is the nonnegative solution of the ordinary differential
equation in the Banach spaces,

aC; i
= Ri((@)ies (Ch)yep9) in 07, 6.13)

Ci(,0)=C? inQ.

1

Now we check the properties of the mapping required in the fixed point
theorem in the following steps (I), (II), and (III).

(Ia) The mapping Z is well defined, since system (6.11), (6.12) has a unique
solution

(Co)yeyew) € [W2H(Q7)]' x WL(0. T W2(). (6.14)

In order to see the solvability of (6.11), (6.12), we first note that, fori € J each
€; € W,%’l (Qr) (cf. (6.6)) also belongs due to the embedding theorems to the
space C([0, T']; C(2)) and so do the cuts. The function ¢ € C([0, T1; W () is
also continuous in both variables. Having this in mind, we can say that for given



R. Bader and W. Merz 27

(€)res, ) € [C([0,T]; C(R))]°, the nonlinear system (6.13) has according
to Lemma 4.1 a unique solution, that is,

Ca,Ca, €C'(0,T]; C(Q)), (6.15)

which satisfies C4, Ca, > 0.

From (6.15) and embedding theorems, it follows that the coefficients as well
as the right-hand side of (6.11) are continuous, and thus they also belong to
the space LP(Qr) for any p > 1, especially for p € (n+2, 00). In addition,
the right-hand side of (6.12) belongs to the space W; (0,T; LP(R2)). So with
(3.8), the parabolic theory (see [5]) and the result (5.6) concerning the elliptic
equation yield (6.14).

(Ib) For later use, we state an estimate. We get, by testing (6.13) with
(3/01)(C} = C?)|(3/3t)(C} —CH|P=2,i € J', combined with the linear theory
of ordinary differential equations in Banach spaces, and from the linear elliptic
theory applied to (6.12) that there exists a constant A > 0, such that the stability
estimate

Z lct—c? wi.T;Lr @) T lv1 =2 | LPO.T; W3(Q)

iel’

(6.16)
<A <Z ”({ézH _(652+ ||LP(0,T;LP(§2)) + ||¢1 —$ ”Lp(o,T;Lp(sz)))

ieJ

holds for all ¢, ¢2,<6il+, <€i2+ € LP(0,T; L?(2)) and the corresponding solu-
tions C}', C? of (6.13) as well as yri, Y2 of (6.12).
(II) We show, that there exists an instant of time Ty € (0, 00), such that
Z(Xt,) € X1y-
At first, we state the constants K;, k > O defined in (6.7). In order to discuss
K; > 0, we write (6.11) for i € J in the form
aC;

ﬁ_Di(W)ACi =F, (6.17)

where

Fi = Ri((6]) ey (Ck) ey W) +div [ D; ) Qi (W) VY Ci } + D' () Vi - VG
(6.18)

Let Ty € (0,00) and set K; = K;(Tp). Then the parabolic theory yields the
estimate

K.
”Ci ” wilor) = 71(” C? ” W, P (@) + ” Fi ||LP(O,T;LP(Q)))’ (6.19)

which is true for all T € (0, Tp], and where K; > O remains bounded for any
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finite Ty > O (see [5]). For (6.12) we get according to (4.9) and (5.5) the estimate

IV llcqo,riwa) =k (Z |6 “C([O,T];LP(Q)) + Z |ci “C([O,T];LP(Q))) ’
ieJ ieJ
(6.20)

with a constant k£ > 0.
We start to estimate inequality (6.20). We get with (4.9)

||1/’”C([0,T]:W,%(S2)) <k (Z H%;r ”C([O,T];Ll’(Q)) +Z ” Ci ”C([O,T];LP(SZ)))
iel ieJ'
Ao o
< k(AoKO + - +AQA0(T))7
(6.21)

where f\o(T) > 0 depends only on quantities defined in (6.8), with f\o(T) -0
for T — 0. We choose T € (0, T'] such that

A Ao
AqAo(Th) < ER (6.22)
then we conclude that

I llcqo.niwi@y = 1V lcqoniwa@) = Gos (6.23)
where G is defined in (6.7).
Moreover, the local solution i € W; 0, Ty; W;(Q)) satisfies estimate (5.7)
with ‘61+ instead of C; for i € J therein.
Next, we get with (6.19) the estimates
Ki (10 +
” wlor) = b (”Ci || Wﬁ’z/”(g)"{_“ R; ((%k )keJ’ (Ck)kej” 1'[/) ”Lp(o,T;Lp(Q))

+ [ div { D; ) Qi VY Ci} | Lo 1102

IC:

+ D' W)V - VCi“LP(O,T;L”(Q)))

Ko [ Ao
< 7 (7 + || R; ((%Z)kel’ (Ck)kej” w) ||LP(0,T;L”(Q))
+ | div{D: (¥) Qi (¥) V¥ C; } HLP(O,T;LP(Q))

+[|D' @)V VCiHmo,r;msz)))

(6.24)

for i € J, and where the constants K, Ag are defined in (6.7).
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We estimate the first L”-norm in (6.24). Using the growth conditions (3.4),
we see that there exists a constant A| > 0, just depending on known quantities
defined in (6.8), such that

|| R; ((%Ij)keJ’ (Ck)kef” W) “LP(O,T;LP(Q))

= Tl/pAQ||)‘i(‘p)||C([o,T];C(Q))

y (Z 1) Lo rren+ S 1C Teao rrcn + 1)

keJ kelJ’
<TYPAy,
(6.25)

where s :==/+m+n and A; € C(R), i € J. We consider the second L”-norm
in (6.24), which is

div {D; () Qi W)V Ci} = (D§(¢)Qi(1ﬁ)+Di(1ﬁ)Q§(1ﬁ))(V1//)2Ci
+Di(Y) Qi(W)AYCi +Di () Qi (Y)Vr - VCi.

(6.26)
We use (3.1) to get the estimate
| D) IV -V oo s
< TP AV llcqoriren VGl cqorrc@y (6.27)

< TP AV licqo.rizr@ |Cillyz1 o)

where the last inequality is true for n +2 < p < 0o, (see [5]) an explanation of
our special choice of p. The other terms in (6.26) and the last LZ”-norm in (6.24)
may be estimated similarly. Again we can say that there exists a constant A, > 0,
just depending on known quantities, such that

” div {Di(‘/’)Qi (I//)Vwci}”LP(O,T;LP(Q)) + “ D/(‘/I)VW VG HLP(O,T;LP(Q))

<T'" A G| w2l or)”

(6.28)

Thus, in summary,

KoAr Ko (Ao
(1= 5 Nl = (5T ) 62

We choose Ty € (0, T1], such that

1p . 1 Ag
0<T < ,— 1, 6.30
= _mm{KOA2 2A1} (630
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then

|ci , < KoAo foriel, (6.31)

H wy'Qr,

andso Z: X7, — Xr,.
(IIT) Compactness and continuity of the mapping.
We proceed with the following lemma.

LEMMA 6.4. The mapping
Z: XTf —> XTf (632)
is compact and continuous.

Proof. At first, we note that the embedding
W, (0. Ty Wr() € C([0. Ty ]: W, () (6.33)
is compact. Thus, from (6.14), the mapping is compact in the second variable.
Now let {(€/")ics, dmlmen C X71,.
(1) From the compact embedding of W,%’I(QTf) into the space
Y :=LP(0, Ty W, () (6.34)

there exists a subsequence 6! — 6; in Y for n — oo. This is also true for the
cuts, that is,

®'" — 6 inY forn — oo. (6.35)

(2) If we apply Lemma 4.2 to the system (6.13) we conclude that there exists
a subsequence

C! — C; inC([0,Tf];C(RQ)) forn — o0, i € J'. (6.36)
(3) From (6.33), (6.35), and (6.36) we get the convergence of a subsequence
Y — ¥ in C([0, Tf]; W,(R)) for n —> oo. (6.37)
Let Ci”, C;, i € J, be the solutions of (6.11). We set
=" —%F, foriel,
Cl:=C'-C;, forieJul, (6.38)
Y=Yy
In Q7,, we consider the system for C ", ieJ, whichis

aC? - . o
8; —div{B1VC!'} + B,VC!' + B3C!' = /', (6.39)
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where

F!' = Ay(Di (W) — Di(¥)) + A2 (D} () — DL ()
+A3(Qi (¥n) — Qi (W) + As( Q) (V) — Qi (W) + As V™"
+AAY" + R ((€1) s (CO) e V) = Ri ((€) s (Ck)kew(glb )

and with the boundary conditions vC l” -n = 0 on X7, and zero initial conditions.
We do not discuss the coefficients A, B (supplied with indices) appearing in
the linear equations in detail, but we mention that they belong at least to the
space C([0, T¢]; L?(2)), which will be discussed in a moment.
The parabolic theory (see [5]) yields

Y€ w0 = AN E L ioyiiriany (6.41)
ieJ ieJ

In order to show the convergence of the left-hand side, we have to estimate the
right-hand side of (6.41) with the help of (5.3) as well as (6.35) and (6.36).
For this, we use the mean value theorem to get

1

Qi(lﬂn)—Qi(lﬁ)=/0 Q; (¥ (5))dsy", (6.42)

(the same with the other coefficients which depend on ), where 1} (s) =sv,+
(1 —s)¥. Representatively, we estimate the term A3(Q; (¥,,) — Q;(¥)), where
a short calculation gives

A3 = D{()Ci(VY)>+ DY)V C; -V + D; () Ci Ay (6.43)

Therefore, Ayr € C([0, Tr]; LP(2)), whereas the other functions are continuous
due to embedding results, so we get A3 € C([0, T¢]; L?(2)). Thus,

1
HA3 /O (3 ())ds "

LP(0,Tf;LP(R))
< A1 v, ooy H1AYT" | oo 1,000
= A(1+Ia¥ leqo. @ 19" | oo 1y:cca) (6.44)

=< AH&n ” LP(0,Tf;W2(R))

<A I irornar + 2N Nurorwrian )

iel iel’
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The other terms in (6.41) may be estimated similarly. Thus, we are able to show
that there exists a constant A > 0 satisfying

Z ” Fin HLﬂ(o,Tf;LP(Q)) =A (Z H%? ”Ll’(O,Tf;Ll’(Q))JrZ ” C;l ” Lﬂ(o,Tf;LP(sz)))’
iel iel ieJ'
(6.45)

which implies convergence in the left-hand side of (6.41). This and (6.33) prove
the compactness of the mapping Z.

The continuity can be obtained by similar arguments. More precisely, we
take a sequence {(€})ics, Pnlnen C Xr;. From this we get that

: .l 1 .
€ — % in LP(0, T Wy()NW,(0,Ty; LP (), (6.46)
as well as
¢ —> ¢ in C([0.Tf]: W)(Q)) (6.47)
for n — oo.
We consider the differences in (6.11), (6.12), and (6.13), use inequalities
(5.3) and (6.16) to get the continuity of the mapping Z. |

From steps (I), (II), and (III), we conclude the existence of a local, nonneg-
ative solution of problem (P).

6.3. Uniqueness and problem (P). The solution of (P™) obviously solves
problem (P), too. In order to show that the (nonnegative) solution, which we
denote by Cil, !, i € JUJ, is the only one, we assume the existence of
another, not necessarily, nonnegative solution C iz’ V2 ieJulJ.

We again consider the system for the respective differences C; := C il -C l.2,
i € JUJ’, which is for i € J exactly the same as (6.39) if we replace the cuts
(Cﬁer)keJ and (%;:)kej in the right-hand side F; by the solution vectors (C,l ke
and (C,?)ke 7, respectively. We test the ith equation with C; and if we set

su (6.48)

2 o 2 2
” . ”VLO(Qt) Ca 0= p ” : ||L2(Q) + ” : ||L2(0,I;H1(Q))’

T<t

we get, with the same methods presented in the previous sections, the inequality

t
16 roigy =A(8e X [ 16 migy 10O s
keJUJ'

€ ~ N .
+ 2 Z “ Cr ||%/1'0(Qt) + Hlﬁ ||Lz(0’,;H1(Q))) fori e J,
keJ
) (6.49)

with some g € L%(0,1; L*°(2)) and £ > 0 arbitrarily.
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Similarly, we deduce that
” Ci(1) H 2LZ(Q)

! 2 - 2 . .
SA( Z _/0 ”g(S)HLOO(Q)Hck(s)HLZ(Q)dS"'H‘/’HL2(0,t;H1(Q))) forieJ'.

keJuJ’
(6.50)
Summation over i € JUJ’, the choice of a suitable ¢ > 0 and the application
of the stability estimate (5.3) yield

- t -
Z ”Ci(t)”iZ(sz)SA Z / (H‘||g||%W(Q))|’Ci|’iZ(Q)dS Vi €10, Ty].
ieJuJ’ iequs 0

(6.51)
So, we conclude with Gronwall’s lemma
= 2
Yo 1G] g, =0, (6.52)
ieJuJ’
and this in turn yields with (5.3) that
This proves the unique solvability of (P), which is Theorem 6.1. ]
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